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ON MODEL-THEORETIC TREE PROPERTIES

ARTEM CHERNIKOV AND NICHOLAS RAMSEY

ABSTRACT. We study model theoretic tree properties (TP, TP, TP2) and
their associated cardinal invariants (Kcdt, fsct, Kinp, Tespectively). In particu-
lar, we obtain a quantitative refinement of Shelah’s theorem (TP = TP; vV TP2)
for countable theories, show that TP; is always witnessed by a formula in a sin-
gle variable (partially answering a question of Shelah) and that weak k — TP
is equivalent to TP; (answering a question of Kim and Kim). Besides, we give
a characterization of NSOP; via a version of independent amalgamation of
types and apply this criterion to verify that some examples in the literature
are indeed NSOP;.
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1. INTRODUCTION

One of the central tasks of abstract model theory is to understand what kinds
of complete first-order theories there are and how complicated they can be. In
practice, this is achieved by classifying theories according to the combinatorial
configurations that do or do not appear among the definable sets in their models.
The most meaningful of these configurations, the so-called dividing lines, have the
property that their absence signals the existence of some positive structure, while
their presence indicates some kind of complexity. Dividing lines come in two flavors:
local properties, which describe the combinatorics of sets defined by instances of a
single formula, and global properties, which describe the interaction of definable sets
generally. Stability, simplicity, NIP are examples of the former, while w-stability,
supersimplicity, and strong dependence are examples of the latter (see e.g. )
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In this paper, we study some questions around Shelah’s tree property TP and
its relatives SOP;, TPy, TP, and weak k-TP;, as well as their global analogues
detected by the cardinal invariants keas(T), Kinp(T), and kst (7). Our point of
departure is the third chapter of Shelah’s Classification Theory. There, Shelah in-
vestigates the global combinatorics of stable theories in terms of a cardinal invariant
k(T) quantifying the complexity of forking in models of T. In the final section of
this chapter, he introduces variations on k(7T') with the invariants kcqi ('), Ksct(T),
and Kinp(T') and proves several results about how they relate. In contemporary lan-
guage, these invariants bound the size of approximations to the tree property, the
tree property of first kind, and the tree property of the second kind consistent with
T, respectively. Later as the theory developed, a property of stable theories that
forking satisfies local character was isolated and theories satisfying this condition,
the simple theories, were intensively studied [4,[21,/25]. These theories are exactly
the theories without the tree property, which is to say those theories with kcqt(7)
bounded. Nonetheless, until recently, the aforementioned invariants have received
very little attention and many basic questions remain unaddressed.

Here, we focus on two such questions. Shelah proved that a theory has the tree
property if and only if it has the tree property of the first kind or the tree property
of the second kind [20]. In terms of the invariants, this amounts to the assertion
that kcat(T) = oo if and only if Kinp(T) + Kset(T) = oo. It is natural to ask if
this relationship persists when keqs(T') is bounded — in other words, if the equality
Kedt(T) = Kinp(T') + Kset (T) holds in general. Shelah also proved that keqs(T) = &
is always witnessed by a sequence of formulas in a single free variable when « is
an infinite cardinal or co. Recently, the first named author proved an analogous
result for kiyp(T) [8]. We consider here whether or not the computation of ket (7)
similarly reduces to a single free variable. These questions were both raised by
Shelah (Question 7.14 in [20]).

We do not give a complete answer to any of them, but for each of these questions
there are two model-theoretically natural special cases to consider: first, the case
of countable theories and, secondly, the case where one or more of the invariants
in question are unbounded (which reduces to a question about configurations in
a single formula). In Section (3] we show that kcai(T) = Kinp(T) + Kset(T) for
countable T'. In Section [4] we show that if kst (T) = co then this will be witnessed
by a formula in a single free variable by showing that TP; is always witnessed
by a formula in one free variable. The main ingredient in our argument is the
notion of a strongly indiscernible tree, which is more easily manipulated than the
s-indiscernible trees used in other studies of the tree property of the first kind.

At the present state of the theory, the class of non-simple theories without the
strict order property is poorly understood even at the level of syntax. In their study
of the order <*, Dzamonja and Shelah introduced a weakening of TP; called SOP;
[11). Subsequently, Kim and Kim introduced two infinite families of properties
called k-TP; and weak k-TP; for & > 2 and showed

TP, «<— k-TP; <— weak 2-TP; — weak 3-TP; — ... — SOP;

It was left open whether the properties weak k-TP; are inequivalent for distinct k
and whether or not weak k-TP; is equivalent to TPy [16]. In our work on proving
that TP, is witnessed by a formula in one free variable, we obtained unexpectedly
a simple and direct proof that the weak k-TP; hierarchy collapses and that they
are all equivalent to TP;.



ON MODEL-THEORETIC TREE PROPERTIES 3

In the final two sections of the paper, we study theories without the property
SOP;. We show that independent amalgamation fails in a strong way in theo-
ries with SOP; and that they are in fact characterized by this feature. This gives
rise to a useful criterion for showing that a theory is NSOP; (and hence NTP;).
Leveraging work of Granger [12] and Chatzidakis [6], this allows us to conclude
that both the two sorted theory of infinite-dimensional vector spaces over an alge-
braically closed field with a generic bilinear form, as well as the theory of w-free
PAC fields of characteristic zero are NSOP;. Finally, we generalize the construction
of the theory of parametrized equivalence relations T, to give a general method
for constructing NSOP; theories from simple ones. We learned after this work was
completed that essentially the same construction had been studied by Baudisch (3],
but our emphasis is different. We show that the independence theorem holds for
these structures, allowing us to obtain a proof that Tf’gq is NSOP; as a corollary.

Acknowledgements. We would like to thank the referee for numerous suggestions
on improving the presentation, Zoé Chatzidakis for her help with Lemma and
Alex Kruckman for pointing out an error and a way to fix it in Section [6.3] of an
earlier version of the article.

2. PRELIMINARIES ON INDISCERNIBLE TREES

We fix a complete first-order theory T in a language L, M = T is a monster
model. In several of the arguments below, we will make use of the notion of an
indiscernible tree. For our purposes, there are two different languages we will need
to place on the index model: Ly x = {<, A, <jex, (Pa : @ < A)} and Lo = {<, A, <jex
} where ) is a cardinal. We may view the tree K< as an L »— or Lg-structure in a
natural way, interpreting < as the tree partial order, A as the binary meet function,
<lez s the lexicographic order, and P, as a predicate which identifies the ath level
(we will only consider x = 2 and k = w). See |17] and [23] for more details.

Definition 2.1. Suppose that (a;),c.<» and (@Ga,i)a<x,i<w are collections of tuples
and C is a set of parameters in some model.

(1) We say (ay),ecx<» is an s-indiscernible tree over C' if

aftpr, , (Mo, -+, Ma—1) = aftpg, , (Yo, - Vn—1)

implies tp(any, - -, ay,_,/C) =tp(avy,...,ay, ,/C), for all n € w.
(2) We say (a,)yen<x is a strongly indiscernible tree over C' if

qftpLo (7707 e 7777171) = qftpLo (l/o, R V’nfl)

implies tp(any, - -y, ,/C) =tp(avy,...,ay, ,/C), for all n € w.
(3) We say (aa,i)a<r,i<x 18 a mutually indiscernible array over C if, for all a <
K, (@a,i)i<x 1s a sequence indiscernible over CU{ag ; : f < k, 8 # a,j < A}

Lemma 2.2. Let (a,; : n € k<) be a tree strongly indiscernible over a set of
parameters C.

(1) All paths have the same type over C: for any n,v € K>, tp((aye : a <
N)/C) = tpl(ayja - @ < N)/C).

(2) For anyn Lv € rx<* and any &, tp(ay, a,/C) = tp(ag—~o,ac~1/C).

(3) The tree (ag—~y : n € K<) is strongly indiscernible over ayC.
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Proof. (1) This follows by strong indiscernibility of the tree as for any n,v € K<,
aftpy, ((nla : a <)) = aftpy, ((V|a: a < A)).

(2) Let n L v € k<* be given, without loss of generality  <;., v and let
@ =nAv. Then there are i < j < & so that u —~ (i) <n and g ~ (j) <w. Then
aftpr, (n,v) = aftp, (0 ~ (@),p ~ (5)) = aftpy,(p —~ 0, ~ 1) = qftp, (§ ~
0,£ ~ 1), and we conclude by strong indiscernibility of the tree.

(3) Clear as qftpr, (1) = qftpy, (7) implies qftpy (7,0) = dftpr, (7,0), provided
() is not enumerated in neither 7 nor 7. (]

Lemma 2.3. Let (a, : n € k<*) be a tree s-indiscernible over a set of parameters
C.
(1) All paths have the same type over C: for any a,v € £, tp((ayja)acr/C) =
tp((av|a)a<)\/c)'
(2) Suppose {ns : a <} C k< satisfies No L Nor whenever a # o'. Then the
array (ba,g)a<y,8<x defined by

bo‘7ﬁ = a%“(ﬁ)
is mutually indiscernible over C'.

Proof. (1) This follows by s-indiscernibility of the tree as for any n,v € Kk<*,

aftpr, ((nla s e < A)) = qftpy_((V|a:a <A)).

(2) Fix @ < y and let A = {ay,, ., o # o <7B < kpUC. As the
elements of {7, : @ < v} are pairwise incomparable, it is easy to check that for any
Bo<...<pBp-1<rkand B <...<pfl_4 <k,

Aftpr, (Ane—~(8o)s - > U~ (Bn—1)/A) = AftDL (an ~(55) - - - Oy~ (a1, )/ A);
which proves (2). O

Now we note that s-indiscernible and strongly indiscernible trees exist.

Definition 2.4. Suppose [ is an L’-structure, where L’ is some language. We say
that I-indexed indiscernibles have the modeling property if, given any (a; : i € I)
from M, there is an I-indexed indiscernible (b; : i € I) in M locally based on the
(a;): given any finite set of formulas A from L and a finite tuple (¢o,...,t,—1) from
I, there is a tuple (sg,...,S,—1) from I so that

qfttpr. (to, - tn—1) = aftpr, (S0, -5 8n—1)
and also
tI)A(bt(ﬂ M) btn—l) = tpA(a’Sfﬂ A 7a3n—1)'

Fact 2.5. [17,/19,123] Let Iy denote the Lg-structure (w<%, <, <;;, A) and I be
the Ly ,-structure (w<*, <, <jez, A, (Pa)a<w) With all symbols being given their in-
tended interpretations and each P, naming the elements of the tree at level . Then
strongly indiscernible trees (Ip-indexed indiscernibles) and s-indiscernible trees (I-
indexed indiscernibles) have the modeling property.

In the arguments below, we will often argue by induction where at each stage it
is necessary to modify a tree of tuples in a way that maintains the indiscernibility
of the tree. A convenient way of organizing these arguments is to make a catalogue
of operations on indiscernible trees and prove that these operations preserve the
relevant indiscernibility.
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Definition 2.6. Fix k£ > 1.

(1) (widening) The k-fold widening of (ay)pew<« at level n is defined to be the
tree (ay)pew<e where

a, ifi(n) <n
Uy = S (A (ki) ~es -+ - Qo (ki (k—1)) ~¢) ifn=v~i~¢
where v € w" i € w, £ € WY,

(2) (stretching) The k-fold stretch of (an)pew<e at level n is defined to be the
tree (a;)yew<w Where

an ifl(n) <n
ay = { (ay, an—~0,- -5 ap—gr-1) ifl(n) =n
Ay k=1 ¢ ifnp=v ~¢&forvew", 0

(3) (fattening) Given a tree (a,)nec2<~, define the k-fold fattening of (an),ca<x
to be the tree (a%k))negm by induction as follows: for each n € 2<% let
ag,o) =a, If (a%n)),,egm has been defined, for each n € 2<%, let a7(7"+1) =
(a(()nA)n,agnA)n). Let Cx = {a, : n € 2<%}, the stump below k. Set Co = 0.

(4) (restricting) Given the tree (ay),er<~ and W C &, we define the restriction
of (an)ner<~ to W to be the collection of tuples

{ay, : l(n) € W and if B ¢ W, then n(5) = 0}.

If the order type of W is «, the restriction of (ay)nex<+ may be naturally
identified with (ay;)ner<e.

(5) (elongating) Given n € k<%, with I(n) = n, define 77 € K<“ to be the tuple
with length k(I(n) — 1) 4+ 1 defined by

(i) = 0 otherwise

{n(i/k) if i

Then define the k-fold elongation of (a,)nc.<w to be the tree (by)pep<w
where

b77 = (aﬁ, Af~0y -« aﬁ,_\ok71).
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; : : ; wlﬂmh 3

2-fold widening at level 1 3-fold stretch at level 1
0-fold fattening 1-fold fattening 2-fold fattening
Proposition 2.7. (1) s-indiscernibility is preserved under widening, stretch-

ing, fattening, restriction, and elongating.

(2) Strong indiscernibility is preserved under restriction, faltening, and elon-
gating. Moreover, if (an)ye2<e is strongly indiscernible, then the k-fold
fattening (a(k))n€2<w is strongly indiscernible over Cj.

Proof. The proofs of these facts can be found in Section [7} O

3. CARDINAL INVARIANTS AND TREE PROPERTIES

Definition 3.1. Suppose T is a complete theory and ¢(x;y) € L is a formula in
the language of T

(1) ¢(z;y) has the tree property (TP) if there is k¥ < w and a tree of tuples
(an)pew<e in M such that
o for all n € w*, {p(z;a,q) : @ < w} is consistent,
o for all n € w<, {@(x;a,~3y) : i < w} is k-inconsistent.
(2) @(x;y) has the tree property of the first kind (TPy) if there is a tree of
tuples (ay)pecw<~ in M such that
o for all n € w®, {p(z;ay) : @ < w} is consistent,
e forall n L vin w<¥, {p(z;a,), ¢(z;a,)} is inconsistent.
(3) @(z;y) has the tree property of the second kind (TPg) if there is a k < w
and an array (@a,i)a<wi<w i M such that
e for all functions f:w — w, {¢(¥;aq,f(a)) : @ < w} is consistent,
o for all o, {p(z;a4.,) : i <w} is k-inconsistent.
(4) T has one of the above properties if some formula does modulo 7.

It is easy to see that if a theory has the tree property of the first or second kind,
then it also has the tree property. Remarkably, the converse is also true.

Fact 3.2. [20] A complete theory T has TP if and only if it has TPy or TP5.

The above theorem was first proven in different language, before any of the
three properties were actually defined. The purpose of this section is to prove a
refinement of this theorem, by studying the relationship between approximations
to the tree property and those to the tree property of the first or second kind. In
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order to do so, however, it will be necessary to return to the vocabulary in which
Fact was initially formulated.

Definition 3.3. The following notions were introduced in [20].

(1) A cdt-pattern of depth k is a sequence of formulas ¢;(x; ;) (i < K, ¢ successor)
and numbers n; < w, and a tree of tuples (a,)ycw<~ for which
(a) py = {pi(x;an;) : i successor ,i < k} is consistent for n € w",
(b) {pi(x;an~(a)) : @ <w,i=1(n)+ 1} is ns-inconsistent.
A cdt-pattern with n; < n for all i < &, is called a (cdt, n)-pattern.
(2) An inp-pattern of depth k is a sequence of formulas ¢;(z;y;) (i < k), se-
quences (a; o : @ < w), and numbers n; < w such that
(a) for any n € w", {i(x;a;,@)) : i < Kk} is consistent,
(b) for any i < K, {pi(x;a;4) : @ < w} is n-inconsistent.
(3) An sct-pattern of depth k is a sequence of formulas ¢;(z;y;) (i < k) and a
tree of tuples (ay)ncw<~ such that
(a) for every n € w", {¢a(Z;an) : 0 < a < K, a successor} is consistent,
(b) If n € w, v € WP, a, B are successors, and v L 7 then the formulas
{¢a(z;ay),pp(x;a,)} are inconsistent.
If instead of (b), we have: for any pairwise incomparable (n; : i < k),
{1ty (x5 ay,) @ < k} is inconsistent, then we call this a (sct, k)-pattern.
(4) For X € {cdt,sct,inp}, we define % (T) to be the first cardinal x so that
there is no X-pattern of depth x in n free variables, and oo if no such &
exists. We define kx (T) = sup,, ¢, {K’% }

Remark 3.4. We note that the notion of a (cdt,n)-pattern strengthens that of a
cdt-pattern by imposing a uniform finite bound on the size of the inconsistency at
each level, while the notion of an (sct, n)-pattern weakens that of an sct-pattern by
only requiring any n incomparable elements to be inconsistent rather than any 2.
One can regard an (sct, n)-pattern as an approximation to a witness to n-TP; (see
Definition below).

Observation 3.5. Fix a complete theory T

(1) K&t(T) = n, £3,,(T) > n and K?dt(T) > n for all n.
(2) (a) Keat(T) = oo if and only if keat(T) > || if and only if T has TP.
(b) Kset(T) = oo if and only if kgt (T) > |T|* and only if T has TP;.
) =

(€) Kinp(T) = oo if and only if Kinp(T) > |T'|" if and only if T' has TPs.
(3) maX{Ksct(T)7 Hmp( )} < Hcdt(T)

Proof. (1) follows from the fact that “=” is in the language.

(2) As each case is entirely similar, we’ll sketch the argument for (a) only. If
Keat (T) > |T|*, then in the pattern witnessing it we may assume that ¢; (x,y;) =
o (z,y) and k; = k, because |T| > Rg. This is a witness to TP. And then using
compactness we can find a pattern witnessing that 7, (T') > & for any cardinal .

(3) If wi(x;y:) (i < K), (aj,0 : @ < W), (N)i<w form an inp-pattern of depth
K, obtain a cdt-pattern of depth x with respect to the same formulas by defining
(by)newss by by = auim),nai-1)- =
Lemma 3.6. (1) If there is an sct-pattern (cdt-pattern) of depth k modulo T, then

there is an sct-pattern (cdt-pattern) oo(2;ya), (ay)new<~ in the same number of
free variables so that (ap)new<s s an s-indiscernible tree.
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(2) If there is an inp-pattern of depth k modulo T, then there is an inp-pattern
Vo (T3 Yo) (a0 < K), (ka)a<n, (Gai)a<n icw i the same number of free variables so
that (aa,i)a<ni<w 5 a mutually indiscernible array.

Proof. (1) By compactness and Fact
(2) This is Lemma 2.2 of [§]. O

Now we fix a complete theory T and for X € {cdt,sct,inp}, we write kx for
RX (T)

Proposition 3.7. Assume that K7y, > Ro. Then either Kinp = Ny or Kot ki = N
for some k € w (i.e. there are (Ksc, k)-patterns in n variables of arbitrary finite
depth). In fact, if K}, < Vo, then one can take k = K}, .

Proof. It ki, > Ry does not hold, then in fact we have rj, , <k for some k € w.

Fix an arbitrary m € w, then by assumption and Lemma [3.6] we can find
(an :n€w<?™), (¢ (x,y;) :i < 2m),(k; : i <2m) an s-indiscernible cdt-pattern
with |z] = n, i.e.

(1) (a,7 in e w<2m) is an s-indiscernible tree,

(2) {@i(m,ay;) i< 2m} is consistent for every n € w?™,

(3) {¢i (z,ay~(;y) : j € w} is ki-inconsistent for every i < 2m — 1 and 7 € w'.
For | < m and v € w! we define v* = (v (0),0,v(1),0,...,v(l—1),0) € w<?™,
Let {vg,...,vk—1} C w<™ be pairwise <-incomparable, and let I; = I(v}).

Claim. {¢, (z,a,-) :i < k} is inconsistent.

Proof. By definition of v} and assumption on v;’s it follows that for any 4,7’ < k
the elements v} | (I; —1) and v} | ({;; — 1) are incomparable. Then by Lemma
(2) we see that the sequences a; = (ayi*r(li_ly(j) 1j € w) are mutually indis-
cernible. But if {apli (x,ayi*) < k} was consistent, this would give us an inp-
pattern of depth k, contrary to the assumption (as {cpli (337%;[(11»71)”(]')) 1 € w}
is kj,-inconsistent for every i).

Now using the claim it is easy to see that { () (x,ay+) 1 7 € w<™} is an (sct, k)-
pattern of depth m. As m was arbitrary, we conclude that Kotk = No- O

Proposition 3.8. Let k < w be fired. Assume that for any n < w we have, in
some fized number of variables, an (sct, k)-pattern of depth n. Then there are, in
the same number of variables, (cdt,2)-patterns of arbitrary finite depth.

Proof. Let m € w be arbitrary, and let (a, : 7 € w<™*™) (¢; (z,y;) 1 i < m X m)
be an s-indiscernible (sct, k)-pattern - in particular this is a cdt-pattern such that
for i <m x m, {¢i(x;ay,) : l(n) =i} is k-inconsistent.

For i < m, consider

I (3?) = /\ (@imerl (l‘, aoixm,\o,\ol—l) N Qixm+l (.’L‘, aoixm,\l,\0171)) .
<m

Case 1. T'; (z) is consistent for some i < m.

Obtain an s-indiscernible tree, using Lemma 1), by first taking the 2-fold
widening of (a,),emxm at level i x m+ 1, then taking the restriction to {i x m+1 :
I <m}. Let (¢ : I < m) be chosen so that

wl (:c, bol) = Qixm+l (.’ﬂ, aoiXm,_\Oﬁol—l) AN Vixm+l (l’, aoiXmﬁlﬁol—l) .



ON MODEL-THEORETIC TREE PROPERTIES 9

Then (b, :n € w<™), (¢ : 1 <m) is a cdt-pattern of depth m such that, for all
L <m, {th(z;b,) : l(n) =1} is | &]-inconsistent.

Case 2. T'; (z) is inconsistent for every i < m.

Using Lemma 1), obtain an s-indiscernible tree (by),c,<m by taking the
m-fold elongation of (ay),ecy<mxm. Let (¢ : 1 < m) be chosen so that

wl(w;bol) = /\ @lxm—‘—r(w;aolxmﬁor).

r<m
Then (by,)pew<m, (11 : 1 < m) is an (cdt, 2)-pattern.
Repeating several times if necessary we conclude. O

For k < w, finding an sct-pattern of depth x is equivalent to finding a (cdt, 2)-
pattern of depth k.

Lemma 3.9. Let k < w, and let (an :n € w<"), (¢i (x,y;) 11 < k) be a (cdt,2)-
pattern (i.e. for everyn € w<" the set {@y)+1 (T, ay;) 1 j € w} is 2-inconsistent).
For n € w<" define by = apjoan1 ... ayjm)-1)ay and ¥i (T340, Yii-1) =
Nj<i @i (@ y5). Then (by :n € w<"), (¢; (x,5:) : i < k) is an sct-pattern.

Proof. If n € w™ for n < k, then the set {4 (x,by;) : i < n} contains only conjunc-
tions of formulas from {¢; (x, a,);) : ¢ < n} which is consistent by assumption. On
the other hand if 91,72 € w<" are incomparable, let 77 = 11 Anz. Then 1y, ) (x, by, )

implies @i(y)-+1 (%; Qg 1(n)+1)) And Vi) (@, by,) implies @iy 41 (2, Grnya()+1))
and these two implied formulas are inconsistent by assumption. ([

Combining Propositions [3.7] and [3.8] with Lemma [3.9] we have:

Proposition 3.10. If k7, > RNo, then either Kinp = No o1 Koy > Ro.

Remark 3.11. Inspecting the proof, we actually get the following bound: kI, >
1

sct

( Feat ) ®inp
5 .

The next proposition is an analog of Proposition [3.8| for inp-patterns. It is not
used in this paper, but we include it for reference.

Proposition 3.12. Let k < w be fized. Assume that for any n < w we have, in
some fized number of free variables, an inp-pattern of depth n such that each row
is k-inconsistent. Then there are, in the same number of variables, inp-patterns of
arbitrary finite depths in which every row is 2-inconsistent.

Proof. Let m € w be arbitrary, and let (aij); . wm jew (i (T i) icmxm Pe an
inp-pattern with mutually indiscernible rows such that every row is k-inconsistent.
For i < m, consider I'; (z) = /\ixmgl<(i+1)xm (p1 (z,a1,0) N i (z,a1,1))-

Case 1. T';(x) is consistent for some i < m.

Then for I < m we take 1; (2,01,0) = Qixm+i (T, Gixm+1,0) N Pixmt (T, Gixm+1,1)
and by ; = Gixm41,2j@ixm+1,25+1-

Case 2. T'; (z) is inconsistent for every i < m.

Then for I < m we take ¥ (2,b1,0) = N, ) Cixmir (T, 01xmir0) and by ; =
(Qiscm—r,j i T < m).

It is easy to see that in each of the cases (bi;);_,, ;<. » (¥i (¥,%:)),,, 1s an inp-

pattern of depth m, and moreover it is max {2, {gw }—inconsistent ((%W—inconsistent

in the first case and 2-inconsistent in the second case). As m was arbitrary, this
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shows that there are inp-pattern of arbitrarily large finite depth with max {2, [4]}-
inconsistent rows. Repeating the argument several times if necessary we conclude.
O
Now we consider the case of countably infinite patterns.
Proposition 3.13. &7, > Ny implies k7, > Ry.

sct

Proof. Suppose (p; : i < w), (ay)pew<w is a cdt-pattern. By replacing a, with

by = (ag, ap|1, - - -, Gyi)—1, ay) and ;(x;ay,) by
biwiby) ==\ @(@;ay;),
j<i

if necessary, we may assume that if v < 7, then

': (vx)[sol(n) (1’; an) — (Pl(l/)(x; al/)]'
Then by replacing (ay),ew<~ by an s-indiscernible tree locally based on it, we may
moreover assume the (a,)pec,<w are s-indiscernible by Fact

By induction, we will construct cdt-patterns (¢ : i < w), (a?

n)new<w so that

(1) (ay)new<w is s-indiscernible.
(2) For allp € w<™ and i < j,
Lot 1 (@5 a0 (i) )s Pl (3 05~ (y) }
is inconsistent.
(3) If v <, then

E (Vo) (i (T3 an) = @) (23a7)].

(4) For all n, if n,n" > I(n), then aj; = a:;,. For all m < m’, /" = @™,
For the base case, let ¢ = ¢; for all i and a) = a, for all n. (1) is satisfied by
assumption, (2) is vacuous, and (3) follows from the initial remarks above. Now
suppose we have constructed (¢ : i < w) and (aj)pew<w. By definition of a

cdt-pattern, there is a least £ > 1 so that

U {ent145 (@5 agn iy ~0s) 1 J <w}

i<2k
is inconsistent. By compactness, there is [N so that
(3~14) U {@Z+1+j($§ aO’”/\(i)/\Oj) 1y < N}

<2k
is inconsistent. Let (by),cw<w be the N-fold stretch of (a™),c.,<v at level n. Let
(i (x; ;) : 1 < w) be defined as follows: for i < n, z; = y; and ¥;(x; ;) = wi(x;y;)-
Let zn41 = (Yn+1,Yn+2, - - -+ Yn+n) and

Gni1 (@3 2001) = N\ i1 (U5 Ynt1+5)-
J<N
Finally, for i > n + 1, let z; = y;4n—1 and ¥;(z;2;) = wirn-1(T;¥itN-1). By
Lemma (by)new<w is an s-indiscernible tree and, by construction, (¢;(x;z;) :
i <w), (by)pew<w is a cdt-pattern. Moreover, this cdt-pattern satisfies
(5) {¥ns1(w;bon—~(5y) : i < 27} is inconsistent and

(6) {¥nt14j(sbon~(iy~0i) 11 < 2871 j < whU{e(w;bg) : | < w} is consis-
tent.
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Condition (5) follows by the inconsistency (3.14)) and the definition of ¢,,+1. To see
(6), we note that by the minimality of k,

{n145 (@5 bon ~ iy ~0s) 11 < 2871 < w}
is consistent. By (3) above and the definition of the 1),,, this establishes (6).

Let (¢;)pew<e be the 2"~!-fold widening of (b,),cw<w at level n + 1. Let
(xi(z;w;) + i < w) be defined as follows: if ¢ < n + 1, let w; = z; and x;(z;w;) =
Yi(w;z). i >n+1, let w; = (29,..., z?kil_l) a tuple of variables consisting of
2k=1 copies of z;. Then put

Xilwwi) =\ wila;2d).
j<2k1
By Lemma (cn)new<w is s-indiscernible and, by construction, (x;(z;w;) : i < w),
(Cn)pew<w is a cdt-pattern and, moreover, if ¢ # j
{Xn+1(x;CO"A(i))aXn—‘rl(x;conf—\(j))}
is inconsistent. For all m < w and 7 € w<¥, define pt' = &, and a} ™ = ¢,
We have satisfied requirements (1)-(3) and since our construction did not modify
the formulas and parameters with level at most n, the construction never injures
requirement (4).
Finally, define a cdt-pattern (¢5° : n < w), (a;°)pew<e by ¢5° = ¢, and ay° =
ai,("). Our construction gives
(7) (a5°)new<w is s-indiscernible.
(8) If n € w, {¢>(x;ap5,) : n <w} is consistent.
(9) Tt v <1, then |= (V)[R (5 42°) — %, (23 03],
(10) For all n, and i # j {51 (w5ag. ;) a1 (@5 agn . ;,)} is inconsistent.

By s-indiscernibility, (9) and (10) imply that if n L v, then

{eion (@ an?), o) (@3a°) }
is inconsistent. This shows (¢5° : n < w) and (a;°)pew<w form an sct-pattern. We
have thus shown x,, > Nj. d

‘We obtain the main theorem of this section.

Theorem 3.15. If T is countable, then kcqi(T) = Ksct(T') + Kinp(T). Moreover,
Keqi(T) = kit (T) + £33, (T), provided k7, (T') is infinite.

Proof. By Observation kM (T) > n for any T and keqq(T') > || if and only if
Kea(T) = o0o. Tt follows that, for countable theories, the possible values of kcqt(T),
and the only possible infinite values of k7, (T'), are R, Ny, and co. The case of ¥
is treated in Proposition [3.10} ®; is handled by Proposition [3.13} and for co the
result follows from Shelah’s theorem (Fact . g

4. TP; AND WEAK k — TP,

Say that a subset {n; : i < k} C w<% is a collection of distant siblings if given
i#1i,j# 7, all of which are < k, n; Anir =n; Anjr.
Definition 4.1. Fix k£ > 2.

(1) The formula ¢(z;y) has SOP; if there is a collection of tuples (ay)peca<w
satisfying the following.
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(a) For all n € 2%, {p(x;ay)4) : @ < w} is consistent.
(b) If n,v € 2<% and n L v, then {¢(z;ay), p(x;a,)} is inconsistent.
(2) The formula ¢(z;y) has weak k- TP if there is a collection of tuples (ay),ew<e
satisfying the following.
(a) For all n € w*, {¢(x;ayq) : @ < w} is consistent.
(b) If {m; : i < k} C w<¥ is a collection of distinct distant siblings, then
{¢(z;ay,) : ¢ < k} is inconsistent.
(3) The formula ¢(z;y) has k-TP, if there is a collection of tuples (ay)jcw<w
satisfying the following.
(a) For all n € w*, {¢(x;ay|q) : @ < w} is consistent.
(b) If {n; : i < k} C w<¥ is a collection of distinct pairwise incomparable
nodes, then {¢p(x;a,,) : ¢ < k} is inconsistent.
(4) The theory T has either of the above properties if some formula does.

We remark that TP, is equivalent to SOP5 in a strong way:

Fact 4.2. If a theory has TP; witnessed by a formula ¢, then the theory also has
SOP, witnessed by the same formula, and vice versa.

We recall the argument from |1]. Suppose ¢(z;y) witnesses SOPy with respect
to the tree of parameters (by),c2<w. Define a map h : w<* — 2<% recursively by
h(0) =0 and h(B ~ (i)) = h(B8) ~ 1 ~ 0, where 1¢ denotes the all 1’s sequence of
length i. It is straightforward to check that ¢(z;y) witnesses TP; with respect to
the parameters (by,(;)))necw<«. The converse is obvious. Although SOP; and TP are
equivalent, it will be important for us to notationally distinguish them, as various
combinatorial constructions are simplified by a judicious choice of the index set.

In [16], Kim and Kim show that k-TP; is equivalent to TPy for all k£ > 2, but
the questions of whether weak k-TP; is equivalent to TP; was left unresolved.
Using strongly indiscernible trees, we settle this, as well as show that TP, is always
witnessed by a formula in a single free variable.

4.1. Finding and manipulating indiscernible witnesses.

Lemma 4.3. (1) If T has weak k-TPy witnessed by @(x;y) then there is a
strongly indiscernible tree (ap)pc,<w witnessing this.
(2) If o(x;y) has TPy then there is a strongly indiscernible tree witnessing this.
(8) If w(x,y) has SOPq, then there is a strongly indiscernible tree (a,)nca<w
witnessing this.

Proof. (1) This was observed in [23], but we sketch a proof here for completeness.
Let (b;)necw<w be a tree of tuples with respect to which ¢(x;y) witnesses weak k-
TP;. Let (ay)pew<« be locally based on the tree (by)yew<e. Suppose 1o, ..., Nn—1 €
w<* lie along a path and let ¥(yo, . .., yn—1) denote the formula (3z) A,_,, @(=;y;).
Then there are vg,...,v,_1 € w<¥ so that

aftpr, (Mo, -+, Mm—1) = aftpr, (Yo, -, vn-1)
and
tPy (Angs 5@y _y) = Dy (bugs -y buy )
The first equality implies that vg,...,v,—1 all lie along a path so {p(z;b,,) : i <

n} is consistent. By the second equality, {¢(z;a,,) : ¢ < n} is consistent. By
compactness, this shows that all paths are consistent. Showing that any k distinct
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distant siblings remain inconsistent is similar. So ¢(z;y) witnesses weak k-TP;
with respect to the tree (a,),ew<e.

(2) This follows from (1) as weak 2-TP; and TP; are the same.

(3) By Fact[£.2] ¢(z, y) has TP1. Now by (2), we may find a strongly indiscernible
tree (ay)pcw<w such that ¢ witnesses TPy with respect to (ay)yew<«. Making the
identification 2<% = {n € w<¥ : n(k) € {0,1} for all k < I(n)}, it is easy to see
that (2<%, <1, <jes, A) is an Lg-substructure of (w<%, <, <jez, A) since 2<% is closed
under the A-function and all the symbols in Ly acquire their natural interpretation
on 2<% via restriction from w<¥. It follows that if ng,...,n,—1 and vg,...,Vp_1
are two sequences from 2<% with

aftpr, (1o, -+ - Mm—1) = dftpr, (10, -+, Vn-1)

<w

in 2<%, then this equality also holds in w<% and hence

tp(anov S 7a7]n—1) = tp(al,o, e 7a1/77,—1)7

80 (@y)yea<w is strongly indiscernible. Moreover, paths in 2% are paths also in w®
and incomparables in 2<“ remain incomparable when considered as elements in
w< so it is clear that p(x;y) will witness SOPy with respect to (ay)yea<w. O

Remark 4.4. We aren’t making the (ostensibly) stronger claim that if ¢(z;y) wit-
nesses SOP; with respect to the tree (b,),c2<~ then there is a strongly indiscernible
tree (a,)ne2<w based on it — the proof of the existence of a strongly indiscernible
tree witness involved going through TP; and then restricting.

Lemma 4.5. (1) If (ayn)necw<w is a strongly indiscernible tree and ¢(z;y) is a
formula so that for some n € w*, {©(x;ay,) : n < w} is consistent and for
some & € w<¥, {p(x;ac~0), (z;a¢e~1)} is inconsistent, then T has TPy.

(2) If (ay)ne2<e is a strongly indiscernible tree and p(x;y) is a formula so that
for some n € 2¢, {p(x;ay,) : n < w} is consistent and for some 1 € 2<%,
{¢(x;an~0), p(x;an~1)} is inconsistent, then T has SOP,.

Proof. Both parts are immediate by Lemma [2.2] (1) and (2). O

Lemma 4.6. (Path Collapse) Suppose k is an infinite cardinal, (a,)nco<~ s a tree
strongly indiscernible over a set of parameters C and, moreover, (age : 0 < o < w)
is indiscernible over cC. Let

p(y:Z) = tp(c; (ao—~ov 1 7 < K)/C).
Then if

P(Y; (a0~07)v<r) UD(Y; (@107 )y<r)
is not consistent, then T has SOPs, witnessed by a formula with free variables y.
Proof. We may add C' to the language, so assume C = (). With p defined as above,
suppose

p(y; (ao~0v : 7 < K)) Up(y; (a1~0v 1 ¥ < K))
is inconsistent. Then by indiscernibility and compactness, there is a formula v and
n < w so that
{Y(y;a0,...,a0~gn—1)} U{(y;a1,a10,...,a1~gn-1)}

is inconsistent. Let (b,),c2<~ denote the n-fold elongation of (a,),c2<~. By Lemma
(b, : m € 25%) is strongly indiscernible. Since ¢ = {¥(y;bp~) : @ < K} and
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¥(y;bo) A (y;b1) is inconsistent (by strong indiscernibility), by Lemma W
witnesses SOPs. [l

Remark 4.7. Tt is significant that the type p does not contain ay as a parameter.
As bg and by are incomparable and 1 (x;bg) and v(x;by) are inconsistent, we can
conclude that ¢(x;b,) and ¥ (z;b,) are inconsistent for all incomparable n,v by
strong indiscernibility. But, for example, strong indiscernibility does not guarantee
bo~0bo~1 has the same type as boby over ag as 0 A 1 = () while o=t ~0AQ" L ~
1=0"""1

We now give two applications of the path-collapse lemma.

4.2. Weak k — TP;.
Theorem 4.8. Given k > 2, T has weak k-TPy if and only if T has TP;.

Proof. We will show that if T has weak k-TP;, then T has SOPs. Let ¢(x;y)
witness weak k-TP; with respect to the strongly indiscernible tree (a,)yew<«. Let
n be maximal so that
{o(z;apy~oo) 10 <n,a <w}
is consistent. By definition of weak k-TPq, n is at least 1 and at most k — 1. Let
C ={ag ~0 i <n—1,a<w} (and put C = () in the case that n = 1). Given
n € w<¥, let 7 be defined by
o ni)+n—1 ifi=0
(i) = { n(i) otherwise,
for all i < I(n). The tree (b,),cw,< defined by b, = a; is strongly indiscernible over
C. By choice of n,
{p(z5a3)~00) 11 <n,a <w}
is consistent, so let ¢ realize it. By compactness, Ramsey, and automorphism, we

may assume (bpo : 0 < a < w) (ie. (app—_1)~0e : @ < w)) is indiscernible over c.
Letting the type p be defined by

p(y;Z) = tp(c; (bo~oe : @ < @) /C),
and unravelling definitions, we see that the type

P(Y; (bo~0e : @ < w)) Up(y; (b1~ : @ < w))

implies {¢(7; ay~ge) 1 i <n+1,a < w} and is therefore inconsistent by the choice
of n. By path-collapse, we’ve shown that T" has SOP5, completing one direction.
The other direction is obvious. (]

4.3. Reducing to one variable.

Proposition 4.9. Suppose T witnesses SOPs via p(x,y;z). Then there is a for-
mula po(x;v) with free variables © and parameter variables v, or a formula o1 (y;w)
with free variables y and parameter variables w so that one of pg and p1 witness
SOP5.

Proof. Let ¢(x,y;z) witness SOPy with respect to the strongly indiscernible tree
(ap)ne2<w. The first path is consistent and it is an indiscernible sequence so it
follows that there is some (¢, cp) = {©(z,y;a0o) : @ < w} and such that moreover
(ape : a < w) is indiscernible over ¢y (by Ramsey, automorphism, and compactness).
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Define the function h : 2<% — 2<% recursively by h(0)) = 0 and h(n —~ (i)) =
h(n) —~ 0 —~ (i). Define the tree (b;,),ec2<w by b, = ap(y). It is proved in Lemma
(1) that (b,)pe2<~ is a strongly indiscernible tree. For each n, define a map
Ny 1 259 — 2<% by

_ [ h) if I(n) <n
() = {h(u) ~¢ ifn=v~&Ilw)=n.

By Lemma 2)7 the tree (dy ,)pea<w defined by d, , = ap, () is strongly indis-
cernible as well. Moreover, as paths in (b,),c2<« and (d ,)ye2<~ are contained
in paths in (ay),e2<~ and incomparable elements in these trees correspond to in-
comparable elements in (a,)pec2<w, ¢ witnesses SOP, with respect to these trees of
parameters as well.

Assume that no formula in the variable y has SOP5. By induction, we will choose
¢y, so that
(*) {o(x, cnidnpim) - m <n}U{p(x, cnidng~o0) : o <w}

is consistent for every n € 257,
For this, consider (dgﬁ%)n@@, the nth-fattening of (d, ), and let C,, = (d,y, :
n € 2<"). By induction we show:

Claim. There is ¢, 41 such that ((di:fll())(,) Ta< w) is indiscernible over ¢,,41C,,
and
Cp, <d£:’l()),\0,\oa) Ed(nq))c'n Cn+1 (d%&/\of\oa) Ed(nq))cn Cn+1 (dgf()J/\lr\Oa) .
Note that diﬁ%Cn =Cht1.

Proof: The base case is above. Let

pn(y,Z) = tp (cn, (dr:,lo/\o/\ow Ta< W)/(dm@)(")cn) .

By the path-collapse lemma,

Dn (y, ((dff())/\o/\oa) < w)) Upn (y, ((df:())/\l/\ou) o< W))

is consistent. Let ¢, 4+ realize it. Moreover, as

(dgs()%oﬂoa ’ dg:,l())A1Aoa) = (dgﬁil())a)
a<w a<w

is an indiscernible sequence, by Ramsey, automorphism, and compactness we may
assume that it is indiscernible over ¢, 4+1Cy,. This shows (*).
By the definition of the trees (dy,;),c2<«, we have shown that

{o(@, cnibypm) - m < n}U{e(x, cn;by—oe) : a0 < w}

is consistent for each n and n € 25". By compactness, we can find one ¢ which works
for all possible paths in 2 simultaneously, giving a tree (c, by)pc2<w Wwitnessing
SOP;, for ¢(z;y, 2). O

Remark 4.10. The necessity of defining the trees (by)yc2<« and (dp ,)pe2<w via h
and h,,, respectively, stems from a technical obstacle in applying the path-collapse
lemma: starting with the tree (a,),c2<«, we cannot apply the path collapse lemma
directly to the type

q(y; (age - v <w)) = tp(co/(ape : @ < w)),
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as this type has ag as a parameter (see Remark above). This is corrected by
the offset functions h and h,,, allowing us to apply the path-collapse lemma ‘higher’
in the tree, where the parameters of interest are indiscernible over what we have
constructed so far.

Corollary 4.11. (1) T has SOPy if and only if there is some formula in a
single free variable witnessing this
(2) T has TPy if and only if there is some formula in a single free variable
witnessing this

At this point it is natural to ask if sl = s, holds for arbitrary n, at least for

countable theories. Corollary resolves the case of oo, and we remark that the
case of Xy follows from a standard argument in simplicity theory.

Proposition 4.12. Any theory satisfies kly, = K, for all n € w.

Proof. The following are equivalent (see e.g. [4, Proposition 3.8]).
(1) Kege < k-
(2) For any type p(x) € Sy, (A), there is some Ay C A such that |Ap| < k and
p does not divide over Ag.
Clearly k", > kly.. Assume now that sy, <k for some . We show by induction
that (2) above holds for all n with respect to k. Given a;...ana,+1 and A, it
follows by the inductive assumption that aq...a, | Ao A for some Ay C A with

|A1] < k and ap41 LAIM . Aaj . ..ay for some Ay C A with |A;| < k. Combined

this implies (by left transitivity and right base monotonicity of dividing in arbitrary
theories, see e.g. [9 Section 2]) that a ...anan+1 J'/AOAI Aand |[AgU A <k O

Corollary 4.13. If k7, > Ry then xl, > N;.

sct sct

Proof. By Proposition it is enough to show that xl;, > Ry, which follows by
assumption and Proposition [£.12] O

The case of Xy appears to involve more complicated combinatorics and we leave
it for future work.

5. INDEPENDENCE AND AMALGAMATION IN NSOP; THEORIES
We recall the definition of SOP; from [22]:
Definition 5.1. A formula ¢(z; y) exemplifies SOP; if and only if there are (a;,)yec2<w
so that
e For all n € 2, {¢(¥;ay,) : n < w} is consistent,
o If n ~ 0 <v e 2% then {p(x;a,~1),p(x;a,)} is inconsistent.
Given an array (¢; j)icw,j<2, Write ¢; = (¢;0,¢i,1) and ¢«; for (¢;);<;.
Lemma 5.2. Suppose (¢; j)icw, j<2 s an array and ¢(z;y) is a formula over C
with
(1) For alli < w, ¢;0 =ce., Ci,1;
(2) {¢(z;¢i0) 11 <w} is consistent;
(3) j <t = {p(x;ci0), p(x;c1)} is inconsistent,
then T is SOP;.
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Proof. For each n, define a subtree T}, of 2<% by
T,={n—~0":ne25" a<wlU{n ~0% ~1:9€25" a<w}.
Let P(T,,) C 2 be the set of infinite branches of T},,. Namely,
P(T,)={n~0%:ne2="}.

As afirst step, by induction on n we build an ascending sequence of trees (I,), 7y, )ner, »
so that:
(1) if n e P(Tn), (lma,’l"n\oz)a<w =c (Ca,Oaca,l)a<w7
(2) if n ~0 €T, then 1, = l;~1,
(3) if ne 257" then (ln/\o,'f'n/\o) =Clayray (ln/\lvrn/\l)-
For the n = 0 case, define lpa = cq,0, T0e = €q,1 and lpa~1 = rga—~g for all o < w.
For each a < w, we can choose 0, € Aut(M/C%.4) such that oo(ca,0) = Ca,1. Let
Toa~1 = Oat1(Ca+t1,1) = Oa+1(r0o~0). This defines (I,), ry;)ner, satistying (1)-(3).
Now by induction suppose (I,),7)ner, has been defined. Suppose n € P(T;41)\
P(T,). Then there is v € 25" so that n=v —~ 1 ~ 0. Then v ~ 1 € T, and, by
induction,
(lu~0,Tv~0) =Clayra, (lu~1,70~1)
and r,~9 = l,~1. Choose an automorphism ¢ € Aut(M/Clq,r<,) such that
U(ll,,-\o, ’I“,,/-\o) = lyAl, Ty~1- Then define

(ly~1~00sTy~1~00) = 0(ly~0~02, Ty ~0~0) and

(ly~1~00~1,Tv~1~00~1) = 0(ly~0~00 ~1, Ty ~0~00 ~1)
for all & < w. This completes the construction of (I, ry,)yer, ., properties (1)-(3)
are satisfied because of the inductive assumption. We obtain (l,),7,),c2<+ as the
union over all n of (L, 7y)ner, -

Now we check that with respect to the parameters (I,)),c2<w, ¢ witnesses SOP;.
Fix any path n € 2¥, we have to check that {yp(z;l,,) : @ < w} is consistent.
But given any n, lqn) C T and by (1), lqmn) =c¢ (Ca,0)a<n hence {@(x;1,q) :
a < n} is consistent, as {¢(x;ca0) : @ < n} is consistent, by hypothesis. Then
{o(z;1;0) : @ < w} is consistent by compactness.

Now fix n L v € 2<% g0 that (nAv) ~ 0dnpand (NAv) ~1=v. We
must check {p(z;,),¥(z;1,)} is inconsistent. As v = (n Av) ~ 1, we know that
L, = lipav)y~1 = Tyavy~0 by (2). Let £ = (n Av) —~ 0. Then £ In and [, = r¢ so
it suffices to show {p(x;l,), p(x;re)} is inconsistent. Let n = I(n) and m = I(§).
Then m < n and by (1), we have (1, 7¢) =¢ (¢n,0,¢m,1). By hypothesis, this implies
{p(x;1,), p(z;re)} is inconsistent, so we finish. O

Definition 5.3. Suppose | is an Aut(M)-invariant ternary relation on small sub-
sets of M.

(1) We say | satisfies weak independent amalgamation over models if, given
M =T, boco = bicy satisfying b; J/M ¢; for i =0,1 and cg J/M c1, there
is b satisfying bcog =ns bey = boco-

(2) Wesay | satisfies independent amalgamation over models if, given M =T,
by = by satisfying b; \LM c; for i =0,1 and ¢ LM c1, there is b satisfying
beg = boco and bey = bicy.

(3) We say | satisfies stationarity over models if: given M =T, if by =p by
and by J/Mq by J/Mc then by =z b1.
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Definition 5.4. Suppose A, B, C are small subsets of the monster M.
(1) We say A \LZC B if and only if tp(A/BC) can be extended to a global type
Lascar-invariant over C. We denote its dual by | “ -ie. A |, B holds if
and only if B | A.
(2) We say A J/é B if and only if tp(A/BC) is finitely satisfiable in C. We
denote its dual by | " -iec. A \Lg Bifand only if B |/, A.

Suppose ¢(z) and r(y) are global M-invariant types. Recall that the product
q(z) ® r(y) € Szy(M) is defined by ¢(z) ® r(y) = tp(ab/M) where b = r and
a = gl
Proposition 5.5. Fiz a model M |=T. Suppose ¢; J/;w Co, € J/zw bj for j=0,1
and bocog =pr bicy, but there is no b such that bcg =p; ber =pr bocg. Then T has
SOP;.

Proof. Let p(z;y) = tp(boco/M). Our assumption entails that p(z;co) Up(z;cy) is
inconsistent. By compactness, there is some ¢(z;y) € p(z;y) so that {¢(z; o), p(z;c1)}
is inconsistent. Fix a global M-invariant type r so that co = r[a,, and a global
M-invariant type g so that ¢ [= glar,,. Then cico = (¢ @ r)|ar. Let (cf, ch)i<icw
be a Morley sequence in (q ® )| arpyeqe, and put (¥, c9) = (e1, ¢o).

First, we note that by = {p(x;c)) : i < w} so a fortiori {p(x;ch) : i < w} is
consistent. Secondly, for any N < w, we have

i
(cded) .. (e ey | o
M
so by M-invariance and the fact that ¢y =) ¢1, we know that

Co EMC%C%...Cé\IC{V C1

Next, as ¢} | qlarege,, we have ¢l =pr, ¢1 and therefore {p(x;co), o(z;ct)} is
inconsistent. As (c},c})i<. is an M-indiscernible sequence, we’ve shown the fol-
lowing.
(1) If X Cwand j < k for all k € X, then {@(z;¢k) : k € X} U {p(z;¢)} is
consistent for ¢ = 0, 1.
(2) If X Cwand j < k for all k£ € X, then, writing ¢x for an enumeration of
{chck - ke X}, we have ¢} =ney €.
(3) If j < k then {@(x; ), o(x; ¢k)} is inconsistent.
Now by compactness (reversing the ordering on the sequence of pairs), we can find
an array (d; ;)i<w,j<2 such that the following holds.
(1) For all i < w, d; o =, di1;
(2) {p(z;d;p0) : i < w} is consistent;
(3) 1 <i = {p(z;dio),p(x;d;1)} is inconsistent.
By Lemma this implies 7" has SOP;. (]

The following argument is an elaboration on [8, Proposition 6.20], which, in turn,
was an elaboration on an argument of Kim [15, Proposition 2.6].

Proposition 5.6. Assume ¢(x;y) witnesses SOPy. Then there are M, ¢, c1,bg, b1
so that cg J/qj\/[ c1, Co \LL b, c1 \l/:/l b1, boco =nm bicr and = (b, co) A (b1, c1)
but p(x;c0) A p(x;c1) is inconsistent.
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Proof. Suppose T has SOP; witnessed by . By compactness, we may assume that
we have a tree of tuples (a,),ca<~ for x large enough (> 2!7! suffices) so that
e For all n € 27, {p(;a,)4) : @ < K} is consistent
e n —~ 0w € 2<%, then {¢(z;a,~1),¢(z;a,)} is inconsistent.

Fix a Skolemization 7% of T' and in what follows, we’ll work modulo this expanded
theory. We will construct a sequence (1;,V;)i<. of elements of 2<% satisfying the
following.

(1) ay,,ay, have the same type over a,_,, a,._,

(2) If i < j then n; < n; and n; < v;.

(3) (i Avi) ~0<m; and (p; Avi) ~1=uv;.
Given n, suppose (1;,v; : i < n) have been chosen satisfying (1)-(3). Consider the
sequence (G, ,~o0~~1:a < k). As & is large enough, there are v < 8 < & so that
@y, ~02~1,0y, _, ~06~1 have the same type over (a,_,,a,_,). Let v, = 1,1 —~
0 ~1and 7, = 7,1 — 0° ~ 1. Now (1) and (2) are clearly satisfied, and, as
a < B, (M AVn) = Nn—1 — 0% so (3) follows. This completes the construction.

Now we claim that (a,,, a., )i<. satisfies:

(4) {p(x;ay,) 1 <w} is consistent,

(5) ay,,ay,, have the same type over a,_,,a,_,,

(6) {p(w;a,,),p(x;a,,)} is inconsistent for i # j.
Here (5) is immediate from our choice of the sequence and we get (4) since ¢ < j
implies 7; < n; and paths are consistent. To see (6), notice that if ¢ < j then as
n; < v; and n; L v, we have (v; Avj) = (n; Av;) and hence (v; Av;) ~ 0 < v; and
v; = (v; Avj) —~ 1 from which (6) follows, using SOP;.

By compactness and Ramsey, we can find b and (ani,ayi)iSerl indiscernible
over b, satisfying (4)-(6), and such that b = {p(z;a,,) : ¢ < w4+ 1}. Let M =
Sk(ay,; ay,)i<w- Then we have ay, , | band a,, |} ay,,, by indiscernibility.
As ay,,a,, start an M-indiscernible sequence, there is o € Aut(M/M) sending
an, = Gy,. Let V' = o(b). Then b’ =y b, ay, |,V (as ay, |}, b by indiscerni-
bility) and = ¢(b'; a,,, ). But {¢(z;ay,,,,), p(x;a,,)} is inconsistent by (5) and (6).
As ¢ is an L-formula, M is, in particular, an L-model and | “ in the sense of T Sk
implies | “ in the sense of T'. O

Theorem 5.7. The following are equivalent.
(1) \LCi satisfies weak independent amalgamation: given any M =T, boco =um
bicy so that ¢y J/;w co and ¢; J/ﬁw b; for j = 0,1, there is b so that bcy =p
bCl =M b()C(].
(2) \Lh satisfies weak independent amalgamation: given any M =T, boco =p
bicy so that ci | co and c; L7, bj for j = 0,1, there is b so that beo =

bCl =M bQCO.
(3) T is NSOP;.

Proof. (1) => (2) is clear.
(2) = (3) is Proposition
(3) = (1) is Proposition O

Proposition 5.8. Assume there is an Aut(M)-invariant independence relation |
on small subsets of the monster Ml |= T such that it satisfies the following properties,
for an arbitrary M =T and arbitrary tuples from M.
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(1) Strong finite character: if a [, b, then there is a formula ¢(x,b,m) €
tp(a/bM) such that for any a' = ¢(z,b,m), a’ [, b.

2) Existence over models: M =T implies a M for any a.

?S’j Monotonicity: aa’ | | bb '::> ai b. L !

M M

(4) Symmetry: a \LM b<— 1D \LM a.

(5) Independent amalgamation: ¢ J/M c1, bo J/M co, b1 LM c1, bo = by im-
plies there exists b with b =¢,nr bo, b =c, s b1.

Then T is NSOP;.

Proof. Claim Let M |= T, thena |\ b = a |, b

Proof of claim. If a LM b then by strong finite character, there is some @(x; m,b) €
tp(a/Mb) so that a’ f | bfor any o’ with |= ¢(a’;m,b). However, asa | | b, it fol-
lows that there is some a’ € M such that |= p(a’;m,b). Thend [ , a' by symmetry
and b J o M by monotonicity, contradicting existence.

Now assume towards contradiction that T has SOPy, and let M, ¢q, c1, bo, b1, o(x; y)
as given in Proposition By the claim and symmetry of | we have ¢y | s C1s
bo L, o001 L, c1- As | satisfies independent amalgamation over models, there
is some b J,MCOC1, b =¢om bo, b =c; i b1. This contradicts the inconsistency of

{e(@; o), p(x; 1)}

Remark 5.9. (1) We don’t require the local character here, as it would then
give simplicity according to the theorem of Kim and Pillay [18].

(2) We do require strong finite character, which is not required in Adler’s def-
inition of mock stability and mock simplicity (see |2, the discussion after
Definition 12]). Indeed, there are mock stable examples arbitrarily high in
the SOP,, hierarchy.

6. EXAMPLES OF NSOP; THEORIES

6.1. Vector spaces with a generic bilinear form. Let L denote the language
with two sorts V and K containing the language of abelian groups for variables
from V, the language of rings for variables from K, a function - : K x V — V, and
a function [ | : V x V — K. T, is the model companion of the L-theory asserting
that K is a field, V is a K-vector space of infinite dimension with the action of K
given by -, and [ ] is a non-degenerate bilinear form on V. If (K, V) |= T\ then K
is an algebraically closed field.

The theory T, was introduced by Nicolas Granger in [12], who observed that its
completions are not simple, but nonetheless have a notion of independence called I'-
non-forking satisfying essentially all properties of forking in stable theories, except
local character.

Definition 6.1. We are using the notation from [12, Notation 9.2.4]. Let M =
(V,K) be a sufficiently saturated model of T,. Let A C B € M and ¢ € M
with ¢ a singleton. Let ¢ J/Z B be the assertion that K 4. J/KA Kp in the sense
of non-forking independence for algebraically closed fields and one of the following
holds:

(1) ce K

(2) ce(4)

(3) ¢ € (B) and [c, B] is ®-independent over A,
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where ‘[c, B] is ®-independent over A’ means that whenever {bg,...,b,_1} is a
linearly independent set in By N (V' \ (A)) then the set {[c,bo],...,[c,bp_1]} is
algebraically independent over the field K (K ac).

By induction, for ¢ = (cg, ..., ¢y, ) define ¢ J/i B by

r r r
¢c| B < (co,-.-y¢m-1) | Bande,, |  Bey...cm—1.
A

A Acg...Cm—1

Fact 6.2. |12, Theorem 12.2.2] Let M = (V,K) | Tw. Then the relation on
subsets of M given by I'-non-forking is automorphism invariant, symmetric, and
transitive. Moreover, it satisfies extension, finite character, and stationarity over a
model.

Lemma 6.3. If ¢ is a tuple and A, B are small sets with c j/i B, then there is a
formula o(x;a,b) € tp(c/AB) so that

r
E p(dsa,b) = ¢ [ B.
A

Proof. Suppose ¢ = (cg,...,¢n—1) a tuple and C\X/ZB. Let k be maximal so
that (co,...,ck—1) J/l;l B. Tt follows that cj J//ZCO o Bceg . ..cp_1, so one of the
Ch1

following possibilities occurs:
ACF
(1) [(ACD.HC;c J// KBCOA..ck,l

Kacy...cp,_q
(2) Cr € <BCQ . Ck,1> \ <ACO . Ck,1>
(3) There is a linearly independent set {dy,...,d;—1} from (Becg...cx—1)yv N
(V\ (Acy...cx—1)) so that {[ck,do],...,[ck,d;—1]} is not algebraically in-
dependent over Kpey..cp (K acy...cp)-

The existence of the desired formula requires an argument only in case (3). In this
case, there is a nonzero polynomial p(zg,...,z;—1;a,b,cq,...,cx) with coefficients
in KBCO...ck,l (KACO...Ck) so that p([ck» dO}a B [Ckv dl—l}; a, ba Cos - -y Ck) = 0. By
reindexing the d;, we may assume that there is m <[ so that d; = ¢;; for j <m
and d; € B for j > m. Let d = (dp,...,di—1). Writing y = (yo,...,yx), let
X(y;a,b,d) be the formula which asserts the following:

(1) the polynomial p(zg,...,x;—1;a,b,y) is a nonzero polynomial;
(2) the set {Yigs---»Yi,,_1 } U{dm,...,di—1} is linearly independent;
(3) p([ykvyio]a ey [y/wyimfl]’ [ykv dm]7 ey [ykydl—l]; a, ba y) =0

Then x(y;a,b,d) € tp(c/B) and if = x(c’; a, b, d) then it is easy to check ¢’ j/i B.

Corollary 6.4. The two-sorted theory T of infinite dimensional vector spaces
over algebraically closed fields with a generic bilinear form is NSOP;.

6.2. w-free PAC fields of characteristic zero.

Definition 6.5. A field F is called pseudo-algebraically closed if every absolutely
irreducible variety defined over F' has an F-rational point. A field F' is called w-free

if it has a countable elementary substructure Fy with G(Fy) = F,,, the free profinite
group on countably many generators.
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In [5], Chatzidakis showed that a PAC field has a simple theory if and only if it
has finitely many degree n extensions for all n so an w-free PAC field will not be
simple. Nonetheless, she showed that an w-free PAC field comes equipped with a
notion of independence which is well-behaved.

Fact 6.6. [6,[7] Suppose F is a sufficiently saturated w-free PAC field of charac-
teristic zero. Given A = acl(A), B = acl(B), C = acl(C) with C C A,B C F,
write A | 7, B to indicate that A | 2" B and A*¢B¢ N acl(AB) = AB. Ex-
tend this to non-algebraically closed sets by stipulating a J/g b holds if and only if
I
acl(aD) J/acl(D)
symmetry, and independent amalgamation over models.

acl(bD). Then | ' satisfies existence over models, monotonicity,

It remains to check that J_/I satisfies strong finite character. The proof of it was
pointed out to us by Zoé Chatzidakis, whom we would like to thank.

Lemma 6.7. Suppose F is a sufficiently saturated w-free PAC field of characteristic
zero. If a,b,c are tuples from F and a Lib then there is a formula o(x;b,c) €

tp(a/be) so that if F = (a;b,c) then o j/i b.

Proof. If a L?CF b, then the existence of such a formula is clear, so we may as-
sume a J/?CF b. As a \,J//é b, there are 3 € (cb)8 o € (ca)™® not in F such that
F(a) = F(B) and 8 ¢ F(c)8. We choose them so that F(3) is Galois over F
(always possible since F N (ca)&(cb)*!s is Galois over (F N (ca)®8)(F N (cb)?le) =
acl(ca) acl(cb)).

Some of the conjugates of 3 over {(cb) might lie in F{c)*® and this will be wit-
nessed by elements of acl(ch) = F N {cbh)*8. We choose an element b’ of acl(cb) such
that (cbb’) contains (cbf) N F and (cbb’) is closed under Aut(acl(cb)/(cb)). Let the
formula 6(y; b, ¢) isolate tp(d’ /be).

Let P(Y,b,c) be a minimal polynomial of & over (bc), and let Q(Z,Y,b,c) be
such that Q(Z,¥,b,¢) is a minimal polynomial of 5 over (cbb').

Claim. If = 6(b1,b,c), then P(by,b,c) =0, Q(Z,b1,b,c) is irreducible of degree
[(cbB) : {cbb')] and a solution of @) defines a Galois extension, which is not contained
in F{c)ale,

The first two assertions of the claim are immediate. For the last one, assume
that (b, by) satisfies P(by,b,¢) = 0 A Q(b2,b1,b,¢) = 0, and that Q(Z,b1,b,¢) is
irreducible and defines a Galois extension of the right degree (all this is expressible
in tpp(b'/bc)), but that by € F(c)*8. Then there is a formula in tp(b; /cb) which
will say that such a by exists, and is therefore not in tp(b'/bc).

Similarly let o' € acl(ac) be such that (caa) N F = (caa’) and let R(W, T, c) be
such that R(W,a,c) is a minimal polynomial of a’ over (ca) and let S(X, W, T, c)
be such that S(X,a’,a,c) is a minimal polynomial of « over {caa’).

The formula ¢(t,b, ¢) is a conjunction of the following assertions:

Fyo(y, b, ),

R(W,t,c) is not the trivial polynomial,

(Fw)R(w, t,c) = 0 and S(X,w,t,c) is irreducible over F' of degree [{cac) :
(caa’)],

(V2)[Q(z,y,b,¢) =0 — “F(z) contains a root of S(X,w,t,c) =0".
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These statements are first-order using standard facts on interpretability of finite
algebraic extensions of a field in a field and definability of irreducibility (see e.g.
[24)).

Assume now that d satisfies ¢(¢,b,¢). Let y = by and w = d; € F be as
guaranteed to exist by ¢, and let by be a root of Q(Z,b1,b,¢) = 0; then F(b) is
a proper Galois extension of F' of degree [(cbf) : (cbb’)] which is not contained in
F{c)e,

Because d satisfies ¢, if do satisfies S(X,d1,d,c) = 0, then F(dz) = F(b2). As
F(by) € F(c)®8, we necessarily have d ¢ (c)*® and, therefore, either d J’/?OF b or,

otherwise, (cd)®'&(cb)*8 N F # acl(cd)acl(cb). This shows d j’/i b. O
Corollary 6.8. The theory of w-free PAC fields of characteristic 0 is NSOP;.

6.3. Examples via Parametrization. In this subsection, we show how to con-
struct NSOP; theories from simple ones. We start with a simple theory 7" obtained
as the theory of a Fraissé limit satisfying the strong amalgamation property and,
by analogy with the theory of parametrized equivalence relations T form the
parametrization of this structure. We show that the resulting theories are NSOP,
by proving an independence theorem for a natural independence notion associated
to these theories. The construction we perform here was studied by Baudisch [3]
in the context of arbitrary model complete theories eliminating 3°°. We expect
that our results hold in this greater generality as well, but our setting already
encompasses many interesting examples and simplifies the study of amalgamation.
We begin by recalling some facts from Fraissé theory.

Definition 6.9. (SAP) Suppose K is a class of finite structures. We say K has
the Strong Amalgamation Property (SAP) if given A, B,C € K and embeddings
e:A— Band f: A — C thereis a D € K and embeddings g : B — D and
h: C — D so that the following diagram commutes:

B
SN
A D
N
C
and, moreover, (img) N (imh) = imge (and hence = imhf, as well).

The following is a useful criterion for SAP:

Fact 6.10. [14] Suppose K is the age of a countable ultrahomogeneous structure
M. Then the following are equivalent:

(1) K has the strong amalgamation property.
(2) M has no algebraicity.

Let K denote a Fraissé class in a finite relational language L = (R; : i < k) where
each relation symbol R; has arity n;. Let T the complete L-theory of the Fraissé
limit of K. We’ll define a new language Ly which contains two sorts P and O.
For each i < k, there is an (n; + 1)-ary relation symbol R: where x is a variable of
sort P and the suppressed n; variables belong to the sort O.
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Given an Lyg.-structure M, it is convenient to write M = (A, B) where O(M) =
A and P(M) = B. We will refer to elements named by O as objects and elements
named by P as parameters. Given b € B, we define the L-structure associated to b
in M, denoted Ay, to be the L-structure interpreted in M with domain A and each
relation symbol R; interpreted by Ri(A). If b € B and C C A, write (C), to denote
the L-substructure of A; generated by C' (as we assume the language is relational,
this will have C as its domain).

We describe a class of finite structures Kps. to be the class defined in the following
way. Let

Kpte = {M = (A, B) € Mod(Lps) : |M] < Ry, (Vb € B)(3D € K) (4, = D)}
From now on, we’ll assume K also satisfies SAP.

Lemma 6.11. K¢ is a Fraissé class satisfying the Strong Amalgamation Property
(SAP).

Proof. HP is clear and, as we allow the empty structure to be a model in Ky¢., JEP
follows from SAP. So we show SAP.

First, we may assume that 3 models in the amalgamation diagram have the
same set of parameters. Suppose (4,D), (B, E) and (C,F) are in Ky and we
have embeddings

(B, E)

By moving F and E over D if necessary, we may assume that ¢ and j are just the
inclusion maps on parameters and that FF' N E = D. By SAP in K, for each d € D,
there are embeddings f4, 94 and G4 € K so that the following diagram commutes,

/\
\/

where ¢ and j are the induced maps, so that fq(Cy) N ga(Bp) = (fao)(Ag). Since
the language is relational, HP implies that we may take Gy = fq(Cq) U ga(Dq)-
Moreover, we may choose fg and gg4 so that they are the same functions for all d € D
on the underlying sets C' and B respectively. Call these functions f and g. Let G
be the underlying set of G4 for some (all) d € B. Now define a structure (G, EUF)
so that for alld € D = ENF, G4 is as above, if a € E\ F, G, is some structure
in K extending g(B,) and, likewise, if a € F'\ E, G, is some structure extending
f(Cq). The functions f and g extend to embeddings f : (C,F) — (G,EUF)
and g : (B,FE) — (G,EUF) so that f and g are both inclusions on parameters.
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By construction, it is clear that fi = gj. Moreover, fi(A) = f(C) N g(B) and
fi(D) = f(E) N g(F), which establishes SAP in Kpgc. O

As Kpge is a Fraissé class, there is a unique countable ultrahomogeneous L .-
structure with age Kpg.. Let Ty denote its theory. By Fraissé theory, this theory
eliminates quantifiers and is Ny-categorical.

Lemma 6.12. Suppose (A, B) = Tpie. Then, for allbe B, A, =T.

Proof. Since the property that for all b € B, A, = T is an elementary property,
it suffices to check this when (A, B) is the unique countable model of Tpg. If
d,e € Ay satisfy tpy (d) = tp(e) then, by quantifier-elimination, it is easy to check
tpy, .. (b,d) = tpy . (b €e) and ultrahomogeneity of (A, B) implies there is an Lyfc-
automorphism of (A, B) fixing b and taking d to e. The induced L-automorphism
of Ap witnesses that A, is ultrahomogeneous. By Fraissé theory there is up to
isomorphism a unique countable ultrahomogeneous L-structure with age K so 4,
is isomorphic to a model of T, so A, = T. a

Suppose M = (A,B) is a monster model of Tp.. Given a formula ¢ € L and a
parameter p € B, define ¢, € Ly to be the formula obtained by replacing each
occurrence of R; by R;, and giving the objects their eponymous interpretations in
A, — formally, this defines ¢, for atomic ¢ and then the full definition follows by
induction on the complexity of the formulas. If C' C A is a set of objects and ¢ is
an L-type over C (considered as a subset of A,), we define the type ¢, by

@ =1{pp: ¢ €q}.

Lemma 6.13. Suppose {p; : i < a} C B is a collection of distinct parameters
and ¢' i < «) is a sequence of non-algebraic L-types over C C A (possibly with
repetition), where ¢ is considered as a type in A,,. Then the Lyg.-type Uica q;,i 18
consistent.

Proof. By compactness, it suffices to consider the case where a@ < w and when the
q" are all finite types. Hence, we simply have to show

M = (32) A ¢, (@).
<o
Moreover, by quantifier-elimination in 7', we may assume that each ¢’ is quantifier-
free. For each i < a, let C; € Age(A,,) the finite substructure generated by the
elements of C' mentioned in all of the ¢’. So, the underlying set of each C; is the
same, although the interpretations of the relations may differ. Given any i < a, we
know that

Ay, E (G2) \d, (@)

so there is D; € Age(A,,) containing a witness d; to the above existential formula.
By non-algebraicity of each type, we may assume that d; ¢ C; and, by HP, that
D;,=CU {dl}

Now define an Lpg-structure E with underlying set of objects C' U {*} where
* is some new element and its parameters are {p; : i < a}, and the relations are
interpreted so that for each i < «, the map is the identity on C' and sends d; > * is

an isomorphism of L-structures from D; to E,,. It is clear that £ € Ky so there



26 ARTEM CHERNIKOV AND NICHOLAS RAMSEY

is a copy F' isomorphic over C' U {p; : i < a} to it in Age(M). Now

P @) A 6, (@)

and hence this is satisfied in M, so we’re done. ([

Lemma 6.14. Suppose A, B,C C A are small sets of objects, F C B is a small set
of parameters, AN B C C, and by,by € B satisfy by =cr b1. Then there is some
b€ B so that b =ACF bo and b =BCF bl (all m Lpfc)'

Proof. Given a set D C A and p € B, recall that we write (D), for the L-
substructure of A, with underlying set D. By compactness, it suffices to prove the
lemma when A, B,C, and F are finite. By quantifier-elimination, demanding some
b € B so that b =4¢ by and b =p¢ b1 is equivalent to asking that (AC), = (AC),,
and (BC), = (AC),. Now, as by =¢ b1, (C)p, may be identified with (C)y, .
We may view C, (AC),, and (BC)p, as elements of K. In K, we have inclusions
i:C — (AC)p, and j : C — (BC)p,, so by SAP, there are embeddings f,g and a
D € K so that the following diagram commutes

(AC)s,
i !
C/ \D
(BC)u,

where f(AC)Ng(BC) = C. By HP, D may be taken to have f(AC)Ug(BC) as its
domain. Since ANB C C, D is isomorphic over C to an L-structure with underlying
set AU BUC, so we may assume that f and g are both inclusions. Let b, denote
some new parameter element outside of F' and define a structure with parameter
set {bx, b0, b1} UF and AU BUC as its set of objects so that (ABC),, = D. This
clearly defines a structure in Kp¢.. In the substructure with only AU C' as the set
of objects, there is an automorphism fixing F' taking b, to by. This shows that
b« =acF bp and a symmetric argument shows b, =pcp b1. It follows that we can
find such a b, in B. O

Towards proving an independence theorem for T, we will define a notion of
independence for parameterized structures.

Definition 6.15. (| P™)
(1) Suppose p € B is a parameter. Suppose A, B,C C A. We define | ” by

AiBinM < A | Bin A,
c c
where the undecorated | on the right-hand side denotes the usual non-
forking independence — i.e. tp(A/BC') does not fork over C.
(2) If A,B,C C A and D,E,F C B, we define | "™ by
A, D Ijj B,E <— DnNFECF, and for allpEF,Aj:B.
C,F c
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Proposition 6.16. Assume T is a simple theory. Suppose A, B C A are small sets
of objects and D, E C B are small sets of parameters and M = (C, F) is a small
model of Ty satisfying
fc
A, D 1 B, E

C,F
Suppose moreover that ag, a1 are tuples from A and by, by are tuples from B satis-
fying ag, by gf; A, D, ai,b gch B, E and ag,by =cr a1,b1. Then there are a
from A and b from B so that a,b =scpr ao,by and a,b =gcgr a1,by.

Proof. First, we solve the amalgamation problem for objects. Without loss of
generality, D, E, F are pairwise disjoint. By Lemma [6.12] we know that for each
p € F, Cp is a model of T. By definition of J/pfc, we know that in A,, we have
A Lg B, ag Lg A and a4 J/’é B. As T is simple, the independence theorem over
a model implies that there is some tuple a, in A, such that a, =% ag, a, =5, a;
and a, Lg AB. For each p € F, let ¢"(x) = tpy(ap/ABC) considered as an L-
type in A,. By Lemma[6.13] denoting the relativization of ¢” to the parametrized
language with respect to p by ¢b, we know that the type Upe r @b 1s consistent. Let
a be a realization. Then a =4¢ ag and a =pc a1 in A, for all p € F' so a =acF ao
and a =BCF Q1.

Now we solve the problem for parameters. First assume that by, b; are single-
tons in B. Without loss of generality by,b; ¢ F (as otherwise they are equal by
assumption, and there is nothing to do). By quantifier-elimination, we need some
b¢ DUEUF so that (aAC)p = (agAC)p, and (aBC), = (a1 BC)p,. First, find
ba =acrF bo and by =pcr by outside of DU E U F so that (aAC)p, = (agAC)p, and
(aBCYp, = (a1 BC),. So aby =acr aoby and abs =pcr a1b;. Now by =,0p b3
and a¢AC N aBC C aC, so Lemma applies and we can find a b so that
(aAC), =2 (aAC)p, and (aBC), = (aBC)p,, and we can take this b to be outside
of DUEUF. Now as b ¢ DUFEUF, we have ab =cpF agby and ab =gcgr a1b;.

Now let by = (bos : % < k),b1 = (b1; : i < k) be arbitrary tuples from B.
Without loss of generality, all of the elements in {b;; : ¢ < k} are pairwise-distinct,
for t € {0,1}. Let Sy = {i < k:b; ¢ F} for t € {0,1}, note that Sp = S1 = S
as by = b1. Repeatedly applying the argument above for singletons, we can find
pairwise distinct b} for ¢ € S such that a,b; =acpr ao,bo; and a,b; =pcer a1,b1,
for all i € S. Let b* = (b} : i < k) be defined by taking b = by ; = by, for all i ¢ S
and b = b, for all ¢ € S. As there are no relations in the language involving more
than one element from the parameter sort except for the equality, it follows that
a,b* =4cpF ag, by and a,b* =pcpr a1,b1 — as wanted.

|

Theorem 6.17. Assume T is simple. Then J/pfc is an Aut(M)-invariant inde-
pendence relation on small subsets of the monster Ml |= Tps such that it satisfies,
for an arbitrary M = Tpge:

(1) strong finite character: if aj/?\;c b, then there is a formula o(x,b,m) €
tp(a/bM) such that for any o = p(x,b,m), o \LIJD\;C b;
(2) existence over models: M = Tps implies a J/?Vf[c M for any a;
(3) monotonicity: aa’ J/E\’;C W = a JJ?&C b;
i pfc pfc .
(4) symmetry: a | ;b <= b | a;
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(5) independent amalgamation: cq J/i/flc c1, by J/ﬁ/f; co, b1 \Li/f; c1, bop =y b1
implies there exists b with b =c,nr bo, b =c, 0 b1-

Proof. Automorphism invariance and (1)-(4) are immediate from the definition of
Lpfc, using that T is simple and hence non-forking independence satisfies all these
properties; (5) was proven in Proposition O

Corollary 6.18. Suppose T is a simple theory which is the theory of a Fraissé limit
of a Fraissé class K satisfying SAP. Then Ty is NSOPy. Moreover, if the D-rank
of T is > 2, then Ty, s not simple.

Proof. By Proposition E Tpte is NSOPy, as J/pfc gives an independence relation
satisfying all the hypotheses. So now we prove that Ty is not simple, under the
assumption that the D-rank of T is > 2. This assumption implies that there is an
L-formula ¢(z;y) and an indiscernible sequence (a;);<,, so that {¢(x;a;) : i < w}
is k-inconsistent for some k and the set defined by ¢(x;a;) is infinite. Let M =T
be some model containing the sequence (a;)i<.. Construct an Lpg-structure N
with domain w U M and relations interpreted so that N = R;(b) < M = R(b)
for each tuple b € M, every i < w, and relation symbol R of L. Extend N to
N Tpre- Let ¢(z;y, 2) be the formula ¢, (x;y) and define an array (bs;): j<w
by bi; = (aj,i) € M x w C N?. Using Lemma it is easy to check that
for all f: w — w, U, {¢(2;bipqy)} is consistent. Also {(x;b5) : j < w} is
k-inconsistent for all 4 so 1 witnesses TPs. ([l

Remark 6.19. For the above argument to work, we used that the formula witnessing
dividing was non-algebraic — this fails in many natural examples (e.g. the random
graph). However, given an L-structure M, define the imaginary cover of M as
follows: let L’ be the language L together with a new binary relation symbol E for
an equivalence relation, and let M be the L’-structure obtained by replacing each
element of M with an infinite E-class and defining the relations of L on M on the
corresponding E-classes. Now it is easy to check that Age(M ) has SAP, the theory
of M is simple of D-rank at least 2.

Corollary 6.20. T}‘eq is NSOP;.

Proof. The theory T of an equivalence relation with infinitely many infinite classes
is a stable theory, obtained as the Fraissé limit of all finite models of the theory of
an equivalence relation. This class has no algebraicity, so it satisfies SAP. Tpyc is
exactly T}‘eq, so it is NSOP;. O

This result was claimed in [22], but the proof is apparently incorrect due to
an illegitimate use of tree-indiscernibles. See the footnote on [13| p. 22] for a
discussion.

6.4. Theories approximated by simple theories. In her thesis [13], Gwyneth
Harrison-Shermoen considers theories that have a model approximated by a di-
rected system H of homogeneous substructures, each of which has a simple theory.
She proves that such theories carry an invariant independence notion J/lim satis-
fying strong finite character, monotonicity, symmetry, and existence over a model
(existence over a model is implied by Claim 3.3.4 in [13]). Finally, she observes
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that if non-forking independence J/f satisfies the independence theorem over alge-

braically closed sets for each model in H, then so does J/lim for the approximated
theory. Hence, we obtain the following:

Corollary 6.21. Suppose T is a theory approximated, in the sense of Harrison-
Shermoen, by a directed system of structures each with a simple theory in which

Lf satisfies the independence theorem over algebraically closed sets. Then T is
NSOP;.

7. LEMMAS ON PRESERVATION OF INDISCERNIBILITY

Lemma 7.1. Suppose ng,...,M—1, Vo,...,V—1 are elements of <. Letn and U
denote enumerations of the A-closures of {n; : i < 1} and {v; : i <1} respectively.
Then if

aftpr, (nos - ,m-1) = qftpr, (o, .., vi-1),

then

aftpr, (M) = aftp,, (D).
Proof. Easy. See Remark 3.2 from [17] O
Lemma 7.2. Letng,...,m_1,v0,...,V—1 € w<¥ be such that

aftpr, (o, - -+, m-1) = aftpy, (vo, -, vi-1)-

Suppose i < 1 and n < n;, v < v; with I(n) =1(v). Then, setting n =n and v, = v,
we have

aftpr, (nos - .,m) = qftpy, (vo,..., ).

Proof. Without loss of generality, we may take {n; : ¢ <} and {v; : i < I} to be
A-closed, by the previous lemma. Then {n; : i < I+ 1} and {v; : i <1+ 1} are also
A-closed. So we need only to check that for any 7,5’ <1+ 1

(1) nj <y = vj <= vj

(2) N <tex Mj» <= Vj <lex Vj

We have 3 cases.
Case 1: j,j' <.
(1) and (2) follow by assumption.
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Case 2: j<land j' =1

ny <<m <= n; <n; and I(n;) < Um)
= m<anA \/ Pun)
k<l(m)
= viavih \/ Puv)
k<l(v)
— Vv; 1.
N <texm == l(n; Ami) <I(m) and nj <jex 1
— \/ Pk(nj A 771') A N5 <lex Mi
k<l(m)
< \/ Pk(ljj A I/i) ANVj <iex Vi
k<l(vp)
— V| <lex Vj-
Case 3: j=1land j' <
m<n; = < (nAn;)
— \V Pl Amy))
1(m)<k<l(n:)
— \V  Plwiny))
L) <k<l(v;)
= y Qv
m<iex My == Uy Ani) <Um)) = 0 <iex Mj
= \/ Pe(nj Ami) | = i <iew 1
k<l(m)
<~ \/ Pk(Vj N Vi) — Vi <lex Vj
k<l(v)
—  V <lex Vj-

d

Lemma 7.3. Let (a,)new<e be an s-indiscernible tree. If (ay)pewn<w is the k-fold
widening of (ap)new<w at level n, then (ay)pew<w is also s-indiscernible.

Proof. Pick ng,...,m—_1 and vp,...,_1 in w<* so that

aftpz_ (no, ..., m—1) = aftpy_ (v0,...,v1-1).
By Lemma we may assume that {n; : ¢ <} and {v; : i <} are both A-closed
and closed under initial segment. Moreover, we may assume that these elements
have been enumerated so that for some m <1, I(n;),(v;) < n if and only if i > m.
So for each ¢ < m, we may write
N = Hi

vi = v~ B~ pi,
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where p;,v; € WY a4, B € w, and &;, p; € w<*. For each i < m, let
M = (e~ (kag) —~ & ~ (kay +1) ~ &y ooy — (ko +k —1) ~ &)
v = (vi ~ (kBi) ~ pi,vi ~ (kBi +1) =~ piy...,vp ~ (BB +k— 1) —~ p;).
and for m <1 <, let 77, = m4, 7; = v;. Now we must show that

dftpr,, (Mo, - - -»M—1) = dftpy,, (o, - - -, V1-1)-

It is clear that the sets J,,7; and |J,_, 7; are closed under initial segment. They
are also closed under A: this is obvious for elements of length < n and for elements
of longer length whose meet has length < n by our assumptions. On the other hand
if, for some i,7" <l and j,j" <k, 1((7;);), ((Zir);7) > n and 1((7;); A (Dir);7) > n,
then if j = j', we have (7;); A (Vi);» = (n; Amir); and if j # j', then (0;); A (Vi) 5

is equal to the common initial segment of each element of length n — 1. In the first
case, the meet is enumerated in one of the tuples because our initial set of tuples
was A-closed, in the second case because it was taken to be closed under initial
segment. To check equality of the quantifier-free types, we have 3 cases:
Case 1: i,i’ > m Follows by assumption, as for any ¢ > m, 7j; = n; and 7, = v;.
Case 2: i >m, 7 <mand j <k
;< (M), = V<)
i <lex (ﬁi’)j = Vi <lew (ﬁz")j
Mi)j <tea W = (Uir)j <tex Vi
Case 3: i,/ <m and j,j’ <k
M) < M)y n; < mirand j = 5’
v; dvy and § =75
vi)j < (D)o
N <lex Mj and (l(m A Uj) <norj= .]/)) or
Ui Amir) > nand j < j')
Vi <jex vj and (I(v; Avj) <norj=j')) or
I(v; Avy) > nand j < §)

Ui)j <tew (Vir)jr.

1ot

A~ N~~~

(ﬁl)] <lew (ﬁi’)j'

!

O

Lemma 7.4. Let (ap)pew<e be an s-indiscernible tree. If (ay),ecw<w is the k-fold
stretch of (an)pew<e at level n, then (al)pew<w is also s-indiscernible.

n
Proof. Given n € w<¥, let
7 iti(n) <n
n=<(nn~0,....,n~0F1 ifi(n) =n
v—~0Fl ~¢ ifnp=v ~¢ withvew",E#0
Pick 19, ..., m—1,Y0,...,V_1 € w<“ so that

aftpr,, (mo,---,m—1) = aftpy_(vo, ..., v1-1),

and, without loss of generality, we may suppose {7; : i < [} and {v; : i < [} are
both A-closed. We must show that

aftpy, (Mo, - -+ M—1) = dftpy,_ (Do, .., 71—1).
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Assume that {7; : i < [} is ordered so that ¢ < m if and only if I(n;) = n, and
similarly for {7; : i < {}. Clearly {7, : i <} and {7, : i < I} are also A-closed,
so we have to check that the two sequences of tuples have the same quantifier type
with respect to the relations <;., and <. We’ll show this by considering the various
cases:

Case 1: i,7 > m. Then

;<1 Ny
v; < vy

n; <1y

v AUy
N <lex Mi’
Vi <lex Vi’

ﬁi <lew ﬁ1

rreeee

Vi <iex Vi’-
Case 2: i,i <m and 7,5 < k. Then

(1:); < (M)

(@i); 2 (V)

Ni <tex N V (Vi =vi Nj <j')
Vi <iex Vir V ( v Nj <j')
(Ti)j <tex (Tir)jr-

(ﬁi)j <lex (ﬁi’ )j’

rreee

Case 3: i <m,i >m, j<k.

N <1 Ny

v; Qv

(vi); <7
Ny <1

vy Ay
(Tir); QD
M <lex M

Vi <lex Vi’
(T)j <iew Ui

Vit <lex Vi

(ﬁi)j <17y

Ty < ()5

(ﬁi)j <iex My

Ny <lex (ﬁi)j
Vit <lex Vi

Uit <iex (Vi);-

[ A A A A

O

Lemma 7.5. (1) Each tuple a%n) may be enumerated as (ay~, : v € 27)
(2) If (ay)nea<~ is strongly indiscernible, then for all n, the n-fold fattening

(a%n)),,egm 1s strongly indiscernible over Cp,
Proof. (1) This is trivial for n = 0. Then if true for n, we have

al™ ) = (af” a{™ ) = (aymoy : v € 27), (@ymiy s v € 27)) = (ag—y : € € 27HD).
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(2) By (1) we have ag,"ﬂ) = (ay—~y: p€2"). Let 1 = (u € 25™). In order to show
indiscernibility over C,, have to show that if ng,...,7x_1,%0,...,Vk_1 € 2<% and

aftpr, (mo, - - -, mk—1) = aftpy, (vo, ..., vk—1)

then qftpy (7, (ap—~no : 10 €2"), ., (Qp~py_, + o € 2")) is equal to qftpy (7, (au—~w, :
pe2™),. ., (app,_, : p €2")). To this end, we may assume {no,...,n,—1} and
{vg, ..., vp_1} are meet-closed. Then 25"U{u —~ n; : u € 2",i < k} and 25"U{u ~
v; o € 2", 0 < k} is also meet-closed and we just have to check that the tuples in
the above equation have the same time with respect to the language L; = {<1, <jex }-
Choose &, &1 from the tuple (&I, (@ ~no 1 £ € 27), ..., (Qu—ny_, * 1 € 2™)) and po, p1
from (@, (ap—vy : £ € 2"), ..., (Qu—p,_, : o € 2")) so that & sits in the same po-
sition in the enumeration of the tuple as p; for i = 0,1. Now, we must show that
&0 <iex & if and only if pg <jer p1 and & <& if and only if pg < p;. Choose
arbitrary pg, p; € 25", iy N> Vi, Vj-

Case 1: I(uo) = (1) =n, o = po — M, &1 = g — 0, and hence po = p1g ~ v;
and p1 = pp —~ ;.

Ho = p1 A1 I
o = p1 ANv; v

to — ni I pir

Mo — vV < 1 V5
Ho <tex p1V (fo = p1 A0 <iew 15)
Ho <iex p1V (fo = p1 A Vi <jew Vir)

o ™V <yex 1 ™ Vj

Ho ™ Ni <iex 1 ™ 15

rreeee

Case 2: § = o, &1 = p1, po = po, and p1 = .
Clear.

Case 3: I(po) = n, Lo = po — iy & = fi1, po = fio — Vi, p1 = .
It is never the case that pg — 7; < p1 or po — v; < py so it suffices to check
<lex:

Ho N <gex 1 = Mo <lex M1
= o Vi <lex M1-

Case 4: I(j11) = n, §o = po, &1 = 1 — Vj, po = fo, P1 = f1 — Vj.

po Jpr ~ 1y = po I
= podp Yy
Ho Siex 1 ™1 <= Ho Siew H1
< o Siex H1 MV

O

Lemma 7.6. If (a,)pe2<w is strongly indiscernible, then for all natural numbers
k > 1, the k-fold elongation (a;)yca<w of (ay)ne2<w is also strongly indiscernible.

Proof. Given n € 2<% with I(n) = n, we defined 7; € 2<“ to be the element with
length k(I(n) — 1) + 1 defined by

(i) = {n(i/k) if i

0 otherwise
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As the k-fold elongation of (ay),e2<« is defined to be the tree (by),c2<~ where
b77 = (a;,, A ~0y - aﬁAok—l).

Write 7 for the tuple (7,7 —~ 0,...,7 —~ 0¥~1). We are reduced to showing that if
N0, -+,M—1, Vo,--.,V—1 are elements of 2<% so that

aftpr, (o - - -, m-1) = dftpr, (vo, .- -, vi-1)
then

aftpr, (Mo - - -»M—1) = aftpy, (Po, - ., V1-1).
We may assume that {n; : ¢ <[} and {v; : ¢ <} are both A-closed, from which it
follows that {7; : ¢ <1} and {7; : ¢ <} are both A-closed. So we must check that
(7; + i <) and (7; : ¢ <) have the same quantifier-free type with respect to the
language Ly = (<, <jex). We note

i ~ 0l <7 —~ 0 i <7 V(i =i A<
<1

fii —~ 0! <jem 775 —~ 0

rrreoereey

- - ’
V; /\Ol <lex Vj ™ Ol .

Lemma 7.7. Suppose (an)yc2<e is a strongly indiscernible tree over C.
(1) Define a function h : 2<% — 2<% by h(B) = 0 and h(n) = h(v) ~ 0 ~ (i)
whenever 1 = v —~ (i). Then (apy))nea<w is strongly indiscernible over C.
(2) For each m, define a map hy : 2<% — 2<% by

B h(n) ifl(n) <n

Then (ap,, (n))nea<w is strongly indiscernible over C.

Proof. (1) At the outset, we note that n <v <= h(n) Ah(v) and 7 <jep v <=
h(n) <iexz h(v). The only difficulty arises from A which is not preserved by h,
because if n L v and n Av = & then h(n) A h(v) = h(§) —~ 0.

It suffices to show that if 77,7 are finite tuples from 2<“ with qftp, (7) =
aftpz, (7) then qftp; (h(7)) = dftpy, (h(7)). Given such 7,7, it is clear that if
aftpy, (h(7)) # aftpy, (h(7)) then aftpy, (h(7)) # aftpy, (A(7')) where 7' and 7'
are the A-closures of 77 and 7 respectively. So we may assume 77 and 7 are A-closed.
We may assume that the tuple 77 = (n; : i < k) is enumerated so that for some [ < k,
if + < [, then there are n; L n;, so that n; A n;s = n;. It follows that the A-closure
of h(7) may be enumerated as (h(n;) : i < k) —~ (h(n;) —~ 0 :4 < 1), and, likewise,
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the A-closure of h(7) can be enumerated as (h(v;) : i < kY ~ (h(v;) ~0:14 <1).
Now we note that, by definition of h, if 7,7 < k

h(ni) < h(n;) ~0

h(nz) <lez h(’lg) ~0

rreeey

And similarly for v;,v;. As h respects < and <je., and qftp () = qftp, (¥), it
follows that qftpy (h(7)) = aftpz, (h(7)).

[10]
(11]

(12]
(13]
[14]
[15]
[16]
(17]
(18]
(19]

20]

21]

(2) is entirely similar. O

REFERENCES

Hans Adler. Strong theories, burden, and weight. Unpublished, http://www.logic.univie.
ac.at/~adler/docs/strong.pdf}, 2007.

Hans Adler. Around the strong order property and mock simplicity. Unpublished, July 2008.
Andreas Baudisch. Generic variations of models of T. The Journal of Symbolic Logic,
67(03):1025-1038, 2002.

Enrique Casanovas. Simple theories and hyperimaginaries, volume 39. Cambridge University
Press, 2011.

Zoé Chatzidakis. Simplicity and independence for pseudo-algebraically closed fields. In Models
and computability (Leeds, 1997), volume 259 of London Math. Soc. Lecture Note Ser., pages
41-61. Cambridge Univ. Press, Cambridge, 1999.

Zoé Chatzidakis. Properties of forking in w-free pseudo-algebraically closed fields. J. Symbolic
Logic, 67(3):957-996, 2002.

Zoé Chatzidakis. Independence in (unbounded) PAC fields, and imaginaries. Unpublished,
http://www.logique.jussieu.fr/~zoe/papiers/Leeds08.pdf, 2008.

Artem Chernikov. Theories without the tree property of the second kind. Ann. Pure Appl.
Logic, 165(2):695-723, 2014.

Artem Chernikov and Itay Kaplan. Forking and dividing in NT P> theories. The Journal of
Symbolic Logic, 77(01):1-20, 2012.

Gabriel Conant. “Map of the universe”. http://www.forkinganddividing.com/|

Mirna Dzamonja and Saharon Shelah. On <*-maximality. Annals of Pure and Applied Logic,
125(1):119-158, 2004.

Nicholas Granger. Stability, simplicity, and the model theory of bilinear forms. PhD thesis,
University of Manchester, 1999.

Gwyneth Harrison-Shermoen. Independence Relations in Theories with the Tree Property.
PhD thesis, UC Berkeley, 2014.

Wilfrid Hodges. Model Theory, volume 42. Cambridge University Press, 1993.

Byunghan Kim. Simplicity, and stability in there. J. Symbolic Logic, 66(2):822-836, 2001.
Byunghan Kim and Hyeung-Joon Kim. Notions around tree property 1. Ann. Pure Appl.
Logic, 162(9):698-709, 2011.

Byunghan Kim, Hyeung-Joon Kim, and Lynn Scow. Tree indiscernibilities, revisited. Arch.
Math. Logic, 53(1-2):211-232, 2014.

Byunghan Kim and Anand Pillay. Simple theories. Ann. Pure Appl. Logic, 88(2-3):149-164,
1997. Joint AILA-KGS Model Theory Meeting (Florence, 1995).

Lynn Scow et al. Indiscernibles, EM-Types, and Ramsey Classes of Trees. Notre Dame Jour-
nal of Formal Logic, 56(3):429-447, 2015.

S. Shelah. Classification theory and the number of nonisomorphic models, volume 92 of Stud-
ies in Logic and the Foundations of Mathematics. North-Holland Publishing Co., Amsterdam,
second edition, 1990.

Saharon Shelah. Simple unstable theories. Annals of Mathematical Logic, 19(3):177-203,
1980.


http://www.logic.univie.ac.at/~adler/docs/strong.pdf
http://www.logic.univie.ac.at/~adler/docs/strong.pdf
http://www.logique.jussieu.fr/~zoe/papiers/Leeds08.pdf
http://www.forkinganddividing.com/

36 ARTEM CHERNIKOV AND NICHOLAS RAMSEY

[22] Saharon Shelah and Alex Usvyatsov. More on SOP; and SOP2. Annals of Pure and Applied
Logic, 155:16-31, 2008.

[23] Kota Takeuchi and Akito Tsuboi. On the existence of indiscernible trees. Ann. Pure Appl.
Logic, 163(12):1891-1902, 2012.

[24] Lou van den Dries and K Schmidt. Bounds in the theory of polynomial rings over fields. A
nonstandard approach. Inventiones mathematicae, 76(1):77-91, 1984.

[25] Frank Olaf Wagner. Simple theories, volume 503. Springer, 2000.



	1. Introduction
	2. Preliminaries on indiscernible trees
	3. Cardinal invariants and tree properties
	4. TP1 and weak k-TP1
	5. Independence and amalgamation in NSOP1 theories
	6. Examples of NSOP1 theories
	7. Lemmas on preservation of indiscernibility
	References

