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MICE WITH FINITELY MANY WOODIN CARDINALS
FROM OPTIMAL DETERMINACY HYPOTHESES

SANDRA MULLER, RALF SCHINDLER, AND W. HUGH WOODIN

ABSTRACT

We prove the following result which is due to the third author.

Let n > 1. If II}, determinacy and II}; determinacy both hold true and
there is no X, ,-definable wi-sequence of pairwise distinct reals, then M7
exists and is wi-iterable. The proof yields that H,ll 11 determinacy implies
that M; (z) exists and is wy-iterable for all reals z.

A consequence is the Determinacy Transfer Theorem for arbitrary n > 1,
namely the statement that IT!; determinacy implies O (< w? — IT}) de-
terminacy.
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PREFACE

In 1953 David Gale and Frank M. Stewart developed a basic theory of infinite
games in [GS53]. For every set of reals, that means set of sequences of
natural numbers, A they considered a two-player game G(A) of length w,
where player I and player II alternately play natural numbers. They defined
that player I wins the game G(A) if and only if the sequence of natural
numbers produced during a run of the game G(A) is contained in A and
otherwise player II wins. Moreover the game G(A) or the set A itself is called
determined if and only if one of the two players has a winning strategy, that
means a method by which they can win, no matter what their opponent
does, in the game described above.

Already in [GS53| the authors were able to prove that every open and every
closed set of reals is determined using ZFC. But furthermore they proved
that determinacy for all sets of reals contradicts the Axiom of Choice. This
leads to the natural question of what the picture looks like for definable
sets of reals which are more complicated than open and closed sets. After
some partial results by Philip Wolfe in [Wo55] and Morton Davis in [Da64],
Donald A. Martin was finally able to prove in [Ma75] from ZFC that every
Borel set of reals is determined.

In the meantime the development of so called Large Cardinal Azioms was
proceeding in Set Theory. In 1930 Stanistaw Ulam first defined measurable
cardinals and at the beginning of the 1960’s H. Jerome Keisler [Kei62] and
Dana S. Scott [Sc61] found a way of making them more useful in Set Theory
by reformulating the statements using elementary embeddings.

About the same time, other set theorists were able to prove that Determi-
nacy Axioms imply reqularity properties for sets of reals. More precisely
Banach and Mazur showed that under the Axiom of Determinacy (that
means every set of reals is determined), every set of reals has the Baire
property. Mycielski and Swierczkowski proved in [MySw64] that under the
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same hypothesis every set of reals is Lebesgue measurable. Furthermore
Davis showed in [Da64] that under this hypothesis every set of reals has
the perfect set property. Moreover all three results also hold if the De-
terminacy Axioms and regularity properties are only considered for sets of
reals in certain pointclasses. This shows that Determinacy Axioms have a
large influence on the structure of sets of reals and therefore have a lot of
applications in Set Theory.

In 1965 Robert M. Solovay was able to prove these regularity properties
for a specific pointclass, namely 31, assuming the existence of a measurable
cardinal instead of a Determinacy Axiom (see for example [So69] for the per-
fect set property). Then finally Donald A. Martin was able to prove a direct
connection between Large Cardinals and Determinacy Axioms: he showed
in 1970 that the existence of a measurable cardinal implies determinacy for
every analytic set of reals (see [Ma70]).

Eight years later Leo A. Harrington established that this result is in some
sense optimal. In [Ha78| he proved that determinacy for all analytic sets
implies that 0%, a countable active mouse which can be obtained from a mea-
surable cardinal, exists. Here a mouse is a fine structural, iterable model.
Together with Martin’s result mentioned above this yields that the two state-
ments are in fact equivalent.

This of course motivates the question of whether a similar result can be ob-
tained for larger sets of reals, so especially for determinacy in the projective
hierarchy. The right large cardinal notion to consider for these sets of reals
was introduced by the third author in 1984 and is nowadays called a Woodin
cardinal. Building on this, Donald A. Martin and John R. Steel were able
to prove in [MaSt89] almost twenty years after Martin’s result about ana-
lytic determinacy that, assuming the existence of n Woodin cardinals and
a measurable cardinal above them all, every X! -definable set of reals is
determined.

In the meantime the theory of mice was further developed. At the level of
strong cardinals it goes back to Ronald B. Jensen, Robert M. Solovay, Tony
Dodd and Ronald B. Jensen, and William J. Mitchell. Then it was further
extended to the level of Woodin cardinals by Donald A. Martin and John
R. Steel in [MaSt94] and William J. Mitchell and John R. Steel in [MS94],
where some errors were later repaired by John R. Steel, Martin Zeman, and
the second author in [SchStZe02]. Moreover Ronald B. Jensen developed
another approach to the theory of mice at the level of Woodin cardinals in
[Je97].

In 1995 Itay Neeman was able to improve the result from [MaSt89] in [Ne95].
He showed that the existence and wy-iterability of M , the minimal count-
able active mouse at the level of n Woodin cardinals, is enough to obtain
that every O"(< w? — II})-definable set of reals is determined. Here “O” is
a quantifier which is defined by a game. Neeman’s result implies that if for
all reals = the premouse M () exists and is wi-iterable, then in particular
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every X, . ;-definable set of reals is determined. For odd n this latter result
was previously known by the third author. The converse of this latter result
was announced by the third author in the 1980’s but a proof has never been
published. The goal of this paper is to finally provide a complete proof of
his result.

OVERVIEW

The purpose of this paper is to give a proof of the following theorem, which
connects inner models with Woodin cardinals and descriptive set theory at
projective levels in a direct level-wise way. This theorem is due to the third
author and announced for example in the addendum (§5) of [KWO08|] and
in Theorem 5.3 of [Sch10], but so far a proof of this result has never been
published.

Theorem Let n > 1 and assume I, determinacy holds. Then

M (z) emists and is wy-iterable for all © € “w.

The converse of Theorem 2] also holds true and is for odd n due to the
third author (unpublished) and for even n due to Itay Neeman (see [Ne95]).
From this we can obtain the following corollary, which is Theorem 1.10 in
[KWO08] for odd n. We will present a proof of the Determinacy Transfer
Theorem for the even levels n as a corollary of Theorem in Section
using Theorem 2.5 in [Ne95] due to Itay Neeman.

Corollary (Determinacy Transfer Theorem). Let n > 1. Then IT} 4

determinacy is equivalent to D(”)(< w? — H%) determinacy.

In fact we are going to prove the following theorem which will imply Theorem

2.1l

Theorem Let n > 1 and assume there is no 2711+2—deﬁnable w1 -
sequence of pairwise distinct reals. Moreover assume that II) determinacy
and 11}, determinacy hold. Then M exists and is wy -iterable.

This is a part of the following theorem.

Theorem Let n > 1 and assume there is no X, ,-definable w;-
sequence of pairwise distinct reals. Then the following are equivalent.

(1) I}, determinacy and 11}, determinacy,

(2) for all xz € “w, M#fl(az) exists and is wi-iterable, and M exists and is
w1 -iterable,

(3) M;f exists and is wy-iterable.

Here the direction (3) implies (1) follows from Theorem 2.14 in [Ne02] and
is due to the third author for odd n (unpublished) and due to Itay Neeman
for even n. Moreover the direction (2) implies (1) and the equivalence of
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(2) and (3) as proven in [Ne02] do not need the background hypothesis that
there is no E,ll o-definable wi-sequence of pairwise distinct reals.

Furthermore we get the following relativized version of Theorem [3.13

Corollary Let n > 1. Then the following are equivalent.

(1) I}, determinacy, and
(2) for all x € “w, M () exists and is wy -iterable.

This gives that IT} 41 determinacy is an optimal hypothesis for proving the
existence and wi-iterability of M (z) for all z € “w.

Remark. In contrast to the statement of Theorem 1.4 in [Ne02] it is open
whether IT! determinacy and IT} 41 determinacy alone imply the existence

of an wy-iterable M’ for n > 1 (see also Section . Whenever we are
citing [Ne02] in this paper we make no use of any consequence of this result
stated there.

Outline. This paper is organized as follows. In Section [I] we give a short
introduction to determinacy and inner model theory. In particular we state
some known results concerning the connection of determinacy for certain
sets of reals and the existence of mice with large cardinals.

In Section [2] we will construct a proper class inner model with n Woodin
cardinals from IT! determinacy and H}l 41 determinacy. For that purpose
we will prove in Lemma from the same determinacy hypothesis that for
a cone of reals x the premouse M,,_1(x)|d, is a model of OD-determinacy,
where 0, denotes the least Woodin cardinal in M,,_1(z). This generalizes a
theorem of Kechris and Solovay to the context of mice (see Theorem 3.1 in

IKSS3)).

Afterwards we will prove in Section 3| that, assuming IT} 41 determinacy,
there is in fact an wj-iterable model which has n Woodin cardinals. More
precisely, we will prove under this hypothesis that M# (x) exists and is wi-
iterable for all reals x. The proof of this result divides into different steps.
In Sections and we will introduce the concept of n-suitable premice
and show that if n is odd, using the results in Section [2| such n-suitable
premice exist assuming IT} determinacy and IT} 41 determinacy. The rest of
Section [3| will also be divided into different cases depending if n is even or
odd.

In Section we will show that II} 11 determinacy already implies that
every 31 L o-definable sequence of pairwise distinct reals is countable. The
proof of Theorem is organized as a simultaneous induction for odd and
even levels n. We will show in Section [3.5]that the hypothesis that there is no
3}, 1-definable w;-sequence of pairwise distinct reals in addition to IT3, ;

determinacy and II = determinacy suffices to prove that Miq exists and
is wy-iterable. This finishes the proof of Theorem [2.1] for the odd levels n of
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the inductive argument. In Section [3.6| we will finally prove the analogous
result for even n, that means we will show that if every 33, ,-definable
sequence of pairwise distinct reals is countable and IT3 determinacy and
I13, ., determinacy hold, then Mj; exists and is wi-iterable. The proof is
different for the odd and even levels of the projective hierarchy because of
the periodicity in terms of uniformization and correctness.

We close this paper with proving the Determinacy Transfer Theorem for even
n as an application of Theorem and mentioning related open questions
in Section [l

Finally we would like to thank the referee for carefully reading this paper
and making several helpful comments and suggestions.

1. INTRODUCTION

In this section we will introduce some relevant notions such as games and
mice and their basic properties. In particular we will summarize some known
results about the connection between large cardinals and the determinacy
of certain games. Then we will have a closer look at mice with finitely many
Woodin cardinals and introduce the premouse MY

1.1. Games and Determinacy. Throughout this paper we will consider
games in the sense of [GS53] if not specified otherwise. We will always
identifiy “2, “w, and R with each other, so that we can define Gale-Stewart
games as follows.

Definition 1.1 (Gale, Stewart). Let A C R. By G(A) we denote the fol-
lowing game.
iy s
T & i3

for i, € {0,1} and n € w.

We say player 1 wins the game G(A) iff (in)n<w € A. Otherwise we say
player 11 wins.

Definition 1.2. Let A C R. We say G(A) (or the set A itself) is deter-
mined iff one of the players has a winning strategy in the game G(A) (in
the obvious sense).

Some famous results concerning the question which sets of reals are deter-
mined are the following. The first three theorems can be proven in ZFC.

Theorem 1.3 (Gale, Stewart in [GS53]). Let A C R be open or closed and
assume the Axiom of Choice. Then G(A) is determined.

Theorem 1.4 (Gale, Stewart in [GS53]). Assuming the Aziom of Choice
there is a set of reals which is not determined.

Theorem 1.5 (Martin in [Ma75]). Let A C R be a Borel set and assume
the Aziom of Choice. Then G(A) is determined.
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To prove stronger forms of determinacy we need to assume for example large
cardinal axioms.

Theorem 1.6 (Martin in [Ma70]). Assume ZFC and that there is a mea-
surable cardinal. Let A C R be an analytic, i.e. Xi-definable, set. Then
G(A) is determined.

Determinacy in the projective hierarchy can be obtained from finitely many
Woodin cardinals which were introduced by the third author in 1984 and
are defined as follows.

Definition 1.7. Let kK < ¢ be cardinals and A C §. Then k is called A-
reflecting in § iff for every A < & there exists a transitive model of set theory
M and an elementary embedding 7w : V — M with critical point k, such that
(k) > A and

T(A)NA=ANA

Definition 1.8. A cardinal § is called a Woodin cardinal iff for all A C §
there is a cardinal k < 0 which is A-reflecting in §.

Theorem 1.9 (Martin, Steel in [MaSt89]). Let n > 1. Assume ZFC and
that there are n Woodin cardinals with a measurable cardinal above them all.
Then every Z}Hl—deﬁnable set of reals is determined.

See for example Chapter 13 in [Schl4] or Section 5 in [NelQ] for modern
write-ups of the proof of Theorem

The existence of infinitely many Woodin cardinals with a measurable cardi-
nal above them all yields a much stronger form of determinacy as shown in
the following theorem due to the third author.

Theorem 1.10 ([KW10]). Assume ZFC and that there are w Woodin car-
dinals with a measurable cardinal above them all. Then every set of reals in
L(R) is determined.

The goal of this paper is to prove results in the converse direction. That
means we want to obtain large cardinal strength from determinacy axioms.
This is done using inner model theoretic concepts which we start to introduce
in the next section.

1.2. Inner Model Theory. The most important concept in inner model
theory is a mouse. Therefore we briefly review the definition of mice in this
section and mention some relevant properties without proving them. The
reader who is interested in a more detailed introduction to mice is referred
to Section 2 of [St10].

We assume that the reader is familiar with some fine structure theory as
expounded for example in [MS94] or [SchZel0)].

In general the models we are interested in are of the form L[E] for some
coherent sequence of extenders E. This notion goes back to Ronald B.

—,
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Jensen and William J. Mitchell and is made more precise in the following
definition.

Definition 1.11. We say M is a potential premouse iff
M= (J}, € Eln Ey)

for some fine extender sequence E and some ordinal n. We say that such a
potential premouse M is active iff Ey, # 0.

Moreover if k < n, we write

—

Mk = (JE €, E | k, E,).

Here fine extender sequence is in the sense of Definition 2.4 in [St10]. This
definition of a fine extender sequence goes back to Section 1 in [MS94] and
[SchStZe02].

Definition 1.12. Let M be a potential premouse. Then we say M is a
premouse iff every proper initial segment of M is w-sound.

We informally say that a mouse is an iterable premouse, but since there
are several different notions of iterability we try to avoid to use the word
“mouse” in formal context, especially if it is not obvious what sort of iterabil-
ity is meant. Nevertheless whenever it is not specified otherwise “iterable”
in this paper always means “wi-iterable” as defined below and therefore a
“mouse” will be an w-iterable premouse.

Definition 1.13. We say a premouse M is wi-iterable iff player I has a
winning strategy in the iteration game G, (M,w1) as described in Section 3.1

of [St10).

The iteration trees which are considered in Section 3 in [St10] are called
normal iteration trees.

Whenever not specified otherwise we will assume throughout this paper
that all iteration trees are normal to simplify the notation. Since normal
iteration trees do not suffice to prove for example the Dodd-Jensen Lemma
(see Section 4.2 in [St10]) it is necessary to consider stacks of normal trees.
See Definition 4.4 in [St10] for a formal definition of iterability for stacks of
normal trees.

All arguments to follow easily generalize to countable stacks of normal trees
of length < w; instead of just normal trees of length < w;. The reason for
this is that the iterability we will prove in this paper for different kinds of
premice will in fact always be obtained from the sort of iterability for the
model K¢ which is proven in Chapter 9 in [St96].

Throughout this paper we will use the notation from [St10] for iteration
trees.
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1.3. Mice with Finitely Many Woodin Cardinals. We first fix some
notation and give a short background on the mouse M# . In this paper we
always assume Mf to be wy-iterable if not specified otherwise.

The premice we are going to consider in this paper will mostly have the
following form.

Definition 1.14. Let n > 1. A premouse M 1is called n-small iff for every
critical point k of an extender on the M -sequence

M|k ¥ “there are n Woodin cardinals”.

Moreover we say that a premouse M is 0-small iff M is an initial segment
of Gadel’s constructible universe L.

Moreover w-small premice are defined analogously.

Definition 1.15. Let n > 1 and x € “w. Then M} (x) denotes the unique
countable, sound, wi-iterable x-premouse which is not n-small, but all of
whose proper initial segments are n-small, if it exists and is unique.

Definition 1.16. Let n > 1, z € “w and assume that M (z) exists. Then
M, (x) is the unique x-premouse which is obtained from M#(m) by iterating
its top measure out of the universe.

Remark. We denote M;' (0) and M, (0) by M’ and M, for n > 0.

Remark. We say that Mf(x) = 2% for all x € “w, where 27 denotes the least
active wi-iterable premouse if it exists. Moreover we say that My(z) = L|x]
is Godel’s constructible universe above z.

The two correctness facts due to the third author about the premouse M’ (x)
which are stated in the following lemma are going to be useful later, because
they help transferring projective statements from M (z) to V or the other
way around.

Lemma 1.17. Let n > 0 and assume that M#(w) exists and is w-iterable
for all z € “w. Let ¢ be a X, ,-formula.

(1) Assume n is even and let x € “w. Then we have for every real a in
M (),
pla) < M (z) F p(a).
That means M7 (z) is X} o-correct in V.
(2) Assume n is odd, so in particular n > 1, and let © € “w. Then we have
for every real a in M (),

SO}

p(a) < Fegiws ¥

where dg denotes the least Woodin cardinal in Mf(:c) Furthermore we
have that M () is 2! q-correct in V.
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For notational simplicity we sometimes just write a for the standard name
i for a real a in M (z).

Proof of Lemma[I.17 For n = 0 this lemma holds by Shoenfield’s Abso-
luteness Theorem (see for example Theorem 13.15 in [Ka03]) applied to the
model we obtain by iterating the top measure of the active premouse M# (z)
and its images until we obtain a model of height > w{", because this model
has the same reals as Mg#(x)

We simultaneously prove that (1) and (2) hold for all n > 1 inductively.
In fact we are proving a more general statement: We will show inductively
that both (1) and (2) hold for all n-iterable z-premice for all reals z in
the sense of Definition 1.1 in [Ne95] which have n Woodin cardinals which
are countable in V instead of the concrete z-premouse M () as in the
statement of Lemma [1.17] Therefore notice that we could replace the z-
premouse M (2) in the following argument by any z-premouse N which is
n-iterable and has n Woodin cardinals which are countable in V.

Proof of (2): We start with proving (2) in the statement of Lemma [1.17]
for n, assuming inductively that (1) and (2) hold for all m < n. For the
downward implication assume that n is odd and let ¢ be a X}, ,-formula
such that ¢(a) holds in V for a parameter a € M (z) N“w for a z € “w.
That means

p(a) = Iy (z,y,a)
for a X! -formula 1 (z,y,a). Now fix a real Z in V such that

V EVyY(z,y,a).

We aim to show that
MY (2)
”_Col(w,ﬁo) QD(CL),
where 8y denotes the least Woodin cardinal in M (2).
We first use Corollary 1.8 in [Ne95] to make & generic over an iterate M*
of M (z) for the collapse of the image of the bottom Woodin cardinal &
in M7 (z). That means there is an iteration tree 7 on the n-iterable z-

premouse M’ (z) of limit length and a non-dropping branch b through 7
such that if
i M¥(z) = M*

denotes the corresponding iteration embedding we have that M* is (n — 1)-
iterable and if ¢ is Col(w,i(dp))-generic over M*, then & € M*[g].

We have that M*[g] can be construed as an (z @ Z)-premouse satisfying the
inductive hypothesis and if we construe M*[g] as an (z @ Z)-premouse we
have that in fact M*[g] = Mf_l(z @ ) (see for example [SchSt09] for the
fine structural details). Therefore we have inductively that the premouse
M*[g] is X} -correct in V' (in fact it is even X! ;-correct in V, but this is
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not necessary here) and using downwards absoluteness for the H,ll 4 1-formula
“Yyi(Z,y,a)” it follows that

M*[g] F Yy ¥(2,y,a),
because Z,a € M*[g]. Since the forcing Col(w,i(dp)) is homogeneous, we
have that
|F]C\{>§(w,i(50)) xVy Y(x,y, a),
and by elementarity of the iteration embedding i : Mj' (z) — M* it follows
that

M# z
H_Col(i(/.),)&)) Ell’vy w(% Y, a)?

as desired.

For the upward implication of (2) in the statement of Lemma let n
again be odd, let z be a real and assume that

M}/ (2)
”_Col(w,zso) (‘O(a)’

where as above p(a) = JxVy P (z,y,a) is a Z}L+2—formula, Y(w,y,a)is a Bk-
formula and a is a real such that a € Mj(z). Let g be Col(w,dy)-generic
over M (z) and pick a real Z such that

M¥(2)]g] E Yy ¥(2,y,a).

Since M#(z)|(5ar)M#(z) is countable in V', we can in fact pick the generic
g such that we have ¢ € V. Then we have that £ € V. Similar as above
M;f(2)[g] can be construed as a z*-premouse for some real z* which satifies
the inductive hypothesis for n — 1, in fact we again have that M (z)[g] =

M#_l(z*) if M (2)[g] is construed as a z*-premouse. Since n — 1 is even
and we inductively assume that (1) in the statement of Lemma holds
for all m < n, it follows from (1) applied to the IT}, , ;-formula “Vyi(z,y,a)”

and the premouse M; (2)[g] that
VEVyy(,y,a),

and therefore
V E JaVy)(z,y,a),

as desired.

The fact that in this situation M’ (2)is =} y1-correct in V' also follows from
the inductive hypothesis, because n —1 is even and the inductive hypothesis
for n — 1 can be applied to the premouse M (2).

Proof of (1): Now we turn to the proof of (1) in the statement of Lemma
Let n be even and assume inductively that (1) and (2) hold for all
m < n. We again start with the proof of the downward implication, that
means we want to prove that

MF(z) F ¢(a),
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where as above ¢ is a X}, ,-formula which holds in V for a € M (2) N *w
and z € “w. That means we again have

p(a) = 3aVyd(z,y,a)
for a XL formula ¢ (z,y, a). Since n is even, it follows from Moschovakis’ Sec-
ond Periodicity Theorem that the pointclass IT}, ; (a) has the uniformization
property (see Theorem 6C.5 in [Mo09]), because Theorem 2.14 in [Ne02] (see
also Corollary yields that IT. determinacy holds from the hypothesis

that Mf_l(z) exists for all reals z. Consider the II}, (a)-definable set
{z [Vyi(z,y,a)}.

The uniformization property yields the existence of a real Z such that we
have {z} €I}, ; (a) and
VEVyy(Z,y,a).
So let p be a I} ;-formula such that
x=1T <+ p(x,a)
for all x € “w. That means we have

VE p(z,a) NVyy(T,y,a).

Now we use, as in the proof of (2) above, the n-iterability of M (z) and
Corollary 1.8 in [Ne95] to make Z generic over an iterate M* of M (z) for

the collapse of the image of the bottom Woodin cardinal dg in M# (z). As
in the proof of (2) this means that in fact there is an iteration embedding

i: M#(z) — M*
such that M* is (n — 1)-iterable and if g € V is Col(w,i(d¢))-generic over
M* then € M*[g]. Since a is a real in M (z) we have that
M _ _
H_Col([i],g) P(-T, CL) N Vy Tl)(% Y, a)7

where § denotes the least Woodin cardinal inside M*[g], by the inductive
hypothesis applied to the premouse M*[g], construed as an (z®)-premouse,
and the H}Hl—formula “o(Z,a)A\Yy 1 (Z,y,a)”, because n—1 is odd. As above
we have that M*[g], construed as a (z @ Z)-premouse, satisfies the inductive
hypothesis. Moreover we have as above that the inductive hypothesis applied
to the model M*[g] and the IT} | ;-formula “p(z, a) AVy ¢(z,y,a)” yields that
in fact for all z* € M*[g]

Fomces P@™a) AVy b y,a) f VE p(a*,a) AVyv(a®,y,a).

By the homogeneity of the forcing Col(w,i(dp)) this implies that the witness
z for x with p(z, a) already exists in the ground model M*, since a € M* and
z is still the unique witness to the fact that the statement “H_é/{;([i]j) p(z,a)A
Yy (Z,y,a)” holds true. Therefore it follows by downward absoluteness that

M*E p(Z,a) N\Vy ¥ (Z,y,a).
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This implies that in particular
M* E JxVy(x,y,a).
Using the elementarity of the iteration embedding we finally get that
M#(2) E JxvVyv(z,y, a).

For the proof of the upward implication in (1) let n again be even and
assume that M7 (z) E 32Vy(z, y, a) for z € “w and a fixed real a € M (2).
Furthermore fix a real Z € M; (z) such that

M (2) EVy¢(z,y,a).

Then we obviously have that & € V.. We want to show that V' E Vy ¢ (z,y, a).
Assume not. That means

VE Ely _'w(j’yv a)’

where “Jy—)(Z,y,a)” is a L} 41-formula. Therefore the downward impli-
cation we already proved applied to the formula “Jy—1(Z,y,a)” and the

parameters T, a € M (z) yields that
M (2) E 3y ~(2,y,a),

which is a contradiction. O

The proof of Lemma with Shoenfield absoluteness replaced by 31 ab-
soluteness immediately gives the following lemma.

Lemma 1.18. Let n > 0 and let M be a countable x-premouse with n
Woodin cardinals for some x € “w such that M F ZFC™ and M is wi-
iterable. Let ¢ be a Z}Hl—formula.

(1) Assume n is even. Then we have for every real a in M,
pla) < MF p(a).

That means M is X, |-correct in V.
(2) Assume n is odd, so in particular n > 1. Then we have for every real a
m M,
M
pla) < lFCol(w,éo) p(a),
where dg denotes the least Woodin cardinal in M. Furthermore we have
that M is XL -correct in V.

The following lemma shows that Lemma m (1) does not hold if n is odd.
Therefore the periodicity in the statement of Lemma [1.17] is necessary in-
deed.

Lemma 1.19. Let n > 1 be odd and assume that M#(.CL‘) exists and s
wi -iterable for all z € “w. Then M (z) is not X! o-correct in V.
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Proof sketch. Consider for example the following . yo-formula ¢, where
IT},, ;-iterability is defined in Definition 1.6 in [St95] (see also Section [2.2|in
this paper for some results related to 1‘[711 41-iterability).

@(z) = 3N such that N is a countable z-premouse
which is I} | 1-iterable and not n-small.

The statement “N is I1} y1-iterable” is 15 y1-definable uniformly in any code
for N (see Lemma 1.7 in [St95]). Therefore ¢ is a ., ,-formula.

We have that ¢(z) holds in V for all reals x as witnessed by the z-premouse
MF (z), because wi-iterability implies I1% 41-iterability, since we assumed
that M; (z) exists for all 2 € “w (see Lemma (2) which uses Lemma
2.2 in [St95]).

Assume toward a contradiction that ¢(x) holds in M (x) as witnessed by
some z-premouse N in M (z) which is IT} y1-iterable and not n-small. Since
n is odd, Lemma 3.1 in [St95] implies that R N M,,(z) € RN N, which is a
contradiction as N € M (z).

Therefore ¢(z) cannot hold in M (z) and thus M (z) is not X, ,-correct
in V.

See for example [St95] for further information on the premouse M;.

1.4. Mice and Determinacy. Some of the results mentioned in Section
[I.1] can be improved using the existence of certain mice instead of large
cardinals in V' as an hypothesis. In this section we will list results of that
form and mention some things known about the converse direction.

In the context of analytic determinacy Harrington was able to prove the

converse of Martin’s result from [Ma70] and therefore obtained the following
theorem.

Theorem 1.20 (Harrington in [Ha78|, Martin in [MaT70]). The following
are equivalent over ZFC.

(1) The mouse 07 exists, and
(ii) every I1i-definable set of reals is determined.

In the projective hierarchy Neeman improved the result of [MaSt89] as fol-
lows. Here “O” denotes the game quantifier as also used in Section later
(see Section 6D in [Mo09] for a definition and some basic facts about the
game quantifier “0”).

Theorem 1.21 (Neeman in [Ne02]). Let n > 1 and assume that M exists
and is wy-iterable. Then every D(”)(< w? —TI1)-definable set of reals is deter-
mined and thus in particular every H}LH—deﬁnabZe set of reals is determined.

In this paper we will present a proof of the boldface version of a converse
direction of this theorem due to the third author which is only assuming
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that every IT}, , -definable set of reals is determined, see Corolla The
lightface version of the analogous converse direction of Theorem is still
open for n > 1 (see also Section. For n = 1 it is due to the third author,
who proved the following theorem (see Corollary 4.17 in [StW16]).

Theorem 1.22. The following are equivalent over ZFC.

(1) M1# exists and is wi-iterable, and
(ii) every II}-definable and every Al-definable set of reals is determined.

Here the implication (i) = (¢i), which also follows from Theorem 2.14 in
[Ne02] (see Theorem above), was first shown by the third author in
unpublished work.

At the level of infinitely many Woodin cardinals we have that the following
equivalence, which is also due to the third author, holds true (see Theorem
8.4 in [KW10]).

Theorem 1.23 ([KW10]). The following are equivalent over ZFC.

(i) MZ exists and is countably iterable, and
(i) ADY®) holds and R¥ exists.

Here we mean by “ADX®) holds” that every set of reals in L(R) is deter-
mined.

2. A MoDEL WITH WOODIN CARDINALS FROM DETERMINACY
HYPOTHESES

In this section we are going to construct a proper class model with n Woodin
cardinals from IT! determinacy together with I} 41 determinacy, but the
model constructed in this section need not be iterable. We will treat it-
erability issues for models like the one constructed in this section later in
Section [3

2.1. Introduction. The main goal of Sections [2| and [3]is to give a proof of
the following theorem due to the third author.

Theorem 2.1. Let n > 1 and assume H711+1 determinacy holds. Then
M () exists and is wi-iterable for all x € “w.

The converse of Theorem [2.1] also holds true. For odd n it is due to the third
author in never-published work and for even n it is due to Itay Neeman in

[Ne95]. This yields the following corollary, where the case n = 0 is due to
D. A. Martin (see [Ma70]) and L. Harrington (see [Ha78]).

Corollary 2.2. Let n > 0. Then the following are equivalent.

(1) I}, | determinacy, and
(2) for all © € “w, M () exists and is w, -iterable.
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The proof of Theorem is organized inductively. Thereby Harrington’s
result that analytic determinacy yields the existence of 0% (see [Ha78]) is
the base step of our induction. So we will assume throughout the proof
of Theorem at the n’th level, that Theorem holds true at the level
n — 1. In fact by Theorem 2.14 in [NeO2] we can assume during the proof at
the level n that the existence and wi-iterability of Mf_l(x) for all x € “w
is equivalent to IT} determinacy (see Corollary for odd n this result is
due to the third author). We will use this in what follows without further
notice.

We first fix some notation we are going to use for the rest of this paper.

If M is a premouse let d,; denote the least Woodin cardinal in M, if it exists.
Forn > 2 and x € “w let §, = 5Mn,1(m) denote the least Woodin cardinal
in M,,—1(z), whenever this does not lead to confusion. Moreover in case we
are considering L[x] = My(x) and a confusion is not possible let 4, denote
the least z-indiscernible in L[z].

Remark. Recall that a real x € “w is Turing reducible to a real y € “w
(write “z <p y”) iff x is recursive in y or equivalently iff there exists an
oracle Turing machine that computes = using y as an oracle. Moreover we
write x =7 y iff x <p y and y <p z and say in this case that x and y are
Turing equivalent.

The following lemma generalizes a theorem of Kechris and Solovay (see The-
orem 3.1 in [KS85]) to the context of mice with finitely many Woodin car-
dinals. It is one key ingredient for building inner models with finitely many
Woodin cardinals from determinacy hypotheses and therefore in particular
for proving Theorem The following two sections will be devoted to the
proof of this lemma.

Lemma 2.3. Letn > 1. Assume that M:ﬁl(az) exists and is wi -iterable for
all z € “w and that all Z}Hl-deﬁnable sets of reals are determined. Then
there exists a real yg such that for all reals x >7 1o,

My —1(z)]6 E OD-determinacy.

The main difficulty in proving Lemma in our context is the fact that for
n > 1 the premouse M,,_(x)|d; has lots of total extenders on its sequence.
This is the main reason why we cannot generalize the proof of Theorem 3.1
in [KS85| straightforwardly. Therefore we need to prove some preliminary
lemmas concerning comparisons and L[E]-constructions in our context in the
following section. Some of this could have been avoided, if we would only
want to prove Lemma for models like for example lower part models (see
Definition , which do not contain total extenders on their sequence.

2.2. Preliminaries. In this section we prove a few general lemmas about
(n — 1)-small premice which we are going to need for the proof of Lemma
2.3 and which are also going to be helpful later on.
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The following models, called Q-structures, can serve as witnesses for iterabil-
ity by guiding an iteration strategy as in Definition[2.5] See also for example
the proof of Lemma for an application of this iteration strategy.
Informally a Q-structure for a cofinal well-founded branch b through 7 is
the longest initial segment of M] at which §(7) is still seen to be a Woodin
cardinal. Such Q-structures are also introduced for example in Definition
6.11 in [SEI0).

Definition 2.4. Let N be an arbitrary premouse and let T be an iteration
tree on N of limit length.

(1) We say a premouse Q = Q(T) is a Q-structure for T iff M(T) < Q,
d(T) is a cutpoint of Q, Q is wy-iterable above 6(T),

QF “5(T) is a Woodin cardinal”,

if @ # M(T) and either
(1) over Q there exists an r¥,-definable set A C 6(T) such that there
is no k < 0(T) such that k is strong up to 6(T) with respect to
A as being witnessed by extenders on the sequence of Q for some
n<uw, or
(13) pn(Q) < 8(T) for some n < w.
(2) Let b be a cofinal well-founded branch through T. Then we say a pre-
mouse Q = Q(b,T) is a Q-structure for b in T iff Q = MZ|’y, where
v < MZ— N Ord is the least ordinal such that either

v < MJ NOrd and M]|(v+1) E “6(T) is not Woodin”,

or

v =M] NOrd and py(M]) < 6(T)
for some n < w or over MJ there eists an ¥, -definable set A C §(T)
such that there is no k < 6(T) such that k is strong up to 6(T) with
respect to A as being witnessed by extenders on the sequence of MZ for
some n < w.
If no such ordinal v < M] N Ord exists, we let Q(b, T) be undefined.

For the notion of an r3,-definable set see for example §2 in [MS94].

Remark. We are also going to use the notion of a II}-iterable Q-structure
Q(T), meaning that Q(T) is IIl-iterable above §(T), §(T)-solid and that
Q(T) satisfies all properties in (1) except for the wi-iterability above §(T).
It will be clear from the context if we include wy-iterability in the definition
of Q-structure or not. Here II}-iterability is defined as in Definitions 1.4
and 1.6 in [St95] (see also the explanations before Lemma [2.12).

Remark. In Case (1)(4) in Definition 2.4 we have that in particular p,(Q) < &
and if @ <« M for a premouse M and if we let v = Q@ N Ord, then we have
that 6(7) is not Woodin in J%rl. The same thing for M as above holds
true in Case (1)(#7) in Definition because in this case (7) is not even
a cardinal in J,%l.
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Remark. Let n > 1 and assume that M’ (z) exists and is wy-iterable for
all reals . Then any Q-structure Q for an iteration tree 7 on an n-small
premouse is unique by a comparison argument as the one we will see in the
proof of Lemma [2.11

Definition 2.5. Let N be a premouse. Then a possibly partial iteration
strategy 3 for N is the O-structure iteration strategy for N or we say that
> is guided by Q-structures, iff ¥ us defined as follows. For a tree U on N
of limit length and a cofinal branch b through U we let

XU) =0biff QU) exists and Q(b,U) = Q(U),

if such a branch b exists and is unique. If no such unique branch b through

U exists, we let X(U) be undefined.

Lemma 2.6. Let n > 1 and assume that Mj (z) exists and is wi -iterable
for all reals x. Let N be an n-small premouse and let T be an iteration tree
on N. Then the branch b through T which satisfies Q(b,T) = Q(T) as in
the definition of the Q-structure iteration strategy X is in fact unique.

This lemma holds true because for two branches b and ¢ through an iteration
tree 7 as above, we have that Q(b,7) = Q(c, T) implies that b = ¢ by the
Branch Uniqueness Theorem (see Theorem 6.10 in [St10]). This is proven
in Corollary 6 in §6 of [Je97] (written by Martin Zeman).

Remark. Let n > 1 and assume that M;? (z) exists and is wi-iterable for all
reals z. Let N be an n-small premouse and let 7 be an iteration tree on
N. Then the branch b through 7 which satisfies Q(b,7) = Q(T) as in the
definition of the Q-structure iteration strategy X is in fact cofinal.

The following notion will be important in what follows to ensure that Q-
structures exist.

Definition 2.7. Let M be a premouse and let § be a cardinal in M or
6 = M NOrd. We say that § is not definably Woodin over M iff there exists
an ordinal v < M N Ord such that v > 6 and either

(1) over Jy there exists an r¥,-definable set A C § such that there is no
K < § such that k is strong up to § with respect to A as witnessed by
extenders on the sequence of M for some n < w, or

(i7) pn(J,é\/[) < 0 for somen < w.

For several iterability arguments to follow we need our premice to satisfy the
following property. By a fine structural argument this property is preserved
during an iteration and will therefore ensure that Q-structures exist in an
iteration of a premouse M satisfying this property.

Definition 2.8. Let M be a premouse. We say M has no definable Woodin
cardinals iff for all 6 < M N Ord we have that § is not definably Woodin
over M.
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Remark. Let M be a premouse which has no definable Woodin cardinals.
Note that M might still have Woodin cardinals. Consider for example the
premouse M1# , which by definition has a Woodin cardinal, but no definable

Woodin cardinals since pw(Mf ) = w.

In what follows we sometimes want to consider premice which are obtained
from M’ “constructed on top” of a premouse N. The following definition
makes precise what we mean by that.

Definition 2.9. Let n > 1 and assume that Mj (z) exists for all reals x.

Let N be a countable x-premouse for some x € “w. Then we say M (N) is
the smallest x-premouse M > N with

pw(M) < NNOrd

which is wi-iterable above N N Ord, sound above N N Ord and such that
either M is not fully sound, or M is not n-small above N N Ord.

In the first case, i.e. if M is not fully sound, we sometimes say that the
construction of M# (N) breaks down.

Remark. We can define a premouse M,,(NN) in a similar fashion, by iterating
the top extender of M = M#(N) out of the universe in the case that M is
not n-small above N N Ord. In the case that M is not fully sound, we just
let M,,(N) = M. So in particular M, (N) is a proper class model in the first
case and a set in the latter case.

In what follows we will point out if M (N) denotes the premouse con-
structed in the sense of Definition or if it denotes the premouse M; (z)
in the usual sense, where x is for example a real coding the countable pre-
mouse N. Note that these two notions are different since extenders on the
N-sequence are included in the M;’ (N)-sequence if M (N) is constructed
in the sense of Definition 2.9

We will need the following notation.

Definition 2.10. (1) Let x,y € “w be such that v = (x, | n < w) for
Tpn Ewandy = (yp | n < w) for y, € w. Then we let t Sy =
(l’o,yo,ﬂ?l,yh .. ) € Yw.

(2) Let M and N be countable premice. We say a real x codes M & N iff
x> xpy B xy for a real xyr coding M and a real xn coding N.

The following lemma proves that under the right hypothesis comparison
works for certain wj-iterable premice instead of (w; + 1)-iterable premice as
in the usual Comparison Lemma (see Theorem 3.11 in [St10]). Moreover the
proof of this lemma will use arguments that are explained here in full detail
and will show up in several different proofs throughout this paper again with
possibly less details given.

Recall that ¢, denotes the least Woodin cardinal in Mffl(x) for n > 2.
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Lemma 2.11. Let n > 1 and assume that M#ﬁl(x) exists and is wy -iterable
for all reals x. Let M and N be countable premice, such that M and N have
a common cutpoint §. Assume that M and N both do not have definable
Woodin cardinals above 6 and that every proper initial segment of M and N
is (n — 1)-small above 4.

#
(1) Let x be an arbitrary real and let n > 2. Then Hé\j”_l(x) 1s closed under
the operation
a— Mf_Q(a)

. . 4 M (2)
and moreover this operation a — M]”_,(a) fora € H;

in M7 (2)]0,.
(2) Let x be a real coding M and assume that the premouse M is wi-iterable
above 6. If ¥ denotes the w-iteration strategy for M above J, then for
#
every iteration tree T € H?Z"fl(z) on M above 6 of limit length, ¥(T) €
Mf_l(m)wx and in fact the operation T — X(T) is in Mf_l(q:)wx for
every such T .
(3) Let = be a real coding M & N and assume that the premice M and N
are both wi-iterable above §. Moreover assume that
M|§ = N|o.
Then we can successfully coiterate M and N above 0 inside the model

M#fl(x). That means there are iterates M* of M and N* of N above
0 such that we have

(a) M* < N* and the iteration from M to M* does not drop, or

(b) N* Q M* and the iteration from N to N* does not drop.
In particular the coiteration is successful in V' in the same sense.

(4) Let x be a real coding M & N and assume that the premice M and N
are both wy-iterable above 6. Moreover assume that

M|é = N9,
M and N are 6-sound, p,(M) < 6§ and p,(N) < 6. Then we have
M<N or N<M.

18 contained

z

Remark. This lemma holds in particular for 6 = w. That means if we
assume that Mf_l(x) exists and is wj-iterable for all reals z and M and
N are wi-iterable countable premice such that both do not have definable
Woodin cardinals and such that every proper initial segment of M and N
is (n — 1)-small, then we can successfully compare M and N as in Lemma
2.11) (3).

MY, ()
Proof of Lemma[2.11, Proof of (1): Let a € Hy "™
perform a fully backgrounded extender construction L[F] (CL)M;?;(””)I’€ in the
sense of [MS94|] (with the smallness hypothesis weakened to allow w-small

be arbitrary and
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premice in the construction) above a inside the model qu(xﬂ"% where K

denotes the critical point of the top measure of the active premouse Mf_l ().

Then we have that the premouse L[E](a)Mjﬁ—l("“")"'Q has n — 1 Woodin car-
dinals by a generalization of Theorem 11.3 in [MS94]. So in particular it

follows that L[E] (a)Mf—l(z)‘“ is not (n — 2)-small. Moreover the premouse

L[E] (a)M#—l(x”“ inherits the iterability from Mffl(:z) and therefore we have
that

M# ,(a) < LIE](a) i1 @),

(=)

MF
In fact the operation a ~ Mf_g(a) for a € H&D"_1 is contained in

Mf_l(a;)wx, because M#_Q(a) can be obtained from an L[E]-construction
above a.
Proof of (2) + (3) 4+ (4): We prove (2),(3) and (4) simultaneously by an
inductive argument. For n = 1 there is nothing to show, because we defined
M to be 0-small iff M is an initial segment of Godel’s constructible universe
L. That means if M and N are such that every proper initial segment
of M or N is 0-small above some common cutpoint J as in the statement
of Lemma then every iteration tree on M or N above § is linear and
there is nothing to show for (2). Moreover we easily get that one is an initial
segment of the other since every proper initial segment of M or N is above
d as an initial segment of L. Therefore (3) and (4) hold.
So let n > 2 and assume that (2),(3) and (4) hold for n—2. We first want to
show that (2) holds for n — 1. Let us assume for notational simplicity that
0 = w and let M be an wi-iterable premouse, such that every proper initial
segment of M is (n — 1)-small and such that M has no definable Woodin
cardinals. Let x be a real coding the premouse M and assume that Mffl(az)
exists and is wy-iterable. Further let X be the wi-iteration strategy for M
and let 7 be an iteration tree on M in V of length A + 1 for some limit
ordinal A\ < w}” such that T is according to ¥ and
#

TrIAe H;\f"*l(x).
By assumption the premouse M is wi-iterable in V and has no definable
Woodin cardinals. Therefore ¥ is the Q-structure iteration strategy (see
Definition and there exists a O-structure Q < ./\/lZ: for 7 | A which is
wi-iterable in V. We first want to show that such an wy-iterable O-structure
already exists in the model Mfﬁl(x)\éx.

First consider the case
Q=M(T [N,
where the latter denotes the common part model of 7 | A. In this case

Q is also a Q-structure for 7 | A inside the model M#_l(x)wx for trivial
reasons, because the condition that Q needs to be wi-iterable above §(7 |
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A) = M(T | A) N Ord is empty here and therefore Q can be isolated as the
Q-structure for 7 [ A in M#,1(56)|5x~

So we can assume now that
M(T TN <Q.
That means 6(7 | A) € Q and therefore Q is by definition the longest initial
segment of MZ in V such that
QF “O(T | A) is Woodin”.

Every proper initial segment of MY\— is (n — 1)-small since the same holds
for M. Thus every proper initial segment of Q is (n — 1)-small. Together
with the fact that

QF “5(T I A) is Woodin”,
this implies that every proper initial segment of Q in fact has to be (n — 2)-
small above 0(7 [ ).
Now consider the premouse M#_Q(M(T ['A)) in the sense of Definition

which exists inside Mf_l(x)|5x because of (1), since we have that 7 [ A €

7* xr
Hé\j”fl( ). Note that all proper initial segments of M#_Q(M(T ' A)) are

(n — 2)-small above
T TA)=M(T | A)nOxd,

regardless of whether the case that Mf_g(./\/l (7T T A)) is not fully sound or
the case that Mf_Q(M(’T I'A)) is not (n — 2)-small above §(7 | A) in the

definition of Mfo(M(T I'A)) (see Definition holds. Moreover we have
by definition that

QIO(T I A) =M(T [ A) = M7, (M(T [ X)[6(T | A).

Thus a coiteration of Q and Mf_Q(/\/l(T I ' A)) would take place above

(T | A). Moreover Mf_2(./\/l(7' I'A)) and Q are both §(7 | A)-sound and
project to (7 | A), so in particular they both do not have definable Woodin
cardinals above §(7 | A). This implies by the inductive hypothesis (4) that

the comparison of Q and M:ﬁQ(M(T I'A)) is successful in V, because all

proper initial segments of both Q and Mf_Z(M(T ' A)) are (n — 2)-small
above §(7 | A). Moreover both sides do not move in the comparison as in
(4) and therefore we can distinguish two cases as follows.

Case 1. Assume that
M” (M(T T A) < Q.

Then we have that
M (M(T T A) E “6(T | \) is Woodin”,
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because we have by definition of the Q-structure Q (see Definition that
QFE “6(T I A) is Woodin”.

Moreover our case assumption implies that Mfo(/\/l(T ['A)) is fully sound.
That means we were able to construct the full premouse Mjiz on top of
M(T | A) as in the sense of Definition In this case M7 ,(M(T | \)) is
not (n—1)-small, because 6(7 [ A) is a Woodin cardinal in Mf_Q(M(T I A)).
But we argued earlier that every proper initial segment of Q is (n—1)-small,
which contradicts M ,(M(T | X)) < Q.

Case 2. Assume that
QA M, (M(T [ ).

This implies that Q is in Mffl(x)\éx and furthermore is wj-iterable above
(T T A)in M#_l(x)léx since the same holds for Mf_z(M(T ' A)) by part
(1) of this lemma.

So we showed that in both cases there exists an wi-iterable Q-structure Q
for T [ Ain Mf_l(m)lém. We now aim to show that the cofinal well-founded
branch through 7 in V which is given by the O-structure iteration strategy
Y, that means the branch b for which we have

Q(b,T [ )‘) =09,

is also contained in Mf_l(:r)lém.
Consider the statement

o(T [ A\, Q) = “there is a cofinal branch b through 7 [ A such that
there is a 9* < MZ with O* = Q7.
This statement is E%—deﬁnable uniformly in codes for 7 [ A and Q and obvi-

ously true in V' as witnessed by the branch b given by the wi-iterability of the

(z)

. . . M*
premouse M. Since the iteration tree 7 [ A € H 51"’1 need not be count-

able in the model Mffl(x)\(sx, we consider the model (Mfﬁl(x)](sz)%l(w”)
instead, where v < §, is an ordinal such that

T 1A Qe (M) (2)|5,) )

are countable inside the model (M#_l(x)ww)c‘ﬂ(w”), where with the model
(Mffl(:cﬂéx)couwﬁ) we denote an arbitrary Col(w,y)-generic extension of
the model Mffl(az)\éw.

Then it follows by 3i-absoluteness that the statement ¢(7 | A, Q) holds in
(Mffl(a:)wx)c‘)l(wﬂ) as witnessed by some branch b and some model Q.
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Since by the argument above Q is a OQ-structure for 7 in M#,1($)|5x, we
have that @ = Q and it follows that b is the unique cofinal branch through
T with Q(b,7 | A) = Q by Lemma

Since the branch b is uniquely definable from 7 | A and Q, and we have that
TIANQE Mf_l(x)lém, it follows by homogeneity of the forcing Col(w, )

that actually b € Mf_l(:n)|(5z.
Thus we have that X(7) = b € Mf_l(:n)|5m and our argument shows that

M
in fact the operation 7 +— X(7) for iteration trees 7 € Héznfl(ac) on M of

limit length is in the model Mf_l(m)léz for the following reason. Let T be
(z)

ME
an iteration tree on M of limit length such that 7 € Hy "~ Then we

showed in the first part of this proof that Mf_l(ac)wx can find a Q-structure
Q for 7. Now Mf_l(:n)|5m can compute X(7) from T, because ¥(7) is the
unique cofinal branch b through 7 such that Q(b,7) = Q and we showed
that this branch b exists inside Mf_l(a:)\éx. Therefore we proved that (2)
holds.

To show (3) assume now in addition that N is an wi-iterable premouse such
that every proper initial segment of N is (n—1)-small and N has no definable
Woodin cardinals. Moreover let z be a real coding M & N. We again assume
that § = w for notational simplicity.

By our hypothesis we have that Mf_l(m‘) exists, so we work inside the model
M#_l(x). Moreover it follows from (2) that M and N are iterable inside

# . . . MF (x) # .
M]"_ | (z), particularly with respect to trees in H,," "', since M]" ,(x) is
countable in V' and thus

Mf—l(x) v
Wy <wyp.

In particular M and N are (w; + 1)-iterable in M#_l(x) and the coiteration
of M and N terminates successfully inside the model Mf_l(x) by the usual

Comparison Lemma (see Theorem 3.11 in [St10]) applied inside Mf_l(x).
This shows that (3) holds.

To prove (4) we assume that we moreover have that M and N are w-sound
and that p,(M) = w and p,(N) = w. Then it follows as in Corollary 3.12
in [St10] that we have M SN or N < M. O

Remark. As in the previous lemma let n > 1 and assume that Mfﬁl(az)
exists and is wi-iterable for all reals . Then we can also successfully coit-
erate countable w-iterable premice M and N which agree up to a common
cutpoint ¢ and are (n — 1)-small above J in the sense of Lemma (3), if
we only assume that M and N both do not have Woodin cardinals, for the
following reason.

Let « be a real coding M & N. If M N Ord and N N Ord are both not
definably Woodin over M and N respectively, then this implies together
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with the assumption that M and N both do not have Woodin cardinals
that M and N both do not have definable Woodin cardinals and we can
apply Lemma So assume now for example that M N Ord is definably
Woodin over M. By the proof of Lemma the coiteration of M and
N can only fail on the M-side because of the lack of a Q-structure for an
iteration tree 7 of limit length on M inside Mf_l(x)wx. But in this case
we must have that
M(T) = MJ,

where MI is the limit model for 7 which exists in V. This implies that the
coiteration on the M-side already finished because the M-side can no longer
be iterated and by the same argument for N we have that the coiteration

is successful, even if M N Ord and N N Ord are both definably Woodin over
M and N respectively.

In what follows we also want to consider premice which are not fully wi-
iterable but only II.-iterable for some n € w. This notion was defined by
John Steel in [St95] and he proved that for a premouse M the statement “M
is 1. -iterable” is IT}-definable uniformly in any code for M. See Definitions
1.4 and 1.6 in [St95] for a precise definition of II}.-iterability. He proves in
Lemma 2.2 in [St95] that for an (n — 1)-small premouse N which is w-sound
and such that p,(N) = w, I1}-iterability is enough to perform the standard
comparison arguments with an (w; + 1)-iterable premouse which has the
same properties.

This implies that using Lemma and Lemma (2) the following ver-
sion of Lemma 2.2 proven in [St95] holds true for wi-iterability (instead of
(w1 + 1)-iterability as in [St95]).

Lemma 2.12. Let n > 2 and assume that Mf_l(:c) exists and is w1 -iterable
for all reals x. Let M and N be countable premice which have a common
cutpoint 6 such that M and N are (n — 1)-small above §. Assume that M
and N are §-sound and that p,(M) < § and p,(N) < 4.

(1) Assume that M is wy-iterable above §. Let T be a normal iteration tree
on M above § of length X for some limit ordinal A < wy and let b be
the unique cofinal well-founded branch through T such that Q(b,T) is
wi-iterable above §(T). Then b is the unique cofinal branch c¢ through
T such that M7 is well-founded and, if n >3, Q(c,T) is 1L _,-iterable
above 6(T).

(2) Assume M is wi-iterable above §. Then M is I} -iterable above §.

(3) Assume M is wy-iterable above § and N is I1} -iterable above §. Moreover
assume that

M|§ = NJ6.

Then we can successfully coiterate M and N above 8, that means we
have that

M <IN or N<M.
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Proof. Apply Lemma 2.2 from [St95] inside the model Mfﬁl(az), where x is
a real coding M @ N. This immediately gives Lemma [2.12] using Lemma
2.11| (2), because we have that

M7 (z
UJ2 nfl( ) < OJY

and therefore M is (w; + 1)-iterable inside Mf_l(:v) and by Lemma m

we have that N is II!-iterable inside the model Mffl(x) since Mffl(x) is
>l _correct in V. O

Remark. Similarly as for Lemma this lemma also holds true in the
special case that § = w. More precisely in this case Lemma (3) holds
true in the following sense. If M and N are w-sound, p,(M) = w and
pu(N) = w, and if we assume wy-iterability and IT!-iterability for M and N
respectively, then we have that

M <N orN<4M.

In Section |3] we in fact need the following strengthening of Lemma [2.12
for odd n, which is proved in Lemma 3.3 in [St95]. That it holds for wi-
iterability instead of (w; + 1)-iterability follows by the same argument as
the one we gave for Lemma above. This lemma only holds for odd n
because of the periodicity in the projective hierarchy. For more details see
[St95].

Lemma 2.13. Let n > 1 be odd and assume that Mffl(x) exists and is
w1 -iterable for all reals x. Let M and N be countable premice which agree
up to a common cutpoint § such that M and N are 6-sound and such that
pw(M) <6 and p,(N) < 6. Assume that M is (n—1)-small above § and N
is not (n — 1)-small above 5. Moreover assume that M is I1\ -iterable above
0 and that N is wi-iterable above 6. Then we have that

M < N.

For the proof of Lemma [2.3] we need the following variant of Lemma [2.12
which is a straightforward consequence of the proof of Lemma 2.2 in [St95],
because the assumption that the premice M and N both do not have defin-
able Woodin cardinals yields that Q-structures exist in a coiteration of M
and N.

We say that an iteration tree U is a putative iteration tree if U satisfies
all properties of an iteration tree, but we allow the last model of U to be
ill-founded, in case I/ has a last model.

Lemma 2.14. Let n > 2 and assume that Mffl(x) exists and is wy -iterable
for all reals x. Let M and N be countable premice which have a common
cutpoint § such that M and N are (n — 1)-small above § and solid above
0. Assume that M and N both do not have definable Woodin cardinals and
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assume in addition that M is wy-iterable above § and that N is I} -iterable
above §. Moreover assume that

M|§ = N|d.
Then we can successfully coiterate M and N above § as in Lemma |2.11

(3), that means here that there is an iteration tree T on M and a putative
iteration tree U on N of length A+ 1 for some ordinal A such that we have

MT g MY or MY < MT.
So in the first case M%\{ need not be fully well-founded, but it is well-founded

up to M/\Tﬂ Ord. In the second case we have that Mg’ is fully well-founded
and U is in fact an iteration tree.

As in the remark after the proof of Lemma [2.11] we get that the following
strengthening of Lemma holds true, where we replace “no definable
Woodin cardinals” by “no Woodin cardinals”.

Corollary 2.15. Let n > 2 and assume that Mf_l(ac) exists and is wi-
iterable for all reals x. Let M and N be countable premice which have a
common. cutpoint § such that M and N are (n — 1)-small above § and solid
above §. Assume that M and N both do not have Woodin cardinals and
assume in addition that M is wi-iterable above § and that N is 1} -iterable
above §. Moreover assume that

M|§ = N|o.
Then we can successfully coiterate M and N above § as in Lemma |2.11

(3), that means here that there is an iteration tree T on M and a putative
iteration tree U on N of length A + 1 for some ordinal \ such that we have

ML S MY or MY < MT.
So we again have that in the first case sz\{ need not be fully well-founded,

but it is well-founded up to M;\r N Ord, and in the second case we have that
./\/l%\’ 18 fully well-founded and U 1is in fact an iteration tree.

Proof. To simplify the notation we again assume that § = w. As in the
remark after the proof of Lemma [2.11] we can just use Lemma in the
case that M NOrd and N NOrd are both not definably Woodin over M and
N respectively, because in this case M and N in fact do not have definable
Woodin cardinals.

So assume for example that N N Ord is definably Woodin over N. Let x
be a real coding M & N and consider the coiteration of M and N inside
M#_l(a;). Let 7 and U be the resulting trees on M and N respectively.
Assume that the coiteration breaks down on the N-side, that means U/ is an
iteration tree of limit length A such that there is no Q-structure Q(U) for U

in M#_l(x). Since N has no Woodin cardinals, this can only be the case if

MU) = MY,
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where MY is the limit model for ¢ which exists in V since N is II}-iterable
in V. Therefore we have as in the remark after the proof of Lemma [2.11
that the coiteration on the N-side already finished.

If we assume that M N Ord is definably Woodin over M it follows by the
same argument that the coiteration on the M-side already finished if it
breaks down, because M is wi-iterable in V.

Therefore the coiteration of M and N is successful in the sense of Corollary
even if M NOrd or N NOrd or both of them are definably Woodin over
M or N respectively. O

We now aim to fix an order on OD-sets. Therefore we first introduce the
following notion.

Definition 2.16. Let x € OD. Then we say (n, (ag,...,on),p) is the mini-
mal triple defining x iff (n, (ao, ..., an), @) is the minimal triple according to
the lezicographical order on triples (using the lexicographical order on tuples
of ordinals of length n + 1 and the order on Gédel numbers for formulae)
such that

x={z|Vay Fo(z,01,...,00)}.

Definition 2.17. Let z,y € OD. Moreover let (n,(ag,...,on), ) and
(m, (Bo,---,Bm),¥) be the minimal triples defining = and y respectively as
in Definition|2.16| Then we say x is less than y in the order on the OD-sets
and write

T <0oD ¥,

iff (n, (o, - -, ), @) is smaller than (m, (Bo, - .., Bm), V) in the lexicograph-
ical order on triples, that means iff either

(a) n<m, or

(b) n=m and (ag,...,0on) <iez (Bo,---,0m), where <i., denotes the lexi-
cographical order on tuples of ordinals of length n+ 1, or

(¢) (gy---yan) = (Bos---,Bm) and " < "7, where " and "¢ denote
the Godel numbers of the formulae @ and v respectively.

Fix the following notation for the rest of this paper.

Definition 2.18. Let z,y be reals, M an x-premouse which is a model of
ZFC and y € M.

(1) LIE](y)M denotes the resulting model of a fully backgrounded ex-
tender construction above the real y as in [MS94|] performed inside
the model M, but with the smallness hypothesis weakened to allow
w-small premice in the construction. E|

(2) We recursively say that a premouse N is an iterated L[E] in M iff
N = M or N is an iterated L[E] in L[E](2)M for some z € M with
Z>TX.

1For more details about such a construction in a more general setting see also [St93].
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Using the order on OD-sets defined above we can prove the following lemma,
which will also be used in the proof of Lemma [2.3

Lemma 2.19. Let n > 2 and assume that Mf_l(z) exists and is wi-iterable
for all reals z. Let x <7 y be reals and let M be an y-premouse which is an
iterated L|E] in My_1(x). Then

(a) M is (n—1)-small, and
(b) the premice M and M, _1(x) have the same sets of reals and the same
OD-sets of reals in the same order.

Proof. We start with some general remarks about the premice we consider.
The premouse M still has n — 1 Woodin cardinals and is w;-iterable via an
iteration strategy which is induced by the wj-iteration strategy for M, (z)
by §11 and §12 in [MS94]. Therefore the premouse L[E](x)™, constructed
inside the model M as in Definition [2.18] also has n — 1 Woodin cardinals
and is wi-iterable. The following claim proves part (a) of the lemma.

Claim 1. The y-premouse M is (n — 1)-small.

Proof. Assume toward a contradiction that M is not (n—1)-small and let NﬂéE
be the shortest initial segment of M which is not (n —1)-small. That means
we choose NjE < M such that it is not (n — 1)-small, but every proper initial
segment of N# is (n — 1)-small. In particular NjE is an active y-premouse,
so let F' be the top extender of Nf . Moreover let N, be the model obtained
from Nf by iterating the top extender F' out of the universe working inside
the model M,,_1(x).

Now consider L[E](z)™ and let N be the active xz-premouse obtained by
adding F'N L[E](x)Nv as a top extender to an initial segment of L[E](x)Nv,
as in Section 2 in [FNS10] to ensure that N is a premouse. The main result
in [ENS10] yields that N is w;-iterable in V', because M, NjE and L[E](z)Nv
inherit the iterability from M,_1(x) as in §11 and §12 in [MS94]. Moreover
N is not (n — 1)-small.

Let NI’ be the shortest initial segment of N which is not (n — 1)-small. By
Lemma we can successfully compare the x-premice Nf and Mf_l(:):),
because both premice are wi-iterable in V' and every proper initial segment of
one of them is (n — 1)-small. Therefore we have that in fact Nj¥ = Mf_l(x)
and thus

ROAN# =RNM? (z) = RN M, 1(z).

But NF is by construction a countable premouse in M,_;(z), this is a
contradiction. g

A simplified version of this argument shows that the z-premouse L[E](x)™
is (n — 1)-small.
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For the proof of (b), we now fix a real z which codes the z-premouse Mffl(x)
and work inside the model M,,_;(z) for a while.

We have that every proper initial segment of Mf_l(x) is (n — 1)-small,
pw(Mf_l(a:)) = w, and Mf_l(:n) is w-sound. Since

WMD) v
this yields that Mf_l(x) is (w1 + 1)-iterable inside Mf_l(z) by Lemma
(2). So in particular, working inside M, _1(z), the xz-premouse M, _1(x),
obtained from M#_l(az) by iterating the top measure out of the universe, is
(w1 + 1)-iterable.
Let x denote the least measurable cardinal in M,,_;(x). So in particular x
is below the least measurable cardinal in M.

Claim 2. The x-premice M,_1(x) and LIE)(z)™ agree below k.

Proof. The y-premouse M is (wy + 1)-iterable inside M,,_1(z) via an itera-
tion strategy which is induced by the iteration strategy for M, _1(z). Thus
the x-premouse L[E](z)M is (w; + 1)-iterable inside M,,_1(z) via the itera-
tion strategy inherited from M. In particular we can successfully compare
the z-premice M, _1(x) and L[E](z)M inside the model M,,_;(z) using this
iteration strategy and they coiterate to the same premouse. This yields the
claim. (]

Now we can finally show the following claim, which will finish the proof of
Lemma [2.19)

Claim 3. M,,_1(z) and M have the same sets of reals and the same OD-sets
of reals in the same order.

Proof. Claim [2] implies that
VKMn_l(I) > VKM ) VKL[E}(I)IM _ VHMn_1(az)7

and therefore

Y Ma-i(@) — M,
Thus we can consider M,,_1(z) and M as VHMnfl(x)—premice and, still work-
ing in M,,_1(z), we can successfully compare them by the same argument as
in the proof of Claim [2] using the iteration strategy for M which is induced
by the iteration strategy for M,,_i(z). The V,ﬁMnfl(x)—premice M,,—1(x) and
M coiterate to the same model W and hence they have the same sets of reals
and the same OD-sets of reals in the same order by the following argument.

Let A be an OD-set of reals in M,_1(z) and let (n, (ao,...,an), ) be the
minimal triple defining A. As M,,_i(x) and M have the same sets of reals,
in particular A € M. Let i : M,,—1(x) — W and j : M — W be the iteration
embeddings. Then (n, (i(ap),...,i(ay)), @) is by elementarity the minimal
triple defining A in W as M,,_1(x) and W agree about their Vj. In particular
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A is an OD-set of reals in W. By elementarity of j, A is also an OD-set of
reals in M. Let (m, (5o,-..,Bm),?¥) be the minimal triple witnessing this.
Then, by elementarity of j again, (m, (j(5o),---,J(Bm)), %) is the minimal
triple defining A in W. Hence, by minimality (n, (i(ao),...,i(an)),p) =
(m, (5(Bo),---,7(Bm)), ). This shows that M and M, _1(z) have the same
OD-sets of reals and agree on the order on OD-sets defined in Definition

217 a
This proves Lemma [2.19 O

Motivated by this lemma we introduce the following notation.

Definition 2.20. For premice M and N we write M ~ N iff M and N
have the same sets of reals and the same OD-sets of reals in the same order.

In the proof of Lemma [2.3| we will also need the following lemma.

Lemma 2.21. Let n > 2 and assume that Mf_l(z) exists and is wi-iterable
for all reals z. Let x <r y be reals and let M be an y-premouse which is an
iterated L[E] in My,_1(x). Let § = dpr denote the least Woodin cardinal in
M, let z € M be a real with z >7 y, and let

(Mg, N¢ | € € Ord)

be the sequence of models obtained from a fully backgrounded extender con-
struction inside M above z as in Definition |2.18, such that

Mei1 = Co(Ney1)
and let L[E](z) be the resulting model. Then we have for all £ > § that
pw(Mﬁ) > 5)

and therefore

M;s = LIE](2)]6.

Proof. E|Work in M. Assume not and let N¢ be the least model with £ > ¢
such that p,(N¢) < 0. By construction (see Theorem 11.3 in [MS94]) we
have that ¢ is a Woodin cardinal in Ng. An argument as in the proof of
Claim (1} in Lemma shows that Nj is (n — 1)-small, so in particular &
cannot be a limit of Woodin cardinals in Ns. Hence there is an n < § such
that p.,(Ng) < n and all Woodin cardinals below ¢ in A are in fact below
n. Using the regularity of ¢, let X be a fully elementary substructure of N¢
such that n C X, | X| < d and X N €.

Let X be the Mostowski collapse of X and let o : X — Ne be the uncollapse
map, i.e.

X§X<N€.

2The authors would like to thank John Steel for communicating this argument to them.
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Let 6 = X N4, i.e. 0(8) =4, and let P be the d-core of X. Then P is d-sound
and p,(P) < 6 as p,(X) < 9. Moreover ¢ is Woodin in X by elementarity
and thus Woodin in P.

As n < § < 6, we have that § cannot be Woodin in Ns. Let P’ I N; be the
shortest initial segment of Ng_such that § < P'N Ord and ¢ is not definably
Woodin over P’. Then P’ is §-sound and p,(P’) < 9.

P and P’ are both countably iterable in M, i.e. countable substructures of
P and P’ are (wy + 1)-iterable in M, by an argument similar to Lemma [2.11]
Therefore they can be successfully compared inside M and in fact P = P’.
Thus the witness for the statement p,,(P) < § is an element of Ns. But 4 is
a cardinal in P = P’ < N, a contradiction. O

2.3. OD-Determinacy for an Initial Segment of M,,_;. Now we can
turn to the proof of Lemma [2.3] which is a generalization of Theorem 3.1 in
[KS85]. Recall

Lemma Let n > 1. Assume that Mf_l(w) exists and is wy -iterable for
all x € Yw and that all E}Hl-deﬁnable sets of reals are determined. Then
there exists a real yo such that for all reals x >7 yo,

My, —1(z)]6, F OD-determinacy,

where &, denotes the least Woodin cardinal in My_1(x) if n > 1 and 0,
denotes the least x-indiscernible in My(x) = Llz| if n = 1.

Proof of Lemma[2.3 For n = 1 we have that Lemma [2.3] immediately fol-
lows from Theorem 3.1 in [KS85]. So assume that n > 1 and assume further

toward a contradiction that there is no such real yy as in the statement of
Lemma,

Then there are cofinally (in the Turing degrees) many y € “w such that
there exists an M < M,,_1(y)|d, with

M E -OD-determinacy.
We want to consider z-premice M for x € “w which have the following
properties:

(1) M E ZFC, M is countable, and we have that the following formula holds
true:

for all m < w and for all (x;, | k < m) and (M* | kK < m) such that
xp € MFNYw, mpyy =1 o 27 7,
MO = M, M* = L[E](x;,)M". We have
for all k + 1 < m that M*t1 ~ MPF,
M* is (n — 1)-small, and
MP* does not have a Woodin cardinal,

where the relation “~” is as defined in Definition [2.20]
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(2)
M E —0OD-determinacy,
(3) for all £ < M N Ord such that M|¢ satisfies property (1),

M|¢ E OD-determinacy,

and
(4) M is II}-iterable.
If M is an z-premouse, then we have for every real y such that y > = and
y € M, that

MEQ1) = LEIG)ME (),

where L[E](y)™ is as in Definition m
We first show that there exists a Turing cone of reals x such that there exists
an z-premouse M satisfying properties (1) - (4) as above.

Claim 1. For cofinally many x € “w, My_1(x)|0, satisfies properties (1)
and (2).

Proof. By assumption there are cofinally many = € “w such that
M,y —1(z)|6; F =OD-determinacy.

Pick such an x € “w. This already implies that property (2) holds true
for Myp_1(z)|0z. In addition M,_i(z)|0; is obviously a countable ZFC
model without a Woodin cardinal. To show the formula in property (1), let
(zx | K < m)and (M* | k < m) be as in property (1) with M? = M,,_1(z)|d,.
Moreover let M = M,_1(x) and M*+! = L[E](z;)™". An inductive appli-
cation of Lemma implies that for all k < m,

N8, = LIE) (o)™ 10, = LIE) (o)™ = LIE] (2p)™" = MM,
Moreover Lemma yields that M* and thus M* is (n — 1)-small and
MF ~ My,_1(z) ~ M
for all £+ 1 <m. Hence
My (2)|65 ~ M5, = MFHL

Therefore the formula in property (1) holds true for M° = M,,_1(z)|6; as
we also have that no M* has a Woodin cardinal. (]

By Claim [l] there are cofinally many x € “w such that there exists an
x-premouse M which satisfies properties (1) — (4) defined above. Such
z-premice M can be obtained by taking the smallest initial segment of
M,,—1(x)|0, which satisfies properties (1) and (2) defined above. Moreover
the set

A = {x € “w | there is an z-premouse M with (1) — (4)}
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is E}Z L 1-definable and Turing invariant. So by E}L 41 (Turing-)determinacy
there exists a cone of such reals x € A, because the set A cannot be com-
pletely disjoint from a cone of reals since there are cofinally many reals ¢ € A
as argued above. Let v be a base of this cone and consider a real x >7 v in
the cone.

Claim 2. Let M be an w-iterable x-premouse with properties (1) and (2)
and let N be an x-premouse satisfying properties (1) — (4). Then N cannot
win the comparison against M.

Proof. By Corollary we can successfully coiterate the x-premice M and
N because they are both (n — 1)-small, solid and without Woodin cardinals
and moreover M is wj-iterable and N is IT!-iterable. Let 7 and U be the
resulting trees of length A + 1 for some ordinal A on M and N respectively,
in particular &/ might be a putative iteration tree.

Assume toward a contradiction that N wins the comparison against M and
consider the following two cases.

Case 1. We have MI < MZ/’\’

In this case MZ;\{ need not be fully well-founded, but this will not affect
our argument to follow, because we have that MZ;\’ is well-founded up to
M7 NOrd. So there exists an ordinal @ < MYNOrd such that MY|a = M]
and we have by elementarity that

M?\' E ~OD-determinacy,
since property (2) holds for M. Since a = M:\r N Ord it follows that
MY |a E ~OD-determinacy.

Moreover we have that MY|a & (1), because we have by elementarity that
MT E (1). If there is no drop in the iteration from N to MY, this contradicts
the minimality property (3) for N by elementarity. But even if there is a
drop on the main branch in I/ this statement is transferred along the branch
to N by the following argument.

Assume there is a drop at stage 8 + 1 on the main branch through U,
that means M7, is a proper initial segment of M, for v = predy (8 + 1),
where M7, is the model to which the next extender Fp from the Mg
sequence is applied in the iteration as introduced in Section 3.1 in [St10].
Since there can only be finitely many drops along the main branch through
the iteration tree U, we can assume further without loss of generality that
this is the only drop along the main branch through ¢/. (If there is more
than one drop on the main branch through U, we repeat the argument to
follow for the remaining drops.) Then by elementarity there is an ordinal
o/ < Mj,, NOrd < M, N Ord such that

M 4|a’ E (1) + =OD-determinacy.
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But then also
M, o’ E (1) + ~OD-determinacy,

and therefore by elementarity there is an ordinal o’/ < N N Ord such that
N|a" E (1) + ~OD-determinacy.

This now again contradicts the minimality property (3) for V.

Case 2. We have M7 = /\/11/’\{7 there is no drop on the main branch in the
iteration from M to M)\T, but there is a drop on the main branch in the
iteration from N to ./\/lz){

This immediately is a contradiction because it implies that we have ./\/lz: E
ZFC, but at the same time p,(MY) < MY N Ord. O

So in the situation of the above claim, the premouse N is elementary em-
bedded into an wi-iterable model and thus wi-iterable itself. As a corollary
we obtain the following claim.

Claim 3. If there is an wi-iterable xz-premouse M with properties (1) and
(2), then every xz-premouse N satisfying properties (1) —(4) is in fact already
w1 -iterable.

Since by Claim [I] there are cofinally many reals x such that the wi-iterable
x-premouse M,,_1(x)|d, satisfies properties (1) and (2), Claim |3 yields that
the following claim holds true.

Claim 4. There are cofinally many reals x such that every x-premouse sat-
isfying properties (1) — (4) is in fact wy-iterable.

Consider the game G which is a generalization of the Kechris-Solovay game
in [KS85] and defined as follows.

I‘m@a
II | ydb

for x,a,y,b € “w.

The players I and IT alternate playing natural numbers and the game lasts
w steps. Say player I produces a real x @ a and player II produces a real
y @ b. Then player I wins G iff there exists an (z @ y)-premouse M which
satisfies properties (1) — (4) and if Ajs denotes the least OD-set of reals in
M which is not determined, then a @ b € Ay,.

This game is 2711 L 1-definable and therefore determined. So say first player
I has a winning strategy 7 for G. Recall that v denotes a base for a cone
of reals x such that there exists an z-premouse which satisfies properties
(1) — (4) and pick a real z* >p z, @ v, where x is a real coding the winning
strategy 7 for player I, such that every z*-premouse which satisfies properties
(1) — (4) is in fact wi-iterable (using Claim [4)).
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We now aim to construct a real z >p z* such that there is a z-premouse N
which satisfies properties (1) — (4), is wi-iterable, and satisfies the following
additional property (3*).

(3*) For all reals y € N such that y >7 z there exists no ordinal £ < NNOrd
such that

L[E](y)V|€ E (1) + ~OD-determinacy.

Let M? be an arbitrary z*-premouse satisfying properties (1) — (4), which
is therefore wi-iterable. Assume that if we let N = M? and z = z*, then
property (3*) is not satisfied. So there is a real y € M? with y > 2*
witnessing the failure of property (3*) in M°. Let yg € M with yo > 2*
be a witness for that fact such that the ordinal €9 < L[E](yo)™" N Ord with

LIE](yo)™’|€° & (1) + ~OD-determinacy
is minimal. Let M' = L[E](yo)™"|¢° and assume that
M ¥ (3%),
because otherwise we could pick N = M' and z = yy and the construction

would be finished. Then as before there is a real y; € M with y1 >7 o
and a minimal ordinal ¢! < L[E](y1)™" N Ord = M! N Ord = £° such that

L[E] (yl)Ml |§1 F (1) + ~OD-determinacy.

This construction has to stop at a finite stage, because otherwise we have
that €% > ¢! > ... is an infinite descending chain of ordinals. Therefore
there is a natural number n < w such that

M™ = L[E)(yo—1)M" ¢,

and

M" E (3%).
Let 2z = y,—1 and N = M". Then we have that z > 2* and N is a
z-premouse which satisfies properties (1) and (3*). Moreover by minimal-
ity of the ordinal £€"~! we have that N satisfies property (3). From the
construction we also get that

N E =OD-determinacy.

Furthermore N inherits property (4) and the w;-iterability from M since
it is obtained by performing multiple fully backgrounded extender construc-
tions inside the wy-iterable premouse MY. Thus N and z are as desired.

Let Ay denote the least non-determined OD-set of reals in N. We define a
strategy 7* for player I in the usual Gale-Stewart game G(Ay) with payoff
set Ay played inside the model N as follows. Assume player II produces
the real b € N. Then we consider the following run of the original game G
defined above:

Player II plays the real (z @ b) @ b and player I responds with the real z @ a
according to his winning strategy 7 in GG. Note that this run of the game G
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I|lz2da=7((z®b) ®b)
II | (zpb)®b

is in the model N. We define the strategy 7" such that in a run of the game
G(Ap) inside N according to 7* player I has to respond to the real b with
producing the real a.

Claim 5. 7* is a winning strategy for player 1 in the Gale-Stewart game
with payoff set Ax played in N.

This claim implies that Ay is determined in N, contradicting that Ay was
assumed to be the least non-determined OD-set of reals in V.

Proof of Claim[3. Since 7 is a winning strategy for player I in the original
game G, there exists an (z @® (z @ b))-premouse N’ which satisfies properties
(1) — (4) such that

a®dbe A N,
where Apv denotes the least non-determined OD-set of reals in N'.
We want to show that

An' = An

in order to conclude that 7* is a winning strategy for player I in the Gale-
Stewart game with payoff set Ay played in V.
Property (1) yields that

LIE](z® (z®b))N ~ N,

because , z,b € N and @ (2 @ b) >7 z. Therefore L[E](z @ (2 ®b))" is an
(z @ (2 @ b))-premouse which satisfies property (2), because it has the same
sets of reals and the same OD-sets of reals as /N and hence

LIE)(z ® (z ® b)) £ =OD-determinacy.

Moreover L[E](x @ (z @ b))" inherits property (1) from N.

Since L[E](x @ (2 ® b)) is the result of a fully backgrounded extender con-
struction inside the wi-iterable premouse N, it is wi-iterable itself. There-
fore Claim (3| yields that in particular the (z @ (z @ b))-premouse N’ is also
wi-iterable, because it was choosen such that it satisfies properties (1) — (4).
So we can coiterate L[E](z ® (2 ® b)) and N’ by the remark after Lemma
2.11|since they are both (n —1)-small w;-iterable (z @ (z@®b))-premice which
do not have Woodin cardinals. Thus by the minimality of N’ from property

(3) and an argument analogous to the one we already gave in the proof of
Claim [3| we have that

LIE|(z ® (z@b))N >* N,
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where <* denotes the usual mouse Ordelﬁ Moreover we have minimality for
the premouse L[E](x @ (z @ b))" in the sense of property (3*) for N. This
yields again by an argument analogous to the one we already gave in the
proof of Claim [3| that

LIEl(z @ (@ b)Y <* N'.
Therefore we have that in fact

LIE|(z® (z® b)Y =* N/,
and hence

LIE)(z @ (z® b)Y ~ N’
Using L[E](z ® (z @ b)) ~ N it follows that

N ~ N,

and thus Ay = Anv. O

Now suppose player II has a winning strategy ¢ in the game G introduced
above and recall that v is a base of a cone of reals x such that there exists
an z-premouse which satisfies properties (1) — (4). As in the situation when
player I has a winning strategy, we pick a real z* > z, ® v, where z, is a
real coding the winning strategy o for player II, such that every z*-premouse
which satisfies properties (1) — (4) is already wi-iterable (see Claims [1{ and
3).

As in the argument for player I we can construct a real z >7 z* such that
there exists a z-premouse N which satisfies properties (1)—(4), is w;-iterable,
and satisfies the additional property (3*). As before we let Ay denote the
least non-determined OD-set in N, which exists because the z-premouse N
satisfies property (2).

Now we define a strategy o* for player II in the usual Gale-Stewart game
G(Ap) with payoff set Ay played inside N as follows. Assume that player
I produces a real a € N in a run of the game G(Ay) inside the model N.
Then we consider the following run of the game G:

I|(z®a)®a
II | ydb=o0c((z®a)®a)

Player I plays a real (z @ a) @ a and player II responds with a real y ® b
according to his winning strategy ¢ in G. We define the strategy ¢* such
that in a run of the game G(Ay) inside the model N according to o* player
II has to respond to the real a with producing the real b.

3We say an wi-iterable premouse M is smaller or equal in the mouse order than an wi-
iterable premouse N and write “M <* N” iff M and N successfully coiterate to premice
M* and N™ such that M* <N™* and there are no drops on the main branch in the iteration
from M to M™. Moreover we say that N and M are equal in the mouse order and write
“M=*"N”if M <* N and N <* M.
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I‘a
II| b=o0%(a)

Claim 6. ¢* is a winning strategy for player 11 in the Gale-Stewart game
with payoff set Ax played in N.

This claim implies that Ay is determined in N, again contradicting that
Apn was assumed to be the least non-determined OD-set of reals in V.

Proof of Claim[f. We first want to show that the ((z ® a) ® y)-premouse
LIE]((z @ a) @ y)" satifies properties (1) — (4).
First property (1) for N yields that

LIE|((z@a) ®y)" ~ N,

because we have z,a,y € N. Therefore L[E]((z®a) @y)Y isa (2D a) @ y)-
premouse which satisfies property (2), because it has the same sets of reals
and the same OD-sets of reals as N and hence as before

LIE)((z ® a) ® y)¥ E ~OD-determinacy.

Moreover L[E]((z ® a) ® y)" inherits condition (1) from N.

Since L[E]((z®a)@y)" is a fully backgrounded extender construction inside
the wi-iterable mouse N it is wy-iterable itself by §12 in [MS94]. Therefore
LIE)((z@®a) ®y)" satisfies properties (1), (2) and (4). By property (3*) for
the z-premouse N we additionally have that L[F]((z@a)®y)" also satisfies
property (3).

Since o is a winning strategy for player II in the original game G, we have
that if a, b, z and y are as above, then

adb ¢ Apn,
for all ((z ® a) ® y)-premice N’ satisfying properties (1) — (4), where Ay
denotes the least non-determined OD-set of reals in N’. Now let
N'=LIE]((z ® a) & y)",
so we have that in particular N’ is a ((z ® a) @ y)-premouse and satisfies
properties (1) — (4) as above.

As in the previous case where we assumed that player I has a winning
strategy in G, we want to show that

Ay = An

in order to conclude that ¢* is a winning strategy for player II in the Gale-
Stewart game with payoff set Ay played inside N, using that N’ satisfies
properties (1) — (4) as argued above.

Using L[E]((z @ a) @ y) ~ N it follows that
N~ N',
and thus Ay = Ay, as desired. O
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This finishes the proof of Lemma [2.3 U

2.4. Applications. This section is devoted to two important corollaries of
Lemma [2.3] which are going to be used in Sections [2.5] and

Corollary 2.22. Letn > 1. Assume that Mf_l(aj) exists and is wi -iterable
for all x € “w and that all Z}LH—deﬁnable sets of reals are determined. Then

w1 s measurable in HODMn—1(®)o

for a cone of reals x.

Proof. This follows from Lemma [2.3| with a generalized version of Solovay’s
theorem that, under the Axiom of Determinacy AD, w; is measurable. In
fact Solovay’s proof shows that OD-determinacy implies that w; is measur-
able in HOD. For the readers convenience, we will present a proof of this
result, following the proof of the classical result as in Theorem 12.18 (b) in
[Sch14] or Lemma 6.2.2 in [SchSt].

Lemma 2.3] yields that
M,,_1(x)|6; F OD-determinacy,

for a cone of reals z. Let © € “w be an arbitrary element of this cone and
let us work inside M,,_1(x)|d, for the rest of the proof. We aim to define

.. d
a < wi-complete ultrafilter U inside HODMn-1(@)10z oy w1 ief wi\/ln_1(:c)\61 =

w{wn_l(x), witnessing that w; is measurable in HODMn-1(#)10z

Let n,m — (n,m) be the Gddel pairing function for n,m < w and recall

that

WO def {z € “w | R, is a well-ordering},

where we let (n,m) € R, iff z((n,m)) =1 for x € “w. For y € WO we write
||ly|| for the order type of R, and for x € “w we let

|z| = sup{[|y|| | y € WO Ay = z}.

Consider the set S = {|z| | * € “w} and let 7 : w; — S be an order
isomorphism. Now we define the filter &/ on wy as follows. For A C wy such
that A € OD we let

AelU iff {xr e“w]||z| € 7 A} contains a cone of reals.
Claim 1. Y N HOD is a < w{\/["’l(m)-complete ultrafilter in HOD.

Proof. The set {z € “w | |z| € 77 A} is Turing invariant. Therefore we have
that OD-Turing-determinacy implies that the set {z € “w | |z| € 77 A} for

A € OD either contains a cone of reals or is completely disjoint from a cone
of reals. Hence we have that &/ N HOD is an ultrafilter on wy; = w{wn*l(‘r) in
HOD. Moreover the following argument shows that this ultrafilter / "HOD

is < w{\/l”’l(x)—complete in HOD.
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Let {A, | @« < v} C U NHOD be such that {4, | a« < v} € HOD for an
ordinal v < w{w "1 Then there is a sequence (aq | @ < =) of reals such
that for each o < 7, the real a, is a base for a cone of reals contained in
{z €“w | |z| € 77 Ay}. Since vy < w{w’“l(x), we can fix a bijection f :w — vy
in M,,—1(z). But then P, as,) is a base for a cone of reals contained in

(M{ze“w||z|en A} ={z € w||z]ex” [ Aa}.

a<y a<ly
So we have that ﬂa<y Ao € U N HOD and thus the filter & N HOD is
< w{wn*l(x)—complete. O

Therefore YNHOD witnesses that w{wn*l(w) is measurable in HODMn-1(@)l0z
O

In what follows we will prove that in the same situation as above wéw n-1(@)

is strongly inaccessible in HODM»-1(®)l% which is another consequence of

Lemma 2.3] This is going to be used later in Section [3.6
In fact the following theorem holds true. It is due to the third author and a

consequence of the “Generation Theorems” in [KW10] (see Theorem 5.4 in
[KW10]).

Theorem 2.23. Let n > 1. Assume that M:f_l(w) exists and is wy-iterable
for all x € “w and that all E}L+1—deﬁnable sets of reals are determined. Then
for a cone of reals x,

wé\/[”_l(x) is a Woodin cardinal in HODMn-1()l0z

In order to make this paper more self-contained, we shall not use Theorem
[2:23] here, though, and we will give a proof of the following theorem, which
is essentially due to Moschovakis, and will be used in Section [3.6] A version
of it can also be found in [KW10] (see Theorem 3.9 in [KW10]). The proof
shows in fact that OD-determinacy implies that wo is inaccessible in HOD.

Theorem 2.24. Let n > 1. Assume that Mf_l(:n) exists and is wy-iterable
for all x € “w and that all Z}LH—deﬁnable sets of reals are determined. Then
for a cone of reals x,

My —1 () )16
5 .

w 1s strongly inaccessible in HODMn-1(

Proof. Using Lemma we have as above that there is a cone of reals x
such that
M,,—1(z)|6; F OD-determinacy.

Let  be an element of that cone.
Claim 1. We have that wéw"*l(x) = (09)Mn-1(®) where

©¢ = sup{a | there exists an OD -surjection f :“w — a}.
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Proof. Work inside the model M,,_1(x). Since CH holds in M,_1(x), it
follows that ©y < ws. For the other inequality let o < wo be arbitrary.
Then there exists an OD,-surjection ¢ : “w — « because by definability
(using the definability results from [St95]) we have that

Mn_l(m)|wé\/["’1(m) C HODyn—l(.Z’) .

This implies that there is an OD-surjection f : “w X “w — « by varying x
and thus it follows that o < ©y. O

Work inside the model M,,_1(z)|d, from now on and note that it is trivial
that ©¢ = w» is a regular cardinal in HOD. So we focus on proving that wo
is a strong limit. For this purpose we fix an arbitrary ordinal a@ < wo and
prove that |P(a)HOP| < ws.

Since a < wy = B, we can fix a surjection f : “w — « such that f € OD.
This surjection f induces a prewellordering <;€ OD on “w if we let

z <yyiff f(z) < f(y)
for z,y € “w. Now consider the pointclass X}(<) which is defined as
follows. For a set of reals A (or analogously for a set A C (“w)* for some
k < w) we say A € £{(<y) iff there is a Tp-formula ¢ and a real z € “w
such that
A={yec®w|Irc“wo(y,z, <f“w\ <f,2)}.

The pointclass ¥1(< ) is defined analogous without the parameter z. We
have that there exists a universal ${(<s)-definable set U C “w x “w for the
pointclass 31(<¢). So we have that for every 31(<y)-definable set A there
exists a z € Yw such that A = U, = {x € “w | (z,2) € U}. Now it suffices
to prove the following claim.

Claim 2. Let X C « with X € OD be arbitrary. Then there exists a
21H(<y)-definable set A C “w such that X = f7 A.

Using Claim [2| we can define a surjection

g:%w—P(a)NOD
such that g € OD by letting g(z) = f"U, for z € “w. This yields that we
have |P(a)HOP| < wy as desired.

Therefore we are left with proving Claim [2| to finish the proof of Theorem
The proof of Claim [2]is mainly a special case of Moschovakis’ Coding
Lemma as in Theorem 3.2 in [KW10], so we will outline the proof in this
special case.

Proof of Claim[3. Let X € P(a) N OD be arbitrary. We aim to show that
there is a real z € “w such that X = f”U,. Let

B={zec%w| f"U, C X}.
Moreover let «, for z € B be the minimal ordinal 5 such that 5 € X\ f"U,,
if it exists. We aim to show that there exists a real z € B such that o, does
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not exist. So assume toward a contradiction that the ordinal o, exists for
all z € B.

Now consider the following game G of length w, where player I and player
II alternate playing natural numbers such that in the end player I plays a
real x and player II plays a real y.

I |z

w
i for z,y € “w.

We define that player I wins the game G iff
r€BA(Yy€B—=a; > aq).
Note that we have B € OD since f,U, X € OD. Therefore the game G is

OD and thus determined by our hypothesis.

Assume first that player I has a winning strategy ¢ in G. For a real y let
(o xy)1 denote player I’s moves in a run of the game G, where player II plays
y and player I responds according to his winning strategy o. Then there
exists a real zgp such that

Uzo = U{U(a*y)I ‘ y e ww}

because the right hand side of this equation is 3{(<y)-definable by choice
of U. Since o is a winning strategy for player I, we have that (o *y); € B
for all y € “w and thus it follows that zg € B. Moreover we have that
Qgwy); < Az, for all y € “w by definition of z.

Now we aim to construct a play z* for player II defeating the strategy o.
Since f : Yw — « is a surjection we can choose a € “w such that f(a) = a,.
Moreover we let z* € “w be such that U, = U,, U {a}. Then we have that

Uz = f7U, U{f(a)} = f7U,, U{az} C X,
since zg € B. Hence z* € B. Moreover we have that
Qe > Oz Z Qguy);

for all y € “w. Therefore player II can defeat o by playing the real z*,
contradicting the fact that ¢ is a winning strategy for player 1.

Assume now that player II has a winning strategy 7 in the game G. Let
ho: “wx“w— “w
be a X}(<)-definable function such that for all y, 2z € “w,
Uhg(zp) = U= {z € “w | f(z) < f(y)}-
Choose hy : Yw — “w such that hq is Z%(Sf)—deﬁnable and

Uni(2) = | {Utho(eyeryy N {2 € “w | f(2) = F(y)} |y € “w},

where the notion (ho(z,y) * 7)1 is defined analogous to the corresponding
notion for player I introduced above. By Kleene’s Recursion Theorem (see
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for example Theorem 3.1 in [KW10]) there exists a fixed point for h; with
respect to the set U, that means there exists a real z* € “w such that we
have

Uz = Upy(zv)-
Now our first step is to prove that z* € B. Assume toward a contradiction
that (f”U.) \ X # 0 and let 79 € (f”U,+) \ X be minimal. Moreover let
yo € U~ be such that f(yo) = 0. Then
Y0 € Uz = f7Up, (2%

and by definition of the function h; it follows that Yo € f7 U (z+ yo)sr)u-
Since vy was picked to be minimal in (f”U,+) \ X, we have ho(z*,yo9) € B
because we have by definition that

Uhg(z%,y0) = Uz N{z € “w [ f(z) < f(yo)} = Uer N{z € “w | f(z) <0}
and thus f7Up x4, © X. Since 7 is a winning strategy for player 1I, we
have that (ho(z*,y0) * 7)1 € B. Taken all together it follows that

Yo € f7 U(ho(z*,yo)*T)H C X.
This contradicts the fact that y9 € (f7U,«) \ X.

Recall that we assumed toward a contradiction that the ordinal o« exists.
Let a* € “w be such that

fla®) = az-
and note that such an a* exists since f : “w — « is a surjection and a,+ < a.
Then we have by definition of the function hgy that ho(z*,a*) € B because
z* € B. Moreover we have that a,« = aj,(.+ q+) holds by definition of a+
since f(a*) = a,+. As 7 is a winning strategy for player II in the game G,
we finally have that
Q(hgo(z*,a*)*T)11 > Qpg(z*,a%) = Qzx,

because ho(z*,a*) € B. This contradicts the fact that
Utho(2*,a%)sr)n C Uny(z7) = Uz,

by definition of a,« and a(p,(z+ ¢*)«r);- Therefore the ordinal a+ does not

exist and thus we finally have that f”U,~ = X, as desired. O
This finishes the proof of Theorem [l

2.5. A Proper Class Inner Model with n Woodin Cardinals. In this
section we are now able to apply the results from the previous sections to
show the existence of a proper class inner model with n Woodin cardinals
from determinacy for IL}- and II}, , -definable sets (if we assume inductively

that IT! determinacy implies that Mf_l(x) exists and is w-iterable for all

x € “w). This is done in the following theorem, which is a generalization of
Theorem 7.7 in [St96] using Lemma [2.3| and Corollary



MICE FROM OPTIMAL DETERMINACY HYPOTHESES 45

Theorem 2.25. Let n > 1. If Mrﬁl(a}) exists and is wi-iterable for all
x € “w and all Z}LH—deﬁnable sets of reals are determined, then there exists
a proper class inner model with n Woodin cardinals.

We are not claiming here that the model obtained in Theorem [2.25]is iterable
in any sense. We will show how to construct an w;-iterable premouse with n
Woodin cardinals using this model in the next section, but for that we need
to assume slightly more determinacy (namely a consequence of determinacy
for all 3!, ;-definable sets of reals).

Proof. As before let §, denote the least Woodin cardinal in M, (z) if n > 1
and let 0, denote the least z-indiscernible in L[z] = My(x) if n = 1. Then
we have that according to Lemma [2.3] there is a real x such that for all reals
Yy >7T X,

M;,_1(y)|6y E OD-determinacy.

Fix such a real z.

In the case n = 1 we have that Theorem immediately follows from
Theorem 7.7 in [St96], so assume n > 1.

Let (K¢)Mn-1(#)l0z denote the result of a robust-background-extender K°-
construction in the sense of Chapter 1 in [Je03|] performed inside the model
M,,—1(x)|6;. Then we distinguish three cases as follows.

Case 1. Assume that (K¢)M»-1()% has no Woodin cardinals and is fully
iterable inside M,,_1(x)|d, via the iteration strategy ¥ which is guided by
Q-structures as in Definition

In this case we can isolate the core model KMn-1()10 helow 0z as in Theorem
1.1 in [JS13]. Then the core model KMn-1(®)l% is absolute for all forcings of
size less than 0, over M,,_1(z)|d, and moreover KMn-1(@)l0z gatisfies weak
covering (building on work in [MSchSt97] and [MSch95]). That means we

have that M,,_1(z)|0, F “(a™)® = a*” for all singular cardinals o.

Let o = X' Then a is singular in M,,_;(x), so we have in particular

that

Mn—l(x)’(sa: E ca(a+)K — Oé+”,
Moreover we have that « is a cutpoint of M,,_1(z). So let z € “w be generic
over My_1(z) for Col(w, ). Then for y = x & z we have that

My—1(z)[2] = Mp_1(y),

where we construe Mf_l(m) [z] as a y-mouse and as a y-mouse Mf_l(x)[z] is

sound and pw(Mf_l(x)[z]) = y (see [SchSt09] for the fine structural details).
Moreover we have that

M, —1(y)|6, E OD-determinacy,
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since y >7 x. This implies that
M,,—1(z)[2]|0, E OD-determinacy.
Now work in the model M,,_1(x)[2]|d,. Then we have that OD-determinacy

implies that w; is measurable in HOD as in Corollary

Since K C HOD and we have that w; = (at)¥, it follows that w; =
(at)HOD But HOD F AC, so in particular in HOD all measurable car-
dinals are inaccessible. This is a contradiction.

Case 2. Assume that there is a Woodin cardinal in (K¢)Mn-1()%

In this case we aim to show that there exists a proper class inner model with
n Woodin cardinals, which is obtained by performing a fully backgrounded
extender construction inside M,,_1(x) on top of the model

(KC)Mnfl(x)\zSz ’ 5

where § denotes the largest Woodin cardinal in (K¢)Mn-1()l0z

We can assume without loss of generality that there is a largest Woodin
cardinal in the model (K¢)Mr-1(#)10= if it has a Woodin cardinal, because if
there is no largest one, then (K C)M"*(I)“Sz already yields a proper class inner
model with n Woodin cardinals by iterating some large enough extender
out of the universe. By the same argument we can in fact assume that
(K€)Mn-1(@)10z j5 (n, — 1)-small above 4.
Let

(Mg,./\/g | £ € Ord)
be the sequence of models obtained from a fully backgrounded extender
construction above (K¢)Mrn-1(®)1%|§ inside M,_i(z) as in Definition m
where

Mey1 = Co(Ney1)
and let

L[E]((KC)Mnfl(w)wx | 5)Mn71(90)

denote the resulting model.

Case 2.1. There is no £ € Ord such that § is not definably Woodin over
the model M.

In this case § is a Woodin cardinal inside L[E]((K¢)Mn-1@)0z | §)Mn-1(z) and
it follows by a generalization of Theorem 11.3 in [MS94] that we have that
L{E]((K¢)Mn-1(@)0z | §YMn-1(2) is 5 proper class inner model with n Woodin
cardinals, as desired.

Case 2.2. There exists a £ € Ord such that § is not definably Woodin over
the model Mg 4.
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Let ¢ be the minimal such ordinal. In this case the premouse Mg is
(n —1)-small above ¢ (see the proof of Claim [I|in the proof of Lemma [2.19)
and we have that

M§+1 S Mn_l(x)léx

Consider the coiteration of Mg, and (K¢)Mn-1@)0 ingide M,,_1(z)|d,.

Claim 1. The coiteration of Mgy and (K¢)Mr—1@)0s jnside M, (x)|d,
is successful.

Proof. First of all we have that the coiteration takes place above ¢ and the
premouse Mg, is wi-iterable above ¢ in V' by construction (see [MS94]).
Therefore the proof of Lemma (2) yields that in the model M,,_1(x)|0,

we have that M is iterable for iteration trees in Hévjn*l(w) which are above

d, since Mgy € My—1(2)|d, is (n — 1)-small above 5 and Pu(Meyr) < 6.
Moreover we have that (K¢)Mr-1(#)% ig countably iterable above & inside
My _1(z)|6; by [Je03] (building on the iterability proof in Chapter 9 in
[St96]).

Assume now toward a contradiction that the coiteration of (K¢)Mn-1(2)l%
with M1 inside M,,_1(x)|0; is not successful. Since as argued above Mg
is iterable above ¢ inside M,,_1(z)|d, and the coiteration takes place above
§ this means that the coiteration has to fail on the (K¢)Mn-1(®)%_gide,

The premouse (K¢)Mr-1(#)10z i5 agsumed to be (n — 1)-small above ¢ and
therefore the fact that the coiteration of (K¢)Mn-1()0z and My fails on
the (K¢)Mn-1(®)l%_gside, implies that there exists an iteration tree 7 on
(K€)Mn-1(@)0 of limit length such that there is no Q-structure Q(7) for
T such that Q(7) < Mf_Q(M(T)) and hence

MP ,(M(T)) E “6(T) is Woodin”.

In particular we have that the premouse Mf_Q(M(T)) constructed in the
sense of Definition is not (n — 2)-small above §(7) since otherwise it
would already provide a Q-structure Q(7) for 7 which is (n — 2)-small
above (7).

Let M be the Mostowski collapse of a countable substructure of M,,_1(x)|d,
containing the iteration tree 7. That means for a large enough natural
number m we let M, X and o be such that

M=>=X <2 Mn_1<$)’(5$,

where

o: M — M, 1(x)|6;
denotes the uncollapse map such that we have a model K in M with
o(Kly) = (KC)M"_*l(x”‘sf\a(y)_for every ordinal v < M N Ord, and we have
an iteration tree 7 on K in M with o(7) = 7. Moreover we let 6 € M be

such that o(9) = 4.
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By the iterability proof of Chapter 9 in [St96] (in the version of [Je03])
applied inside the model M, _1(z)[0;, there exists a cofinal well-founded
branch b through the iteration tree 7 on K above §. Moreover we have that

M? (M(T)) E “6(T) is Woodin”

and M7 ,(M(T)) is not (n — 2)-small above §(7).

Consider the coiteration of ./\/lZ— with Mf_Q(M(’T )) and note that it takes
place above §(T). Since Mf_ﬂ./\/l(’f)) is wi-iterable above §(7) and MZ_—
is iterable above & < §(T) by the iterability proof of Chapter 9 in [St96] (in
the version of [Je03]) applied inside M, 1(z)|d., the coiteration is successful
using Lemma (2). We have that M] cannot lose the coiteration by the

following argument. If there is no drop along the branch b, then M? cannot
lose the coiteration, because then there is no definable Woodin cardinal in
/\/le above § by elementarity, but at the same time we have that

M? ,(M(T)) E “6(T) > & is Woodin”.

If there is a drop along b, then M? also has to win the coiteration, because
we have that pw(MZ) < 6(T) and pw(Mf_Q(M(T))) =6(T).

That means there is an iterate R* of /\/l;r and a non-dropping iterate M*
of Mf_Q(M(f)) such that M* <R*. We have that M* is not (n — 1)-small
above d, because Mf_Q(M(T)) is not (n — 1)-small above § as argued above
and the iteration from M¥ ,(M(T)) to M* is non-dropping. Therefore it
follows that R* is not (n—1)-small above § and thus ./\/l;r is not (n—1)-small
above 9. By the iterability proof of Chapter 9 in [St96] (in the version of
[Je03]) we can re-embed the model M into a model of the (K¢)Mn-1(@)d:_
construction above (K¢)Mn-1(@)10z | § This yields that (K¢)Mr-1®)0z js not
n-small, contradicting our assumption that it is (n — 1)-small above 6. [

From Claim (1] it now follows by universality of (K¢)M»-1(®)% above § (see
Theorem 4 in [Je03]) that the (K¢)Mn-1(#)l% _side has to win the comparison.
That means there is an iterate K* of (K¢)Mn-1(@)l% and an iterate N* of
M 41 which is non-dropping on the main branch such that

N*<K*.

But this is a contradiction, because we assumed that § is not definably
Woodin over Mg, and at the same time we have that

(KC)M"*(””W” E “) is a Woodin cardinal”.

This finishes the case that there is a Woodin cardinal in (K¢)Mnr-1()l
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Case 3. Assume that there is no Woodin cardinal in (K¢)Mr-1(®)I%z and
that the premouse (K¢)M»-1(®)l% is not fully iterable inside M,_1(x)|d, via
the Q-structure iteration strategy ¥ (see Definition .

The failure of the attempt to iterate (K C)M"*(:”)"sl via the O-structure
iteration strategy > implies that there exists an iteration tree 7 of limit
length on (K¢)Mn—1@)l% in M, (x)|d, such that there exists no Q-structure
for T inside the model M,,_;(x)|d.

Let
(Mg, Ne | € € Ord)
be the sequence of models obtained from a fully backgrounded extender
construction above M(T) inside M,,_1(z) as in Definition where
Mei1 = CoNey1)
and let
LIE|(M(T)) M=)

denote the resulting model.

Case 3.1. There is no & € Ord such that 6(7) is not definably Woodin over
the model M¢q.

In this case 6(7) is a Woodin cardinal inside L[E](M(T))M»-1(*) and it
follows as in Case 2.1 by a generalization of Theorem 11.3 in [MS94] that
L[E](M(T))Mn-1(=) is a proper class inner model with n Woodin cardinals,
as desired.

Case 3.2. There exists a £ € Ord such that §(7) is not definably Woodin
over the model Mg¢.

Let £ be the minimal such ordinal. In this case the premouse Mg is
(n — 1)-small above §(7) and we have that
M§+1 S Mn_l(l')’ém.

But then Mg > M(T) already provides a Q-structure for 7 inside the
model M,,_1(x)|d, because §(7) is not definably Woodin over Mg, . This
is a contradiction. O

Note that all results we proved in this section under a lightface determinacy
hypothesis relativize to all x € “w if we assume the analogous boldface
determinacy hypothesis. We just decided to present the results without
additional parameters to simplify the notation.

3. PROVING ITERABILITY

With Theorem we found a candidate for M,, in the previous section,
but we still have to show its iterability. We will in fact not prove that this
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candidate is iterable, but we will use it to construct an wi-iterable premouse
M in the case that n is odd. (Note here already that we will give a different
argument if n is even.)

We do parts of this in a slightly more general context and therefore intro-
duce the concept of an n-suitable premouse in Section [3.I} which will be a
natural candidate for the premouse M, |(63 )", where dy denotes the least
Woodin cardinal in M,,. Using n-suitable premice we will show inductively
in Sections and that under a determinacy hypothesis M# exists and
is wi-iterable.

In this section again all results we are going to prove under a lightface
determinacy hypothesis relativize to all x € “w under the analogous boldface
determinacy hypothesis.

3.1. Existence of n-suitable Premice. After introducing pre-n-suitable
premice and proving their existence from the results in the previous section,
we aim to show in this section that pre-(2n — 1)-suitable premice, which are
premice with one Woodin cardinal which satisfy certain fullness conditions,
also satisfy a weak form of iterability, namely short tree iterability. In fact
we are going to show a slightly stronger form of iterability which includes
that fullness properties are preserved during non-dropping iterations. This
will in particular enable us to perform certain comparison arguments for
(2n — 1)-small premice and will therefore help us to conclude wy-iterability
for some candidate for M;ﬁhl.

Recall that in what follows by “MFF exists” we always mean that “M# exists
and is wi-iterable”.

A lot of the results in this section only hold true for premice at the odd
levels of our argument, namely (2n — 1)-suitable premice. This results from
the periodicity in the projective hierarchy in terms of the uniformization
property (see Theorem 6C.5 in [Mo09]) and the periodicity in the correctness
of M7’ (see Lemmas and . This behaviour forces us to give a
different proof for the even levels of our argument in Section [3.6

We start by introducing pre-n-suitable and n-suitable premice. Our defini-
tion will generalize the notion of suitability from Definition 3.4 in [StW16]
to n > 1. For technical reasons our notion slightly differs from n-suitability
as defined in Definition 5.2 in [Sal3].

Definition 3.1. Let n > 1 and assume that Mf_l(m) exists for all x € “w.
Then we say a countable premouse N is pre-n-suitable iff there is an ordinal
§ <wl such that

(1) NE “ZFC™ + ¢ is the largest cardinal”,
N = My 1 (N|§) | (5+)n-s¥19),
(2) Myp—1(N|0) is a proper class model and
My,_1(N|9) E “5 is Woodin”,
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(8) for every v <6, Mp_1(N|y) is a set, or
M,_1(N|y)E “ is Woodin”,

and
(4) for everyn <6, M,_1(N|0) E “N|J is n-iterable”.

Recall the definition of the premouse M,,_;(N|J) from Definition If N
is a pre-n-suitable premouse, we denote the unique ordinal ¢ from Definition
by dx, analogous to the notation fixed in Section 2.1

Whenever we assume that some premouse N is pre-n-suitable for some n >
1, we in fact tacitly assume in addition that the premouse M#fl(:c) exists

for all z € “w (or at least that the premouse Mf_l(Nlé) exists).

Remark. Clearly, if it exists, M,|(67)» is a pre-n-suitable premouse for
n > 1, whenever ¢ denotes the least Woodin cardinal in M,,.

Remark. We have that for n > 1, if N is a pre-n-suitable premouse, then N
is n-small.

We first show that the proper class inner model with n Woodin cardinals we
constructed in the proof of Theorem yields a pre-n-suitable premouse,
if we cut it off at the successor of its least Woodin cardinal and minimize it.

Lemma 3.2. Let n > 1. Assume that Mf_l(x) exists for all x € “w and
that all ., |-definable sets of reals are determined. Then there exists a
pre-n-suitable premouse.

Proof. Let W be the model constructed in Cases 2 and 3 in the proof of
Theorem [2.25] Cutting off at the successor of the bottom Woodin cardinal §
yields a premouse N = W|(6+)"W which satisfies conditions (1) and (2) in the
definition of pre-n-suitability, in the case that the premouse (K C)M”—l(‘”)wz
from the proof of Theorem is (n — 1)-small above 0. Otherwise we
can easily consider an initial segment N of (K¢)Mn-1@)0z which satisfies
conditions (1) and (2). Let N’ be the minimal initial segment of N which
satisfies conditions (1) and (2) and note that we then have that N’ satisfies
condition (3).

This premouse N'|¢" is countably iterable inside M,,_1(x) by Corollary 2 in
[Je03] (using the iterability proof from Chapter 9 in [St96]), where z is a
real as in the proof of Theorem [2.25] such that the model W as above is
constructed inside the model M,,_1(z) and ¢ denotes the largest cardinal
in N’. The Q-structures for iteration trees 7 on N’|¢" are (n — 1)-small
above the common part model and are therefore contained in the model
M, _1(N'|¢') by arguments we already gave several times before. Thus it
follows that N’|¢" is n-iterable inside M,,_1(N’|¢") for all n < ¢’. Therefore
we have that condition (4) holds as well for N'. O

We can show that the following weak form of condensation holds for pre-n-
suitable premice.
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Lemma 3.3 (Weak Condensation Lemma). Let N be a pre-n-suitable pre-
mouse for somen > 1 and let 6y denote the largest cardinal in N. Let v be
a large enough countable ordinal in V' and let H be the Mostowski collapse

of Hull%’“l(NwN)h({&N}) for some large enough natural number m. Then

H <1 My,_1(N|5x).

Proof. First consider X = Hull%”‘l(N‘éN)w(aU {6n}) with X Nédy = a and
let H' be the Mostowski collapse of X. Then H’ is wi-iterable in V' above
a as M,_1(N|dy) is wi-iterable in V' above dy. Moreover condition (4)
in the definition of pre-n-suitability implies that N|dy is n-iterable inside
M, _1(N|dn) for every n < dn.

We want to show that H' <t N|dx, so assume this is not the case. As H' €
M, —1(N|dn) this yields that there is a & < dn such that over N||{ there is
an rX-definable subset of « for some k < w witnessing p,,(NV||£) < a which
is not definable over H’. Consider the coiteration of the premice H’ and
N||€ inside M,,—1(N|on) which takes place above « and let 7 and U be the
corresponding iteration trees on H' and N||§ according to the Q-structure
iteration strategy. Assume towards a contradiction that the comparison does
not terminate successfully. As N||¢ is iterable inside M,,_1(N|dx ) this means
that T is of limit length and there is no cofinal well-founded branch through
T according to the Q-structure iteration strategy. As H' is wq-iterable in V,
there is such a branch b in V. Moreover the N||¢-side provides Q-structures
for the H'-side of the coiteration inside M,_1(N|dyx). Hence the branch b
is in fact in M, _1(N|dn) and the coiteration terminates successfully. So
there are iterates H* of H' and N* of N||§ such that H* < N*. In fact,
H' < N||¢ < N|dy since the coiteration takes place above a, p,(H') < a,
pw(N||€) < a, and both premice are sound above «.

Now let H be the Mostowski collapse of Hull%"il(NwN)h({(SN}). Then
H is equal to the Mostowski collapse of Hull®'({5yx}). Condition (4) in
the definition of pre-n-suitability suffices to prove the usual condensation
lemma (see for example Theorem 5.1 in [St10]) for proper initial segments
of N|dn, so in particular for H'. Therefore it follows that H < H' < N|dn,
as desired. g

Analogous to Definitions 3.6 and 3.9 in [StW16] we define a notion of short
tree iterability for pre-n-suitable premice. Informally a pre-n-suitable pre-
mouse is short tree iterable if it is iterable with respect to iteration trees for
which there are Q-structures (see Definition which are not too compli-
cated. For this definition we again tacitly assume that Mf_l(x) exists for
all reals x.

Definition 3.4. Let T be a normal iteration tree of length < w} on a pre-
n-suitable premouse N for some n > 1 which lives below 6. We say T is

short iff for all limit ordinals X < 1h(T") the Q-structure Q(T | \) exists, is
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(n —1)-small above §(T | A) and we have that
QT 1A aM],
and if T has limit length we in addition have that Q(T) exists and
Q(T) < My—1(M(T)).
Moreover we say T is maximal iff T is not short.

The premouse M,_1(M(T)) in Definition [3.4]is defined as in Definition

Definition 3.5. Let N be a pre-n-suitable premouse for somen > 1. We
say N is short tree iterable iff whenever T is a short tree on N,

(2) if T has a last model, then every putativeﬁ iteration tree U extending
T such that Ih(U) =1h(T) + 1 has a well-founded last model, and

(ii) if T has limit length, then there exists a unique cofinal well-founded
branch b through T such that

(b, T) = QT).

Remark. At this point in contrast to the notion of short tree iterability for 1-
suitable premice in [StW16] we do not require the iterate of a pre-n-suitable
premouse via a short tree to be pre-n-suitable again. The reason for this is
that in the general case for n > 1 it is not obvious that this property holds
assuming only our notion of short tree iterability as defined above. We will
be able to prove later in Lemma that this property in fact does hold
true.

Because of the periodicity in the projective hierarchy (see also [St95] for
the periodicity in the definition of IT!-iterability) the proof of the following
lemma only works for odd levels of suitability.

Lemma 3.6. Let n > 0 and assume that Mzﬁ(az) exists for all x € “w. Let
N be a pre-(2n+ 1)-suitable premouse. Then the statement “N is short tree
iterable” as in Definition is H%nw—deﬁnable uniformly in any code for
the countable premouse N.

4Recall that we say an iteration tree U is a putative iteration tree if U satisfies all properties
of an iteration tree, but we allow the last model of U to be ill-founded, in case U has a
last model.
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Proof. The statement “N is short tree iterable” can be phrased as follows.
We first consider trees of limit length.

VT tree on N of limit length ¥V (Q) | A < 1h(7) limit ordinal),
if for all limit ordinals A < 1h(7),
Q, is IT3,, -iterable above §(7 | A), 2n-small above 5(7 | \),
solid above 6(7 [ A) and a Q-structure for 7 [ A\, and
if for all limit ordinals A < 1h(7) we have @y < M7, then
3b cofinal branch through 7 such that Q) I M .

This statement is T3, o-definable uniformly in any code for NV since 13, i1
iterability above §(7 | A) for Q) is I}, ;-definable uniformly in any code
for Q). For trees of successor length we get a similar statement as follows.

VT putative tree on N of successor length V (Qy | A < 1h(7) limit ordinal),
if for all limit ordinals A < 1h(7),
Q, is IT3,,,1-iterable above (7 [ \), 2n-small above 6(7 [ \),
solid above (7 [ A) and a Q-structure for 7 [ A, and

if for all limit ordinals A < 1h(7") we have Q) < MJ, then
the last model of T is well-founded.

As above this statement is also II3, , ,-definable uniformly in any code for
N. Moreover the conjunction of these two statements is equivalent to the
statement “N is short tree iterable”, because the relevant Q-structures Qy
for limit ordinals A < 1h(7") are 2n-small above 6(7 | A\) and thus Lemma
implies that for them it is enough to demand II3,  -iterability above
O(T T A) to identify them as a Q-structure for 7 | A since we assumed that

M;i(a:) exists for all € “w. O
From this we can obtain the following corollary using Lemma 1.1

Corollary 3.7. Let n > 0 and assume that Mi(az) exists for all x € “w.
If N is a pre-(2n + 1)-suitable premouse, then N is short tree iterable iff N
s short tree iterable inside the model Mgn(N\éN)COI(w"SN), where O again
denotes the largest cardinal in N.

Proof. Let N be an arbitrary pre-(2n + 1)-suitable premouse. By Lemma
we have that short tree iterability for N is a II3, , ,-definable statement
uniformly in any code for N. Therefore we have by Lemma that N is
short tree iterable inside the model Moy, (N|dy)C@IN) iff N is short tree
iterable in V, because the model My, (N|6y)Co@9N) is % correct in
V. O

In what follows we aim to show that every pre-(2n + 1)-suitable premouse
N is short tree iterable. In fact we are going to show a stronger form of
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iterability for pre-(2n + 1)-suitable premice, including for example fullness-
preservation for short trees. This means that for non-dropping short trees
T on N of length A + 1 for some ordinal A < w} the resulting model of
the iteration M7 is again pre-(2n + 1)-suitable. Here we mean by “non-
dropping” that the tree 7 does not drop on the main branch [0, A]7. If this
property holds for a pre-(2n + 1)-suitable premouse N we say that N has a
fullness preserving iteration strateqy for short trees. Moreover we also want
to show some form of iterability including fullness-preservation for maximal
trees on N. Premice which satify all these kinds of iterability we will call
(2n + 1)-suitable.

The exact form of iterability we are aiming for is introduced in the following
definition.

Definition 3.8. Assume that Mf_l(ac) exists for all x € “w and let N be a
pre-n-suitable premouse for some n > 1. Then we say that the premouse N
is n-suitable iff

(1) N is short tree iterable and whenever T is a short tree on N of length
A+ 1 for some ordinal A < wY which is non-dropping on the main
branch [0, \|7, then the final model M;\r is pre-n-suitable, and

(i) whenever T is a maximal iteration tree on N of length \ for some
limit ordinal A < wY according to the Q-structure iteration strategy,
then there exists a cofinal well-founded branch b through T such that b
is mon-dropping and the model MZ— is pre-n-suitable. In fact we have
in this case that

M = My (M(T))|(5(T)+)Ma=aM(T)),

Now we are ready to prove that every pre-(2n + 1)-suitable premouse is in
fact already (2n + 1)-suitable, using the iterability we build into condition
(4) of Definition [3.1]in form of the Weak Condensation Lemma (see Lemma

3.3).-

Lemma 3.9. Let n > 0 and assume that MZ#:L(J)) exists for all x € “w.
Let N be an arbitrary pre-(2n + 1)-suitable premouse. Then N is (2n + 1)-
suitable.

Proof. Let N be an arbitrary pre-(2n + 1)-suitable premouse and let W =
M, (N|én) be a premouse in the sense of Definition where d as usual
denotes the largest cardinal in N. That means in particular that N =
W)™

We want to show that N is (2n + 1)-suitable. So we assume toward a
contradiction that this is not the case. Say this is witnessed by an iteration
tree 7 on N.

We want to reflect this statement down to a countable hull. Therefore let
m be a large enough natural number, let 6 be a large enough ordinal such

that in particular
Wl <s, W
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and
W|6 E ZFC™,
where ZFC™ denotes ZFC without the Power Set Axiom, and let

w

[l 2

HullV9({65}) < W0,
where W is the Mostowski collapse of Hully, |0({5 ~N}) and
o: W — HullV({5x51)

denotes the uncollapse map such that §y € ran(c) and o(8) = dy for some
ordinal 0 in W. Then we have that W is sound, ppm+1 (W) = w, and the
Weak Condensation Lemma |3.3| yields that

W aW.

Case 1. 7T is short and witnesses that IV is not short tree iterable.

For simplicity assume in this case that 7 has limit length since the other
case is easier. Then 7 witnesses that the following statement ¢;(N) holds
in V.

$1(N) = 3T tree on N of length A for some limit ordinal A < wy’
3(Qy | v < A limit ordinal), such that for all limit ordinals v < A,
Q, is IT},, 1-iterable above &(7 | ), 2n-small above 3(7 | 7),
solid above (7T [ v) and a Q-structure for 7 [ -y, and
for all limit ordinals v < A we have @, < M7, but
there exists no cofinal branch b through 7 such that Q) I M] .

We have that ¢1(N) is ¥3,, ,-definable uniformly in any code for N as in
the proof of Lemma See also the proof of Lemma for the case that
T has successor length.

Case 2. T is a short tree on N of length A + 1 for some ordinal A < w}’
which is non-dropping on the main branch such that the final model M:\r is
not pre-(2n + 1)-suitable.

Assume that
Mon(MJ16,47) ¥ “Opq7 1s Woodin”,

where ¢ MT denotes the largest cardinal in MY\— This means that we have
5Mz\’ = iJ,(0n), where iJ, : N — MJ denotes the iteration embedding,

which exists since the iteration tree 7 is assumed to be non-dropping on the
main branch.
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Then 7T witnesses that the following statement ¢2(N) holds true in V.

$2(N) = 3T tree on N of length A 4 1 for some A < w; such that

T is non-dropping along [0, \]7 and

Vy < 1h(7) limit 3Q ./\/l;r such that
Q is I}, 1-iterable above 6(7 | ), 2n-small above §(T | 7),
solid above 0(7 | ), and a Q-structure for 7 | v, and

IP > MZ\—|5MI such that P is 113, ;-iterable above g\ (ON),
2n-small above z'OT/\((SN), iOT)\(éN)—sound, and

i\ (6x) is not definably Woodin over P,

where dy as above denotes the largest cardinal in N. Recall Definition
for the notion of a definable Woodin cardinal.

We have that ¢o(N) is $3,  ,-definable uniformly in any code for N.

Case 3. T is a maximal tree on N of length A for some limit ordinal A < w}’
such that there is no cofinal well-founded branch b through 7 or for every
such branch b the premouse M is not pre-(2n + 1)-suitable.

As T is maximal, we have that every such branch b is non-dropping and in
the case that for every such branch b the premouse MZ is not pre-(2n +1)-
suitable, assume that we have

Mgn(MZ—\éMbT) ¥ “5Mbr is Woodin”,

where 0 MT denotes the largest cardinal in MZ—. Then the iteration tree T

witnesses that the following statement ¢3(N) holds true in V.

$3(N) = 3T tree on N of length A for some limit ordinal A < wy such that
¥y < A limit 3Q < M7 such that

Q is I3, ;-iterable above 6(7 [ %), 2n-small above §(7 | 7),
solid above (7T [ v), and a Q-structure for 7 | 7, and

3P > M(T) such that P is 113, ;-iterable above (7,
pw(P) < 6(T),P is 2n-small above (7)), (T )-sound, and
P E “§(T) is the largest cardinal + 0(7) is Woodin”,

and there is no branch b through 7 such that P < M .

We have that ¢3(N) is ¥3,, , ,-definable uniformly in any code for N.
Now we consider all three cases together again and let

P(N) = o1(N) V ¢2(N) V ¢3(N).
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As argued in the individual cases the iteration tree 7 witnesses that ¢(N)
holds in V' (still assuming for simplicity that 7 has limit length if 7 is as in
Case 1).

Since ¢ is a 33, ,-definable statement and W = Ma,(N|dy), we have by
Lemma [L17 that

IFCotew.sn) 9(V)-

So since we picked m and 6 large enough we have that
Wlgl F ¢(N),

if we let N € W be such that o(N) = N and if g is Col(w, §)-generic over
W. Let T be a tree on N in W([g] witnessing that ¢(IN) holds. Since N is
countable in W, we can pick g € W and then have that 7 € W.

We have that Wlg] is 23 41-correct in V' using Lemma because it is a
countable model with 2n Woodin cardinals. Since 7 witnesses the statement
#(N) in W(g], it follows that T also witnesses ¢(N) in V, because ¢(N) is
Yinio-definable in any code for N. The Q-structures for 7 in W(g] in
the statement ¢(N) are 113, y1-iterable above ¢ (T | v) and 2n-small above
S(T | 7) for limit ordinals v < 1h(7) (and also for v = Ih(T) if T witnesses
that ¢1(NN) holds in W{g]).

Since this amount of iterability suffices to witness Q-structures using Lemma
and since as mentioned above W(g] is X3 y1-correct in V, the Q-
structures for 7 in Wlg] are also Q-structures for 7 inside V. Since W =
Mon(Ndy) is also 33, , -correct in V using Lemma and N and T are
countable in W, it follows that the Q-structures for 7 in W{g] (which are
I13,, ,,-iterable above §(7 | ) for v as above) are also Q-structures for T
inside W. Therefore the branches choosen in the tree 7 on N inside W/g]
are the same branches as the Q-structure iteration strategy > as in Defini-
tion would choose inside the model W when iterating the premouse W.
That means if 7* is the tree on W obtained by considering 7 as a tree on
W > N, then the iteration strategy 3 picks the same branches for the tree
T* as it does for the tree T.

Now we again distinguish three cases as before.
Case 1. T witnesses that ¢ (N) holds in W/g].

By the argument we gave above, T is a short tree on N in W.

Let b denote the cofinal branch through 7* which exists inside W and is
defined as follows. We have that a branch through the iteration tree 7* can
be considered as a branch through 7, where the latter is a tree on N, and
vice versa. Since by the Weak Condensation Lemma we have that

N =W|@O)W aWwl = Man(N|5x) a2 VB = N,
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there exists a cofinal well-founded branch b € W through T by property (4)
in the definition of pre-n-suitability (see Definition 3.1). We also consider
this branch b as a branch through 7*.

Assume first that there is a drop along the branch b. Then there exists a
Q-structure Q(7T) < MBT. Consider the statement

Y(T,Q(T)) = “there is a cofinal branch b through 7 such that
QIT)AM]”.

This statement 1(7, Q(T)) is ¥i-definable uniformly in any code for the
parameters 7 and Q(T) and holds in the model W as witnessed by the
branch b. Now a Xi-absoluteness argument as the one given in the proof
of Lemma [2.11] yields that this statement (7, Q(T)) also holds in W{g],
which contradicts the fact that 7 witnesses in W{g] that N is not short tree
iterable.

Therefore we can assume that b does not drop.

Since T witnesses that ¢1(N) holds in W(g], we have that there exists a
Q-structure Q) for T as in ¢1(N). In particular Qy is 2n-small above §(T")
and 113, ;-iterable above (7)) in Wg].

Case 1.1. §(T7) = z— “(0).

Consider the comparison of Q) with ./\/lg—* inside W.

This comparison takes place above iET* (6) = 6(T) and the premouse M*

is (w1 + 1)-iterable above ig—* (8) in W using property (4) in Definition
because (w1 +1)" < 6" and T* is an iteration tree on W <1 Ww}V = Nlw]
(using the Weak Condensation Lemma agaln) Furthermore we have that

W is 2n-small above § and therefore My is 2n-small above ZZ (9).

Moreover Qy is I}, | ;-iterable above 4 (T) in Wlg] thus by 23 ;- correctness
also inside W. The statement ¢;(N) yields that Q) is 2n-small above i 2— “(6).
We have that W < W is sound by construction and thus the non- droppmg

iterate M? is sound above z'g—*(g). Moreover we have that pw(/\/lg—*) <
iBT* () as pw(Mg*) = po(W) = w. In addition Q) is also sound above
iET* (6) and we have that p,(Q)) < 5(7’) = zT* (9). Hence Lemma 2.2 in
[St95] (see the discussion before Lemma 1mplies that

< MBT* or /\/lg* < Q.

So we again distinguish two different cases.

Case 1.1.1. 9, < Mg*.

By assumption ¢ is a Woodin cardinal in W, because N is pre-(2n + 1)-
suitable and thus dy5 is a Woodin cardinal in W. Therefore we have by



60 SANDRA MULLER, RALF SCHINDLER, AND W. HUGH WOODIN

elementarity that -

./\/ll—:r* = “ig—*(é) is Woodin”.
But since Q) is a Q-structure for 7, we have that §(7) = z'BT* () is not
definably Woodin over Qy. This contradicts Q) < /\/lg—*.

Case 1.1.2. M]" < Q,.

In this case we have that
Q,NO0rd < WNOrd < M! NOrd < Q) NOrxd,

where the first inequality holds true since Q) € W/[g]. This contradiction
finishes Case 1.1.

Case 1.2. §(7) < ig'*(g).

In this case we have that
Mg—* F “5(T) is not Woodin”,

because otherwise Mg—* would not be (2n + 1)-small. This implies that
9, =9(T) < MBT* and therefore we have that

o(T) aMT.
Now we can again consider the statement
W(T,Q(T)) = “there is a cofinal branch b through 7 such that
QT) I M.

Again (T, Q(T)) holds in the model W as witnessed by the branch b.
By an absoluteness argument as above we have that it also holds in Wg],
which contradicts the fact that 7 witnesses in W{g] that N is not short tree
iterable.

Case 2. T witnesses that ¢o(N) holds in W/g].

In this case T is a tree of length A + 1 for some ordinal \.

Since ¢o(N) holds true in W{g], there exists a model P > M;—\r ig}\* (), which
is 2n-small above ig; (9), sound above ig}\* (6) and I13,, , ;-iterable above ig; (%)

in W{g]. Moreover ig; (6) is not definably Woodin over P and we have that
pu(P) <iT: (5).
Consider the comparison of P with ./\/l;—\r* inside the model W. The compari-

son takes place above i/~ (§) and we have that M;\r* is 2n-small above i< (0)

0A 0A
because W is 2n-small above dy. The premouse M;\T* is (w1 + 1)-iterable
above iOT;(S) in W by the same argument we gave above in Case 1 using

property (4) in Definition Therefore the coiteration is successful using
Lemma 2.2 in [St95] by the following argument.
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We have that P is ITj,, , ;-iterable inside the model W{g] and thus by DI
correctness also inside W. The statement ¢o(V) yields that P is also 2n-
T

small above 7,y (8). We have that W is sound by construction and thus the
non-dropping iterate MT is sound above zg:—\ (6). Moreover we have that

pw(/\/l?\'*) < i, N (5) In addltlon P is also sound above zg; (6) and we have

that p,(P) < 2 . (5) because of ¢o(N). Hence Lemma 2.2 in [St95] implies
that B B

P<aMI oo MI" <P,
So we consider two different cases.

Case 2.1. P« M/Z\—

By assumption ¢ is a Woodin cardinal in W, because N is pre-(2n 4 1)-
suitable and thus dy is a Woodin cardinal in W. Therefore we have by
elementarity that

./\/lT E T 5 (6) is Woodin”.
Moreover we have by the statement $2(N) that z 5 (5) is not definably
Woodin over P. This is a contradiction to P < ./\/l;r*

Case 2.2. M/Z\— g P.

In this case we have that
PNOrd < WnNOrd < M7 NOrd <P noOrd,

where the first inequality holds since P € W{g]. This is a contradiction.
Therefore we proved that

T [13 3 A7
Moy, (M |6MZ\') = (sMK' is Woodin”,
if 7 is as in Case 2 above, that means if 7 is a short iteration tree on N of

length A + 1 which is non-dropping on the main branch.

This shows that there is an ordinal § < w} such that properties (1) and (2)
in Definition hold for the premouse M7 . That property (3) holds for
M follows from property (3) for the pre-(2n+1)-suitable premouse N by a
similar argument and property (4) follows from the corresponding property
for N as well. Thus M7 is pre-(2n + 1)-suitable, as desired.

Case 3. T witnesses that ¢3(N) holds in W/g].

Let P > M(T) witness that ¢3(IV) holds inside W[g]. We have that inside
W there exists a cofinal well-founded branch b through the iteration tree 7*
by property (4) in the definition of pre-(2n + 1)-suitability for N as above
in Case 1.

Case 3.1. There is a drop along b.



62 SANDRA MULLER, RALF SCHINDLER, AND W. HUGH WOODIN

Then we have as in Case 1 that there exists a Q-structure Q(7_') <ML for

T. Consider the statement

SN

P(T,Q(T)) = “there is a cofinal branch b through 7 such that
QAT IM]”.

This statement (7, Q(T)) is £1-definable from the parameters 7 and Q(T)
and holds in the model W as witnessed by the branch b. By an absoluteness
argument as above it follows that it also holds in W/[g], which contradicts
the fact that 7 witnesses in W{g] that ¢3(IN) holds.

Case 3.2. There is no drop along b.

Then we can consider the coiteration of P and Mg—* inside the model W.

We have that both premice are 2n-small above §(7). Moreover this coiter-
ation takes place above J(7) since we have that P > M(T). Therefore the
coiteration is successful inside W using Lemma 2.2 in [St95] by the same
argument as the one we gave in Cases 1 and 2, because in W we have that
P is 113, , ,-iterable above §(7) and Mg* is (wy + 1)-iterable above §(7) in
W using property (4) in Definition That means we have that

MIT<aPor PaM].

Case 3.2.1. ./\/ll:;r* <P.
In this case we have that
PNOrd < WNOrd < M/  NOrd <P nO0rd,
where the first inequality holds true since P € W{g]. This is a contradiction.

Case 3.2.2. P < ./\/llgr*.

Then we have that in fact
PaM],
because §(7) is the largest cardinal in P. This contradicts ¢3(IV).

Therefore it follows for an iteration tree T as in Case 3 that there exists a
cofinal well-founded branch through 7 and if there exists a non-dropping
such branch b, then the premouse M/ is pre-(2n + 1)-suitable as in the
argument at the end of Case 2 above.

Now the argument we just gave for Case 3 shows that in this case we have
that in fact

M = Mo (M(T))|(8(T)T)MenM(T)),
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3.2. Correctness for n-suitable Premice. In the following lemmas we
prove some correctness results for suitable premice in the sense of Definition
We are stating these lemmas only for the levels (2n + 1) at which we
proved that there exists a (2n 4 1)-suitable premouse (see Lemma [3.9)).

Lemma 3.10. Let n > 0 and z € “w. Assume that Mﬁ(x) exists for all
x € “w and let N be a (2n + 1)-suitable z-premouse. Let ¢ be an arbitrary
E%n+3—f0rmula and let a € N N“w be arbitrary. Then we have

(,D(Cl) A “_gol(w,(sN) QD(CL)’

where dn as usual denotes the largest cardinal in N.
Here we again write a for the standard name a for a real a € N.

Proof. Let n > 0 and z € “w be arbitrary and let N be a (2n + 1)-suitable
z-premouse. Let ¢(a) be a £, s-formula for a parameter a € N N“w. That
means

p(a) = Iy (z,y,a)
for a X1 y1-formula ) (z,y,a). We first want to prove the downward impli-
cation, that means we want to prove that if ¢(a) holds in V', then

|Fgol(w,5]\;) gO(CL) :

Let * € V be a witness for the fact that ¢(a) holds in V. That means z*
is a real such that

VEVyY(z*,y,a).

Use Corollary 1.8 from [Ne95] to make the real x* generic over an iterate
of N for the collapse of the image of dy. Since N is (2n + 1)-suitable, we
have enough iterability to apply Corollary 1.8 from [Ne95], so there exists a
non-dropping iterate N* of N such that N* is 2n—iterableE| and whenever g
is Col(w, v+ )-generic over N*, then z* € N*[g]. Moreover let i : N — N*
denote the corresponding iteration embedding. Since N is (2n + 1)-suitable
and the iteration from N to N* is non-dropping, we have that N* is pre-
(2n + 1)-suitable.

Let g € V be Col(w,dy=)-generic over N*. Since we have that N* =
Moy (N*[5 )| (0. ) M2n(N"108+) it follows that g is also Col(w, dy+)-generic
over the proper class model My, (N*|dn+). Moreover we can construe the
model Moy, (N*|dn+)[g] as a y-premouse for some real y (in fact y = zdz*, see
for example [SchSt09] for the fine structural details) which has 2n Woodin
cardinals. This yields by Lemma that the premouse My, (N*|dn+)[g] is
33, o-correct in V, because Moy, (N*|dn+)[g] construed as a y-premouse is
wi-iterable above dx+. Thus we have that

MZn(N*|5N*)[g] F Vy ¢($*7 Y, CL)

Ssee Definition 1.1 in [Ne95]
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as &* € Mo, (N*|6n+)[g]. This in fact can be obtained using only %3, .-
correctness of Moy, (N*|dn+)[g] and downward absoluteness.
Since the premice Ma, (N*|dn+)[g] and N*[g] agree on their reals it follows
that

N*[g] E Vy (2™, y, a).
By homogeneity of the forcing Col(w,dy+) we now obtain that

“_gcjl(w,éN*) JaVy P (z,y, a).

Since a is a real in N it follows by elementarity that

”_gol(w,éN) Jazvy 1/)(1’, Y, CL),
as desired.
For the upward implication let ¢(a) = 32Vy v (z,y,a) again be a B3, o
formula for a real a in N and a X}, -formula ¢(z,y,a) and assume that
we have

”_gol(w,éN) JazVy 1/)(33, Y, CL).
Let g be Col(w, dn)-generic over the premouse Ma,(N|dy) and pick a real
x* € My, (N|dn)[g] such that

M2n(N|6N)[g] = Vy ¢($*, Y, CL).

Since Moy, (N|0n)|(61)M2n(NION) = N is countable in V', we can pick g € V
and then get that * € V. As above we can consider Mo, (N|dn)[g] as an
wi-iterable y-premouse for some real y and therefore we have by Lemma
[1.17] again that

Man(N[oN)[9] <51, V-

Hence we have that
V E JaVy(z,y,a),

witnessed by the real z*, because “Vyu(z*,y,a)

”is a I3, o-formula. O

Lemma 3.11. Let n > 0 and assume that Mi(m) exists for all x € “w. Let
N be a (2n+ 1)-suitable z-premouse for some z € “w. Then N|dy is closed
under the operation

A MZ(A).

Proof. Tt is enough to consider sets A of the form N|¢ for some ordinal
¢ < 0y for the following reason. Let A € N|doy be arbitrary. Then there
exists an ordinal £ < 0y such that A € N|{. Assume first that the ordinal
¢ is not overlapped by an extender on the N-sequence, that means there is
no extender E on the N-sequence such that crit(E) < & < 1h(E). We will
consider the case that £ is overlapped by an extender on the N-sequence
later. Moreover assume that we already proved that

M, (N[€) A Nox.

Then we also have that M;;(A) € N|dn by the following argument. Con-
sider the model My, (N|€). Let L[E](A)M2r(NI&) be as in Definition m
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Then add the top measure of the active premouse M;;(N |€) (intersected
with L[E](A)M2n(NI0) to an initial segment of L[E](A)M2r (NI as described
in Section 2 of [FNS10]. The main result in [FNSI0] yields that the model
we obtain from this construction is again wi-iterable and not 2n-small.
Thus it follows that the wi-iterable premouse Mﬁ(A) exists inside N|dn
as M (N|¢) < N|oy.

So let £ < én be an ordinal and assume as above first that £ is not over-
lapped by an extender on the N-sequence. Then we consider the premouse
M;TEL(N |€), which exists in V' by assumption and is not 2n-small above ¢
because £ is countable in V. In this case we are left with showing that

M, (N[€) < N|o.

Let x be a real in V' which codes the countable premice Mﬁ(N |€) and N|oy.
Work inside the model Mj;(:z) and coiterate M;fl (N|€) with N|on. We have
that N |0y is short tree iterable inside Mi(af;), because for a pre-(2n + 1)-
suitable premouse short tree iterability is a I13, yo-definable statement by
Lemma and the model M () is =} 4o-correct in V' by Lemmam In
fact Lemma [1.17] implies that N has an iteration strategy which is fullness
preserving in the sense of Definition inside the model Mj;(;r) by the
proof of Lemma 3.9

Note that the coiteration takes place above N|¢ and that M;i(N]f) is wi-
iterable above N|¢ in V by definition. Therefore Lemmam (2) implies that
the comparison inside Mi(m) cannot fail on this side of the coiteration. Say
that the coiteration yields an iteration tree 7 on Mﬁ (N|¢) and an iteration
tree Y on N|oy.

We have that U is a short tree on N|dy, because the M;;(N]é’)—side of the
coiteration provides Q-structures. So the coiteration terminates successfully
and there is an iterate M* of Mj;(N]E) via 7 and an iterate R of N|dy via
Uu.

Claim 1. The Mﬁ(NK)—side cannot win the comparison against N |0y .

Proof. Assume toward a contradiction that the M;;(N |€)-side wins the com-
parison. That means there is no drop on the main branch on the N|jy-side
of the coiteration and
M*©> R.
We can consider U as a tree on the premouse N > N|Jy with final model
N* such that there is an ordinal 6* with
N*|6* = R.

Then U is a short tree of length A\ + 1 for some ordinal A and as there is no
drop on the main branch on the N|dy-side of the coiteration, we have that

0" = izél)\((sN)’
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where iz(){\ : N — N* denotes the corresponding iteration embedding. More-
over recall that N is (2n+1)-suitable and so U is obtained using the iteration
strategy for IV which is fullness preserving for short trees which do not drop
on their main branch in the sense of Definition 3.8 Therefore we have that
M;Z(N*M*) is not 2n-small above §* and

MQ#:L(N*](S*) E “0* is Woodin”.

We have for the other side of the coiteration that p,(M*) < §*, because
pw(M;i(NK)) < € < 0*. Let Q be the least initial segment of M* such that
0* is not definably Woodin over Q. Recall that this means that Q < M* is
such that
Q E “5* is Woodin”,
but if O = Jé\/[* for some o« < M* N Ord then
JM E 6% is not Woodin”,

and if @ = M* then p,(Q) < §* or there exists an m < w and an rX,,-
definable set A C §* such that there is no x < §* such that & is strong up to
0* with respect to A as witnessed by extenders on the sequence of Q. In the

latter case we have that in particular p,(Q) < ¢*. Moreover Q is 2n-small
above 0%, because we have Q@ < M* and

Q E “§* is Woodin”.
Furthermore Q is wi-iterable above §*.

By construction we have that the premouse Mi(N *|0*) is wq-iterable above
d*. Consider the coiteration of Q and M;;(N*\(S*) inside the model M;i(y),
where y is a real coding the countable premice Q and M;;(N *|0*). Since

N*[0*=R<IM*

this coiteration takes place above 6* > §(U). We have that p,(Q) < 6* and
pu(M,(N*[57)) < 6.
Moreover Q and Mi (N*|0*) are both sound above §*. Thus the comparison
is successful by Lemma and we have that
Q < M (N*[6*) or M, (N*[6*) < Q.

The premouse M;;(N *|6*) is not 2n-small above 0* because N* is pre-
(2n + 1)-suitable. Since Q is 2n-small above ¢* we have in fact that

Q < M, (N*|6%).
But this implies by our choice of the premouse Q that §* is not Woodin in

Mi(N *|6*), which is a contradiction because by fullness preservation we
have that 0* is a Woodin cardinal in M;i(N*\(S*)

Therefore we have that the M;i(N |€)-side cannot win the comparison against
Nl|én. O
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Claim 2. The MQ#;(NK)—Side does not move in the coiteration with N|dy .

Proof. Assume toward a contradiction that the M;;(N |€)-side moves in the
coiteration. As the coiteration takes place above £ this means that it has to
drop on the M;;(NM)-side. Then M* > R and there is no drop on the main
branch on the N|dy-side of the coiteration, i.e. the M;;(N]f)—side wins the
comparison. This contradicts Claim [l

Claim 3. The N|dy-side does not move in the coiteration with M;i(N]f)

Proof. Assume toward a contradiction that the N|dn-side moves in this
coiteration. Since the coiteration takes place above £ this means that there
is an ordinal v > £ with v < Mﬁ(N |€) N Ord such that there is an extender
E,]YV indexed at v on the N-sequence which is used in the coiteration. In
particular v is a cardinal in the iterate R of N|oy. By Claim [2 we have
Mj;(N\f)ﬁR, in particular v is a cardinal in Mi(]\f\ﬁ) In fact, Mﬁ(N\{)Q
R by the following argument. If M;:L(N |€) = R there must be a drop in the
iteration to R since otherwise we obtain a contradiction as in the proof of
Claim But then R cannot be sound, contradicting the fact that M;;(N 1€)
is sound. Hence, 7 is a cardinal in both M;:Z(NK) and R and Mﬁ(N]ﬁ) <R.
This is a contradiction because

P (MF(N[E)) < € < 1.

Therefore the N|dy-side also does not move in the comparison. ]

By Claims and [3] we finally have that
M, (N[€) < Noy.

We now have to consider the case that A € N|{ for an ordinal £ < dn such
that £ is overlapped by an extender F on the N-sequence. That means
there is an extender E on the N-sequence such that crit(E) < ¢ < lh(E).
Let E be the least such extender, that means the index of E is minimal
among all critical points of extenders on the N-sequence overlapping £. By
the definition of a “fine extender sequence” (see Definition 2.4 in [St10]) we
have that A € Ult(V; E') and that the ordinal £ is no longer overlapped by an
extender on the Ult(N; E)-sequence. Let M = Ult(N; E) and consider the
premouse M|, so we have in particular that A € M|{. The same argument
as above for N|¢ replaced by M| proves that

M (M(¢) < N|éy

and therefore we finally have that Mj;(A) € N|doy by repeating the argu-
ment we already gave at the beginning of this proof. O

From Lemma we can obtain the following lemma as a corollary.
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Lemma 3.12. Let n > 0 and z € “w. Assume that Mi(x) exists for all
z € “w and let N be a (2n + 1)-suitable z-premouse. Then N is X3, o-
correct in V' for real parameters in N and we write

N '<21 V

2n+2

Proof. Let a be a real in N. By Lemma we have that
M (a) € N.

Moreover we have by Lemmathat Mﬁ(a) is 33, , o-correct in V. There-
fore it follows that N is 33 ,-correct in V by the following inductive ar-
gument.

Shoenfield’s Absoluteness Theorem implies that Ma, (N|dy) is Xi-correct
in V. Let k < n and assume inductively that Ms,(N|dx) is X3, -correct in
V. Let ¢(a) be a ¥}, , ,-formula for a parameter a € N N“w, i.e. p(a) =
JaVy ¢ (z,y, a) for a B, -formula 1 (x, y,a). First assume that ¢(a) holds in
V. As M;Z(a) is 33, o-correct in V, we have that ¢(a) holds in Mgi(a). Let
x € M;;(a) be a real such that M;;(a) E Vyi(z,y,a). Then in particular
V EVyu(x,y,a). As M;ﬁ(a) € N we have that x € M, (N|dy) and by
downwards absoluteness combined with the inductive hypothesis it follows
that Moy, (N|dn) F Yy (x,y,a) as this statement is true in V.

For the other direction assume that ¢(a) is true in Ma,(N|dy) and let
x € My, (N|don) be a real such that Mo, (N|dn) F Yyu(x,y,a). Let y €
Mi(a @ ) N“w be arbitrary. Since Mj:l(a @ x)NYw C Mo, (N|dn) N “w,
we have that Mo, (N|on) F ¥(z,y,a). As ¢(z,y,a) is a X1 -formula, the
inductive hypothesis implies that V' F ¢(x,y, a). Since Mi(a@x) is 2%71—&-2_
correct in V', it follows that Mﬁ(a@x) EY(z,y,a). Buty € M;i(a@w)ﬁ”w
was arbitrary, so M;;(a @ x) F JaVyy(x,y,a). Therefore the fact that
Mi(a @ x) is B, ,-correct in V implies V F ¢(a).

This inductive argument shows that Mo, (N|dy) is 33, ,-correct in V. But

N and Ma,(N|6y) agree on their reals and hence N is 23, ,-correct in V,
as desired. O

Note that we could have also proven Lemma by an argument similar
to the one we gave in the proof of Lemma but with additionally using
the uniformization property as in the proof of Lemma (1).

3.3. Outline of the Proof. Our main goal for the rest of this paper is to
give a proof of the following theorem.

Theorem 3.13. Let n > 0 and assume there is no X, ,-definable w;-
sequence of pairwise distinct reals. Then the following are equivalent.

(1) I}, determinacy and 11}, determinacy,
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(2) for all x € “w, M#fl(:c) exists and is w1 -iterable, and M exists and is
w1 -iterable,
(3) M exists and is w: -iterable.

For n = 0 this is due to L. Harrington (see [Ha78]) and D. A. Martin (see
[Ma70]).

The results that (3) implies (2) and that (2) implies (1) for wi-iterable
premice M;f are due to the third author for odd n (unpublished) and due
to Neeman for even n > 0 (see Theorem 2.14 in [Ne02]), building on work of
Martin and Steel (see [MaSt89]). Moreover the results that (3) implies (2)
and that (2) implies (1) hold without the background hypothesis that every
3} o-definable sequence of pairwise distinct reals is countable.

We will focus on the proof of the following theorem, which is the implication
“(1) = (3)” in Theorem and due to the third author.

Theorem 3.14. Let n > 1 and assume there is no X, ,-definable w;-
sequence of pairwise distinct reals. Moreover assume that II determinacy
and H}Hl determinacy hold. Then M# exists and is wy-iterable.

Remark. Let n > 0. Then we say that there exists a X}, ,-definable w;-
sequence of pairwise distinct reals iff there exists a well-order <* of ordertype
wy for reals such that if we let X<« = field(<*), that means if we have for
all y € “w that

yeXcr & (< yvy<Fa),
then there exists a Ei 1 o-definable relation R such that we have for all
T,y € “Yw,

R(z,y) & z,y€ X<x Nz <" y.

We will first show in Section [3.4) how boldface determinacy for a level IT}, |
of the projective hierarchy can be used to prove that every sequence of
pairwise distinct reals which is 31 yo-definable is in fact countable.

This will enable us to conclude Theorem 2.1 from Theorem B3.14l The odd
levels in the inductive proof of Theorem will finally be proven in Section
and the even levels in Section As mentioned before the proof for the
odd and the even levels of the projective hierarchy will be different because
of the periodicity in the projective hierarchy in terms of uniformization and
correctness.

3.4. Making use of the Right Hypothesis. In this section we will pro-
vide one ingredient for the proof of Theorem [2.1] We will see that the results
from Sections and can actually be obtained from boldface determi-
nacy at the right level of the projective hierarchy. The following lemma
makes this precise. The result essentially goes back to Mansfield [Man75l;
the proof we give is from [Ke78| (see also [Jec03| Theorem 25.39]).

Lemma 3.15. Letn > 0. ThenII} | determinacy implies that every 3} -
definable sequence of pairwise distinct reals is countable.
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Remark. In fact, instead of IT; | ; determinacy we could also just assume the
weaker hypothesis that 3! 1o has the perfect set property. The proof only
uses this consequence of TT} 1 determinacy.

Proof of Lemma[3.15, Suppose there is a well-order <* of ordertype w; for
reals and a X} yo-definable relation R as in the remark after Theorem .
In what follows we identify reals with elements of 2 and let X<+ = field(X).
By IT! 41 determinacy, )3 1o has the perfect set property (see [Ka03} 27.14]).
Therefore, since X<« is uncountable, X<« has a perfect subset P C X<-.
Now it suffices to show the following claim.

Claim 1. Suppose Py is a perfect set and fo: Py — P is a continuous
injection. Then there is a perfect set P C Py and a continuous injection
fi: Pr — P such that fi(x) <* fo(x) for all x € P.

Using this claim, we can define a sequence (P, | n < w) of perfect sets P,
together with continuous injections f,: P, — P such that for all n < w,
P,t1 C P, and fpi1(z) <* fu(z) for all z € P,4;. Since 2¢ is a compact
space, all P,’s are closed, and intersections of finitely many of the P,’s
are non-empty, (), P, is non-empty. But if we let z € P, then
frr1(z) <* fu(zx) for all n < w, a contradiction.

n<w

Proof of Claim[1. Let h: Py — P and h*: Py — P be two continuous bi-
jections such that h(z) # h*(x) for all z € Py. Such bijections can easily
be obtained by considering homeomorphisms gg: Py — 2% and g: P — 2%.
Then we can define h = g~! 0 gy and h* = g~ om0 gy, where m: 29 — 2¥ is
the homeomorphism flipping 0 and 1 in each coordinate.

Let

A={z e Py | fo(x) >™ h(x)}
and
A* ={x € Py | fo(z) >* h*(2)}.

Subclaim 1. A or A* has a perfect subset.

Proof. Assume not. Then, since A and A* are X3, ,-definable, the perfect
set property implies that A U A* is countable. Let O be the orbit of AU A*
under fo, h, and h*, i.e. O is the smallest set () such that AU A* C ) and
for all z € Q, fo(x), fy '(z), h(x), k" (z), h*(x), (h*)"}(x) € Q, whenever
these maps are defined on x.

Then O is countable, so we can let z be the <*-minimal element in P\ O.
Let x,xz* € Py be such that h(z) = z = h*(z*). Then x # z* and z,z* ¢ O.
This implies that fo(z) # fo(z*) and fo(z), fo(z*) ¢ O. By minimality of z,
we have z <* fo(x) and z <* fy(x*). But since fo(x) # fo(z*), this yields
that h(z) = z <* fo(z) or h*(x) = z <* fo(z*). This means, z € A or
x € A*, contradicting the fact that x,z* ¢ O. O
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Suppose A has a perfect subset P4. Then Py = P4 C Pyand fi = h | Py
are as desired. Analogously, suppose B has a perfect subset Pg. Then
P =P C Py and f; = h* | Pg are as desired. U

O

3.5. M;;fl(x) from Boldface 11}, Determinacy. The goal of this sec-
tion is to prove Theorem in the case that n is odd. The proof which
is presented in the following argument only works if n is odd because of
the periodicity in the projective hierarchy in terms of uniformization (see

Theorem 6C.5 in [Mo09]). The even levels in the statement of Theorem
have to be treated differently (see Section . So we are going to prove the
following theorem.

Theorem 3.16. Let n > 1 and assume that every H%n_l—deﬁnable set of
reals and every 113 -definable set of reals is determined. Moreover assume
that there is no E%nﬂ-deﬁnable w1 -sequence of pairwise distinct reals. Then

the premouse M;:L_l exists and is wy-iterable.

The proof of Theorem [3.16| uses the following Determinacy Transfer Theo-

rem, which is due to A. S. Kechris and the third author (see [KW0S]). In
the version as stated below it follows from [KWO0S8] using [Ne95] and that
Theorem [3.13| holds below 2n — 1 inductively.

Theorem 3.17 (Determinacy Transfer Theorem). Let n > 1. Assume
determinacy for every H%n_l- and every 113, -definable set of reals. Then we

have determinacy for all D"V (< w? — I1})-definable sets of realsﬁ

Proof. The lightface version of Theorem 1.10 in [KWO§] (see p. 369 in
[KWO08]) gives that for all n > 1,

Det(0?"2) (< w? — II})) — [Det(Al,) < Det(D®" V(< w? —11}))].

As in the addendum §5 in [KW08] we need to argue that IT3, | determinacy
implies 0("~2)(< w? — II}) determinacy to obtain that it implies the right-
hand side of the implication, i.e. “Det(A} ) < Det(0?D (< w? — 1I1))”.
Recall that we assume inductively that Theorem holds for all m <
2n— 1. Together with Lemma his implies that the premouse M;%L_Q(x)
exists and is wy-iterable for all x € “w from I13, | determinacy. By Theorem
2.5 in [Ne95] this yields 0(2*~2) (< w? —II}) determinacy. Therefore we have
that
Det(IL5, ) — [Det(A} ) < Det(©@ V(< w? — 1I1))).

6See Section 6D in [Mo09] for a definition and some basic facts about the game quantifier
“D”. We let “O™ ” denote n successive applications of the game quantifier O. For the
definition of the difference hierarchy and in particular of the pointclass o — II for an
ordinal o < wy see for example Section 31 in [Ka03].
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We have

Det(A},)) « Det(I13,)
by Theorem 5.1 in [KS85] which is due to Martin (see [Ma73]). So in
particular T}, determinacy and I1}, determinacy together imply that
D=1 (< ? — II1) determinacy holds. O

Martin proves in [Ma08] that under the assumption that z# exists for every
real z,
Aco(<w?—T1L)
iff there is a formula ¢ such that for all z € “w
x 6 A iﬂ‘ LI:$:| ': ¢|:"'U7’yl7 A 7/yk:|7

where 71, ...,7; are Silver indiscernibles for x. In the light of this result
(see also Definition 2.7 in [Ne(02] for the general case) we can obtain the
following corollary of the Determinacy Transfer Theorem [3.17]

Corollary 3.18. Let n > 1. Assume that IIL | determinacy and 113,
determinacy hold. Suppose Q) is a set of reals such that there is an m < w
and a formula ¢ such that for all x € “w

T c Q iﬁM2n—2(x) E ¢($7Ea71,- "7’Ym)7

where E is the extender sequence of May—o(x) and 1, ...,vm are the first
m indiscernibles of May_o(x). Then @Q is determined.

This follows from the Determinacy Transfer Theorem [3.17] as the set @
defined in Corollary is 0?71 (< w? — II})-definable. Moreover note in
the statement of Corollary that I3, ; determinacy inductively implies

that the premouse M;i_z(x) exists for every real x.
Now we are ready to prove Theorem |3.16

Proof of Theorem[3.16, Let n > 1. We assume inductively that Theorem
holds for 2n —2, that means we assume that II} _; determinacy implies

that Miﬁ(x) exists and is wi-iterable for all reals z. These even levels will
be proven in Theorem [3.20] Recall that then our hypothesis implies by
Lemmas and that there exists a (2n — 1)-suitable premouse.

Let x € “w and consider the simultaneous comparison of all (2n—1)-suitable
premice N such that N is coded by a real yy <7 z, using the iterability
stated in Definition [3.8] That means analogous to a usual comparison as in
Theorem 3.14 in [StI10] we iterate away the least disagreement that exists
between any two of the models we are considering.

These premice successfully coiterate to a common model since they are all
(2n—1)-suitable and call this common iterate N,. We could have performed
this simultaneous comparison inside an inner model of V' of height w{” which
contains x and is closed under the operation a — Mfzﬂ(a) and therefore
the resulting premouse N, is countable in V.
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Since N, results from a successful comparison using iterability in the sense
of Definition there either exists a (2n — 1)-suitable premouse N and
a non-dropping iteration from N to N, via a short iteration tree or there
exists a maximal iteration tree 7 on a (2n — 1)-suitable premouse such that

N, = Moy _o(M(T)) | (6(T)T)M2n—2(MT),

Let 6, as usual denote the largest cardinal in N,. Then we have that in the
first case IV, is a (2n — 1)-suitable premouse again by fullness preservation
and so in particular the model My, _2(N,|dn,) constructed in the sense of
Definition [2.9] is a well-defined proper class premouse with 2n — 1 Woodin
cardinals. In the second case we have by maximality of T that

Mgn_g(Nx|(5Nz) = “(5(T) is WOOdiIl”,

with dn, = 6(T), and Ma,—2(Nz|dn, ) is again a well-defined premouse with
2n — 1 Woodin cardinals.

For each formula ¢ and each m < w let Q?ﬁl be the set of all x € “w such
that

M2n72(Nw|5Nw) F ¢(E7’717 e 77m)7

where F is the extender sequence of My, o(N;|0n,) and ~1,...,vm, are
indiscernibles of Mo, _o(Ny|0n,).

Claim 1. For all formulas ¢ and for all m < w the set Q% is determined.

Proof. We aim to reduce determinacy for the set 0%, to determinacy for a

set @ as in Corollary [3.18]

Recall that by Lemma [3.9| we have that a premouse N is (2n — 1)-suitable iff
it is pre-(2n — 1)-suitable, that means iff it satisfies the following properties
for an ordinal dg.

(1) N E “ZFC™ + 4 is the largest cardinal”,
N = Moy o(N|8o) | (&5 ) -2 N1%0),
and for every v < o,
Man—a(N|7) | (7F)Mer2(VD) g N,
(2) Ma,—2(N|dp) is a proper class model and
Moy _2(N|dp) E “do is Woodin”,
(3) for every v < do, Map—2(N|7) is a set, or
Mo,—o2(N|y) ¥ “y is Woodin”,

and
(4) for every n < do, Man—2(N|dp) E “N|do is n-iterable”.
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Formally the definition of pre-(2n — 1)-suitability requires that in the back-
ground universe the premouse Mzﬁd(z) exists for all z € “w. But for a
premouse N which is coded by a real yy <p z, the model My,_2(x) can
compute if N is pre-(2n — 1)-suitable in V, i.e. if N satisfies properties (1) -
(4) above in V', by considering a fully backgrounded extender construction
as in Definition above N |0y, where dy denotes the largest cardinal in
N. Therefore we can make sense of these (2n — 1)-suitable premice inside
the model My, _o(x). For the same reason the simultaneous comparison of
all such (2n — 1)-suitable premice which are coded by a real yy <7 = as
introduced above can be carried out inside My, —2(x) and therefore we have
that N, € My, _o(x).

Now consider the following formula 14, where ¢ as above is an arbitrary
formula.

Yo(x, E,y1, ... ym) = “Write N, for the result of the simultaneous
comparison of all (2n — 1)-suitable premice N
which are coded by a real yy <7 x and
On, for the largest cardinal in N,, then

LIEI(NIox,) E S(E" s -, ),
where E* denotes the extender sequence
of L[E](N.|dn,), which in turn is computed from E
via a fully backgrounded extender construction
over N, |0y, as in Definition 2.18”

Now let E denote the extender sequence of the x-premouse Mg, _o(x) and
let 41, ..., vm denote indiscernibles of the model L[My,,—2(x)|d] = Moy, _o(z),
where ¢ is the largest Woodin cardinal in May,_2(z). Then we have in par-
ticular that 7i,...,vm, are indiscernibles of the model L[E](N;|dy,), con-
structed via a fully backgrounded extender construction inside Ma,_2(x) as
defined in the formula ¥y (z, E, 71, .. .,vm) above.

Therefore we have that

LS Q?’L A M2n—2($) F ¢¢(377E;’Yla tee 7'7’m)7

because the premice L[E](N;|dn,) as defined above and Ma,_o(N.|0n,) as
in the definition of the set Q% coiterate to the same model.

Thus Corollary implies that 0%, is determined for any formula ¢ and
any m < w. ([

The sets Qﬁl are Turing invariant, since the premouse N, by definition only
depends on the Turing degree of x.
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Let ThMzn—2(Nzlone) denote the theory of My, _o(N,|dy, ) with indiscernibles
(computed in V). That means
ThM2n72(Nx|6Nz) = {Qb ‘ MQ”*2(N$|5N1) F QS(Ev RTREE ’rym)’
m < w, ¢ formula},
where as above E denotes the extender sequence of Ma,_o(N;|dy,) and
Y1, --.,¥m are indiscernibles of My, _2(Ny|dn,). Then we have that the

theory of May,_2(Nz|dn,) stabilizes on a cone of reals x as in the following
claim.

Claim 2. There exists a real xo >7 = such that for all reals y >1 xg,

ThMQn—Q(Na:O |6Nx0 ) — ThM2n72(Ny|5Ny ) .

Proof. By Claim [1| the set Q% is determined and as argued above it is also
Turing invariant for all formulas ¢ and all m < w. That means the set an
either contains a cone of reals or is completely disjoint from a cone of reals.

For each formula ¢ and each natural number m let 2%, € “w be such that
either y € Q?@L for all y > z%, or else y ¢ Q?}L for all y > 2% Let

xo = @{xfl | ¢ formula, m < w}.

Then we have by construction for all y >p xg that

ThM2n—2(NIO|6NxO) — ThM2n72(Ny|5Ny)’
as desired. O

Let 9 € “w be as in Claim 2, We want to show that the unique theory
T = ThMan—2(Neldng) of Moy, —2(N3|dn,) with indiscernibles as defined above
for x >7 x¢ in fact gives a candidate for the theory of the premouse M;i_l
in V to conclude that M;i_l exists and is wj-iterable in V. By coding a
formula ¢ by its unique Godel number "¢ we can code the theory T by a
real xp.

Fix a real z such that z >7 xg ® 7. Moreover we can pick the real z such
that it in addition codes a (2n — 1)-suitable premouse by Lemmas and
5.9

Using the existence of the premouse Mi_ﬂx) in V for every real x, we can
as described below close under the operation

#
a— My, 5(a)
to construct a transitive model M, from z. Moreover we will define an order
of construction for elements of the model M, along the way.

The fact that the model M, will be closed under a — Mj;_Z(a) directly
yields that M, is 31 -correct (see Claim [4| below).

In the construction of the model M, we aim to construct models by ex-
panding the usual definition of Godels constructible universe L by adding
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additional elements at the successor steps of the construction. Therefore
recall the following definition which is used in the definition of Jensens J-
hierarchy for L (see §1 and §2 in [Je72]).

Definition 3.19. Let X be an arbitrary set. Then TC(X) denotes the
transitive closure of X and rud(X) denotes the closure of TC(X)U{TC(X)}
under rudimentary functions (see for example Definition 1.1 in [SchZel()]
for the definition of a rudimentary function).

We construct a sequence of models (W, | @ < w}’) and in particular the
model M, = WWY level-by-level in a construction of length w), starting
from z and taking unions at limit steps of the construction. So we let
WO = {Z}
Successor steps: At a successor level a+1 of the construction we close the
previous model W, under the operation a — M;&%Q(a) before closing under
rudimentary functions. More precisely assume that we already constructed
W, and let a € W, be arbitrary. Then the a-premouse Mzﬁq(“) exists in V'
because a is countable in V' and we inductively assume that Theorem [3.13]
holds for 2n — 2. Let M be a countable a-premouse in V with the following
properties.
(1) M is (2n — 1)-small, but not (2n — 2)-small,
(73) all proper initial segments of M are (2n — 2)-small,
(#i1) M is a-sound and p,, (M) = a, and
(iv) M is I3, -iterable.
These properties uniquely determine the a-premouse M;;_Q(a) in V. We
let W,4+1 be the model obtained by taking the closure under rudimentary
functions of W, together with all such a-premice M as above for all a € W,
i.e.
Weai1 = rud(Wy U{M | Ja € W, such that M is a countable
a-premouse satisfying (i) — (iv)}).
Order of construction: For an a-premouse M, and a b-premouse M,
satifying properties (i) — (iv) for a,b € W,, we say that M, is defined
before My if a is defined before b in the order of construction for elements
of W,, which exists inductively. For elements added by the closure under

rudimentary functions we define the order of construction as in the definition
of the order of construction for L.

Limit steps: At a limit step of the construction we let
Wy = U Wa
a<
for all limit ordinals A < w}" and we finally let
M, =Wy = |J Wa

)%
a<wy
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Order of construction: The order of construction at the limit steps is
defined as in the definition of the order of construction for L (see Lemma
5.26 in [Sch14]).

Now we get that M, is a model of ZFC from the background hypothesis
that there is no 33, ;-definable wi-sequence of pairwise distinct reals as in
the following claim.

Claim 3. M, F ZFC.

Proof. Assume not. Then the power set axiom has to fail. So let v be a
countable ordinal such that

P(y)NM, ¢ M..

This yields that the set P(vy) N M, has size X;.

Let W, = M.|v be the y-th level in the construction of M,. Then we can fix
a real a in V' which codes the countable set W,. That means a € “w codes
a set £ C w x w such that there is an isomorphism = : (w, E) — (W, €).

If it exists, we let A¢ for v < £ < w! be the smallest subset of ~ in
M_|(€+1) \ M:|¢

according to the order of construction. Moreover we let X be the set of all
¢ with v < € < w} such that Ag exists. Then X is cofinal in wy.

Finally we let a¢ be a real coding the set A¢ relative to the code a for W,.
That means ag € “w codes the real a together with some set ¢’ C w such
that b € o’ iff 7(b) € A¢, where 7 is the isomorphism given by a as above.
For ¢ € X we have that A¢ € P(y)N M, and thus A¢ C W, so the canonical
code ag for A relative to a exists.

Now consider the following w} -sequence of reals
A=(ae®wl|€eX).

We have that a real y codes an element of the model M,|({+ 1) \ M| for
some ¢ < w) iff there is a sequence of countable models (W5 | 8 < € + 1)
and an element Y € We1 such that

(1) Wo = {Z}a

(2) Wpq1 is constructed from Wpy as described in the construction above for
all § <¢,

(3) Wi =Ug<) W for all limit ordinals A < &,

(4) y does not code an element of We, and

(5) y codes Y.

This states that the real y codes an element of the model M, |(§+1) \ M.[¢
as the construction of the levels of the model M, is defined in a unique
way. Now we have to argue that this statement is definable enough for our
purposes.
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For the successor levels of the construction we have that the properties
(i) — (iv) as in the construction are I13,-definable uniformly in any code for
the countable premouse M.

So this shows that the statement “a¢ codes the smallest subset of v in
M,|(E4+1) \ M, is E%m_l—deﬁnable uniformly in a, z and any code for &
and .

Therefore the wi-sequence A as defined above is ¥3, . ;-definable uniformly
in a and z in the sense of the remark after the statement of Theorem [3.14]
Thus A contradicts the assumption that every X3 _ ;-definable sequence of
pairwise distinct reals is countable. O

Moreover we have the following claim.

Claim 4. The resulting model M, has the following properties.
(1) M,NOrd = w, z € M,,
(8) M, is closed under the operation

a— MQ#:hQ(a),
and moreover MQ#:L?Q((L) 1s wy-iterable in M, for all a € M,.

Proof. Property (1) immediately follows from the construction.

Proof of (3), first part: Let a € M, be arbitrary. Then we have that
a € W, for some ordinal o < wy". Recall that by our assumptions the w;-

iterable a-premouse Mgn_Q( ) exists in V' as a is countable in V. Moreover
it satisfies properties (i) — (iv) from the construction, i.e.

(1) M;:L o(a) is (2n — 1)-small, but not (2n — 2)-small,

(71) all proper initial segments of M _o(a) are (2n — 2)-small,
(4i7) M2n 5(a) is a-sound and pw(MQn_g( a)) = a, and
(iv) M. 2n ,(a) is TI3, -iterable.

Therefore the a-premouse M = Mﬁ_Q(a), which is wq-iterable in V', has
been added to the model M, at some successor level of the construction and
thus M, is closed under the operation a — Mﬁ_z(a).

Proof of (2): The fact that the model M, is closed under the operation
a Mj;_Q(a) immediately implies property (2), because the a-premouse
Mid(a) is X1 -correct in V by Lemma

Proof of (3), second part: We now want to show that the a-premouse M
as above, which has been added to the model M, at some successor level of
the construction, is wi-iterable inside M, via the iteration strategy > which
is guided by Q-structures (see Definition .
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Let T be an iteration tree of length A on the a-premouse M for some limit
ordinal A < wy in M, such that 7T is according to the iteration strategy X.
Then T is guided by Q-structures which are (2n — 2)-small above 6(7 | ),
wi-iterable above (7 | ) and thus also 1} _;-iterable above §(7 | 7) in
M, for all limit ordinals v < A.

By (2) we have that M, is 33 -correct in V for real parameters in M.
Therefore it follows that the Q-structures Q(7 [ «y) which are (2n —2)-small
above §(T | 7) and guiding the iteration tree 7 in M, are I}, _;-iterable
above 6(7 | ) in V for all limit ordinals v < A. Since M;;J(x) exists
in V for all x € “Yw by our assumptions and in particular M;;fz(a) exists
in V, we have by Lemma that these Q-structures also witness that 7~
is according to the Q-structure iteration strategy ¥ in V. Therefore there
exists a unique cofinal well-founded branch b through 7 in V' such that we
have Q(b,T) = Q(T). By an absoluteness argument as given several times
before (see for example the proof of Lemma, it follows that the unique
cofinal well-founded branch b through 7 in V for which Q(b,T) = Q(T)
holds, is also contained in M, since we have that 7, Q(T) € M,.

Therefore M = M;;_Z(a) exists and is wi-iterable in M, via the iteration
strategy . O

Now we aim to show that a K°-construction in M, reaches Mj:l_l, meaning
that the premouse (K¢)™= is not (2n — 1)-small. Here and in what follows
we consider a K°-construction in the sense of [MSch04] as this construction
does not assume any large cardinals in the background model.

Claim 5. (KM= is not (2n — 1)-small.

Proof. We work inside the model M, and distinguish numerous different
cases. Moreover we assume toward a contradiction that (K¢)M= is (2n — 1)-
small.

First we show the following subclaim.

Subclaim 1. Let § be a cutpoint in (K¢)M=. If (K¢)M= does not have a
Woodin cardinal above §, then (K¢)M= is fully iterable above & in M, .

We allow § = w, i.e. the case that (K¢)™= has no Woodin cardinals, in the
statement of Subclaim [

Proof of Subclaim[1. (K¢)M= is iterated via the Q-structure iteration strat-
egy 2 (see Definition [2.5)). That means for an iteration tree U of limit length
on (K¢)M: we let

S(U) = biff Q(b,U) = QU) and QU) I M. _,(M(U)),

since (K¢)™: is assumed to be (2n — 1)-small.

It is enough to show that (K¢)™: is wi-iterable above § inside M., because
then an absoluteness argument as the one we gave in the proof of Lemma
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yields that (K¢)™: is fully iterable above 4 inside M, as the iteration
strategy for (K¢)M= is guided by Q-structures.

Assume toward a contradiction that (K¢)*: is not w;-iterable above § in
M. Then there exists an iteration tree 7 on (K¢)™: above § of limit length
< wy inside M, such that there exists no Q-structure Q(7) for 7 with

Q(T) < M¥,_,(M(T)) and hence
MF_(M(T)) E “6(T) is Woodin”.

The premouse Mj;_Q(M(T)), constructed in the sense of Definition
exists in M, and is not (2n — 2)-small above §(7), because otherwise it
would already provide a Q-structure for 7.

Let M be the Mostowski collapse of a countable substructure of M, con-
taining the iteration tree 7. That means we choose a large enough natural
number m and let M, X and o be such that

MEX <y M,

where

o: M — M,
denotes the uncollapse map such that we have a model K in M with
o(K|y) = (K)M=|g(~) for every ordinal v < M N Ord, and we have an
iteration tree 7 on K above an ordinal § in M with o(7) = 7 and ¢ () = 6.
Moreover we have that

MZ_(M(T)) E “6(T) is Woodin”.

By the iterability proof of Chapter 9 in [St96] (adapted as in [MSch04])
applied inside M, there exists a cofinal well-founded branch b through the
iteration tree 7 on K in M, such that we have a final model MZ—.

Consider the coiteration of MbT with MiifQ(M(T)) and note that it takes
place above §(T). Since M. ,(M(T)) is wi-iterable above §(T) inside M,
and MZ_— is iterable in M, by the iterability proof of Chapter 9 in [St96]

(adapted as in [MSch04]) applied inside the model M, the coiteration is
successful using Lemma inside M,.

If there is no drop along the branch b, then MZ— cannot lose the coiteration,
because otherwise there exists a non-dropping iterate R* of MZ— and an
iterate M* of M;;_Q(M(T)) such that R* < M*. But we have that there is

no Woodin cardinal in M? above ¢ by elementarity and at the same time
we have that § < §(T) and

M;i_Q(M('T)) E “5(T) is Woodin”.

If there is a drop along b, then MZ also has to win the coiteration, because

we have p,(M]) < 8(T) and p,(MZ. _,(M(T))) = 6(T).
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That means in both cases there is an iterate R* of ./\/l;r and a non-dropping
iterate M* of M. _,(M(T)) such that M* < R*. We have that M* is not
(2n —1)-small, because M;i_z(./\/l(’]_')) is not (2n — 1)-small as argued above
and the iteration from MQ#;_Q(M(T)) to M* is non-dropping. Therefore it
follows that R* is not (2n — 1)-small and thus M? is not (2n —1)-small. By
the iterability proof of Chapter 9 in [St96] (adapted as in [MSch04]) applied
inside M, we can re-embed the model MZ— into a model of the (K¢)M--

construction. This yields that (K¢)*: is not (2n — 1)-small, contradicting
our assumption that it is (2n — 1)-small. O

Now we distinguish the following cases.

Case 1. Assume that
(KM= = “there is a Woodin cardinal”.

Then we can assume that there is a largest Woodin cardinal in (K¢)*=, be-
cause otherwise (K¢)M= has infinitely many Woodin cardinals and is there-
fore not (2n — 1)-small. So let ¢ denote the largest Woodin cardinal in
().

Consider the premouse M = Mi_z((KC)MZ |0) in the sense of Definition
and note that M exists inside M, by Claim 4/ Now try to coiterate (K¢)"=
with M inside M.,.

Since the comparison takes place above § and the premouse
M = M, ,((K9)Y[5)

is wi-iterable above 4, the coiteration is successful, using Lemma w (2)
and Subclaim |1| since the iteration strategies for the premice (K¢)*= and
MifQ((KC)MZM) above § are guided by Q-structures which are (2n — 2)-
small above 6(7) for any iteration tree 7 of limit length (see proof of Claim
4)-

So there is an iterate R of (K¢)™: and an iterate M* of M such that the
coiteration terminates with RIM* or M* < R. By universality of the model
(K)M= inside M, (see Section 3 in [MSch04]) we have that M* < R and
that there is no drop on the M-side of the coiteration. This implies that
the premouse M = Mﬁ_Q((KC)Mﬂ(S) in the sense of Definition is not
(2n — 2)-small above 9§, as otherwise we have that M is not fully sound and
since M* < R this yields a contradiction because of soundness.

Therefore M is not (2n — 1)-small and thus M* is also not (2n — 1)-small.
That means R and thereby (K¢)™= is not (2n—1)-small, which is the desired
contradiction.

This finishes the proof of Claim [5|in the case that there is a Woodin cardinal
in (K¢)M-,
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Case 2. Assume that
(K¢)M= £ “there is a Woodin cardinal”.

Recall that by our choice of the real z, there exists a premouse N (coded by
the real z) in M, which is (2n— 1)-suitable in V' and try to coiterate (K¢)M:
with N inside M,. We again iterate (K¢)™: via the Q-structure iteration
strategy ¥ as in Subclaim[I] So using Subclaim [I] the coiteration cannot fail
on the (K¢)M--side.
We have that the premouse N is (2n —1)-suitable in V. Since the statement
“N is pre-(2n — 1)-suitable” is II3 -definable uniformly in any code for N,
it follows that N is pre-(2n — 1)-suitable inside M, because M, is closed
under the operation a — Miﬁ(a) and hence X1 -correct in V. Therefore
Lemmaimplies that IV is (2n—1)-suitable inside M. In particular N has
an iteration strategy which is fullness preserving for non-dropping iteration
trees.
So we have that the coiteration of (K¢): with N is successful. Let 7 and
U be the resulting trees on (K¢)™: and N of length A+1 for some ordinal \.
It follows that (K¢)M> wins the comparison by universality of the premouse
(K€)M= inside M, (see Section 3 in [MSch04]). Therefore we have that there
exists an iterate R = M] of (K°)™= and an iterate N* = MY of N such
that NV* < R. Moreover there is no drop on the main branch on the N-side
of the coiteration.
Since N is (2n — 1)-suitable we have that M;;_Q(N*MN*) is a premouse
with 2n — 1 Woodin cardinals, which is wi-iterable above dy+ and not
(2n — 2)-small above dn+. So we can consider the coiteration of R with
Mi72(N*|5N*). This coiteration is successful using Lemma (2) be-
cause we have

N*|6n+ = R|On~
and R and M;f;_Q(N*]éN*) are both iterable above dy+«, using Subclaim
for the iterate R of (K¢)M=. If there is no drop on the main branch in T,
then R = /\/lz: wins the comparison by universality of (K¢): inside M,
(again see Section 3 in [MSch04]). If there is a drop on the main branch in
T, then R also wins the comparison, because in this case we have that

pu(R) < S+ and py (M, 5(N*|6x+)) = dn-.

Therefore we have that there exists an iterate R* of R and an iterate M™* of
M;;Q(N*MN*) such that we have M* < R* in both cases and the iteration
from M;fl_Q(N*]éN*) to M* is non-dropping. Since M;_Q(N*MN*) is not
(2n—1)-small, we have that M* and therefore R* is not (2n—1)-small. Thus
R is not (2n — 1)-small. But R is an iterate of (K¢)™= and therefore this
implies that (K¢)™= is not (2n — 1)-small, contradicting our assumption.

This finishes the proof of Claim O
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Claim |5| now implies that Mifl exists in M, as the minimal wj-iterable
premouse which is not (2n — 1)-small.

Work inside the model M, and let x € M, be a real which codes zg, the
theory T" and the premouse (M;fhl)Mz. Let

" #
N* = (Mg, _|(55 ) Man—1) M-

denote the suitable initial segment of (M;i_l)Mz, where dp denotes the least

Woodin cardinal in (M;i_l)Mz. Then we have in particular that N* is a
(2n — 1)-suitable premouse (in M. ).

Recall that by Lemma we have that N* is a (2n — 1)-suitable premouse
iff it is pre-(2n — 1)-suitable, that means iff it satisfies properties (1) — (4)
listed in the proof of Claim [I} Therefore the statement “N* is a (2n — 1)-
suitable premouse” is 113, -definable uniformly in any code for N*. Hence
by 23 -correctness of M, in V it follows that N* is also a (2n — 1)-suitable
premouse in V.

Recall that N, denotes the common iterate of all (2n — 1)-suitable pre-
mice N which are coded by a real yy recursive in z. Since M, is 31 -
correct in V it follows that the premouse N, is the same computed in M,
or in V. This yields by correctness of M, in V again that the premouse
Mj;_g(NI](SNw) is the same computed in M, or in V by the following ar-
gument. The premouse (Mi_Q(NmMNx))MZ is I3, -iterable above dy, in
M, and by X3 -correctness of M, also in V. Therefore we can successfully
coiterate the premice (M§_2(Nx|5Nx))MZ and (Mj;_Q(NZ\(SNﬁ))V inside V/
by Lemma since the latter premouse is wi-iterable in V' above dy, and
the comparison takes place above dy,. It follows that in fact

(Mo (Nu|on, )M = (MF,_5(Nalon,))" .

#

As mentioned before, we have that N* = (Mzﬁfﬂ(ég)MZ"—l)Mz isa (2n —
1)-suitable premouse in M, and in V and since z codes the premouse
(M;;_l)Mz, the premouse N* is coded by a real recursive in x.

Consider the comparison of N* with N, = (N,)™ inside an inner model of
M., of height w{’* which is closed under the operation a Miﬁ(a). The
premouse (Mj;_l)Mz is wy-iterable in M, and therefore it follows that N*
is wy-iterable in M,. Thus arguments as in the proof of Lemma yield
that N, is in fact a non-dropping iterate of N*, because N* is one of the
models giving rise to N,.

The same argument shows that N, does not move in the comparison with
(M;;fl)Mz. So in fact there is a non-dropping iterate M of (M;fhl)Mz

# 2 . . .

below ((53)(M2n71)M such that NV, <M. Since the iteration from (Mjfhl)Mz
to M is fullness preserving in the sense of Definition [3.§ and it takes place
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M

below (53)(]\@%1*1) in M., we have that in fact

M = M3, _5(Ny|on,),

because (47\4;#7&171)1‘4Z = Mgifz(N*]éo). Therefore we have that M;fz(Nx\csNz)
is a non-dropping iterate of M;;_Q(N *|09) and hence

ThM2n72(Nm‘5Nz) — ThM2n72(N*|5O)‘

Recall that by Claim [2| we picked the real zg such that ThM2n-2(Nzlone) and
thus ThM2n—2(N"1%0) {5 constant for all z >7 xg. This now implies that the
theory of (M;fkl)MZ is constant for all z > zg @ z, where z7 is as above
a real coding the theory T.

Thus if we now work in V and let N = (M;:l_l)Mz for z >7 xg ® x, then
we have

(Mﬁ—l)Mz =N= (Mj;—ﬂMy
for all y >7 x¢o ® x7. We aim to show that
(MF, )V =N,

|4

so in particular that (M;i_l) exists.

For this reason we inductively show that the premouse NV is w;-iterable in V
via the Q-structure iteration strategy 3 (see Definition . So assume that
T is an iteration tree via ¥ of limit length < wy; on N (in V). So we have
that the branch b through the iteration tree 7 [ A is given by Q-structures,
ie. Q(b, T [ A)=Q(T | A\), for every limit ordinal A < Ih(7).

Pick z € Yw with z >7 xo@xp such that T € M, and h(7) < w{w'z. Since T
is an iteration tree on N = (M;fhl)Mz according to the iteration strategy X
in V', we have that for all limit ordinals A < 1h(7") the Q-structure Q(7 [ A)
exists in V and is (2n — 1)-small above 6(7 [ A). In fact Q(T [ A) is not
more complicated than the least active premouse which is not (2n —2)-small
above 6(7 | A). So in this case we have that I1} -iterability for these O-
structures is enough to determine a unique cofinal well-founded branch b
through 7. Since M, is 33 -correct in V it follows that 7T is also according
to the O-structure iteration strategy ¥ inside M,. Moreover recall that

(Mg, )= = N.

Therefore there exists a cofinal well-founded branch b through 7 in M,.
As above this branch is determined by Q-structures Q(7 | \) which are
wi-iterable above §(7 | A) and therefore I1} -iterable above §(7 | A) in M,
for all limit ordinals A < 1h(7). That means in particular that we have
Q(b, T) = Q(T). Moreover Q(T) is also I} _-iterable in V and therefore it
follows that b is the unique cofinal well-founded branch determined by these
Q-structures in V as well. So N is wi-iterable in V' via the O-structure
iteration strategy 3.
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Thus we now finally have that
VE “Mi_l exists and is wi-iterable”.

This finishes the proof of Theorem[3.16] i.e. Theorem[3.14]for oddn < w. O

3.6. Mj;( ) from Boldface II},, ; Determinacy. In this section we will
finish the proof of Theorem [2.1] by proving Theorem [3.20] which will yield
Theorem [3.14] and finally Theorem [2.1] for even levels n in the projective
hierarchy (using Lemma . Therefore together with the previous section
we will have Theorem [2.1] for arbitrary levels n.

Theorem 3.20. Let n > 1 and assume that there is no X3, , ,-definable w1 -
sequence of pairwise distinct reals. Moreover assume that IIS~determinacy
and H%nﬂ determinacy hold. Then Mj; exists and is wi-iterable.

Recall that Lemma gives that IT3 41 determinacy suffices to prove that
every E%n yo-definable sequence of pairwise distinct reals is countable.

In order to prove Theorem we are considering slightly different premice
than before. The main advantage of these models is that they only contain
partial extenders on their extender sequence and therefore behave nicer in
some arguments to follow. The premice we want to consider are defined as
follows.

Definition 3.21. Let A be an arbitrary countable transitive swo ’dm set.
With Lp™(A) we denote the unique model of height wY called lower part
model above A which is given by the following construction of length wy .
We start with Ng = A and construct countable A-premice along the way.
Assume that we already constructed No. Then we let Noi1 be the model
theoretic union of all countable A-premice M > N, such that

(1) M is n-small above N, N Ord,

(2) pu(M) < NanOrd,

(3) M is sound above N, N Ord,

(4) NoNOrxd is a cutpoint of M, and
(5) M is wy-iterable above Ny N Ord.

For the limit step let A be a limit ordinal and assume that we already defined
Ny for all a < X. Then we let Ny be the model theoretic union of all
A-premice Nq for a < .

We finally let Lp™(A) = Nw}/.
A special case of this is Lp"(x) for x € “w.

Remark. We have that every lower part model as defined above does not
contain total extenders.

Ti.e. self-wellordered as for example defined in Definition 3.1 in [SchT].
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We will state the following lemmas for lower part models constructed above
reals = instead of swo’d sets A as this will be our main application. But they
also hold (with the same proofs) if we replace x with a countable transitive
swo'd set A as in Definition [3.21]

Lemma 3.22. Letn > 1 and assume that H%n determinacy holds. Moreover
let * € “w be arbitrary. Then the lower part model above x, Lp*"~1(x), is
well-defined, that means Lp®"~1(x) is an z-premouse.

Proof. Recall that we assume mductlvely that Theorem holds. That
means I3, determinacy implies that Mzn 1(z) exists for all x € “w. There-
fore we have by Lemma [2.11] that whenever M and M’ are two z-premice
extending some z-premouse N, (as in Definition and satisfying prop-
erties (1)-(5) in Definition for some x € “w, then we have that in fact
M <M’ or M' < M. Therefore Lp**~!(z) is a well-defined z-premouse. [

Lemma 3.23. Letn > 1 and assume that H%n determinacy holds. Moreover

let x € “w be arbitrary. Let M denote the w{ -th iterate of M;’i_l(a:) by its
least measure and its images. Then

Mlwy = Lp*~1(z).

Proof. Let x € “w and let (N, | a < wy) be the sequence of models from the
definition of Lp?"~!(z) (see Definition . We aim to show inductively
that

No <M
for all a < w}’, where M denotes the w} -th iterate of Mi_l(m) by its least
measure and its images as in the statement of Lemma Fix an o < wy’
and assume inductively that

Ng <M
for all 5 < «. Let z be a real which codes the countable premice N,41 and
Mj:z—l(x)'
Since Mi_l(x) is wi-iterable in V' and has no definable Woodin cardinals,
we have by Lemma (2) that it is (w; + 1)-iterable inside the model
Mos,—1(z). Therefore we have in particular that M is (w; + 1)-iterable inside
Moy (Z) .
Recall that N, is by definition the model theoretic union of all countable
x-premice N > N, such that

(1) N is (2n — 1)-small above N, N Ord,
(2) pu(N) < Na 1 Ord,

(3) N is sound above N, N Ord,

(4) No N Ord is a cutpoint of N, and

(5) N is wi-iterable above N, N Ord

In particular Lemma- ) implies that all these z-premice N> N,, satisfy-
ing properties (1) —(5) are (w; + 1)-iterable above N, NOrd inside the model
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Ms,,—1(z) since they have no definable Woodin cardinals above N, NOrd. In
particular N, is well-defined as in Lemma and it follows that N, 1
is (w1 + 1)-iterable above N, N Ord inside Ma,_1(2).

Hence we can consider the comparison of the z-premice M and N1 inside
the model Ma,,—1(z). This comparison is successful because by our inductive
hypothesis it takes place above N, N Ord. Now we distinguish the following
cases.

Case 1. Both sides of the comparison move.

In this case both sides of the comparison have to drop since we have that
pw(N) < N, N Ord for all z-premice N occurring in the definition of Ny41,
Nqo+1 N Ord < wY and M only has partial extenders on its sequence below
w{". This is a contradiction by the proof of the Comparison Lemma (see
Theorem 3.11 in [St10]), so only one side of the coiteration can move.

Case 2. Only the M-side of the comparison moves.

As above we have in this case that the M-side drops. So there is an iterate
M* of M such that N,41 is an initial segment of M*. Let Ejg for some
ordinal 8 be the first extender used on the M-side in the coiteration of M
with Nqo41. In particular Eg is an extender indexed on the M-sequence
above N, N Ord and below w}/. Since Fg has to be a partial extender, there
exists a (2n — 1)-small sound countable z-premouse N <1 M such that Ej is
a total extender on the N-sequence and pp,(N) < crit(Eg) for some natural
number m. Moreover we have that N is wi-iterable by the iterability of
M. Furthermore we have that crit(Eg) is a cardinal in N,41, because the
extender Eg is used in the coiteration and we have that

N1 < M™.

Therefore the premouse NN is contained in N,41 by the definition of a lower
part model. But this contradicts the assumption that Fz was used in the
coiteration, because then we have that there is no disagreement between M
and No41 at Eg.

Case 3. Only the N,i-side of the comparison moves.

In this case there is an iterate N* of Nn11 above N, N Ord such that the
iteration from N,y1 to N* drops and we have that

M < N™.

Recall that M denotes the w] -th iterate of Mf@_l(m) by its least measure
and its images and is therefore in particular not (2n — 1)-small above w} .
But then the same holds for N* and thus it follows that Ny is not (2n—1)-
small above N, N Ord, which is a contradiction, because N1 is the model

theoretic union of premice which are (2n — 1)-small above N, N Ord.
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This proves that
Not1 9 M
for all @ < w} and since Lp?"~!(x) N Ord = N,y N Ord = w! we finally
have that
Lp* () = M|wy .
O
Remark. Lemma also implies that the lower part model Lp**~!(z) is

closed under the operation a — M;;_Q(a) by the proof of Lemma[2.11{(1) as

this holds for M|w}’, where M again denotes the w] -th iterate of M} ()
by its least measure and its images.

Using this representation of lower part models we can also prove the following
lemma.

Lemma 3.24. Let n > 1 and assume that II}, determinacy holds. Let
T,y € “w be such that x € Lp**~1(y). Then we have that

Ly~ Y(z) C Lp*™(y)

and in fact Lp*"~1(x) is definable inside Lp*"~'(y) from the parameter x
plus possibly finitely many ordinal parameters. If in addition we have that
y <r z, then

Lp” () = (Lp™ (@),
Here (Lp®"~!(z))L?" ') denotes the model of height w!" which is con-
structed as in Definition but with models M which are wj-iterable

above N, N Ord inside Lp*"~!(y) instead of inside V.

Proof. Let z,y € “w be such that x € Lp?"~!(y). We first prove that
Lp2n71(m) - Lp2n71(y).
By Lemma we have that Lp?"~1(z) = M(z)|w), where M (z) denotes
the w} -th iterate of M;i_l(a:) by its least measure and its images. Moreover
we have that Lp?"~!(y) = M(y)|w}, where M (y) denotes the w} -th iterate
of M;:hl(y) by its least measure and its images. Let M™*(y) denote the
result of iterating the top measure of M (y) out of the universe.
Let L[E](z)M"®) be as in Definition m Moreover let M denote the
model obtained from L[E](x)™ ®) by adding the top measure (intersected
with L[E](z)M ®)) of the active premouse M(y) to an initial segment of
L[E](z)™"®) as in Section 2 of [FNSI0].
We can successfully compare the active z-premice MY and M (x) inside the
model My,_1(2), where z is a real coding M;;_l(y) and M;;_l(a;), by an
argument using Lemma [2.11] as in the proof of Lemma [2.19] Therefore it
follows that M7 = M (z) and thus we have that in fact

L))" Wwl = MF|w) = M (z)|wy .
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Since L[E](z)M"®) C M*(y) it follows that
Lp*" Y (2) = M(2)|wy = LIE](@)" @|w) € M*(y)lw = Ly~ (y)-

Now we prove that Lp?"~!(z) is definable inside Lp?"~!(y) from the param-
eter z plus possibly finitely many ordinal parameters. Let (N, | a < w]’) be
the sequence of models from the definition of Lp?"~1(z) in V (see Definition

) and let (pr ) | @ < w]’) denote the corresponding sequence of
models from the definition of (Lp?'~1(z))2?""'®). Let o < w} be such

that N, = N£p2n71(y) and let N > N, be an z-premouse which satisfies
properties (1) — (5) in Definition in V. So in particular we have that
N € Lp" Y(z) and N is (2n—1)-small above N,NOrd. As argued above we
have that N € Lp?"~!(y) and we first want to show that as N is ws-iterable
above N, N Ord in V it follows that N is wi-iterable above N, N Ord inside
Lp*~(y).

So assume that N is wi-iterable above N, N Ord in V and recall that the
model Lp?*~!(y) is closed under the operation a + Mj;_g(a). Since N
is (2n — 1)-small above N, N Ord and has no definable Woodin cardinal
above N, NOrd, we have that for an iteration tree 7 on IV of length < w; in
Lp**~1(y) above N,NOrd the iteration strategy ¥ is guided by Q-structures
which are (2n — 2)-small above 6(7 | A) for every limit ordinal A < 1h(7).
Therefore the Q-structures for 7 are contained in the model Lp**~!(y) and
we have that N is wj-iterable inside Lp?"~!(y) above N, N Ord if we argue
as in the proof of Lemma (2).

Assume now that Lp?"~1(z) # (Lp?"~(x))L?"" ) as otherwise the defin-
ability of Lp?>"~!(z) inside Lp?"~!(y) is trivial. That means there is an ordi-
nal a < wY such that N, = N(fp%_l(y) and there exists a premouse N > N,
which satifies properties (1) — (5) in the definition of (Lp?*~!(z))=r*" "' ®),
so in particular N is wi-iterable above N, N Ord inside Lp?"~!(y), but N is
not wi-iterable above N, N Ord in V.

Recall the model M*(y) from the first part of this proof. We have that
Lp*~Y(x) = LIE](z)™ ®|wY and N are both sufficiently iterable in M*(y),
so we can consider the coiteration of Lp?*~!(z) and N inside M*(y) and
distinguish the following cases.

Case 1. Both sides of the comparison move.

In this case both sides of the comparison have to drop since we have that
pw(N) < NoNOrd and Lp?*~!(x) only has partial extenders on its sequence.
As in Case 1 in the proof of Lemma this yields a contradiction.

Case 2. Only the Lp?"~!(x)-side of the comparison moves.
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Then the Lp?*~!(x)-side drops and we have that there is an iterate M of
Lp**~!(z) such that N <0 M. But this would imply that N is w;-iterable in
V', contradicting our choice of V.

Case 3. Only the N-side of the comparison moves.

In this case there exists an iterate N* of N such that Lp?"~!(z)<IN*. In fact
the iteration from N to N* only uses measures of Mitchell order 0 as the it-
eration cannot leave any total measures behind. Since there are only finitely
many drops along the main branch of an iteration tree, this implies that the
whole iteration from N to N* can be defined over L[N] from N and a finite
sequence of ordinals as the iteration is linear. As N <1 (Lp?"~!(z))r*" "' ®)
we therefore get that Lp?"~!(x) is definable inside Lp?"~!(y) from the pa-
rameter x plus finitely many ordinal parameters.

Now we prove the final part of Lemma [3.24] so assume that we in addition
have that y <7 z. By the argument we just gave,

27171(

Ly (@) G (L (@) 9710 € L),
This contradicts the following claim.

Claim 1. For reals x,y such that x € Lp*"~(

Lp2n71 ($) — Lp2n71(y)‘

y) and y <p x we have that

Proof. As x € Lp*"~!(y) we have that = € M(y) and thus = € Mjfl_l(y),
because M (y) is obtained from Miq(y) by iterating its least measure and
its images.

As in the proof of Lemma we can consider the premice L[E](x)M2n-1)

and L[E] (y)L[E](”D)M%*l(y) and if we let k denote the least measurable cardi-
nal in Ma,—1(y), then we get as in the proof of Lemma that

VMQn—l(y) — VL[E](;I;)MQTL—I(Z’J) )

Another comparison argument as in Lemma yields that Man-1(2) _

L[E)(z)M2n-1®) L.
Vi, , where v denotes the minimum of the least measurable car-

dinal in My, 1(z) and the least measurable cardinal in L[E](z)M2r-1),
Therefore

z)M2n—1(¥)

Moy, _ L|E _ v Mo, 1 (x
V#2 1(2/)_1/#[]( _Vu2 1(z)

)

where p = min(k, v), i.e. p is the minimum of the least measurable cardinal
in Ma,—1(y) and the least measurable cardinal in My, _1(z). In particular
we can consider My, _1(z) and Ma,—1(y) as VMMQ"“(‘(E)—premice and as such
they successfully coiterate to the same model (see again Lemma for a
similar argument). This implies that Lp?"~!(x) = Lp?>"~!(y) as they can be
obtained by iterating Ma,_1(x) and Ma,_1(y) via their least measure and
its images. ([l
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In general it need not be the case that Lp?"~1(x) = (Lpzn*l(x))Lpznfl(y) as
the following counterexample shows.

Lemma 3.25. Assume that I1} determinacy holds. Then there exists a real
x and a premouse M such that M is wi-iterable in Lp'(z), but M is not
w1 -iterable in V.

Proof sketch. Consider the premouse M and let § denote the Woodin car-
dinal in M;. Force with the countable stationary tower (see [La04]) over M;
and let
j : M1 — N

be the corresponding generic elementary embedding with crit(j) = w{v‘[l and
J (w{w ') = §. Moreover let M denote the shortest cutpoint initial Segmen
of N such that M1 NR € M and p,(M) = w. Then we can identify the
premouse M with a canonical real m coding M.

M; |6 thinks that all of its own initial segments are fully iterable, so that
N|7(9) thinks that M is fully iterable. Moreover, a short argument shows
that N is short tree iterable in V, i.e. N is iterable in V according to
iteration trees 7 on N such that Q(7) < LIM(T)]. This is proven using
the fact that M7 and thus N is a model of the statement “I am short tree
iterable” together with an absoluteness argument similar to the one given
for example in the proof of Lemma [3.9]

Now consider the coiteration of Mj(m) and N (construed as an m-premouse)
in V and let 7 and U denote the resulting trees on M;(m) and N respec-
tively, where the cofinal branches at limit steps in U are given by the short
tree iteration strategy for N. So there exists an iterate M* of M;(m) and
a pseudo-normal-iterate (see Definition 3.13 in [StW16]) N* of N such that
M* = N*. Here we either have that N* is the last model of U, or we have
that the iteration tree U is maximal and N* = LM (U)]. Moreover there
is no drop on the main branch in 7, which is leading from Mj(m) to M*,
and therefore the iteration embedding i : My(m) — M* exists. As M is
fully iterable inside N|j(d), M will also be fully iterable inside N*, cut off
at its Woodin cardinal (to conclude this, we don’t need that there is a map
from N to N*). Hence M is fully iterable inside M*, cut off at its Woodin
cardinal, and then by elementarity it follows that M is wi-iterable inside
M;i(m) and thus

Lp'(m) E “M is wi-iterable”.
But the premouse M is not wi-iterable in V. U

We also have a version of Lemma for lower part models Lp?"~!(x) as
follows.

8ie. M <N and M NOrd is a cutpoint in N
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Lemma 3.26. Let n > 1 and assume that II}, determinacy and 113, 4
determinacy hold. Then there exists a real x such that we have for all reals
y >r1 x that

Lp*" Y(y) E OD-determinacy.

Proof. Recall that we assume inductively that Hi determinacy implies that

Mj;_l(a:) exists for all z € “w. Then Lemma [3.26| follows from Lemma
by the following argument. For x € “w we have that

Moy, —1(z)|0, F OD-determinacy

implies that

My, —1(z)|k E OD-determinacy,
where k is the least measurable cardinal in My,_1(x), because whenever
a set of reals A is ordinal definable in Ms,,—;(x)|x, then it is also ordinal
definable in Moy, _1(z)|0,, since May,_1(z)|k and Ma,_1(x)|d,; have the same
sets of reals. This yields by elementarity that

M|w{ E OD-determinacy,

where M denotes the wY-th iterate of Moy, _1(z) by its least measure and
its images. By Lemma we have that M|w] = Lp?~!(z), so it follows
that
Lp*"~(z) E OD-determinacy.
O

This immediately yields that we have the following variant of Theorem

Theorem 3.27. Let n > 1 and assume that I}, determinacy and 113,
determinacy hold. Then there exists a real x such that we have for all reals
y >r1 x that

on—1 L 2n—1 3 . .
HODL? = “w2p @) s inaccessible”.

Now we can turn to the proof of Theorem [3.20] which is going to yield
Theorem [3.14] in the case that n is even.

Proof of Theorem[3.20. We start with constructing a ZFC model M, of
height w{" for some z € “w such that M, is 3} ,-correct in V for real

parameters in M, and closed under the operation a — Mﬁ_l(a). To prove

that this construction yields a model of ZFC, we are as before going to use
the hypothesis that there is no 3 1 o-definable w;-sequence of pairwise dis-
tinct reals. The construction will be similar to the construction we gave in
Section but here we have to manually ensure that M, is X3 ,-correct
in V.

Fix an arbitrary z € “w and construct a sequence of models (W, | a < wy’).
So the model M, = WWY is build level-by-level in a construction of length

w{". We are starting from Wy = {z} and are taking unions at limit steps of
the construction. At an odd successor level o+ 1 we will close the model W,
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under Skolem functions for 33, , ,-formulas. At the same time we will use
the even successor levels « + 2 to ensure that M, will be closed under the
operation a +—» Mi_l(a). As before the order of construction for elements
of the model M, can be defined along the way.

Before we are describing this construction in more detail, we fix a II3,, i1
definable set U which is universal for the pointclass II3,,,. Pick the set
U such that we have Ury~q = Ay, for every IT3, ,;-formula ¢ and every
a € “w, where "¢ ' denotes the Gédel number of the formula ¢ and

Aap,a = {Qf | @(x>a)}'

Then the uniformization property (see Theorem 6C.5 in [Mo09]) yields that
there exists a I}, , ;-definable function F' uniformizing the universal set U.
So we have for all z € dom(F') that

(2, F(2)) €U,

where dom(F) ={z | Jy (z,y) € U}.

Odd successor steps: For the odd successor steps of the construction
assume now that we already constructed the model W, such that o + 1 is
odd and that there exists a IT}, , ;-formula ¢ with a real parameter a from
Wy, such that Jzp(z,a) holds in V' but not in the model W,. In this case
we aim to add a real x,, constructed as described below to W,1 such
that ¢(xy 4, a) holds. This real will witness that Jzp(x, a) holds true inside
Wa+1.

We aim to build these levels of M, in a ¥}, ,-definable way, so we choose
reals x, , carefully. Therefore we add F(z) for all z € dom(F) N W, to the

current model W,. We will see in Claims [I] and [2] that this procedure adds
reals z, , as above in a I}, ;-definable way to the model M,.

So let ¢p be a II3, ., ;-formula such that for all z,y € “w,
F(z) =y iff op(z,y).
Then we let
Wot1 =rud(Wy U{y € “w |z € WoN“w op(z,y)}).

Order of construction: We inductively define the order of construction
for elements of Wy41 as follows. First we say for F(x) # F(2') with z,2’ €
dom(F) N W, that F(x) is constructed before F(z') iff x is constructed
before z’ in the order of construction for elements of W, where z and 2z’ are
the minimal (according to the order of construction in W) reals y and ¢’ in
dom(F)NW, such that F'(y) = F(z) and F(y') = F(2'). Then we define the
order of construction for elements added by the closure under rudimentary
functions as in the definition of the order of construction for L.

Even successor steps: At an even successor level o+ 2 of the construction

we close the previous model W, 41 under the operation a — Mzﬁfl(a) before
closing under rudimentary functions. Assume that we already constructed
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Weat1 and let a € W, 41 be arbitrary. The a-premouse M;;fl(a) exists in V'
because we as usual inductively assume that Theorem holds for 2n — 1.
As in the proof of Theorem [3.16]let M be a countable a-premouse in V' with
the following properties.

(i) M is 2n-small, but not (2n — 1)-small,

(73) all proper initial segments of M are (2n — 1)-small,
(#i1) M is a-sound and p, (M) = a, and
(iv) M is II},  ;-iterable.

We have that these properties (i) — (iv) uniquely determine the a-premouse

M;ifl(a) in V and we add such a-premice M for all a € W,41 to the
model W49 before closing under rudimentary functions as in the usual
construction of L, i.e.

Wt = rud(Way1 U{M | Ja € W41 such that M is a countable

a-premouse satisfying (i) — (iv)}).

Order of construction: For an a-premouse M, and a b-premouse M,
satifying properties (i) — (iv) for a,b € Wy41, we say that M, is defined
before My if a is defined before b in the order of construction for elements
of Wyt1, which exists inductively. For elements added by the closure under
rudimentary functions we define the order of construction as in the definition
of the order of construction for L.

Limit steps: Finally we let
W= Wa

a<<

for limit ordinals A < w} and

My =Wy = |J Wa.

a<wy

Order of construction: The order of construction at the limit steps is
defined as in the definition of the order of construction for L.

As in Section we are now able to show that this model M, satisfies
ZFC, using the background hypothesis that every E%n 1 o-definable sequence
of pairwise distinct reals is countable.

Claim 1. M, F ZFC.

Proof. For the even successor levels of the construction we have that prop-
erties (i) — (iv) as in the construction are IT}, , ;-definable uniformly in any
code for the countable premouse M.

For the odd successor levels recall that U is a I13,, y1-definable set and that
F is a IT} , , ;-definable function uniformizing U.
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Therefore the argument given in the proof of Claim 3]in the proof of Theorem
yields a contradiction to the background hypothesis that every E%n to-
definable sequence of pairwise distinct reals is countable. O

Moreover we can prove the following claim.

Claim 2. The model M, as constructed above has the following properties.
(1) M, NOrd = wy,
(2) x € My,
(3) M, is E%n”-correct in 'V for real parameters in M,, that means we
have that
M, <1 V,

2n+2
(4) M, is closed under the operation

a > Mj:hl(a),
and moreover Mzﬁq(a) s wy-iterable in M, for all a € M,.

Proof. Properties (1) and (2) immediately follow from the construction.

Proof of (3): The proof is organized as an induction on m < 2n + 1. We
have that M, is X}-correct in V using Shoenfield’s Absoluteness Theorem
(see for example Theorem 13.15 in [Ka03]). We assume inductively that
M, is 3} -correct in V and prove that M, is 3}, ;-correct in V. Since the
upward implication follows easily as in the proof of Lemma we focus
on the proof of the downward implication.

So let ¢ be a ¥} -formula and let a € M, N“w be such that 1(a) holds in
V. Say

¥(a) = Frp(z, a)
for a IT} -formula ¢.

Let y = "¢ "a € “w. Then we have that y € dom(F') since ¢(a) holds in
V and m < 2n 4 1. Therefore ¢r(y, F(y)) holds and F(y) is added to the
model M, at an odd successor level of the construction because we have that
y € M,. Recall that F(y) is choosen such that (y, F(y)) € U, that means
we have that

F(y) € Uy =Urpr~q = {2 | p(z,a)},
by our choice of U. Now the inductive hypothesis implies that
M E o(F(y),a)

and therefore it follows that M, F v (a), as desired.

Property (4) now follows by the same argument as the one we gave in the
proof of property (3) in Claim 4| in the proof of Theorem O

The following additional property of the model M, is a key point in proving
that MQ#; exists and is wq-iterable in V.
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Claim 3. For all x € “w in the cone of reals given in Theorem|3.2

M, E “M;i exists and is wy-iterable.”

The proof of this claim is now different from the proof of the analogous
claim in the previous section. The reason for this is that at the even levels
we cannot assume that we have a 2n-suitable premouse to compare the
model K¢ with (which at the odd levels was given by Lemmas and .
This is why we have to give a different argument here.

Proof of Claim[3. Assume this is not the case. Let (K¢)™= denote the model
resulting from a 2n-small robust-background-extender K¢-construction as in
[7e03] inside M,. Since M, is closed under the operation a — M _ (a),
(K¢)M= is fully iterable inside M, by a generalization of Theorem 2.11 in
[St96] (see Corollary 3 in [Je03]). Therefore we can build the core model
KM= inside M, by a generalization of Theorem 1.1 in [JS13] due to Jensen
and Steel. The core model KM= has to be 2n-small, because otherwise we
would have that

M, E “There exists a model which is fully iterable and not 2n-small”.

This would already imply that M;:L exists and is fully iterable inside M, so
in this case there is nothing left to show.

Subclaim 1. KM= is closed under the operation

a— M¥_ (a).

Proof. We start with considering sets of the form a = K™=|¢ where £ <
KMz 1 Ord is not overlapped by an extender on the KMs-sequence. That
means there is no extender E on the KM+-sequence such that crit(E) < £ <
Ih(E). We aim to prove that in fact

M (KMe|g) o KM,

We have that the premouse Mifl(KMz |€) exists inside the model M, since
we have that ¢ < KM+ N Ord = M, N Ord and M, is closed under the
operation

a M;;_l(a)

by property (4) in Claim [2| Consider the coiteration of the premice KM=
and Mﬁ_l(K Mz|¢) inside M,. This coiteration takes place above ¢ and
thus both premice are iterable enough such that the comparison is suc-
cessful by Lemma since Mj;_l(KMz\g) is wj-iterable above ¢ in M,.
By universality of K= inside M, (by Theorem 1.1 in [JSI3] and Lemma
3.5 in [St96] applied inside M), we have that there is an iterate M* of
Mi_l(KMﬂg) and an iterate K* of K™ such that M* < K* and the it-

eration from M;:hl(K Mz|£) to M* is non-dropping on the main branch.
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Since
My
oM, (K1) < €
and since the coiteration takes place above £, we have that the iterate M*

of Mj;fl(K Mz|£) is not sound, if any extender is used on this side of the
coiteration. Therefore it follows that in fact

ME,_ (KMe(¢) < K.

Assume that the KM=-side moves in the coiteration, that means we have
that K™= # K*. Let o be an ordinal such that E, is the first extender
on the KMs_sequence which is used in the coiteration. Then we have that
a > £ We have in particular that « is a cardinal in K*. But then since
we have that pw(Mj:l_l(KMﬂg)) < ¢ < a and Mj;_l(KMmlg) < K*, this
already implies that

a> M (KM:1¢)nOrd.
Therefore there was no need to iterate KM= at all and we have that

M (1) < KV

Now let a € KM= be arbitrary. Then there exists an ordinal ¢ < KM= 0 Ord
such that a € KM=|¢ and ¢ is not overlapped by an extender on the K™M:-
sequence. We just proved that

My, (KMe]€) <« KM,

As we argued several times before, by considering L|E](a)M2n-1(E™*16) a5
in Definition [2.18] and adding the top extender of the active premouse
M;ifl(KMf |€) (intersected with L[E](a)M2n-1(E""18)) to an initial segment
of the model L[E](a)M2n-1(E""8) a5 described in Section 2 in [FNSI0] we
obtain that

M, (a) € KM,
as desired. O

Using the Weak Covering Lemma from [JS13] (building on [MSchSt97] and
[MSch95]) we can pick a cardinal v € M, such that v is singular in M, and
vt is computed correctly by KM+ inside M,. That means we pick v such
that we have

My
(R = ()M

For later purposes we want to pick v such that it additionally satisfies
cf ()M > wy'e.
Subclaim 2. There exists a real z >7 x such that

(1) (Y™ =wt™ ) and
(2) KMe|(y )Mo e Lp?n—1(2).
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Proof. We are going to produce the real z via a five step forcing using an
almost disjoint coding. For an introduction into this kind of forcing see for
example [FSS14] for a survey or [Sch00] where a similar argument is given.

We force over the ground model
Lp2n71 ({L’, KMz ‘ (,er)Mz)

We have that Lp?"~!(z, KM=|(yT)M=) is a definable subset of M, because
we have by property (4) in Claim [2| that

M,y (o, K| (79)Y) € My
and by Lemma the lower part model Lp?"~!(x, KMz|(y+)Ms) is ob-
tained by iterating the least measure of Miq(ﬂ”’ KMz |(4H)Mz) and its im-
ages w{ times and cutting off at w} .
This implies that in particular

Cf(,y)Lp2n71(x7KIMz|(’Y+)sz) > w{wl

Step 1: Write Vy = Lp*~!(x, KM=|(y+)Me) for the ground model. We
start with a preparatory forcing that collapses everything below w{wg” to w.
Afterwards we collapse v to w;"*.

So let Gp € V be Col(w, < w{wm)—generic over Vp and let

Vo = Vo[Go)-
Moreover let Gy € V be Col(w*, ~)-generic over V and let

Vi = V5[Gol-
So we have that w{wx = le and by our choice of v, i.e. cf(y)"0 > w{wﬁ
we moreover have that (y7)Mr = (vH)E"™ = W} We write w; = w)? and
Wy = w;/l.

Furthermore let A’ be a set of ordinals coding Gy and Gj,, such that if we
let A C (y")M= be a code for

z@® (KM |(vH)M) @ A,
then we have that Go, G, € Lp*"1(A) and KM=|(yF)M= € Lp?"=1(A).
We can in fact pick the set A such that we have V3 = Lp?"~!(A) by the
following argument: Recall that

Lyl (4) = M(A)w)

where M (A) denotes the w) -th iterate of M;i_l(A) by its least measure
and its images for a set A as above. Then we can consider Gy as being
generic over the model M (z, KM=|(y+)M=) and G} as being generic over the
model M (z, KMz|(yT)M)[Gy], where M (z, KM=|(y+)M=) denotes the wy -
th iterate of Mé’i_l(x,KMﬂ(’y*)Mz) by its least measure and its images.

Since both forcings in Step 1 take place below (y7)M= < wY it follows as
in the proof of Theorem that M (x, KM=|(yT)M=)[Go][Gf] = M(A) for
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aset AC (yH)Me coding x, KMe|(yF)M= Gy and G, and thus we have that
Vi = M(A)|w! for this set A, as desired.

Step 2: Before we can perform the first coding using almost disjoint subsets
of w; = w}* we have to “reshape” the interval between (7yF)M= = w1 and
w1 to ensure that the coding we will perform in Step 3 exists. Moreover we
have to make sure that the reshaping forcing itself does not collapse w; and
(yF)M=. We are going to show this by proving that the reshaping forcing is
< (yF)Me_distributive.

We are going to use the following notion of reshaping.

Definition 3.28. Let n be a cardinal and let X C n™. We say a function
fis (X,n™)-reshaping iff f : « — 2 for some a < n* and moreover for all
¢ < a with € <n* we have that

(i) LIXNEfTEFE <, or
(73) there is a model N and a Y -elementary embedding

j: N — Lp* H(X)ptt

for some large enough k < w such that

(a) crit(j) = £, j(€) = 0",

(0) pr+1(N) <&, N is sound above £, and

(c) definably over N there exists a surjection g :n — &.

For future purposes notice that if N is as in Clause (ii) above, then N <
Lp* 1 (X N¢).

Now we denote with P; the forcing that adds an (A, (y+)M+)-reshaping
function for (y¥)Ms = wy?, defined inside our new ground model V; =
Lan_l(A).

We let p € Py iff p is an (A, (y7)Me)-reshaping function with dom(p) <
('y+)Ml and we order two conditions p and ¢ in P; by reverse inclusion, that
means we let p <p, ¢ iff ¢ C p.

First notice that the forcing P; is extendible, that means for every ordinal
a < (yH)Ms the set DY = {p € Py | dom(p) > a} is open and dense in P;. In
fact, for each p € P; and every a < (y+)Me there is some ¢ <p, p such that
dom(q) > awand L[ANE,q | €] E |€] < nfor all £ with dom(p) < £ < dom(q).
We now want to show that Pj is < (y+)Me-distributive. For that we fix a
condition p € P; and open dense sets (Dg | f < wi). We aim to find a
condition ¢ <p, p such that ¢ € Dg for all 8 < w;.

Consider, for some large enough fixed natural number k, transitive -
elementary substructures of the model Lp?>"~!(A) = V;. More precisely
we want to pick a continuous sequence

(Nouﬂ'omfa ’ a < wl)
of transitive models N, of size |w)!| together with ¥j-elementary embed-

dings
To : No — Lp*" 1(A)
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and an increasing sequence of ordinals £, such that we have p € Ny, and for
all @ < wq

(1) crit(my) = €a with m4(&,) = (y7)Me=,
(2) for all ordinals @ < w; we have that pri1(Ny) < &, and N, is sound
above &4, and

(3) {p}U{Dg | B <wi} Cran(my).

We can obtain N, and m, for all @ < w; with these properties inductively
as follows. Let My be the (uncollapsed) ¥j-hull of

YU{ptU{Ds | B <wi}

taken inside Lp?"~1(A). Then let Ny be the Mostowski collapse of My and
let

0 : No — My <sx,, Lp*(A)
be the inverse of the embedding obtained from the Mostowski collapse with
critical point &p.

Now assume we already constructed (N, 7o, &) and M, for some a < wy.
Then we let M,4+1 be the (uncollapsed) Y-hull of

rYU{p}U{Dﬁ|B<W1}UMaU{Ma}

taken inside Lp?"~'(A). Further let N,y be the Mostowski collapse of
My41 and let

Ta+1 - Na+1 — Ma+1 =< Lp2n71(A)

be the inverse of the embedding obtained from the Mostowski collapse with
critical point £,41. Note that we have £,41 > &,.

Moreover if we assume that (N, 7q, &) is already constructed for all o < A
for some limit ordinal A < wq, then we let

My = | M.,
a<A

and we let Ny be the Mostowski collapse of M)y with inverse collapse em-
bedding

Ny — M s
with critical point crit(my) = €.
Recall that we fixed open dense sets (Dg | f < wi). We are now going to
construct a sequence (po | @ < wy) of conditions such that poy1 <p, Do

and py41 € D, for all @ < wy. Moreover we are going to construct these
conditions such that we inductively maintain p, € 7, (P;) C N,.

We start with pg = p € Ny. For the successor step suppose that we already
defined p, € 7,1 (P;) C N, for some a < wy. Then we have that dom(p,) <
& and p,, € Noy1 by the definition of the models and embeddings (N, 7o, |
a < wp). By extendibility of the forcing W;il(Pl) and the density of the

-1

set Tt

1(Dq) € Dy, there exists a condition pa4+1 <p, po such that we
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have pat11 € W;-t,l-l(Pl) C No+t1; Pat1 € Do and dom(paJrl) > &, since
7T;41_1(P1) Q Pl.

For a limit ordinal A < wy we simply let py = [J,)Pa- We have that the
sequence (&, | a < A) of critical points of (7, | @ < A) is definable over
Ny since for a < X the model N, is equal to the transitive collapse of a
Y.p-elementary submodel of Ny which is constructed inside Ny exactly as it
was constructed inside Lp?"~!(A) above. Therefore we have that

M (E) <A <wp = w)!

which implies that
Ny E 6] < wyt

As dom(py) = &), this buys us that py is in fact a condition in the forcing
P
Now consider the function ¢ = p,,,. Then ¢ € P and g € Dg for all 5 < w;.

We have shown that the reshaping forcing P; is < (y+)M=-distributive and
therefore does not collapse w; and (y7)M= = ws.

So let G1 be Pj-generic over Vi and let Vo = V1[G1]. The extendability of
the forcing Py yields that |G is an (A4, (yF)™=)-reshaping function with
domain (y*)M=. Let B’ be a subset of (y")M+ which codes the function
U G1, for example the subset of (yT)™= which has | J G as its characteristic
function. Finally let B C (y")™= be a code for A @ B'.

As at the end of Step 1 we can pick this code B C (y+)M= such that the
model V5 is of the form Lp?"~1(B) by the following argument: Recall that

Lp*Y(B) = M(B)|wy

where as above M(B) denotes the w}-th iterate of Mzﬁ_l(B) by its least
measure and its images. Therefore we can consider (G; as being generic over
M (A). This yields as in the argument at the end of Step 1 that we can pick
B such that Vo = M(B)|w} because the “reshaping forcing” P; takes place
below (yF)M= < w}. Therefore we have that

Vy = Lan_l(B).

Step 3: Now we can perform the first coding using almost disjoint subsets

of w = wY 2= w}/ 1. Since B is “reshaped” we can inductively construct a

sequence of almost disjoint subsets of w,

(Ag | € < (v)Me),

as follows. Let & < (yF)M= be such that we already constructed a sequence
(A¢ | ¢ < &) of almost disjoint subsets of wy.

Case 1. L[BNE]E [¢] < w)2.
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Then we let A¢ be the least subset of wy in L[BN¢&| which is almost disjoint
from any A for ¢ < ¢ and which satisfies that

jwr \ [ Acl =N

(<¢

Case 2. Otherwise.

Let N be the least initial segment of Lp?"~1(A4 N f)Lpznil(B) such that
pw(N) < & N is sound above &, & is the largest cardinal in N, and de-
finably over N there exists a surjection g : wYQ — & Now let A¢ be the
least subset of wYQ which is definable over N, almost disjoint from any A
for ¢ < £ and which satisfies that |wi \ U< A¢| = N1

That the set A¢ is well-defined in this case follows from the fact that the set
B C (y")Me is “reshaped” by the following argument. As B is “reshaped”
we have in Case 2 above that there exists a model N as in Definition [3.28
(ii). We have that N <1 Lp?"~1(AN¢E). In general it need not be the case that
Lp2"_1(Aﬁ§)Lp2n71(B) is equal to Lp?"~1(ANE) (see Lemma, but as &
is the largest cardinal in NV, it follows that in fact N <1 Lp"~1(ANE)LP*" " (B),

Hence any N witnessing at £ that B is “reshaped” is an initial segment of
Lp?"= Y (AN &)LP" ' (B) | 5o that the set Ag is indeed well-defined.

The sequence (A¢ | € < (v7)M=) is now definable in Vo = Lp*"~(B).

Now let P be the forcing for coding B by a subset of w; using the almost
disjoint sets (A¢ | € < (y7)M=). That means a condition p € P, is a pair
(p1, pr) such that p; : @ — 2 for some a < wy and p, is a countable subset of

(yH)Me. We say p = (p1,pr) <p, (@1,¢-) = ¢ iff ¢ € pi, ¢ € pr, and for all
¢ € ¢, we have that if £ € B, then

{8 € dom(p;) \ dom(q;) | pi(B) = 1} N Ae = 0.

An easy argument shows that the (y+)M=-c.c. holds true for the forcing Ps.
Moreover it is w-closed and therefore no cardinals are collapsed.

Let G2 be Ps-generic over V5 and let
C'= | J {8 € dom(p) | pu(B) = 1}.

pEG?
Then C’ C w; and we have that for all £ < (y+)M=,
¢ € Biff |0 N A¢| < Ro.

Finally let V3 = V3[G2]. By the same argument as we gave at the end of
Step 2 we can obtain that

Vs = Lp*"~}(C)

for some set C' C w; coding ¢’ and the real z, as the model Lp?"~1(C)
can successfully decode the set B C ()M« by the following argument. We
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show inductively that for every & < (vF)M= (A; | ¢ <€) € Lp*™~1(C) and
BN¢ e Lp?>™ (). This yields that B € Lp*»~1(C).

For the inductive step let & < (y7)M= be an ordinal and assume inductively
that we have

(Ac [ ¢ <€) e Lp*H(O).
Since for all { < &,
( e Biff |C/ﬂAc| < Ny,

we have that BN ¢ € Lp?~1(C).

In Case 1, i.e. if L[BNE]E €] < wi?, the set Ag¢ can easily be identified
inside Lp?"~1(C). In Case 2 let N be the least initial segment of Lp**~1(AN
£ )Lp%_l(c) such that p,(N) < &, N is sound above ¢, £ is the largest cardinal
in N, and definably over N there exists a surjection g : w; — £. Such an
N exists due to the fact that B is “reshaped”: there is even some N <«
Lp* 1 (AN¢) such that p,(N) < &, N is sound above &, ¢ is the largest
cardinal in N, and definably over IV there exists a surjection g : w; — £; and
Lp* (AN f)LPQ"_l(C) C Lp*" 1(AN¢). Thus the least initial segment N
of Lp?"~1(AN¢ )LPQn_l(C) with these properties exists and it will also be an
initial segment of Lp?"~1(AN¢), and N will then also be an initial segment
of Lp>"=1(A N &)L '(B) (for the B as above) which was used to identify
A¢. We have shown that in each case A¢ can be identified inside Lp?"~1(C).

As the identification of the next A¢ was according to a uniform procedure,
we get that in fact

(Ac [ ¢ <€) e Ly H(O).

Step 4: Before we can “code down to a real”, that means before we can find
a real z such that KMz|(yF)M= ¢ [p?"~1(z), we have to perform another
“reshaping” similar to the one in Step 2. So let P; be the forcing for adding
a (C,wy)-reshaping function working in V3 as the new ground model, where
w1 = wY"’ = wYQ. That means we let p € Py iff p is a (C,w;)-reshaping
function with dom(p) < w;. The order of two conditions p and ¢ in Pj is
again by reverse inclusion, that means p <p, ¢ iff ¢ C p.

The forcing Pj5 is extendable and < wi-distributive by the same arguments
as we gave in Step 2 since we have that V3 = Lp?"~!(C). Therefore P3 does
not collapse ws.

Let G3 be Ps-generic over V3 and let V; = V3[G3]. We again have that | G3
is a (C,w1)-reshaping function with domain wy, because Ps is extendable.
Let D’ be a subset of w; which codes |JG3, for example the subset of wq
which has |JGs as its characteristic function. Finally let D C w; code
CeD.

By the same argument as the one we gave at the end of Step 2 we can obtain
that in fact

‘/4 — Lp2n_1(D).
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Step 5: Now we are ready to finally “code down to a real”. Since D is
“reshaped” we can consider a uniformly defined sequence

(Be | € <wi)

of almost disjoint subsets of w as in Step 3, where w; = wY“ = wY 5.

Now we let P4 be the forcing for coding D by a subset of w using the almost
disjoint sets (B¢ | £ < wi). That means a condition p € Py is a pair (p;, p,)
such that p; : @« — 2 for some a < w and p, is a finite subset of w;. We say

p = (pi,0r) <p, (@1,9-) = ¢ iff ¢ C p1, ¢4 C pr, and for all £ € ¢, we have
that if £ € D, then

{8 € dom(p) \ dom(qr) | pi(B) = 1} N Be = 0.

As in Step 3 above an easy argument shows that the forcing P, has the c.c.c.
and therefore no cardinals are collapsed.

Finally let G4 be Pj-generic over V; and let
E' = |J {8 € dom(p) | m(B) = 1}.

pEGy
Then E' C w and we have that for all £ < wq,
€€ Diff |[E'NBe| <Ny

Let V5 = V4[G4] and finally let z be a real coding E’ and the real z. Analo-
gous to the arguments given at the end of Step 3 we can pick the real z > x
such that we have

Vs = Lp*"1(2)
and the model Lp?"~1(z) is able to successfully decode the set D and thereby
also the set A.
This ultimately yields that we have a real z >7 x such that

L 2n—1 2
(7 )Me = WP (2)
and

KMI ‘ (,Y-i-)Mz e Lp2n—l (Z>

Subclaim 3. KMz|(yF)Me s fully iterable inside Lp*"~1(z2).

Proof. Tt is enough to show that the 2n-small premouse KM |(yT)Me is
wi-iterable inside Lp**~!(z) because once we showed this, an absoluteness
argument, as for example similar to the one we already gave in the proof of
Lemma yields that KMs|(y*)Mz is in fact fully iterable inside Lp?"~'(z)
since the iteration strategy for KM=|(yT)M= is given by Q-structures Q(7)
for iteration trees 7 on KMs|(yT)M= which are (2n — 1)-small above (7))
and such Q-structures Q(7) are contained in every lower part model at the
level 2n — 1, as for example Lp?>"~!(z), by definition of the lower part model.
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In a first step we show that there is a tree T such that p[T] is a univer-
sal 113, -set in Lp?"~!(z, KMe|(yT)M=) and moreover for every forcing P of
size at most (y7)M= in Lp?"~!(z, KM=|(yT)M=) and every P-generic G over
Lp*=Y(z, KMz|(y+)Mz) we have that

Lp*" Y (z, KM=|(yT)M=)[G] E “p|T] is a universal II3 -set”.

Let ¢ be a I3 -formula defining a universal IT3, -set, i.e. {y € “w | ¢(y)} is

a universal I13 -set. Then we let T' € Lp**~1(z, KM=|(y*)M=) be a tree of

height w searching for y, H, M, 0,Q and ¢ such that

(1) y € “w,

(2) M is a countable (z, H)-premouse,

(3) 0 : M — Lp?" 1 (x, KMs|(y+)Me) is a sufficiently elementary embed-
ding,

(4) o(H) = EMe|(yF)M=, and

(5) Q € M is a partial order of size at most HNOrd in M and g is Q-generic
over M such that

Mg] F o(y).

This tree T has the properties we claimed above by the following argu-
ment. The model Lp?"~!(x, KMs|(y+)M=) is closed under the operation
a +— Mi_z(a) and is therefore 33 -correct in V. The same holds for
the model Lp**~(x, KM=|(y+)M=)[G], where G is P-generic over the model
Lp*"(z, KMz|(y)M=) for some forcing P of size at most (y+)Me in the
model Lp?"~1(x, KMz|(4+)Mz), Moreover we have that if M, H,o,Q and
g are as searched by the tree T, then the forcing Q € M has size at most
H N Ord in M and the embedding o : M — Lp?"~!(x, KMz|(yF)Me) is
sufficiently elementary, so it follows that M]|g] is 23 -correct in V. This
easily yields that p[T] is a universal II3 -set in Lp**~1(z, KM=|(y+)M=)[G]
for every generic set G as above, in fact

plT) N Lp™ (&, KM | (v)M)[G] =
{y €“w o)} nLp* " (z, KM |(v")M)[G].

In a second step we now define another tree U whose well-foundedness is
going to witness that KM=|(yF)M= is wi-iterable. So we define the tree
U € Lp*" ! (x, KMs|(y)M=) such that U is searching for K, 7,7, N, o and
a sequence (Qy | A <1h(7), A limit) with the following properties.

(1) K is a countable premouse,
(2) 7: K — KM=|(y")M= is an elementary embedding,
(3) T is a countable putativ&ﬂ iteration tree on K such that for all limit

ordinals A\ < 1h(7),
o) I MJ,
9Recall that we say that a tree T is a putative iteration tree if T satisfies all properties of

an iteration tree, but we allow the last model of T to be ill-founded, in case 7 has a last
model.
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(4) for all limit ordinals A < 1h(7), Q, is a I} -iterable (above 6(7 | \))
Q-structure for 7 | A and Q) is (2n — 1)-small above §(7 | A) (where
this I13,,-statement is witnessed using the tree 7' defined above),

(5) N is a countable model of ZFC™ such that either

N E “T has a last ill-founded model”,

or else

N E  “Ih(T) is a limit ordinal and there is no cofinal branch b
through 7 such that Q) < M7,

and
(6) 0 : NN Ord < wy.

Here a code for the sequence (Qy | A < 1h(7), A limit) of Q-structures
satisfying property (4) can be read off from p[T.

Recall that we have that the core model K= is 2n-small and thereby fully
iterable in the model M, via an iteration strategy which is guided by O-
structures Q(7") for iteration trees 7 on KM= of limit length which are
(2n — 1)-small above §(7). This implies that the premouse KMz |(y+)M= js
iterable inside the model Lp?"~1(x, KM=|(y+)M=) (which as argued earlier is
a definable subset of M,) by an argument as in the proof of Lemma be-
cause KMz|(y+)Me is a 2n-small premouse and the wi-iterable Q-structures
Q(T) for iteration trees T on KMz |(yF)Me in Lp?n=1(x, KMs|(yF)Me) are
contained in the model Lp**~!(z, KM=|(y+)Mz) as they are (2n — 1)-small
above §(T).

We aim to show that the tree U defined above is well-founded inside the
model Lp*"~1(z, KM=|(y+)M=). So assume toward a contradiction that U is
ill-founded in Lp?*~!(z, KM=|(y*)Ms) and let K, 7, T,N,o and (Qy | A <
Ih(7), A limit) be as above satisfying properties (1) — (6) in the definition of
the tree U.

Assume that the iteration tree 7 has limit length since the other case is eas-
ier. Since as argued above the premouse Kz|(y*)M= is countably iterable
inside Lp?~!(x, KMz|(yt)M=) we have that in Lp?"~1(z, KMz|(y)M=)
there exists a cofinal well-founded branch b through the iteration tree T
on K and wi-iterable Q-structures Q(7 | A) for all limit ordinals A < Ih(7)
such that we have Q(7) = Q(b, T) by an argument as in Case 1 in the proof
of Lemma [3.9] Moreover every Q-structure Q(7 [ A) is (2n—1)-small above
(T TA).

Since the model Lp**~!(x, KM=|(y+)M=) is closed under the operation a +
Mj;_z (a), the proofs of Lemmas|2.11|and |2.12| imply that we can successfully
compare Q(7 | A) and Q, for all limit ordinals A < lh(7). This implies
that in fact

QT I'A) =2
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Therefore it follows by an absoluteness argument as the one we already gave
in the proof of Lemma that

N E  “there exists a cofinal branch b through 7 such that
Qi) IM]7,
because we in particular have that Qy,y = Q(b, T) I M].

Therefore the tree U is well-founded in the model Lp**~1(z, KM |(y+)Ms)
and by absoluteness of well-foundedness this implies that the tree U is also
well-founded inside Lp?"~1(2).

We have by construction of the tree T" that a code for the sequence (Qy | A <
1h(7), A limit) can still be read off from p[T] in Lp?"~!(z) because the forcing
we performed over the ground model Lp?*~!(x, KM= |(y+)Mz) to obtain the
real z has size at most (y)Me in Lp?"~1(z, KM=|(yT)M=). Therefore the
well-foundedness of the tree U in Lp?"~!(z) implies that KM=|(y+)Me ig
wi-iterable in Lp?"~1(2). O

Following [MSch04], we now aim to make sense of
(KC)Lp2n71(Z) ]

The issue is that the definition of certified in the construction of the model
K¢ in the sense of [MSch04] makes reference to some fixed class of ordinals
A such that V' = L[A]. Therefore the model K¢ constructed in this sense is
in general not contained in HOD, because whether an extender is certified in
the sense of Definition 1.6 in [MSch04] may depend on the choice of A. The
following claim is supposed to express the fact that we may choose A with
Lp*"~1(2) | “V = L[A]” in such a way that the resulting K¢ is a subclass
of HOD from the point of view of Lp**~1(z).

Subclaim 4. (K¢)LP*"7'() c HODX™" ' (2).

Proof. Let 2 € Lp*™~'(z) be an arbitrary real with z <7 2. In particular,
Lp*"~1(2) = Lp*»~1(2') by Lemma Let us write A, = 2’7 E,/, where
E./ codes the extender sequence of Lp?"~1(z'). We may construe A, as a
set of ordinals in a canonical fashion.

Claim 1. Let 2/ € Lp*™~Y(z) be a real with z <7 2'. An extender E is
certified with respect to A, iff E is certified with respect to A/, in the sense
of Definition 1.6 in [MSch04).

Proof. Tt follows from Lemma, that
Lp2n71 (Z/) — (Lp2n71 (z/))LP2"_1 (2)

2n—1
and we even have that the set A,/ ﬂwfp ) may be easily computed from
2n—1 2n—1
A, N wlL P, Symmetrically, we have that the set A, N wle ) may
Lp*"~1(z)

be easily computed from A, Nw; . Moreover the extender sequences
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2n—1
of Lp?"~1(2) and Lp?"~1(2’) literally agree above wle () Therefore it
follows easily that an extender E is certified with respect to A, iff E is
certified with respect to A,.. ([

We have shown that inside Lp?"~!(z) there is a cone of reals 2’ such that
the output of the K¢ construction performed a la [MSch04] and using A,/ is
not sensitive to the particular choice of 2z’ from that cone. Hence if we let

(KC)LP2"71(Z)
be this common output, then
(K°)2»*" (=) « HODMP™" ' (3),
as desired. (]

In what follows we will also need the following notion of iterability.

Definition 3.29. Let N be a countable premouse. Then we inductively
define an iteration strategy A for N as follows. Assume that T is a normal
iteration tree on N of limit length according to A such that there exists a
Q-structure Q > M(T) for T which is fully iterable above 6(T). Then we
define that A(T) =0b iff b is a cofinal branch through T such that either

(1) @4 MZ—, or
(ii) b does not drop (so in particular the iteration embedding i] ewists),
there exists an ordinal § < N N Ord such that i] (§) = §(T) and
N E % is Woodin”,
and there exists a Q > N[0 such that
OF “ is Woodin”,
but & is not definably Woodin over Q and if we lift the iteration tree
T to Q, call this iteration tree T*, then
T .60

Definition 3.30. Let N be a countable premouse. Then we say that N is
Q-structure iterable iff for every iteration tree T on N which is according
to the iteration strateqy A from Definition the following holds.

(1) If T has limit length and there exists a Q-structure Q > M(T) for
T which is fully iterable above 6(T), then there exists a cofinal well-
founded branch b through T such that A(T) = b.

(i) If T has a last model, then every putative iteration tree U extending T
such that Th(U) = 1h(T) + 1 has a well-founded last model.

The premouse
(KC)LPanl(Z)

is countably iterable in Lp?*~!(z) by the iterability proof of Chapter 9 in
[St96] adapted as in Section 2 in [MSch04].
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Subclaim 5. In Lp?™~!(z),

(KC)LP2H71(Z) is Q-structure iterable.

Proof. Assume there exists an iteration tree 7 on (K €)Lr*" (%) which wit-
nesses that (K°)2P"" 7' (2) is not Q-structure iterable inside Lp?"~1(z). Since
the other case is easier assume that 7 has limit length. That means in par-
ticular that there exists a Q-structure Q(7) > M(T) for T which is fully
iterable above 6(7), but there is no cofinal well-founded branch b through
T in Lp?"~1(z) such that A(T) = b.

For some large enough natural number m let H be the Mostowski collapse

of HullZ”" '@ such that H is sound and po(H) = pm1 (H) = w. Further-
more let

7 H — Lp*" 1(2)
be the uncollapse map such that 7, Q(T) € ran(rw). Moreover let 7,0 € H

be such that 7#(7) = T, n(Q) = Q(T), and let K C H be such that
m(K|y) = (KL 1@ () for any v < HNOrd. That means in particular
that 7 is an iteration tree on K.

As argued above we have that (K¢)2P"" ' (%) jg countably iterable in Lp**~!(z).
Therefore there exists a cofinal well-founded branch b through 7 in Lp*"~!(z).

Now we consider two different cases.

Case 1. There is a drop along the branch b.

In this case there exists a Q-structure Q* < /\/lgr for 7. A standard compar-
ison argument shows that Q* = Q and thus Q < MBT is a O-structure for
T.

Now consider the statement
#(T,Q) = “there is a cofinal branch b through 7 such that
QM.
This statement ¢(7, Q) is Xi-definable from the parameters 7 and Q and
holds in the model Lp?>"~!(z) as witnessed by the branch b.

By 2%—absoluteness the statement ¢ (7, Q) also holds in the model H Col(w,n)
as witnessefl by some branch b, where n < H NOrd is a large enough ordinal
such that 7, Q € HCw are countable inside HCOw:m),

Since b is uniquely definable from 7 and the Q-structure Q, and 7,0 € H,
we have by homogeneity of the forcing Col(w,n) that actually b € H. This
contradicts the fact that the iteration tree 7 witnesses that the premouse
(K)P*"71(2) is not Q-structure iterable inside Lp?*~1(z).

Case 2. There is no drop along the branch b.

In this case we consider two subcases as follows.
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Case 2.1. There is no Woodin cardinal ¢ in K such that ig—(g) =46(T).

In this case we have that 6(7) is not Woodin in Ml—?. Thus there exists an
initial segment Q* < ./\/lg— such that

Q" E “§(T) is a Woodin cardinal”,
and definably over Q* there exists a witness for the fact that §(7) is not
Woodin (in the sense of Definition [2.7). As (K¢) 7" '(2) is countably it-
erable in Lp?"~!(z) we can successfully coiterate the premice Q* and Q.
Therefore we have that in fact Q* = Q and thus as in Case 1 it follows that
Q< M{ is a Q-structure for 7 and we can derive a contradiction from that
as above.

Case 2.2. There is a Woodin cardinal ¢ in K such that iZ(g) =46(T).

Let 6 = 7(5) be the corresponding Woodin cardinal in (K¢)2""7'(2) All
extenders appearing in the K°-construction in the sense of [MSch04] satisfy
the axioms of the extender algebra by the definition of being certified (see
Definition 1.6 in [MSch04]), because certified extenders are countably com-
plete witnessed by an embedding which is ¥ ;-elementary (see Definition
1.3 in [MSch04] for the definition of ¥;-formulae). Therefore the real z is
generic over the model (K¢)2P""'(2) for the extender algebra at the Woodin
cardinal 0. In fact by the same argument the model Lp?"~1(2)|§ is generic
over (K¢)EP*" "' (2)|(§ 4 w) for the -version of the extender algebra Qs (see
the proof of Lemma 1.3 in [SchSt09] for a definition of the §-version of the
extender algebra).

Therefore we can perform a maximal P-construction, which is defined as
in [SchSt09], inside Lp?"~1(z) over (K¢)L7*" " (3)|(§ 4+ w) to obtain a model
P. We have that P F “J is Woodin” by the definition of a maximal P-
construction.

Let P be the corresponding result of a maximal P-construction in H over
K|(6 + w). Moreover let T* be the iteration tree obtained by considering
the tree 7 based on K|J as an iteration tree on P > K|6. Let

ilj;* :75—>Mg’*

denote the corresponding iteration embedding, where the branch through
T* we consider is induced by the branch b through 7 we fixed above, so we
call them both b. Then we have that

il (5) =il (8) = &(T).

O‘\\]‘
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Case 2.2.1. We have that
PNOrd < Lp*" 1(z) N Ord.

Then we have in particular that 2 N Ord < H N Ord and thus P € H.
Consider the coiteration of M{* with Q inside Lp?"~1(z). By the definition
of a maximal P-construction (see [SchSt09]) we have that § is not definably

Woodin over P since PNOrd < HNOrd. Since b is non-dropping this implies
that ig—* (0) is not definably Woodin over Mg*. Furthermore we have that

MET* = “ig—*(g) is Woodin”.

Concerning the other side of the coiteration we also have that i(—)T* (8) =8(T)
is a Woodin cardinal in Q but it is not definably Woodin over Q.

Since the coiteration of MBT* with Q takes place above iBT*(g) = 6(T) we

have that it is successful inside Lp?"~1(z) using that Mg—* inherits the re-

alization strategy for H above zl—)T* (8) and it follows that in fact

M =Q.
Consider the statement

P(T*, Q) = “there is a cofinal branch b through 7* such that
o= M.

This statement (7%, Q) is E%—deﬁnable from the parameters 7" and O and
holds in the model Lp*"~1(2) as witnessed by the branch b. We have that
T,P € H and thus T* € H.

Therefore an absoluteness argument exactly as in Case 1 yields that (7, Q)
holds in HC'“M  where n < H N Ord is an ordinal such that 7*,Q €
HCown) are countable inside the model HCHw)  Thus it follows as before

that b € H, which contradicts the fact that 7 witnesses in H that K is not
Q-structure iterable.

Case 2.2.2. We have that
PNOrd = Lp*" 1(z) N Ord.

Then it follows that P N Ord = H N Ord and Lemma 1.5 in [SchSt09)]
applied to the maximal P-construction inside H yields that ¢ is not definably
Woodin over P since we have that p,(H) = w. As b is non-dropping, this
implies that ig—*(g) is not definably Woodin over Mg—*.

So as in Case 2.2.1 we can successfully coiterate ./\/IBT* and Q inside Lp*"~1(z)
and obtain again that

MI=Q.



112 SANDRA MULLER, RALF SCHINDLER, AND W. HUGH WOODIN

Then it follows that
QNOrd<HNOrd=PNO0rd < M/ NOxd,

where the first inequality holds true since Q € H. This is a contradiction to
the fact that Mg* = Q.

This finishes the proof of Subclaim U

2n—1
Working in Lp?"~!(z) we consider the coiteration of K Mz]wQL P73 with
(K¢|ws)2P""'(2) From what we proved so far it easily follows that this
coiteration is successful as shown in the next subclaim.

Subclaim 6. The coiteration of KMz]w2Lp2n71(z) with (K|ws) " '() in
Lp*=1(2) is successful.

Proof. Write W = Lp?"~1(z). Then we can successfully coiterate the pre-
mice KM= |wlV and K¢|w)V inside the model W since KMz |wV = KMe|(y+)Me
is fully iterable in W by Subclaim and K°¢|wl is Q-structure iterable in W
by Subclaim In particular the K Mx\wgv -side of the coiteration provides
O-structures for the K C|wgv -side and therefore the coiteration is success-
ful. ([

In what follows we want to argue that the (K¢|ws) """ (2)-side cannot lose
this coiteration. For that we want to use the following lemma, which we can
prove similar to Theorem 3.8 in [MSch04]. As the version we aim to use is
slightly stronger than what is shown in [MSch04], we will sketch a proof of
this lemma.

Lemma 3.31. Let k > wo be a reqular cardinal such that k is inaccessible
in K¢ (constructed in the sense of [MSch04]). Then K€k is universal with
respect to every premouse M with MNOrd = k to which it can be successfully
coiterated.

In [MSch04] the universality of the premouse K|k is only proved with re-
spect to smaller premice, i.e. premice M such that M N Ord < k, to which
K¢k can be successfully coiterated. As shown below, their argument can
easily be modified to yield Lemma [3.31

Proof of Lemma[3.31. Let k > wy be a regular cardinal such that x is inac-
cessible in K¢ and write N = K¢|k.

Analogous to the notation in [MSch04] we say that M iterates past N iff M
is a premouse with M N Ord = k and there are iteration trees 7 on M and
U on N of length A+ 1 arising from a successful comparsion such that there
is no drop along [0, A]y and MY <t M] or MY = M and we in addition
have that there is a drop along [0, A]7.

Assume toward a contradiction that there is a premouse M which iterates
past N and let 7 and U be iteration trees of length A +1 on M and N
respectively witnessing this. Let ig’/\ : N — MZ;\’ denote the corresponding
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iteration embedding on the N-side, which exists as there is no drop on the
main branch through .

We distinguish the following cases.

Case 1. We have that for some £ < &,

z'ZOJ)\ "k C k and zg)\(ﬁ) > K

for some ordinal § < A such that the iteration embedding ig)\ is defined.

In this case we can derive a contradiction as in Section 3 in [MSch04] because
we can prove that the consequences of Lemma 3.5 in [MSch04] also hold in
this setting.

We assume that the reader is familiar with the argument for Lemma 3.5 in
[MSch04] and we use the notation from there. So we let
X < H_+

be such that |X| < k, X Nk € k, {M,N,T,U,5,{} C X, and X Nk €
(0,k)7 N (0,K)y, as in this case A = k. We write a = X N k. Let
I f{ =2 X < H,{-»-
be such that H is transitive. Then we have that o = crit(m) and 7(a) = &.
Let T,U € H be such that n(T,U) = (T,U).
As in the proof of Lemma 3.5 in [MSch04] we aim to show that P(a)N\N C H.
Exactly as in [MSch04] we get that
M ||(@)ME = M|t
The case assumption that igﬁ (&) > k for ordinals 8,£ < k implies that there
areiordinals B,€ < a such that zga(g) > a. As i%—a i a = i%—a I o and
M |a = MT|a, this yields that P(a) N M = P(a) N M. Therefore we
have that o
Pla) N MY =Pla)n ML =Pla)nM] € H.
Moreover we are assuming that ig, "~ C x and we have
i Foz:z'g{a o€ H.

Therefore we can again argue exactly as in the proof of Lemma 3.5 in
[MSch04] to get that P(a) " N C H. Following [MSch04] this now yields a
contradiction to the assumption that M iterates past V.

Case 2. We have that
U »

igx "k C K and there are no &, 3 such that ig,\(f) > K,
where £ < k and § < A.

By assumption we have that s is inaccessible in N. Assume first that M
has a largest cardinal 7. In this case we have that there are no cardinals
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between the image of 1 under the iteration embedding and x in Mz\— but
there are cardinals between the image of n under the iteration embedding
and K in Mﬁ’ . This contradicts the fact that 7 and U were obtained by a
successful comparison of M and N with /\/l%\’ < ./\/lz\—

Now assume that M F ZFC. Then the case assumption implies that in
particular ./\/lz\— N Ord < k. As we assumed that M iterates past N, this
implies that M7 = MY and that there is a drop along [0, \]7. But then
MZ\— is not w-sound, contradicting the soundness of Mz){

Case 3. We have that for some ( < &,
i\ (¢) > w and there are no &, 8 such that igA(ﬁ) > K,
where £ < k and 8 < A.

This again easily contradicts the assumption that M iterates past N.

Case 4. We have that for some ( < k and for some £ < k,
() > K and i},(6) > &

for some ordinal S < A such that the iteration embedding ig—)\ is defined.

In this case we have that A = k. For a reflection argument as in the proof
of the Comparison Lemma (see Theorem 3.11 in [St10]) let

X < Hy

for some large enough ordinal n be such that |X| < k, {M,N, T, U} C X,
and (U&U S C X. Following the notation in the proof of Theorem 3.11 in
[St10] let

m:H=X<H,
be such that H is transitive.
Then an argument as in the proof of Theorem 3.11 in [St10] yields that
there is an ordinal v < x such that the embeddings i; and izjﬁ agree. This
implies that there are extenders E/ used in T at stage o and Eg’, used in
U at stage o’ which are compatible. Again as in the proof of Theorem 3.11
in [St10] this yields a contradiction.
This finishes the proof of Lemma [3.31 U

Now we can use Lemma to prove the following subclaim.

Lp*"~1(2)

Subclaim 7. w, Lp*~1(2),

is a successor cardinal in (K°)

Proof. Work in W = Lp?"~1(2) and assume that this does not hold. That
means we are assuming that wy’ is inaccessible in (K¢)W.

As above consider the successful coiteration of KM= |wlV with (K¢)"|w" and
let 7 and U be the resulting trees on K™=|wlV and (K¢)W|wlV respectively
of length A + 1 for some ordinal A. Since we assume that wy’ is inaccessible
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in (K¢)W, it follows by Lemma that (K)"|ws is universal in W for
the coiteration with premice of height < wl”. Therefore the (K )W |wlV-side
has to win the comparison. That means we have that MZ: < MZ/\J and there
is no drop on the main branch through MY\— In particular the iteration
embedding

idy s KMo |wlV — M7
exists. Now we distinguish the following cases.

Case 1. We have that

T o, W w
igywy C wey .

This means in particular that (y7)5" = (y7)Me = uIV stays a successor

cardinal in the model M7 . So say that we have (77+)MAT = wyV for some

cardinal 7 < wy in MJ. In particular this means that there are no car-
dinals between 1 and wgv in ./\/lZ: But by assumption we have that wgv is
inaccessible in (K¢)" and thus also in MY. In particular there are cardinals
between 7 and wy in ./\/lzf This contradicts the fact that MY\— and ./\/lz/{ were

obtained by a successful comparison with MZ\— < MZ:\{ .

Case 2. We have that
ig;\ ”w2W ¢ wgv.

In this case we distinguish two subcases as follows.

Case 2.1. We have that

supigy 7y < wy .

In this case we have that

. T
(A ()M =y,

because we are also assuming that i), "wy ¢ wiV.

So in particular we again have that ws" is a successor cardinal in the model
M7 and so there are no cardinals between il (v) < wy and w} in M.
From this we can derive the same contradiction as in Case 1, because wy’ is

inaccessible in (K¢)W.

Case 2.2. We have that
In < wy such that ify(n) > wy .

Let @ < A be the least ordinal such that the iteration embedding ig)\ is
defined. That means the last drop on the main branch in U is at stage
a. Since KM=|w)" has height w) we have by universality of (K¢)"|ws" in
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W (see Lemma [3.31]) that the case assumption implies that there exists an
ordinal v < wy’ such that

U > W

faa(V) 2wy’
Moreover in this case we have in fact A = wy’.

Let X < W/ for some large ordinal § be such that we have |X| < wi,
{KMa|dV (KOW |l T, U} € X, and nUvUa C X. Moreover let H be
the Mostowski collapse of X and let 7 : H — W0 be the uncollapse map.
Then a reflection argument as in the proof of the Comparison Lemma (see
Theorem 3.11 in [St10]) yields that there is an ordinal £& < A such that the
embeddings ZZ;\ and i?A agree. This implies that there are extenders Eg

used in T at stage 8 and E%’, used in U at stage 3’ which are compatible.
Again as in the proof of Theorem 3.11 in [St10] this yields a contradiction.
This finishes the proof of Subclaim [7} O

Recall that we have
HODL™ () “wQL P"(2) s inaccessible”
by Theorem as z >7 x. Since we have that
(K¢)2"" "1 (2) « HODM"" (%)
by Subclaim [4] this contradicts Subclaim [7] and thereby finishes the proof
of Claim [3] N
Work in V now and let x € “w be arbitrary in the cone of reals from Theorem
Then by Claim [3] we have that
M, E “(M;f;)M”” is wy-iterable”.

Hence

M, E (M )Me is TIL,, p-iterable”.
Since M, is 31 L g-correct in V' we have that

VE “(Mj;)Mz is H%nﬁ—iterable”.
By E%R yo-correctness in V' again we have for every real y >7 z such that in
particular (M;’;)MI € M, that

My E “(MJ)Ms is 15, ,-iterable”.
Consider the comparison of the premice (Mj;)Mz and (M;i)My inside the
model M,. This comparison is successful by Lemma for all reals y >7 =
as above, since (M;;)My is wy-iterable in M, and (M;i)M’“ is 113, o-iterable
in M,. Moreover both premice are w-sound and we have that pw((M;;)Mx) =
pw((Mj;)My) = w. Thus the premice (Mf;)Mz and (MQ#Z)M@/ are in fact
equal.

Therefore we have that all premice (M;i)Mz for x € “w in the cone of reals
from Theorem are equal in V. Call this unique premouse MQ#;
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We now finally show that this premouse M;:L is wi-iterable in V' via the
Q-structure iteration strategy (see Definition [2.5)). So let 7 be an iteration

tree on Mﬁ in V of limit length < w}/ according to the Q-structure iteration
strategy. Pick z € “w such that Mj; and T are in M, and 1h(T) < wi’.

Since M, is X3, ,-correct in V we have that 7 is according to the Q-
structure iteration strategy in M, because Q(7T [ A) is 2n-small above 6(7 |
A) for all limit ordinals A < 1h(7) and therefore I} ,-iterability above
O(7 T A) is enough for Q(T | Aﬁdetermine a unique cofinal well-founded

branch b through 7 by Lemma Moreover we have that (M;;)MZ = M;;
and therefore
M, E “M;Z is wq-iterable”.

So in M, there exists a cofinal well-founded branch b through 7, which is
determined by Q-structures Q(7 | A\) which are wi-iterable above §(7 [ \)
and therefore also II3, , ;-iterable above §(7 | A) in M. for all limit ordinals
A < 1h(7). That means we in particular have that Q(b,7) = Q(T). Since
M. is 33, o-correct in V, it follows as above that b is also the unique cofinal

well-founded branch in V' which is determined by the same Q-structures as
in M,. Therefore

VE “M;; exists and is wy-iterable”

and we finished the proof of Theorem [3.20] O

4. CONCLUSION

By the results proved in Sections [3.5 and [3.6] we have that the following the-
orem which is due to Itay Neeman and the third author and was announced
in Section [3.3] holds true.

Theorem Let n > 1 and assume there is no X, ,-definable w;-
sequence of pairwise distinct reals. Then the following are equivalent.
(1) TIL determinacy and H71L+1 determinacy,

(2) for all x € “w, M#_l(:z:) exists and is wy -iterable, and M} exists and is
w1 -iterable,
(3) M ezists and is wy -iterable.

Proof. This follows from Theorems and together with Theorem
2.14 in [Ne02]. O

Moreover Theorems and [3:20] together with Lemma immediately
imply the following main theorem due to the third author.

Theorem Let n > 1 and assume II\ ; determinacy holds. Then

M (z) emists and is wy-iterable for all ¥ € “w.
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4.1. Applications. From these results we can now obtain a boldface ver-
sion of the Determinacy Transfer Theorem as in Theorem [3.17] for all projec-
tive levels I} | of determinacy. The lightface version of the Determinacy

Transfer Theorem for even levels of projective determinacy I3, (see Theo-
rem [3.17)) is used in the proof of Theorem and therefore in the proof
of Theorem 2.1] for odd levels n.

Corollary 4.1 (Determinacy Transfer Theorem). Let n > 1. Then II}
determinacy is equivalent to 9™ (< w? — II}) determinacy.

Proof. By Theorem 1.10 in [KWO§| we have for the even levels that
Det(I1},) <> Det(A},) <+ Det(0?" V(< w? — II})).

Here the first equivalence is due to Martin (see [Ma73]) and proven in The-
orem 5.1 in [KS85]. The second equivalence due to Kechris and the third
author can be proven using purely descriptive set theoretic methods (see
Theorem 1.10 in [KWO08]).

The results in this paper (using this version of the Determinacy Transfer
Theorem for even levels, see Theorem [3.17)) together with results due to
Itay Neeman yield the Determinacy Transfer Theorem for all levels n as
follows.

By basic facts about the game quantifier “0” we have that
Det(®™ (< w? — II}))
implies TT} 11 determinacy.
For the other direction assume that TI} 1 determinacy holds. Then Theorem

yields that the premouse M (z) exists and is wi-iterable for all = € “w.
This implies that

Det (D (< w? — II}))
holds true by Theorem 2.5 in [Ne95]. O

4.2. Open problems. We close this paper with the following open prob-
lem, which is the lightface version of Theorem

Conjecture. Let n > 1 and assume that II, determinacy and 11}, deter-

minacy hold. Then M# exists and is wi-iterable.

This conjecture holds true for n = 0 which is due to L. Harrington (see
[Ha78|) and for n = 1 which is due to the third author (see Corollary 4.17
in [StW16]), but it is open for n > 1.
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