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GENERIC EXPANSIONS BY A REDUCT

CHRISTIAN D’ELBEE

ABSTRACT. Consider the expansion Ts of a theory T' by a predicate for a submodel of a
reduct Tp of T. We present a setup in which this expansion admits a model companion
TS. We show that the nice features of the theory T transfer to T'S. In particular, we
study conditions for which this expansion preserves the NSOP;-ness, the simplicity or
the stability of the starting theory 7. We give concrete examples of new NSOP; not
simple theories obtained by this process, among them the expansion of a perfect w-free
PAC field of positive characteristic by generic additive subgroups, and the expansion of
an algebraically closed field of any characteristic by a generic multiplicative subgroup.
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INTRODUCTION

Existentially closed models of a theory have in general some randomness — or generic —
aspect, resulting from their definition, that allows a reasonable description of their algebra
of definable sets. Informally, we will call generic a theory (or a model of such theory) that
axiomatises structures that are existentially closed in a reasonable class of extension.

Let T be a theory in a language .£. Let Tj be a reduct of T. Let £Ls = L U{S}, for S a
new unary predicate symbol, and Tg be the Zs-theory whose models (.#, .#) consist in a
model .# of T in which S is a predicate for a model .#{ of T;y which is a substructure of .Z .
In this paper we present a setting for an axiomatisation of generic models of Ty, this ax-
iomatisation is denoted by T'S, it is most of the time the model-companion of the theory T’s.

This generic expansion produces numerous examples (Section 5) of new theories that are,
in general, not simple, not even when T is strongly minimal (see for instance the theory
ACFG in Example 5.21). However, most of these new theories turn out to be NSOP;.

NSOP; theories, for “not strong order property 1”7, were defined by DZzamonja and Shelah
in [20] (together with NSOP32) as an extension of the (NSOP,,),,>3 hierarchy. In [35] Shelah
and Usvyatsov proved that T}‘eq (the model completion of the theory of infinitely many
independent parametrized equivalence relations) is NSOP; and not simple. For the past
three years, NSOP; theories have been intensively studied.

A first breakthrough in the study of NSOP; theories was made by Chernikov and Ramsey
in [15]. They proved a Kim-Pillay style result [15] which states that a theory is NSOP;
provided there exists an independence relation satisfying some specific properties. This
result turned out to be a very useful tool to prove that a theory is NSOP;. The w-free PAC
fields case is a good example. A PAC field is simple if [11] and only if [8] it is bounded.
Nonetheless, in her work [9] on w-free PAC fields (which are unbounded), Chatzidakis de-
fined a weak notion of independence and showed that it satisfied some nice properties, in
particular, the so-called independence theorem. It turned out that almost all the proper-
ties of the criterion [15] were proved at that time. Chernikov and Ramsey used this weak
independence to deduce that the theory of w-free PAC fields is NSOP;. They also showed
that Granger’s example of generic bilinear form over an infinite dimensional vector space
over an algebraically closed field is NSOP; (see [22]| or [15, Example 6.1]), as well as the
combinatorial example of a generalised parametrized structure (see |15, Example 6.3|).

A second breakthrough was the development of Kim-independence by Kaplan and Ramsey
in [25]. They introduced analogues of forking and dividing —Kim-forking and Kim-dividing—
which behave nicely in NSOP; theories. Kim-dividing is defined as dividing with respect
to some particular indiscernible sequences, namely sequences in a global invariant type.
Numerous properties of forking in simple theories appear for Kim-forking in NSOP; the-
ories. For instance, a theory is NSOP; if and only if Kim-independence is symmetric.
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Kaplan and Ramsey also completed the Kim-Pillay style criterion in [15] to get a charac-
terisation of Kim-independence in terms of properties of a ternary relation, similarly to the
Kim-Pillay classical result. Using this tool, they identified Kim-independence in various
NSOP; theories. Chatzidakis’ weak independence in w-free PAC fields turned out to be
Kim-independence.

In Sections 3, starting from an independence relation f in T', we define independence rela-

tions in 7S and identify which properties of f are transferred to those new independence
relations in T'S, and under which conditions. This allows us to exhibit hypotheses under
which the expansion from T to T'S preserves NSOPq, simplicity or stability (Section 4).
We also give a general description of Kim-independence in T'S in that context.

Finally in Section 5, we prove the existence of new generic theories and show that most
of them are NSOP;. The existence is based on definability results in the theory T'. For
the expansion of a perfect w-free PAC,-field of positive characteristic by a generic additive
subgroup, the elimination of 3°° is enough. However, for the expansion of an algebraically
closed field (of any characteristic) by a generic multiplicative subgroup, it relies on the
definability of the freeness® of a family of parametrized affine variety (Subsection 5.4). By
contrast, if proving that the latter theory is NSOP; is relatively straightforward using the
results of Section 4, proving that the expansion of a perfect w-free PAC,-field of positive
characteristic by a generic additive subgroup is NSOP; is more difficult (Subsection 5.3).

We end Section 5 with an example where the model-companion T'S does not exist: the
expansion of a field of characteristic zero by a predicate for an additive subgroup. In the
generic expansion of any field by an additive subgroup, the multiplicative stabiliser is always
definable and of fixed cardinality, it is the prime ring, so either a finite field or Z. In the
multiplicative case (Subsection 5.4) we do not have this dichotomy on the characteristic
since the “exponential” stabiliser is not definable.

L Let W c K" \ {(0,---,0)} be an affine irreducible algebraic variety in an algebraically closed field K
of characteristic p > 0. We say that W is free if it is not contained in any translate of a proper algebraic
subgroup of the torus G, (K).
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Conventions and notations. Capital letters A, B, C stands for sets whereas small latin
letters a, b, ¢ designate either singletons, finite or infinite tuples. For a given theory T, we
use standard model-theoretic notations, such as tpT(a /C), a Eg a', acly, etc. ..

We often identify tuples and sets when dealing with independence relations, for some
tuple @ = a1,... then ¢ | . a has the same meaning as ¢ |, {a1,...}. Here is a list of
properties for a ternary relation | defined over small subsets of M a big model of some
countable theory 7'

INVARIANCE. If ABC = A'B'C" then A |, B if and only if A" |, B".

FINITE CHARACTER. If a | B for all finite a C A, then A |  B.

SYMMETRY. If A | B then B | A

CLOSURE A |, B if and only if A J/acl(c) acl(BC).

Monoronicrry. If A |, BD then A |, B.

Base Monotonicity. If A | BD then A |, B.

TrANsITIVITY. If A | (D and B | D then AB | D.

EXISTENCE. For any C' and A we have A | C.

FuLL EXISTENCE. For all A, B and C there exists A’ =¢ A such that A’ LeB

EXTENSION. If A |, B, then for all D there exists A" =cp A and A" |, BD.

LocAaL CHARACTER. For all finite tuple a and infinite B there exists By C B with

|Bo| < Np and a J/Bo B.

e STRONG FINITE CHARACTER over E. If a [ b, then there is a formula A(z,b,¢) €
tp(a/Eb) such that for all @', if o’ = A(z, b, e) then a’ f . b.

° \J/’—AMALGAMATION over E. If there exists tuples ¢1, co and sets A, B such that

—alzAand e | B
then there exists CJ/EA,B such that c =4 ¢1, c =g o, A \BECB, c \BEAB and
c JfEB A.

e STATIONNARITY over E. If ¢; =g ¢9 and ¢ J/E A, e J/E A then ¢; =g4 ca.

e WITNESSING. Let a,b be tuples, .# a model and assume that a j//// b. Then there
exists a formula A(z,b) € tp(a/.#b) such that for any global extension ¢(z) of
tp(b/.#) finitely satisfiable in .# and for any (b;)i<. such that for all i < w we
have b; = q | A#b-;, the set {A(x,b;) | i < w} is inconsistent.

If A | B, the set C is called the base set. For two ternary relations | and L/, the
notation | — | ' means that for all A, B,C, if A LB then A J//C B. The independence
relation |7 is defined by A [? | B <= acly(AC) Naclp(BC) = acly(C), with respect to
some theory T.
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1. THE GENERIC EXPANSION BY A PREDICATE FOR A REDUCT

Let T be an Z-theory. Let £y C .Z and let Ty be a reduct of T in the language %.
Let S be a new unary predicate symbol and set s = £ U{S}. We denote by Tg the Zs-
theory of Ls-structures (&, .#y) where A |=T and S(.4) = My |= T is a substructure
of A | £. We aim to describe a favorable context for the existence of a theory T'S that
axiomatises generic models of T.

We denote by acly the algebraic closure in the sense of Ty. Assume that Ty is pregeomet-
ric (i.e. acly satisfies exchange), there is an associated independence relation f (see for

instance | in [36, C1]). It is defined over every subset of any model of Ty and satisfies the
properties FINITE CHARACTER, SYMMETRY, CLOSURE, MONOTONICITY, BASE MONO-
TONICITY, TRANSITIVITY. In particular, JB is defined over every subset of any model of
T, and we will only use it over small subsets of some monster model Ml of T'. The property
SYMMETRY of |% will be tacitly used throughout this chapter.

Definition 1.1. Let ¢ be a single variable and x,y two tuples of variables. We say that
a formula 1 (t,y) is n-algebraic in t (or just algebraic in t) if for all tuple b the number of
realisations of ¥(¢,b) is at most n. In that context we say that a formula (¢, x,y) is strict
in y if whenever b is an f-independent tuple over a, the set of realisations of ¥ (¢, a,b) is
in aclp(a, b) \ acly(a).

If (¢,b) is an Zp-algebraic formula, there exists an Zp-formula U(t,x) algebraic in ¢
such that ¢(Z,b) C (A ,b), for all A = Tp.

Example 1.2. In the language of vector spaces, the formula ¢t = Ax + py is strict in y if
and only if p # 0.

Lemma 1.3. Assume that Ty is pregeometric. Then for u a singleton and tuples a and b,
if u € aclp(a, b) \ aclp(a), there exists an Ly-formula 7(t,x,y) algebraic in t and strict in y
such that u = 7(t, a,b).

Proof. Assume that b = by,...,b,. By hypothesis and using exchange, we may assume
that b; € acly(u,a,b,...,b,). Let 71(t,a,b) be an Z-formula algebraic in t isolating the
type tp’®(u/ab) and 2 (y1,u, a,ba, ..., b,) algebraic in y; isolating tp’°(by /u, a,ba,. .., by).
Then 7(t,z,y) = 11(t,z,y) A 72(y1,t, 2,92, ...,Yn) is strict in y. Indeed assume that for
some independent tuple b’ over @/, and singleton «’ we have = 7(u/,a’,V’). It follows that
u € acly(a'b’) and b| € aclg(u/,d’, b, ...,b)). If v’ € acly(a’) then b € acly(a’, b, ... b))
contradicting that o' is |°-independent over @', so v’ ¢ acly(a’). O

Definition 1.4. An expansion (4, .#y) C (N, M) is strong if Ay |° o M.

Theorem 1.5. Assume that the following holds:

(Hy) T is model complete;
(H2) Tp is model complete and for all infinite A, aclo(A) = To;
(Hs) Ty is pregeometric;
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(Hy4) for all L-formula ¢(z,y) there exists an L -formula 04(y) such that forb e A =T,
M= 04(b) <= there exists N = M and a € N such that
¢(a,b) and a is an |°-independent tuple over A .
Then there exists a theory T'S containing Ts such that

o cvery model of Ts has a strong extension which is a model of T'S;
o if (M, M) = TS and (N, M) = Ts is a strong extension of (M, #y) then
(A, My) is existentially closed in (N, Np).

An aziomatization of T'S is given by adding to Ts the following aziom scheme: for each
tuple of variables x = x%x', for L-formula ¢(z,y), and Ly-formulae (;(t,7,y))ick which
are algebraic in t and strict in x',

Vy(Bs(y) — Grole,y) Az’ S SA AVE (7t zy) = t ¢ 5))).
i<k

Proof. We prove the first assertion. Let (.#,.#,) be a model of Tg, ¢(z,y) an £-formula
and a partition z = 2%2'. Assume that for some tuple b from .# we have 0,(b). We
show that the conclusion of the axiom can be satisfied in a strong extension (4", .4() with
N = M. Then the result will follow by taking the union of a chain of models of Tg, which
is again a model of Tg because it is an elementary chain of models of T' with a predicate for
models of Ty which is inductive, by model-completeness. The fact that the union of a chain
of strong extensions is again strong follows from FINITE CHARACTER and TRANSITIVITY
of JB, and the model-completeness of Tj.

By (Hy) there exists an extension .4 > .# , and a tuple a € 4 satisfying ¢(x,b) and such
that a is Jf—independent over .. Set N = acly(.#pa’). Then using MONOTONICITY,

BASE MONOTONICITY and CLOSURE of JE, al A, \|B p A . This means that the extension
Mo

(M, My) C (N, Np) is strong. Now clearly a” C S. Using BASE MONOTONICITY and
CLOSURE, it follows that ab JBaOb Moa®. Take any ZLy-formula 7(¢,x,7y) algebraic in t
and strict in 2!, and assume that u € .4 satisfies 7(¢,a,b). As 7 is strict in 2! and
al is |° -independent over ba’, we have u € aclp(ab) \ aclp(a®b). If u € A then it
belongs to acly(ab) N acly(.#ya’) C acly(a’b), a contradiction, hence u ¢ S. It follows that
(N, M) = d(a,b) Aa® C S AN, VE (T3t a,b) = ¢ ¢ 5))).

We now prove the second assertion.

Let (A, #y) = TS and (A, ) = Ts, a strong extension of (#,.#,). Take finite
tuples @ € A and b € .#. To understand the quantifier-free Zs-type of a over b, it is
sufficient to deal with formulae of the form

w(x,b)/\/\:cieSA/\xjgés
il jed
with ¢ (z,y) an £-formula. The reduction to formulae of this form is done by increasing the

length of x (replacing .Z-terms by variables), which may be greater than |a|. We assume
that a satisfies the formula above.
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Claim. There exists an |-independent tuple a’ = a%al’ such that acly(.#Za) = acly(#a’)
with

(1) o [ A;

(2) aclg(a’) N Ay = acly(a”);

(3) ApNacly(A,a") = acly(Ap,a").

Proof of the claim. Take a tuple a”’ in .45 Nacly(.#,a) maximal ﬁ-independent over ..
We have a”’ |° 4, and as the extension is strong we also have a®’ |° .# by TRANSITIVITY.

Now take a tuple a'’ in aclp(.#a) maximal |Y-independent over acly(.#a"). We have
a'’ |9 #a" and so a%al’ |© 4. Set ' = a”a!’ and the claim holds. O

Now as a C aclg(.#,d’) there exists a finite tuple m! from .# |°-independent over
Moa' such that a C aclo(.#ym'a’). Similarly there exists a finite tuple m® from .#, with
m® % mla’ such that a C aclyp(m®m!a’).

If i € I, using (3), we have a; € aclg(.#pa”) Nacly(m®m'a’) = aclo(m®a”). Hence there
is an Z-formula 7;(¢, a”’, m") algebraic in ¢ such that a; = 7;(t, a®, m°).

Let Ji be the set of indices j € J such that a; € aclp(a®,m® m'). As a; ¢ S, by
Lemma 1.3 there is an Zp-formula 7; (t,2% y, ) algebraic in ¢ and strict in z such that
aj = 7;(t,a”,mo mh).

Let Jo = J\Ji. Then for j € J, we have a; ¢ aclp(a’, m% m') so there is an Zy-formula
7i(t, 2% 21, y, z) algebraic in ¢ and strict in 2! such that a; = 7;(¢,a”, a',m" m?).

We now set b’ = bm®m! and set ¢(a’, ') to be the following formula

Fvp(v,b) A /\Ti(vi,am,mo)
iel
A /\ 7j(vj,a”,m" mt)
Jj€N
A /\Tj(vj,aO’,all,mo,ml).
Jj€J2

Step (x). By model-completeness we have that .4 = #. As a’ is |° independent
over ./ it follows that .# = 04(b"). Using one instance of the axiom scheme, there exists
d € . such that d = ¢(x,V) with d C #, and for all j € Jo, all the realizations
of 7j(t,d’,m) are not in .#,. Let d be the tuple whose existence is stated in ¢(d',b’), in
particular .# = 1(d,b). For i € I, we have d; € acly(d"m®) C 4. For j € Jp we already
saw that d; ¢ .#y. For j € Ji, as 7(t,d”,m" m?) is strict in the variable of m! and m!
is |%-independent over .#, we have that d; ¢ acly(d”,m°). Recall that m! |° .4, so
mt JBdO, o <o hence acly(d”, m® m1) N .4y = acly(d”, mP), so dj cannot belong to ..
We conclude that

(M, M) EW(d, D) N \di€e SN\ d; ¢S
iel jeJ
which proves that (. Z, . #)) is existentially closed in (A, 4p). O
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Remark 1.6. Notice that if we consider .4y = {=}, the previous Theorem gives nothing
more than the generic predicate (see [11]). The hypothesis (H4) becomes equivalent to
elimination of 3 in that case. Note also that if T is strongly minimal and has quantifier
elimination in %, the conditions (Hs) and (Hs) are satisfied.

We can forget hypothesis (H;) to get this adapted version of Theorem 1.5.

Proposition 1.7. Assume that the following holds.
(H2) To is model complete and for all A infinite, acly(A) = To;
(H3) Ty is pregeometric;
(Hy) for all Z-formula ¢(x,y) there exists an L -formula 04(y) such that forb e A =T

M= 04(b) <= there exists N = M and a € N such that
¢(a,b) and a is an \|B -independent tuple over .#

Then there exists a theory T'S containing Ts such that

o cvery model (M ,.#y) of Ts has a strong extension (M', M) which is a model of
TS, such that # < H';
o assume that (M, My) =TS and (N, ) is a model of Ts which is a strong exten-
sion of (M, My). If M is existentially closed in N then (M, M) is existentially
closed in (N, N).
An axiomatization of T'S is given by adding to Ts the following axioms, for each tuple
of variables x = 2%z, for L-formula ¢(z,y), and Ly-formulae (7;(t,z,y))icr which are

algebraic in t and strict in x",

Vy(Os(y) = Frd(z,y) Aa® € SA N\ VE (it 2,y) =t £ 9))).
i<k
Proof. The same proof as for Theorem 1.5 works. In the proof of Theorem 1.5, the model-
completeness of T' was used to ensure that given any model A4 of T extending .#, then .#
is existentially closed in .4", which is now part of the second bullet. In the first bullet, the
model .#' of T extending .# is the union of an elementary chain of extensions hence is an
elementary extension of .#, this condition does not use the model-completeness of T. [

Remark 1.8 (A weak version of (Hy)). Assume that T, Tj satisfies (H}), (Hz2) and (H3). As-
sume that there is a class € of .Z-formula such that for all .# = T, for all Z-formula ¢(x, b)
with parameters in .#, there exists a tuple ¢ from .# and formulae V1 (x, 2),--- , U, (z, 2) €
% such that
O(AMLb) =01 (M ,c)J--- U (A, ).

Assume that condition (Hy) holds only for formulae ¥(x,z) € €. Then the conclusion
of Theorem 1.5 applies, with the axiom-scheme restricted to formulae in €. It is clear
that the proof of the first assertion works similarly, considering only formulae in ¢. For
the second assertion, the proof changes at Step (%), we need to show that there exists a
realisation of ¢(x,0’) that satisfies the right properties using the axioms. By assumption
(ALY =0 (M, c)U--- Uy, (A ,c) for some 1 (z,2), -+ ,9,(x,2) € € and tuple ¢ from
A . This decomposition holds also in .4 by model-completeness of T. Now as o’ = ¢(x,b),
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there is some 7 < n such that o’ |= 9;(z,¢) hence .# |= 6y,(c). Using one instance of the
axiom, there exists d’ in .# satisfying 9;(z,c), hence also ¢(z,b), and that satisfies the
adequat repartition of its coordinate in or out of S, and the end of the proof is similar. The
main example for the class € is the class of quasi-affine varieties in the theory ACF, see
Theorem 5.27.

Remark 1.9 (A weak converse for Theorem 1.5). It is possible to prove a weak converse
of Theorem 1.5, using the same method as in [11, 2.11. Proposition|. It can be stated as
follows: if (Hy), (Hz) and (Hs) are satisfied and if T'S exists as in Theorem 1.5 then:
for all Z-formula ¢(x,y) and all 1 < k < |z|, there exists an .Z-formula H(IZ(y) such that
for all tuple b in an Ng-saturated model .# of T,
M = Hg(b) <= there exists some realisation a of ¢(z,b) in .# such that
ay ¢ aclp(acly(b), a1, ..., ap—1, k41, , Alz|)-

In particular T eliminates 3°°. A question one might ask is wether elimination of 3* is
a sufficient condition for the existence of the theory T'S. The answer is no, the theory
ACFy eliminates 3°° but the model companion of the theory of algebraically closed fields of
characteristic 0 with a predicate for an additive subgroup is not first order axiomatisable,
see Proposition 5.32. On the other hand, the existence of T'S under the reduction of the
hypothesis (H4) to formulae ¢(x,y) with |z| = 2 would be a good improvement, as it would
be much easier to check. A full converse is not reasonnable to ask, in view of the example of
Subsection 5.4, where the model-companion exists without having the full (Hy) hypothesis.
Definition 1.10. We say that a triple (T, Ty, %) is suitable if it satisfies the following

(H1) T is model complete;

(H2) Tp is model complete and for all infinite A, acly(A) = To;

(H3) acly defines a modular pregeometry;

(Hy) for all Z-formula ¢(x,y) there exists an .Z-formula 64(y) such that for b € A4 =T

M = 04(b) <= there exists A > 4 and a € .4 such that
#(a,b) and a is |°-independent over ..
Hypothesis (ng ) makes obsolete the notion of strong extension. As a consequence, the
theory TS, if it exists, is the model-companion of the theory Tg.

Remark 1.11. Let (T, Ty, Z) be a suitable triple. By |2, Proposition 1.5], in 7', the relation
% defined by A [? B if and only if aclp(AC) N aclp(BC) = aclp(C) satisfies FULL
EXISTENCE, so for all A, B,C subsets of M there exists A’ =L A such that acly(A4’C) N
aclp(BC) = acly(C). As acly is modular, it follows that aclp(A'C) \BaelT ©) acly(BC).

From Theorem 1.5, we immediately get the following.

Proposition 1.12. Let (T, Ty, %) be a suitable triple. Then T'S exists and is the model-
companion of the theory Tg.

Remark 1.13. In the sense of [27], the theory T'S is the interpolative fusion of T" with the
theory of generic pairs of models of Tj.
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Lemma 1.14. Let (A, #y) and (N, ) are two models of Ts, such that JB
and A JB A . Then, there exists a model (, #y) of T'S extending both (A, //10) and
(AN M). If furthermore (A, Mo) and (N, N) are models of TS, then (&, %) is an
elementary extension of both (M, #y) and (N, ).
Proof. Let " be a model of T extending .# and .4#". Now set % = acly(.#(, . 4)). Clearly
(A7, ) is a model of Ts. By hypothesis we have 7 JE M and A JB </V Using
Theorem 1.5, there is a model (¥, %) of T'S extending (e%/' Ji/o) (A, M) and (N, ).
We conclude by model-completeness. O
Proposition 1.15. Let (T, Ty, %) be an adapted triple.
(1) Let (M, #y) and (N, Np) be two models of T'S and A be a common subset of M
and A . Then we have
(M, M) =X (N, N) <= there exists f : aclp(A) — aclp(A)
T-elementary bijection over A,
such that f(y Naclp(A)) = Ay Naclyp(A).
(2) For any a,b, A in a monster model of T'S
a=%"b <= there exists f : acly(Aa) — acly(Ab)
a T-elementary bijection over A with f(a) =0,
such that f(S(aclr(Aa))) = S(aclr(Ab))..
We call such a function a T-elementary Zs-isomorphism between
(aclr(Aa), S(aclr(Aa)) and (acly(Ab), S(acly(Ab)).
(8) The completions of T'S are given by the T-elementary Ls-isomorphism types of
(aclp(0), S(acly(0))).
(4) For all A, aclpg(A) = aclp(A).
Proof. (1) The left to right implication is standard. From right to left. Note that, under

hypotheses, we may assume that A = aclp(A) is a subset of both .# and .4 and that
MyN A= NN A. By Remark 1.11, there exists .#' =%, .# such that .4’ JEAJV. There
is an #-isomorphism g between .’ and .# that fixes A, so we may define .#} = g~ ()
and turn (#', /() into a model of T'S. By MONOTONICITY and BASE MONOTONICITY
we have .} \B JV Similarly we have .4 \B , /' hence by Lemma 1.14 there exists

a model (¢, %) of T'S that is an elementary extension of both (A, M) and (AN, ),
hence (', . 44) =15 (', 0) =15 (N, ).

(2) This is similar to (1).

(3) This is an obvious application of (1).

(4) We only need to show that aclys(A) C acly(A). Assume that b ¢ aclp(A). Let
(M, M) be a model of T'S containing b. There exists a model .4 of T and a T-isomorphism
f+ AN — A over A such that A Ji)aclT(A) A . Consider N = f~H(Ap), then (AN, )

and (4, .#y) are Ls-isomorphic. Now set ' = f~1(b), we have b’ =19 b and b # ¥
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because b \LOaClT(A) b and b ¢ aclp(A). Since A J-(/)aclT(A) A, we may do as in (1) and find

a model of T'S extending both .# and .4 in which the condition (%) is satisfied. Similarly
we can produce as many conjugates of b over A as we want inside some bigger model so

b ¢ aclps(A). O

Proposition 1.16. Let M be a monster model of T. Let # < M and #y C H such
that (A , My) is a model of TS. Let B C #, and X a small subset of M. Let Sxp C
acly (X B) C M be some acly-closed set containing S(aclp(B)) and such that:

(1) Sxp N A = S(aclT(B))

(2) aclp(XB)N.# = aclp(B).
Then the type (over B) associated to the T'-elementary £s-isomorphism type of (aclp (X B), SxB)
is consistent in Th(.A , #p).

Proof. Let M, = acly(.#y, Sxp). We have that (M, M) is a model of Ty and an extension
of (M, Mp). Indeed, MyN A = acly(My, Sxp) N M = acly(My, Sxp N.#) by modularity.
By hypothesis (1), Sxp N4 = S(aclp(B) C My hence My N .# = .#y. By Theorem 1.5
there exists a model (A", A)) of T'S extending (M, M) which is an elementary extension
of (M, Mp). Now

acly (X B) N Ay = aclp(X B) N My

= aclp (X B) Nacly(#, SxB)

= acly(Sxp,aclp(X B) N .4) by modularity

= aclo(Sx B, aclp(B) N .4p) by (2)

= acly(Sxp, S(aclp(B)))

= SxB.
It follows that in (A7, A7), tp”® (X/B) is given by the T-elementary .Zs-isomorphism type
of (aclp(XB),Sxp). O

2. ITERATING THE CONSTRUCTION

Let T be an Z-theory, 4, - ,-%, be sublanguages of .Z and let T; = T | .%;. Let
Si,-++, S, be new unary predicate and let Zs, g, be the language £ U{Sy,---,S,}. Let
Ts, s, be the Zs, s, -theory which models are models .# of T' in which #; := S;(A#) is
an .Zj-substructure of .# and a model of T;. The following give a condition for the existence
of a model companion for s, g, .

Proposition 2.1. Assume inductively that (T'Sy ... S;, Tit1,-Z541) is a suitable triple for
1=0,---,n—1, and let TS ... Siy1 be the model companion of the theory T'S1, ..., SiSiH of
models of T'S1,...,S; with a predicate S;11 for an L1 submodel of T;11. Then T'S1--- Sy
is the model-companion of the theory T, s, -

Proof. We show the following:

(1) every model (A, M, ... #,) of Ts, s, can be extended to a model (A", A7, -+, M7,)
of TS1...Sp;
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(2) every model (A, M,..., M) of TSy ...S), is existentially closed in an extension
(M, M, ..., AM,) model of Tg, g, .

(1) Start by extending (.#,.#1) to a model (A1, A1) of TSy. Then (N1, N, 45) is
a model of T'S} g, so can be extended to a model (A%, A2, A52) of T'S1S2. The structure
(N2 N2 A2 is also an extension of (&, #1,.#5). We iterate this process to end with
a model (A, A, - A of TSy - -+ Sy, extending (A, M1, - , My).
(2) Let (A, M, , M) be a model of T'Sy ---S,, and (A, M\, - , M) be a model of
Ts, .s, extending it. By (1) there exists a model (.Z', #1,--- , #]) of TSy --- S, extend-
ing (M, M, , M) As (N, N, -+, Np) is a model of T'Sy---S, it is existentially
closed in any model of T'Sy -+ - S;,—15, extending it, in particular, it is existentially closed

in (A", M, , #)) and hence also in (A, M\, ..., M). d

In a model of T'Sy - - - S, the relations between the S; are very generic. For example, it
is not possible that S; C S; for some ¢, 7, since one can always extend the predicate S; by
a new element which is not in S;. In a sense, those generic predicates are invisible from
one another. A way to impose relations between the S;, is by considering, for instance, a
slightly stronger version of the generic expansion by a reduct —analogously to the generic
predicate in [11]. Consider a suitable triple (T, Ty, %) and P a 0-definable predicate in T'
such that in any model .#Z of T, P is a model of Ty which is a substructure of .#. One
may do the construction of the generic expansion by a substructure S inside P. In that
case, assume that T; = T} for all 4,7 < n. One may construct 7'S; then add a generic
substructure Sy inside S7 and iterate. This would be the model companion of the theory
Ts,.s, U{S1 25 D --25,}. One may also consider the case in which 7; is not the
theory of a substructure but of a structure 0-definable in 7T'.

3. INDEPENDENCE RELATIONS IN 7" AND T'S

We set up the context for this section and Section 4. Let (T, Tpy,-%) be a suitable triple
(see Definition 1.10 and Proposition 1.12). We work in a monster model (M, M) of T'S
such that M is a monster model of T'. In particular we fix some completion of T'S. All
small sets A, B,C, ... or models .#, .4 of T, or models (.4, #y),(N , ) of TS are seen
as subsets of M, respectively elementary substructures of M or elementary substructures of
(M, Mp). For instance we have S(.#) = .# NSM) = .4 N My = #y. We will start with
a ternary relation ( |7) defined over subsets of M and construct from it a ternary relation
(|“) taking into account the predicate S(M) = M.

We denote by A the set acly(A) which, as we saw, equals aclyg(A).

Assumption. There exists a ternary relation f defined over subsets of M, such that
' = % where A | B <= ACNBC=C.

In particular, if A |7 o B then aclp(AC) facl © aclp(BC), by modularity.
T

)
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Definition 3.1. We call weak independence the relation |* defined by
A B < A |'B and S(acly(AC, BC)) = acly(S(AC), S(BC)).
C C

We call strong independence the relation |* defined by

A B < A |T B and S(ABC) = acly(S(AC), S(BC)).
C C

Obviously [¥— |“.

We will show that if f satisfies most of the properties listed above relatively to the
theory T, then so does |“ relatively to the theory T'S. The property SYMMETRY of |7,
f and |* will be tacitly used throughout this chapter.

Lemma 3.2. If f satisfies INVARIANCE, CLOSURE, SYMMETRY, EXISTENCE and MONOTONICITY,
then so does .

Proof. INVARIANCE is clear because S(acly(AC, BC)) = acly(S(AC),S(BC)) is an Zs-
invariant condition. CLOSURE, SYMMETRY and EXISTENCE are trivial.

For MONOTONICITY, let A, B, C, D such that A \E”C BD. By hypothese, A fc B. Now

S(aclg(AC, BC)) = S(acly(AC, BCD)) Nacly(AC, BC)
= aclg(S(AC), S(BCD)) Nacly(AC, BC).
Since S(AC) C acly(AC, BC'), we have by modularity
aclp(S(AC), S(BCD)) Nacly(AC, BC) = acly(S(AC), S(BCD) Nacly(AC, BC)).

Using that \E — |¢, it follows from the hypotheses that AC \BaBCD hence by BASE
MoNOTONICITY of |¥ we have BC'D N acly(AB, BC) = BC hence

S(BCD) Nacly(AC, BC) = S(BC).
It follows that S(acly(AC, BCD)) = acly(S(AC), S(BC)) and so A L. B O
Lemma 3.3. If |T satisfies FULL EXISTENCE, then |*' and |“ satisfy FULL EXISTENCE.

Proof. We show that |* satisfies FULL EXISTENCE. Let A, B,C be contained in some
model (A, #y) of TS. By FULL EXISTENCE for |7, there exists A’ =L A with A’ fc M,
in particular A’/C N BC = C. Using FULL EXISTENCE of |* we may assume that A'BCN
M = BC. Let f: AAC — AC be a T-elementary isomorphism over C' and Syc :=
FYUS(AC)). Let Sapc = acly(Sarc, S(BC)). It is easy to see that

e Sapc N M = Saypc N BC = S(BC)

e SypcNAC = Sxc
Using A’/BCN.# = BC and the first item, the type over BC defined by the pair (A’BC, Ss/pc)
is consistent (see Proposition 1.16). We may assume that A’ C M realizes this type.
From the second item, we have that A’ Egs A, and it is clear that S(A’BC) is equal to
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aclp(S(A’C), S(BC)) so A’ \Btc B. We conclude that FULL EXISTENCE is satisfied by _|*.
As [*— |*, FULL EXISTENCE is also satisfied by | O

Lemma 3.4. If | satisfies STRONG FINITE CHARACTER over algebraically closed sets,
then the relation |" satisfies STRONG FINITE CHARACTER over algebraically closed sets.

Proof. Assume that a jf"c band C =C. Ifa j/TC b, we have a formula witnessing STRONG
FINITE CHARACTER over C by hypothesis. Otherwise, assume that a fc b, set A = Ca,

B = Cb and assume that there exists s € S(acly(A, B))\acly(S(A), S(B)). Let u € A\S(A)
and v € B\ S(B) be such that s € acly(u,v). There exists Ls-formulae ¥, (y, a,c) and
Py (2, b, ) isolating respectively tp”™ (u/Ca) and tp?™ (v/Cb) for some tuple c in C. There is
also an Zp-formula ¢(t, y, z) algebraic in ¢, strict in y and strict in z, such that s = ¢(¢, u, v).

Claim. v ¢ acly(S(B),C).

Proof of the claim. Assuming otherwise, by modularity there exists singletons s, € S(B)
and ¢ € C such that v € aclp(sp, ¢) and so s € acly(sp, ¢, u). As cu C A, by modularity there
exists a singleton v’ € A such that s € acly(sp, w') and by Exchange v’ € acly(sp, s) N A C
S(A), this contradicts the hypothesis on s. O

In particular for any other realisation v’ of 1,(z, b, ¢) we have v' ¢ acly(S(B),C). Now
let A(x,b,c) be the following formula
FyI=3ty (y, x, ¢) Ay(2,b,¢) A p(t,y,2) ANt € S.
We have that A(z,b,c) € tpT%(a/bC). Assume that o’ = A(z,b,c). If o j/TCb then
we are done, so we may assume that a’ f o b, in particular Ca/’ N B = C as C is alge-

braically closed. There exists v/ € Ca’ and v/ € B\ acly(S(B),C) such that there is
s' € aclp(v/,v") N S. In particular v" € aclo(s',u') as ¢(t,y, 2) is strict in 2. Now assume
that s’ € aclo(S(B), S(Ca’)), then v' € acly(Ca’, S(B)) and also v' € B. By modularity,

aclg(S(B),Ca’) N B = acly(S(B),Cd’ N B) = acly(S(B),C)
so v' € aclp(S(B), (), a contradiction. We conclude that
s € S(acly(Cd’, B)) \ aclo(S(Cd’), S(B))
so a' j/wc B. 0

Theorem 3.5. Assume that |7 satisfies the hypotheses of Lemmas 3.2. Assume that for
some subset E of M, the following two properties hold:

(A1) |'-AMALGAMATION over E for some | ' — |*, | satisfying MONOTONICITY,
SYMMETRY and CLOSURE;
(Ag) For all A, B,C algebraically closed containing E, if C \EE A, B and A J//E B then

(AC,BC) |° 4B.
A,B
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Then | satisfies | '-AMALGAMATION over E.

Proof. Let ¢1,c2,A, B be in a (A, #y) < (M, M) such that

® C1 E%S (6)

e A" B

o Ji”EA and ¢y Ji”EB
As | satisfies SYMMETRY, CLOSURE and MONOTONICITY, we have that A | ' B <=
AE L’Eﬁ, hence we may assume that A, B are algebraically closed and contain E. By
hypothesis there is a T-elementary .£s-isomorphism h : Fcy — Ecg over F sending ¢ to co.
Let C1 be an enumeration of Ec; and let Cy be the enumeration h(C). We have C; Eg Cs.

We have (1 fE A, Cy EEB and C1 Eg Cy. By (A1), there exists C such that C EZ;

Cy, C =L Oy with C fEAB, A \B(;Bv C JfBA and C JfAB. We may assume that
ABCN.# = AB using FULL EXISTENCE of |*. There exists two T-elementary bijections

f:AC — AC, overAandg:BiCﬁﬁCg over B such that g [ C'=ho (f | C).

We define Sqc = f~1(S(AC1)) C AC and Spc = g 1(S(BCs)) C BC, and set Sagc =
aclo(Sap, Sac, Spc), with Sap = S(AB). The following is easy to check, it uses that
AL’CB, CJjBAandC’ﬁAB:

. SABQSAC:SABQAISAcﬂAZS(A) =:S4;
° SABQSBC:SABQB:SBcﬁBIS(B) =: Sp;
e SucNSpec=8SacNC =SgenNC = fﬁl(S(Cl)) = gfl(S(Cg)) =: S¢c.
Furthermore, with S5 = Sap Nacly(A, B), S, = Sac Nacly(A4,C) and S = Spc N
aclo(B,C), it follows from ¢; | A and ¢ |V, B that

(1) SZC’ = aclo(SA, Sc);
(2) SEC = acly(Sp, Sc).
Claim. We have the following
e SapcNAB = Syp;
e Sapc NAC = Sac;
e SapcNBC = 8pg¢.
Proof of the claim. As A J-?CB’ C JfBAandC JfAB, we have that AC JBCBiC,BiC JBB@
and AC JBAE. By hypothesis (A2) and TRANSITIVITY of | we have the following;
¢ GCF0) 0, A5
+ (I3,50) £, 7
e (AC,AB) \IBB,C BC.
In order to prove the first item of the claim, by modularity, it suffices to show that

aclo(Sac, Spc) N AB C Sap. We will in fact show that
aclo(SAc, SBC) NAB = S,XB'
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We have that (AB, BC) JBACTC. Since S~ = Sac Nacly(A,C) and Spc C BC we
deduce Sac JBSZC AB, Sgc. Now since Sac = aclp(Sa, Sc) we can use BASE MoONO-
TONICITY of LO and the fact that Sc C Spco to get
S [0 4B
Sa,SB.SBC

On the other hand, BC N AB = B so Spc LOSB AB. Using BASE MONOTONICITY
of \|B we also have that Spo JB
(Sac,Spo) Ly, g, AB.

For the second item, it is sufficient to prove that acly(Sap, Spc) N AC C Sac. We do
similarly as before paying attention to the fact that Sap and Ss¢ do not play a symmetric
role. We get first that Spc JB (AC,Sup) using (AC, AB) JBBCBC Now Sz =
aclp(Sp, Sc), so we deduce Spc ﬁS&SB (AC,Sap) and by BASE MoNoTONICITY of |9
and the fact that Sg,S4 C Sap we deduce

See JB AC.

Sc,54,5aB

) . 0 .
9458 AB so using TRANSITIVITY of |7 it follows that

Now by BASE MONOTONICITY of JB, we have Sap JBSA Se AC. We conclude using
TRANSITIVITY of % that (Sap,Spc) JBSA S

similar. O

AC. The proof of the last assertion is

We know that ABCN.# = AB. Moreover, it follows from the first point of the claim that
SapcN# = SapcNAB = Syp. Consequently, by Proposition 1.16, the type in the sense
of the theory T'S defined by the pair (ABC, Sapc) is consistent, so we may consider that
it is realised in (M, M), by say C. It follows that C' = Ec with ¢ such that ¢ =% ¢; and
c :gs co. What remains to show is that C' JiUE A, B. We already have that C \IEFE A, B so
we will prove that

S(acly(C, AB)) = acly(S(C), S(AB)).
By modularity, it suffices to show that acly(Sac, Spc) Nacly(C, AB) C acly(Sc, Sap). We
in fact prove that (Sac, Spc) JBS 5.5 (AB,C). As before, using (AB, BC) JEACAC'

we have that Sac LO AB ,BC), so as S, = acly(Sa, S¢) we have
Sac 2 (AB,Spc,C).
Sa,5c
Using BASE MONOTONICITY of |, we have
Sac 10 (AB,C).
S4,58,5¢,5BC
On the other hand, from (AC, AB) JBB 0370 and MoNOTONICITY of |%, we have that

BC JBB (AB, C). It follows that SgcNacly(AB, C) C Spe = acly(SB, Sc) so Spe f (AB,C).

SB, SC
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Using BAse MoNOTONICITY of | we have

Sge  |° (AB,C).
SB,5a,S¢

Now using TRANSITIVITY of |, we get (Sac, Spc) |° (AB,C). O

Sa,5B,5¢
Lemma 3.6. Assume that a iwcb and a J/ch with C = C. Then there is a formula
A(z,b,c) € tp(a/Cb) such that for all sequence (b;)i<, such that

(1) b; =55 b for alli < w,
(2) bi [°,bj and S(aclp(Cb;, Cbj)) = acly(S(Cb;), S(Ch;)) for all i, j < w,

the partial type {A(x,b;,c) | i < w} is inconsistent.

Proof. Let A= Ca, B=Cb. Asa L' b there exists s € S(aclo(A, B)) \ aclo(S(A), S(B)).
As we saw in the proof of Lemma 3.4, there exist u € A\ S(A), v € B\ S(B) and Zs(C)-
formulae 1)y, (y, a) algebraic in y and ,(z,b) algebraic in z, satisfied respectively by u and
v. There is also an Zp-formula ¢(¢,y, z) algebraic in ¢, strict in y and strict in z, such that
s = ¢(t,u,v). Again, as v ¢ acly(S(B),C) and 1, (z, b) isolates the type tp?(v/Cb), every
v’ satisfying v, (z,b) will satisfy v’ ¢ aclg(S(B),C). Let A(z,b,¢) € tpT(a/Ch) be the
following formula, for a tuple ¢ from C'
FyFzTtPu(y, ) A o(2,0) A o(t,y,2) AL € S.

As we saw in the proof of Lemma 3.4, it witnesses STRONG FINITE CHARACTER over C.
Note that if o’ =L° b, then no realization of ¥, (y, V) is in acly(S(CV), C).

Now let (b;)i<w be as in the hypothesis. By contradiction, assume that {A(z, b;, ¢) | i < w}
is consistent, and realised by some a’. Assume that 1, (t,a’) does not have more than k
distinct realisations. As

/\ A(d’, b;, c)

i<k+1
is consistent, there is ' € Ca’ and i < j < k + 1 such that v, v; are two realisations of
(2, b;) and 1, (2, b;) respectively —~we assume ¢ = 1, j = 2 for convenience— and such that
there exist 51 € aclg(u/,v1) NS and sg € acly(v/,v2) N S. As vy & acly(S(Chy), C) it follows
that vy ¢ aclg(u’), hence v’ € aclg(sz,v2) so s1 € aclg(s2,v1,v2). By modularity, it means
that there is some w € acly(v1, v2) such that s; € acly(sg, w). We have that w € acly(s1, s2),
so w € aclg(vy,v2) NS. As S(aclg(Chy), acly(Chs)) = acly(S(acly(Cby), S(acly(Chs))) there
is some s§ € S(Cb;) and s§ € S(Cbhy) such that w € acly(s8,s3). Now, as v; ¢ C, it
follows that vy ¢ acly(ve) hence vy € acly(w,v2), and so v1 € aclg(s}, s5,v2). So there is
vh € aclg(sh,v2) C Cby such that vy € acly(s8, vh). Tt follows that v} € acly(s8,v1) so vh €
Cby N Cby = C, hence v € C. Now v; € aclp(S(Cb;),C) and this is a contradiction.  [J

Lemma 3.7. Let | be a relation satisfying SYMMETRY, MONOTONICITY, EXISTENCE
and STRONG FINITE CHARACTER over C. If tp? (a/Cb) is finitely satisfiable in C then

al b
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Proof. Indeed, assume a j/cb then by STRONG FINITE CHARACTER there is a formula
#(z,b) € tp?'(a/Ch) such that if o’ = ¢(z,b) then a" Lob As tpl' (a/Cb) is finitely
satisfiable in C' there is ¢ € C such that ¢ |= ¢(z,b), so ¢ £ b, so by SYMMETRY and
MonoTONICITY b [ C which contradicts EXISTENCE. O

Lemma 3.8. Assume that f satisfies the hypothesis of Lemma 3.2 and 3.4. If f satisfies
WITNESSING, then so does |".

Proof. Assume that a j/“’//[ b, and let A(z,b,m) be as in Lemma 3.6 and set p(x) =
tp"S(a) M), py = p | £ = tp” (a).HD). Let q(x) be a global extension of tp”3(b/.#)
finitely satisfiable in 4, q¢» = q [ £. It is clear that q¢ is finitely satisfiable in
M. Let (b;)i<, be a sequence in M such that b, = g | #bs; for all i < w. Ob-
serve that for j < i we have tp?(b;/.#b;) is finitely satisfiable in .#. By hypothesis,
|V satisfies in particular SYMMETRY, MONOTONICITY, EXISTENCE, and STRONG FINITE
CHARACTER over models, hence by Lemma 3.7, b; Jlﬂ/// bj. In particular b; Jf/// b; and
S(acly(Mb;, Mb;)) = aclo(S(Ab;), S(ADY;)) for all 4,7 < w. If {A(z,bi,m) |i<w} is
inconsistent, we conclude. If {A(x,b;,m) |7 < w} is consistent, by Lemma 3.6 we have
a J/T/// b. Now also b; |= gy | #be;, hence as |1 satisfies WITNESSING, we conclude. [

Lemma 3.9. Assume that f satisfies BASE MONOTONICITY. The following are equiva-
lent.

(1) [|“ satisfies BASE MONOTONICITY;
(2) For all algebraically closed sets A, B, C, D such that A, B, D contain C' and A \EFC BD,
the following holds
acly(A, BD)U AD = acly(AD, BD).

In particular if acly is trivial or if acly = acly then |* satisfies BASE MONOTONICITY.

Proof. Assume that there exist A, B, C, D that do not satisfy (2). Let w € acly(AD, BD)\
(aclo(A, BD)UAD), and Sy := S(acly(0)). We define Sapp = acly(So, w). The type (over
() defined by the pair (ABD, Sapp) is consistent. As Sapp Nacly(A, BD) = SappNA =
SappNBD = Spand A fc BD we have that A Jl”c BD. Now w € SagpNacly(AD, BD)

whereas Sagp N AD = Sagp N BD = Sy, hence
So = aclo(SABD ﬁ@, SABD ﬂ@) C Sapp N aclo(@, @)
It follows that A j/wD B, so |* doesn’t satisfies BASE MONOTONICITY.

Conversely if |* doesn’t satisfies BASE MONOTONICITY, it means that there exist
A, B,C,D such that A \B}C BD and A J/wCD B. We may assume that A, B, D are al-

gebraically closed and contains C'. As f satisfies BASE MONOTONICITY we have that
S(aclo(AD, BD)) 2 acly(S(AD), S(BD)).

Let w be in S(aclo(AD, BD)) \ acly(S(AD), S(BD)). As w € S we have that w ¢ AD and
w ¢ BD. It remains to show that w ¢ aclo(4, BD). Assume that w € aclo(4, BD). As
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w € S we have that w € S(acly(A, BD)). From A 1 BD we have that S(acly(A, BD)) =

aclp(S(A),S(BD)) sow € acly(S(A), S(BD)) which contradicts that w ¢ acly(S(AD), S(BD)).
So it follows that w € aclo(AD, BD) \ (aclo(A, BD) U AD). O

Lemma 3.10. Assume that f satisfies INVARIANCE, FINITE CHARACTER, SYMMETRY,
CLOSURE, MONOTONICITY, BASE MONOTONICITY, TRANSITIVITY, FULL EXISTENCE then
so does |*'. Furthermore, for any E = E, if f satisfies STATIONNARITY over E = FE, so

does th.

Proof. INVARIANCE, FINITE CHARACTER, SYMMETRY, CLOSURE are trivial. FULL EX-
ISTENCE is Lemma 3.3. It remains to show MONOTONICITY, BASE MONOTONICITY,
TRANSITIVITY and STATIONNARITY over algebraically closed sets.

MONOTONICITY. Assume that A thc BD. We only need to check that S(ABC) =
aclp(S(AC), S(BC). We have
S(ABC) = acly(S(AC),S(BCD)) N ABC
= aclg(S(AC),S(BCD)N ABC (by modularity)
= aclp(S(AC), S(BC)) as BODNABC = BC ( |*' — |*).
BAse MoNoTONICITY. If A thc BD then by BAase MoNoToNICITY of [T we have
A LTCD B. As S(ABCD) = acly(S(CA), S(CBD), in particular
S(ABCD) C acly(S(ACD), S(BCD)) C S(ABCD)

so A ftCD B.

TRANSITIVITY. Assume that A thCBD and B thc D. By CLOSURE, we may as-
sume that A = ABC,B = BC,D = CD. By MONOTONICITY, it is sufficient to show
that A thc D. We have A \LTCD by TRANSITIVITY of |T. We show that S(AD) =
aclp(S(A),S(D). By A J/StBD we have S(AD) = acly(S(4),S(BD)). By B \thCD’
S(BD) = aclp(S(B),S(D)) hence S(AD) = acly(S(A), S(B),S(D)) = aclp(S(A), S(D).

STATIONNARITY. Assume that ¢; ftEA and ca thEA and c; Eigs co. We may as-
sume that A is algebraically closed and contains E. There is a T-elementary S-preserving
map f : Ec, — Fcg over E. By STATIONNARITY over E, we can extend f to f :
Aci — Acy T-elementary over A. But as S(Acy)) = aclp(S(Ec1), S(A)) and S(Acy) =
aclo(S(Eca), S(A)), f preserves S, so ¢1 =5 .

O

4. PRESERVATION OF NSOP;, SIMPLICITY AND STABILITY

In this section, we use the results of the previous section to prove that if 7" is NSOP; and
T satisfies an additional hypothesis then T'S is also NSOP;. This additional hypothesis
(namely (A) below) translates how |° in the reduct 7 is controlled by | in 7. We work
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in the same context as the previous section, with small sets and small models in a monster
model for T'S, when (T, %, Ty) is a suitable triple.

Theorem 4.1. Assume that (T, %, To) is a suitable triple. Assume that T' is NSOP; and
that f is the Kim-independence relation in T. If

(A) all #4 =T and A, B,C algebraically closed containing A, if C J/T/// A, B and
h /
A JJ//[B then - -
(AC,BC) |V AB.
A,B
Then T'S is NSOP1 and the Kim-independence relation in T'S is given by %, i.e. the
relation

A |T'B and S(acly(Adl ,BAM)) = acly(S(AM),S(BA)).
M

Proof. From [25], if T is NSOP; the Kim-independence |7 satisfies INVARIANCE, SYMMETRY,
MONOTONICITY, EXISTENCE and STRONG FINITE CHARACTER all over models. Further-
more, by [26, Theorem 2.21], it also satisfies f—AMALGAMATION over models. By Lem-
mas 3.2, 3.4 and Theorem 3.5, all these properties are also satisfied over models by |%
(relatively to the theory T'S). By Proposition 5.3 in [15], T'S is NSOP;. As |7 satisfies
WITNESSING, so does | by Lemma 3.8. Using |25, Theorem 9.1] (and |25, Remark 9.2]),
it follows that |* and Kim-independence in T'S coincide over models. ]

The results of the previous section give more than the previous Theorem. Indeed, most of
the nice features that may happen in T for f are preserved when expanding T to T'S. For
instance, if J/T is defined over every small base set, so is |". If the independence theorem
in T is satisfied by f not only over models but over a wider class of small sets then the
same holds in T'S for |*. We summarize these features in the next result.

Theorem 4.2. Assume that (T, £y, To) is a suitable triple. Assume that there is a ternary
relation f over small sets of a monster model of T that satisfies

e INVARIANCE;

SYMMETRY

CLOSURE;

MONOTONICITY;

EXISTENCE;

FuLL EXISTENCE;

STRONG FINITE CHARACTER over E for E = E;

|/-AMALGAMATION over E for E = E, where | is such that 17— 1= 14

and | " satisfies MONOTONICITY, SYMMETRY and CLOSURE;
(A) For E = E and A, B,C algebraically closed containing E, if C JEFE A, B and
T AC 10 R
A LEB then AC \LCBC and
(AC,BC) | AB;
A,B
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e WITNESSING.

(In particular T' is NSOPq, and f coincide with Kim-independence over models of T,
by [15, Proposition 5.3] and [25, Theorem 9.1]).

Then any completion of T'S is NSOP1 and |* and the Kim-forking independence relation

in T'S coincide over models. Furthermore [|“ satisfies all these properties, relatively to the
theory T'S.

Finally, using [25, Proposition 8.8] we give a condition on (T, Ty, -%p) that characterizes
the simplicity of T'S, assuming that T satisfies the hypotheses of Theorem 4.2.

Corollary 4.3. Let (T, %, To) be a suitable triple satisfying all the assumptions of Theo-
rem 4.2. The following are equivalent.
(1) Any completion of T'S is not simple
(2) T is not simple or there exist algebraically closed sets A, B,C, D such that A, B, D
contain C and A fc BD, and such that

aclo(A, BD) UAD # acly(AD, BD).

In particular if acly is trivial or if acly = acly the theory T'S is simple if and only if T is
simple. If T'S is simple, |" is forking independence over models.

Proof. From Theorem 4.2, we know that the relation |" is Kim-independence over models.
By (25, Proposition 8.8|, T'S is simple if and only if |" satisfies BASE MONOTONICITY.
The equivalence follows from Lemma 3.9. The fact that Kim-independence and forking
independence coincide is |25, Proposition 8.4]. O

Corollary 4.4. Assume that T is a complete L -theory and £, ..., %, are sublanguages
of L. LetTh =T | 4,....,T, =T | £, such that (TSy...Si,Ti+1,-ZLi+1) is a suitable
triple for each i =0,--- ,n — 1. By Proposition 2.1, let T'Sy ... Sy be the model companion
of the theory of models of T with a predicate S; for an £; substructure.
(1) Assume that T is NSOPy, with Kim-independence |* in T and that for all i we
have (for A, B,C' algebraically closed containing # =T )

if C J/T(//ZA,B and A J/T{//ZB then (AC, BO) JiA,BE'
Then T'Sy...S, is NSOP1 and Kim-independence in T'S is given by

A |T B and for all i <n Si(acly(A,BM#)) = acly(Si(AM),Si(BA))
M
(for acl;, Jj the algebraic closure and independence in the sense of the pregeometric
theory T;).
(2) If there exists |1 that satisfies the hypotheses of Theorem 4.2 (relatively to each
theory T;), then T'Sy ... S, is NSOP1 and the relation

A |T B and for alli < n S;(acl;(AC, BC)) = acl;(S;(AC), S;(BC))
C
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agrees with Kim-independence over models. Furthermore this relation satisfies all
the properties listed in Theorem 4.2.

Proposition 4.5. IfT is stable and acly = acly, then the theory T'S is stable.

Proof. By Corollary 4.3, T'S is simple and |" is the forking independence. As acly = acly

it follows that [**= |“, hence as |7 is stationnary over models, so is |* by Lemma 3.10.
The stability of T'S follows since forking independence is stationnary over models. O

Remark 4.6. Assume that T is stable and that aclg is trivial, then T'S is not necessary stable.
From Corollary 4.3, T'S is simple and _|" is forking independence. As acly is trivial, we have
J¥= |7, (with |7 forking independence in T') which is not likely to be stationnary. The
easiest example of a reduct Ty for which acly is trivial is the particular case of % = {=}.
Then T'S is the theory of the generic predicate on T (see Remark 1.6 and [11]), which does
not preserve stability. Indeed [11, (2.10) Proposition, Errata| gives a sufficient condition
on T so that T'S have the independence property (hence is unstable): there exists a model
A of T and two elements a and b such that b |* 0 and Mab # Ma U Ab. 1t follows
that adding a generic predicate to an algebraically closed field result in a simple unstable
theory (take a and b two generics independent over .Z).

Remark 4.7 (Mock stability). A theory T is mock stable if there is a relation satisfy-
ing INVARIANCE, FINITE CHARACTER, CLOSURE, SYMMETRY, MONOTONICITY, BASE
MONOTONICITY, TRANSITIVITY, FULL EXISTENCE, STATIONNARITY over models. In the
original definition of mock stability [1], Adler asks for slightly different properties but it is
an easy exercice to check that our set of properties is equivalent to the one in [1]. Using
Lemma 3.10, if T" is mock stable then so is T'S.

5. EXAMPLES OF GENERIC EXPANSIONS BY A REDUCT

5.1. Generic vector subspace over a finite field. Let F, be a finite field. In this
subsection, we let % = {()\a)agpq,+,0}, and . a language containing .%y. We let T
be a complete .Z-theory which contains the Zy-theory Tp of infinite-dimensional F -vector
spaces. For A a subset of a model of T, the set acly(A) is the vector space spanned by
A, and we denote it by (A). Let & = £ U{V}, with V a unary predicate and Ty the
Zy-theory whose models are the models of T in which V' is an infinite vector subspace.

Definability and notations. For o = a,...,a, € F; and any n-tuple x of variables
let Ay () be the term

Aay (1) + -+ Ao, (T0).

Let z be a tuple of variables of length s = ¢ — 1 and 2’ = 2pz a tuple of length s +1 = ¢".
Let v(t) be any % -formula, t a single variable. We fix an enumeration a',..., a* of
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(Fg)™\ (0,...,0). We denote by
z = (x)o the formula /\ Zi = Ai (T)

2= (z) the formula 20 =0Az=(x)o

te(x) the formula \Z4 <z’ = (x) — \S/ t= zz>
=0

t € (zy)\ (y) the formula t € (xy)y A=t € (y)

(xy Ny = (y) the formula Vi (t € (x) AN(t) <>t € (y)).

The formulae above have the obvious meaning, for instance, for any a,b in a model of T, if
A = b= (a)o then b is an enumeration of all non-trivial Fy-linear combinations of a.
The following is [11, Lemma 2.3|:

Fact 5.1. Assume that T is a theory that eliminates the quantifier 3°°. Then for any
formula ¢(x,y) there is a formula O4(y) such that in any No-saturated model 4 of T the
set 0y (M) consists of tuples b from M such that there exists a realisation a of ¢(x,b) with
a; ¢ aclp(b) for all i.

Theorem 5.2. If T is model complete and eliminates the quantifier 3°°, then (T, Ty, £p) is
a suitable triple. It follows that the theory Ty, admits a model companion, which we denote
by TV.

Proof. We have to show that the triple (T, Ty, %) is suitable, the existence of the model-
companion then follows from Proposition 1.12. We check the conditions of Definition 1.10:
(H1) T is model complete;
(H2) Tp model complete and for all infinite A, (A) = Tp;

2)
(H5) (-) defines a modular pregeometry;
(Hy) for all Z-formula ¢(x,y) there exists an Z-formula 64(y) such that for b € A4 =T

M = 04(0b) <= there exists a saturated .4 > .# and a € 4 such that
¢(a,b) and a is ﬁ—independent over A .

Condition (Hp) holds by hypothesis. Conditions (Hz) and (Hj) are also clear, these are
basic properties of the theory of infinite dimensional vector spaces. As A is infinite, (A) is
an infinite dimensional [F -vector space.

We prove condition (Hy). Let ¢(x,y) be an Z-formula. For some tuple of variables z of

suitable length, let ¢(z,y) be the following formula
dz 2 = ()0 A d(z,y).
Now apply Fact 5.1 with ¢(z,7). We get a formula 9(5(y) such that for any Wyp-saturated
model .#" of T"and b € .#" we have that .4 |= 0;(b) if and only if there exist tuples a and ¢
in .4 such that ¢(a,b) holds, ¢ = (a)o and for all 7, ¢; ¢ acly(b). Equivalently 4" |= 6;(b)

if and only if there exists a tuple a from .4 such that a is F,-linearly independent over
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acly(b) and A = ¢(a,b). Using FULL EXISTENCE of |%, it is an easy exercise to prove
that this condition is equivalent to (Hy), hence the triple (T, Ty, %) is suitable. O

Lemma 5.3. Let (x,y) be an Ly -formula. Assume that in a saturated model (A ,V') of
Ty the following holds for some tuple b from A, for all L -formula ¢(x,y):

04(b) — Jzp(x,b) Ap(x,b).

Then for all ¢(x,y), if # = 04(b) then there exists a realisation a of ¢(x,b) Ap(x,b) such
that a is linearly independent over acly(b).

Proof. Let ¥(x,y) be the partial type expressing “z is linearly independent over aclp(y)”.
We claim that {¢(z,b) A(xz,b)} U X(x,b) is consistent. Indeed, let A(z,b) be a finite
conjunction of formulae in 3(x,b). As 0,(b) holds, there exists a realisation a of ¢(z,b)
which is Fg-linearly independent over acly(b), hence in particular a satisfies ¢(z,b) AA(z, b),
hence A4 = 64,n(b). By hypothesis, the formula ¢(x,b) A A(x,b) A 1(x,b) is consistent,
hence we conclude by compactness. ([l

Proposition 5.4 (Axioms for TV'). The theory TV is axiomatised by adding to Ty the
following Ly -sentences, for all tuples of variable yy C y, xy C x and ZL-formula ¢(z,y)

(A1) Vy((y) NV = (yv) Abg(y)) = Fxo(z,y) Alzy) NV = (zvyy)).
Equivalently, the theory TV is aziomatised by adding to Ty the following £y -sentences, for
all tuples of variable y* C vy, xy C x and £L-formula ¢(x,y)

(A2) Yy((y') NV = {0} A Os(y) = (Bad(z,y) Allay') NV = (av).

Proof. Tt is clear that the system of axioms (Aj) is equivalent to the one given in Theo-
rem 1.5. It is also clear that the system of axioms (A;) implies the system of axioms (As).
We show that the two systems are equivalent. Assume that the system (As) is satisfied in
an Ng saturated model (.#, V') of Tyy. Let ¢(z,y) be given, and subtuples yy of y and xy of
x. We show that (.#, V) satisfies the axiom of the form (A;) given by yy C y, v C = and
¢(x,y). Assume that for some tuple b from .#, the formula (b) NV = (by/) Afy(b) holds. Let
b! be a subtuple of b which is a basis of (b) over (by/). We have (b*)NV = {0} hence using an
instance of an axiom (Ay), there exists a realisation a of ¢(x,b) such that (ab’) NV = (ay).
Since by C V, it follows from BASE MONOTONICITY that (ab) NV = (ayby). O

Lemma 5.5. Assume that T is model complete and eliminates the quantifier 3°°. Then
TV eliminates the quantifier 3°°, so (T'V, Ty, £0) is also a suitable triple.

Proof. Assume that |x| = 1. From the description of types (see Proposition 1.15), types in
TS are obtained by adding to the types in 1" the description of V' on the algebraic closure.
By compactness, every £ -formula ¢(x,y) is equivalent to a disjunction of formulae of the
form

Jzp(x, z,y) A{xz) NV = (2y)
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where (z, z,y) is an Z-formula (not necessarily quantifier-free) and zy a subtuple of
variables of z2. In order to prove elimination of 3°°, by the pigeonhole principle , we may
assume that ¢(x,y) is equivalent to such a formula. Now let u, v be two tuples of variables
such that |u| + |v] < [2] + 1, and let uy C u, vy C v be two subtuples. Let I'}", (u,yv) be
the following .Z-formula

drzip(x, z,y) A (xz) = (uv) A (2y) = (uyovy) Az € (uv) \ (v).
Let A(y) be the formula

\V Fo({v) NV = (oy) Abrgs - (y0)).
[uv| <|z|+1,uy Cuvy Co,jul>1
Claim: For all tuple b from a saturated model (#,V) of TV, (#,V) = A(b) if and only
if there exists a € .# such that (#,V) = ¢(a,b) and a ¢ aclp(b).

From left to right. If A(b) holds for some b, there exists a formula I' = I';? = and some
tuple e from .# and a subtuple ey of e such that VN(e) = (ey) and .# = Or(be). Using one
instance of the axioms (A;) (Proposition 5.4) and Lemma 5.3, there exists a realisation d of
I'(u, be) such that (dbe) NV = (dybyey), for dy the subtuple associated to the variables uy
and such that d is linearly independent over acly(be). Using that d is linearly independent
over (de), we obtain that (de) NV = (dyey). As (#,V) ET'(d,be), there exists a and a
tuple ¢ from .# such that

o M =1Y(a,c,b)

e (ac) = (de)

e (cv) = (dvey)

o ac (de)\ (e).
Now as (de) NV = (dyey) we have (ac) NV = (ey) so (A#,V) = ¢(a,b). Now as d is
linearly independent over acly(be) and a € (de) \ (e) we have a ¢ acly(be) so a ¢ acly(b).

From right to left. Assume that (#Z,V) = ¢(a,b) and a ¢ acly(b). Let ¢ be such that

¢ =1(a,z0b) and (ac) NV = (cy). Let ey be a basis of acly(b) NV N (ac), and complete
it in a basis e of acly(b) N (ac). Let dy be a basis of a complement of (ey) inside (ac) NV
and complete it in a basis d of a complement of (edy) inside (ac). As a € (de) \ aclp(b)
we have a € (de) \ (e). It is clear that (.#,V) =T (d,be) for the appropriate choice of

uy vy
subtuple of variables uy C uw and vy C v. Furthermore, as d is linearly independent over

acly(b) = aclp(be), we have Or(be), and so A(b) holds. O

Corollary 5.6. Assume that T is model-complete and eliminates 3°°. Let Ty, v, be the
theory whose models are models of T in which V; is a predicate for a vector subspace over
Fy. Then Ty, v, admits a model companion TVy ... V,.

Proof. This is an immediate consequence of Lemma 5.5 and Proposition 2.1. O

2Actually we might assume that every realisation of z in v is algebraic over the realisations of z,y in 1,
but we don’t need this fact here. Also, we may replace the condition (zz) NV = (zy) by (z) NV = (zv),
but we assume that the formula gives a description of V on (zz) in order to simplify the proof.
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Example 5.7 (Generic vector subspace of a vector space). Consider the theory T of infinite
[F,-vector spaces in the language . = {()\a)aeﬂrq, -+, 0}. Applying Corollary 5.6 the theory
Ty, .. v, admits a model companion T'V;...V,. Proposition 4.5 gives us inductively that
TVy---V, is stable for all n € N. It is easy to check that T'V; is the theory of belles paires
(see [32]) of the theory T.

5.2. Field of positive characteristic with generic vector subspaces. Let p > 0 be
a prime number. Let ¥ = {+,—,-,0,1,...} and T an Z-theory of an infinite field of
characteristic p. Let Fg,,--- , Iy, be finite subfields in any model of 7". Consider the theory
T’ obtained by adding to the language a constant symbol for each element of Fg, U---UTF,, .
Then T and T" have the same models. It follows that for each ¢ we may consider that the

theory of infinite IFy,-vector space in the language .%; = {—i—, 0, ()\Oé)ae][?qi} is a reduct of T

Proposition 5.8. Let £ O Zing and T' an ZL-theory of an infinite field of characteristic
p. Let Fy,,--- ,Fy, be finite subfields in any model of T'. Assume that

(1) T is model-complete;

(2) T eliminates 3°°.
Let Ty, v, be the theory whose models are models of T' in which each V; is a predicate for
an g, -vector subspace. By Corollary 5.6 the theory Ty, v, admits a model-companion.

An additive subgroup of a field of characteristic p is an IF,-vector space, hence Proposi-
tion 5.8 translates as follows.

Proposition 5.9. Let £ O ZLing and T an L -theory of an infinite field of characteristic
p. Assume that

(1) T is model-complete;

(2) T eliminates 3°°.
Let T, . g, be the theory whose models are models of T in which each G; is a predicate

for an additive subgroup. By Corollary 5.6 the theory T, .. q, admits a model-companion,
which we denote by TGy ...G,.

Example 5.10. The hypotheses of Propositions 5.8 and 5.9 are satisfied by the following
theories:

e ACF), SCF), . for e finite or infinite, Psf,
e ACFA,, DCF,,.

All these theories are model-complete. Concerning the elimination of 3°°, all perfect PAC
fields are algebraically bounded [13], which implies the elimination of 3° for ACF, and
Psf,. Elimination of 3% for SCF), . follows from [18, Proposition 61.]. The theory ACFA,
eliminates 3*° in all characteristic, this follows easily from the definability of the o-degree
(see [10, Section 7|). For all p prime or 0, the theory DCF), eliminates the quantifier 3°°,
this follows from the proof of this result in [29, Theorem 2.13, p51], although it was proved
in the characteristic 0 case, the proof works in all characteristics.

Example 5.11 (ACFV; ---V,, and ACFG). Let F,,--- ,F,, be any finite fields of charac-
teristic p. We denote by ACFV; ---V,, and ACFG respectively the theories ACF,Vy---V,
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and ACF,G. [17] is dedicated to a detailed study of the theory ACFG, which is NSOP;
and not simple (see also Example 5.21).

Recall that a pseudo-algebraically closed field is a field K which is existentially closed
in every regular extension. The theory PAC is incomplete but eliminates 3°° if the field is
perfect.

Proposition 5.12. Let PAC,q be the theory whose models are perfect PAC,,-fields in Zing
with a predicate G for an additive subgroup. Then there exists a theory PAC,G such that

(1) every model (F,G') of PAC,q extends to a model (K,G) of PAC,G such that K is
a reqular extension of F';

(2) every model (K,G) of PAC,G is existentially closed in every extension (F,G") such
that F is a regular extension of K.

Let T' be a theory of perfect PAC,-fields in a language containing Zying such that T is
model-complete, and Tq, ..., be the theory whose models are models of T with predicates G;
for additive subgroups. Then Tq,...c, admits a model-companion, TGy - - - Gy,.

Proof. Perfect PAC,-fields in %, satisfies (Hy), the proof of this in Theorem 5.2 does not
use the model-completeness of the theory T', so the first statement follows from Proposi-
tion 1.7. The second statement is Corollary 5.6. U

Remark 5.13. Note that the perfect assumption is only here to ensure that the fields elim-
inate the quantifier 3°°. It should be true that all PAC fields eliminate the quantifier 3°°
although we did not find any reference in the literature.

5.3. NSOP; fields of positive characteristic with generic vector subspaces. Now we
give some condition under which the theory obtained in Proposition 5.8 is NSOP;. In this
subsection, for A in some field, we denote by acly the model-theoretic algebraic closure, A?®
the separable closure and A the field theoretic algebraic closure. For three subsets A, B, C
of some field, the notation A Jﬁdc B stands for “the field spanned by A and B are linearly
disjoint over the field spanned by C”. Recall that a field extension A C B (which we will
denote B/A) is reqular if B ll/dA A.

We denote by Zing = {+,—,-,0,1} the language of rings. By an arbitrary theory of
fields T', we mean a theory of field in a language .Z O Ziyg.

Fact 5.14. (1) Let T be an arbitrary theory of fields. Let F =T and A C F. Then
F/aclr(A) is a reqular extension [8, (1.17)].
(2) Let E C K N L be three fields. If K/E, L/E are reqular and K JidEL then
K*® \BdEs L* [8, Lemma 3.1 (1)].
(3) Assume that A, B,C are separably closed subfields of a separably closed field F' such
that C CANB. If A Jidc B and F/AB is separable, then tp°¢fr<(A/B) does not
fork over C [9, Remark after (1.2)].

The following gives a behaviour of the Kim-independence in any theory of fields.
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Fact 5.15 ( [25, Proposition 9.28], [8, Theorem 3.5]). Let T be an arbitrary theory of fields,
and E < F |=T. Let A, B be aclp-closed subsets of F' containing E, such that A LKEB.
Then

ld .
(1) A [, B;
(2) F/AB is a separable extension;
(3) aclp(AB) N A’B® = AB.

Lemma 5.16. Let T be an arbitrary theory of fields, and F =T. Let A, B,C, D be subsets
of F, containing some set k C F, and such that A, B C D. Assume that A and B are aclp-
closed and that tpT (D/C) is finitely satisfiable in k. Then we have the following results.

(1) (FN(AC)* + FN(BC)*)ND = A+ B;
(2) (FNAC) - (FNBC)|ND=A-B (whereU -V ={u-v|ueU veV}).

Proof. We prove (1), the other is proved by a similar argument. Let v; € F N (AC)?,
vy € FN(BC)® and u € D be such that u = vy + ve. There exist nontrivial separable
polynomials P(X,a,c) and Q(X,b, ") with leading coefficients 1 such that v; is a root of
P(X,a,c) and vy is a root of Q(X,b,c), a a tuple in A, b a tuple in B. The formula
(21, 22, 23, ¢, )

Jxdy v +y =21 A P(x,20,¢) =0AQ(y,23,) =0

is in tp” (u, a,b/C), which is finitely satisfiable in k. Hence, there exists d,d’ € k such that
é(21, 22, 23,d,d') € tp* (u,a,b/k) and so u € A+ B as A and B are aclp-closed. O

Lemma 5.17. Let A, B be two extensions of some field E, such that AB/FE is regular and
A [ B. Then (A*+B*)NAB= A+ B.

Proof. First, observe that A*B N B° = E*B. Indeed A/E and B/E are regular so by
Fact 5.14 (2), we have that A* |  B® hence A*B |/ B® and so A°BN B® = E°B.
Symmetrically, we have AB*N A5 = E*A. If v € AB is such that v = a + 8 for a € A®
and f € B° thena =v— (8 € AB°NA° = E’A. Similarly g € E°B. Let L be a finite
extension of E inside E* such that o € AL and 3 € BL. We can complete {1} to a basis
{1,ug,...,uy} of the E-vector space L. As AB JidE L, it is also a basis of the AB-vector

space LAB. As AB JﬁdA LA and AB \leB LB, it is also a basis of the A-vector space LA
and of the B-vector space LB. Now the coordinates of v € AB in the AB-vector space
LAB are (v,0,...,0) asv =v+0us+-- -+ 0uy. Let (a1,...,ay) (respectively (b1,...,by))
be the coordinates of a with respect to the basis (1,us, ..., u,) of the A-vector space LA
(respectively of § in this basis of the B-vector space LB). As v = a + 3, we have, looking
at the first coordinate that v = ay + b1, so v € A + B. O

Theorem 5.18. Let T' be an arbitrary theory of fields which is model-complete, NSOP1,
and eliminates 3*°. Let Fy,,--- ,F,, be subfields. Assume that T satisfies the following
assumption for all aclp-closed A, B and E =T contained in A and B:

if A \EE B then aclp(AB) C AB.



GENERIC EXPANSIONS BY A REDUCT 29

Then TV; ...V, is NSOP1 and Kim-independence in TV ...V, is given by
A |*B < A |'B and for alli <n Vi(A+ B) = V;(A) + Vi(B)
E E

(for A, B,C aclp-closed, A, B containing E, E =T ).

Proof. We prove that f satisfies the conditions of Corollary 4.4. Let Jﬁ the independence
in the sense of IF,-vector space, we want to show that for all ¢ =1,...,n,
(A) for all model E of T and A, B,C algebraically closed containing E, if C' |7 5 A B
and A EE B then

(aclp(AC), acly(BC)) | acly(AB).
A,B

Let F =T,let E < F and A, B,C in F containing E, with C fE A,Band A fE B. For
all i = 1,--- ,n, the condition (acly(AC), aclp(BC)) |* A aclr(AB) is equivalent to

(aclp(AC) + aclp(BC)) Naclp(AB) = A+ B.

From Fact 5.15 (2), F/AB, F/BC and F/AC are separable extension. By our assumptions
on T and A, B and C we have that aclp(AB) C (AB)?, aclp(AC) C (AC)?® and aclp(BC) C
(BC)?, so

(aclp(AC) + aclp(BC)) Naclp(AB) C ((AC)* + (BC)®) N (AB)*.
Claim. ((AC)® + (BC)*) N (AB)® = A® + B®

Proof of the claim. First, observe that as fields, £ is an elementary substructure of
F*. Indeed, by model completeness of Th(E®) (which is SCF, . for some e < 0o) we have
to check that they have the same imperfection degree (which is clear as F' = E) and that
F$/E*® is separable (the later follows from the fact that F//E is a regular extension). Now by
Fact 5.15 (1) we have C' JﬁdE AB. As Eis amodel, C/FE and AB/FE are regular extensions®,
by Fact 5.14 (2) we have that

C* [M(AB)". ()
ES
Moreover F*/ABC' is separable, (as so are F°/F and F/ABC, the latter using Fact 5.15
(2)) and so is C*(AB)*/ABC. It follows that the following extension is separable

F$/CS(AB)*. (%)

From (x) and (#x), using Fact 5.14 (3) we have that tpscr(C*®/(AB)®) does not fork over
E?. By stability, as E® is an elementary submodel of the ambiant model F* of SCF),,
tpscr(C®/(AB)?) is a coheir of tpgcr(C?/E®). From Lemma 5.16, it follows that ((AC)® +
(BC)*) N (AB)® = A® + B®.

By the claim (aclp(AC) + aclp(BC)) Naclp(AB) C (A® + B®) Nacly(AB). Now by
Fact 5.15 (3), we have that A°*B*Nacly(AB) = AB so (A*+ B*)Naclr(AB) C (A*+ B*)N

3In fact here we only use that E = acly(E), and Fact 5.14 (1).
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AB. Finally, by Lemma 5.17, as AB/FE is regular and A JﬁdE B, we have (A°+ B®*)NAB =
A+ B. O

I am grateful to Michel Matignon for pointing out to me this nice proof of the following
simple fact.

Lemma 5.19. Let K be a field and K(X,Y) be a rational function field in two variables.
Then

XY ¢ K(X)+ K(Y);

X+Y ¢ K(X)-K(Y);
where K(X) - K(Y) ={uw |ue K(X),ve K(Y)}.

Proof. There exists a derivative D : K(X,Y) — K(X,Y) such that D(K(Y)) = {0} and
D extends the canonical derivation on K (X) (namely the partial derivative with respect
to X, see [30, Proposition 23.11]). Let v € K(X) and v € K(Y). If XY = u + v then
applying D we get Y = Du € K(X) a contradiction. If X +Y = uwv then applying D we
get 1 = vDu hence, as Du € K(X),ve K(X)NK(Y)=K. NowY =uw - X € K(X) a
contradiction. 0

Proposition 5.20. Let T be an arbitrary theory of fields satisfying the same hypotheses as
Theorem 5.18. Then TV -- -V, is not simple.

Proof. To prove that T'Vy - - - V,, is not simple, it is sufficient to prove that T'V is not simple.
Let E < F be models of T" and a, b, d elements of F' be such that a EE b,d and b \J/TE d
We show that

ad + b € [acly(Ead) + aclp(Ebd)] \ [(aclr(Ea) + aclp(Ebd)) U aclp(Ead)] ,

then TV is not simple, by Corollary 4.3. Since b ¢ acly(Ead), it is clear that ad +b ¢
acly(Ead). Assume that ad+b € acly(Ea) + aclp(Ebd). Then ad € acly(Ea) + acly(Ebd),
let w € aclp(Ea) and v € aclp(Ebd) be such that ad = w4+ v. From Fact 5.15, we
have that aclp(Fa) J/d aclp(Ebd), hence aclp(Ea)( Ld () acly(Ebd) so aclp(Fa)(d) N

acly(Ebd) = E(d). Similarly, acly(Ebd)(a) N aClT(Ea) E(a). It follows that

u=ad— v € aclp(Ebd)(a) Nacly(Ea) = E(a)
v =ad —u € aclp(Ea)(d) Naclr(Ebd) = E(d)
hence ad € E(a) + E(d), which contradicts Lemma 5.19. O

Example 5.21 (The theories ACFV; ...V, and ACFG). Let ACFV;...V, and ACFG
be the theories as in Example 5.11. By Theorem 5.18 and Proposition 5.20 those theories
are NSOP; not simple. In ACFV; ...V, Kim-independence agrees with the relation

A "B <= A |A°B and for all i < n, V;(AC + BCO) = V;(AC) + Vi(BC).
C C

Furthermore, |* satisfies
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e STRONG FINITE CHARACTER OVER ALGEBRAICALLY CLOSED SETS. For alge-
braically closed E, if a /" b, then there is a formula ¢(z, b, €) € tpACTFVL-Va (¢ /DE)
such that for all d’, if @’ = ¢(z, b, e) then o jf"E b.

e |?-AMALGAMATION OVER ALGEBRAICALLY CLOSED SETS. For algebraically closed
set F if there exists tuples c¢1, co and sets A, B such that

. _ACFWi..V,
C1 =g (&)
-~ AENBE=E
- Jf”EA and co \B”EB
then there exists ¢ \B’E A, B such that ¢ EQCFVL“V" c1, C EgCFvl“‘V” co, A JfEC B,
C\BEAB andc\BEBA.

This is Theorem 4.2, knowing that JfCF is stationary over algebraically closed sets hence

satisfies the independence theorem over algebraically closed sets without any assumption

on the parameters.

Example 5.22. Perfect w-free PAC, fields are NSOP, furthermore, as they are alge-
braically bounded, the condition on the algebraic closure in Theorem 5.18 is satisfied. If T’
is a theory of a perfect w-free PAC,-field in an expansion of the language %, such that
T is model-complete, then TG - - - G,, (Proposition 5.12) is NSOP;. This holds of course
for any NSOP; perfect PAC,, field.

5.4. Algebraically closed fields with a generic multiplicative subgroup. We are
now interested in using Theorem 1.5 to prove that the theory of algebraically closed fields
of fixed arbitrary characteristic with a predicate for a multiplicative subgroup admits a
model companion. Consider Zeq = {+, -, 710, 1} and % = {-,_1 , 1} C Zcld-

The pure multiplicative group of any field is an Nj-categorical abelian group, its model
theory is described in 28], see also [14, Chapter VIJ.

Fix p a prime or 0. Consider the theory ACF,. The theory ACF), | % is complete and
we will identify it with the theory of the multiplicative group of an algebraically closed field
of characteristic p, denoted by 7},. The theory T, is axiomatised by adding to the theory
of abelian groups the following sets of axiom:

e Ifp>0: {Vz 37"y y" == |neN\pN}U{VaI=ly y¥ = z}
o Ifp=0: {Ve 3™y y" =2 |neN\{0}}.

Proposition 5.23. The theory T, has quantifier elimination in the language Zo. It is
strongly minimal hence Xi-categorical. Furthermore for any subset A of a model M of T,
the algebraic closure is given by

acly(A) :={u € M,u" € (A) for somen € N\ {0}}
where (A) is the group spanned by A. Every acly-closed set is a model of T,,. Furthermore
acly, defines a pregeometry which is modular and the associated independence relation in T,

s given by

A P B: <= acl,(AC) Nacl,(BC) = acl,(C).
C
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Lemma 5.24. Let K = ACF, V. C K" an affine (irreducible) variety, O C K" a Zariski
open set. The following are equivalent:

(1) for all kyi,...,k, € N, ¢ € K the quasi affine variety VN O is not included in the

zero set of ' ... ghn = ¢
(2) for all ky,...,kn, € N, ¢ € K the variety V is not included in the zero set of
k1 kn _
xl ..... :L'n =C

(8) there exist L = K and a tuple a which is multiplicatively independent over K and
with a € (VN O)(L)

Proof. (1) implies (2) is trivial. We show that (2) implies (3). Assume that (3) does not
hold. Take a generic a over K of the variety V in some L = K. We have a € O. Then

there exists k1, ..., k, € N such that a’fl ----.ak" = ¢ for some ¢ € K. By genericity of a,
it follows that V is included in the zero set of x’fl «---- gk = ¢ hence (2) does not hold.
(8) implies (1) follows easily from the fact that V' and O are definable over K. O

The following fact was first observed in the proof of Theorem 1.2 in [4], it is also Corollary
3.12 in [37].

Fact 5.25. Let p be a prime number or 0. Let ¢(x,y) an Lgea-formula such that for all
tuple b in a model of ACF,, ¢(x,b) defines an affine variety. Then there exists an Lgeld-
formula 04(y) such that for any model K of ACF,, and tuple b from K, we have K |= 64(b)
if and only if for all ky,...,k, € N, ¢ € K, the set ¢(K,b) is not included in the zero set

of a:lfl ----- xkn = c.

It is standard that every definable set in ACF), can be written as a finite union of quasi-
affine varieties. Furthermore, by [37, Lemma 3.10|, given any Zine-formula ¥(x, z), the
set of ¢ such that ¥(x,c) is a quasi-affine variety is a definable set. Let % be the class
of formulae ¥(z, z) such that for all K = ACF, and ¢ tuple from K, the set ¥(K,c) is a
quasi-affine variety.

Lemma 5.26. Let p be a prime number or 0. For any ¥(x,z) € € there exists an Lgeld-
formula 8y(z) such that for any model K of ACF), and tuple ¢ from K, we have K = 0y(c)
if and only if there exists a such that = 9(a,c) and a is P -independent over K.

Proof. Let K |= ACF,, and 9(z, z) € €. Using [24, Theorem 10.2.1|, there exists a formula
U(z, z) such that for all tuple ¢ from K, the set J(K, c) is the Zariski closure of J(K, ¢). Now
by Fact 5.25, there exists a formula 6(z) such that K = 6(c) if and only if (K, ¢) is not

included in the zero set of :L“lfl ----- xﬁ" =d,foralld e K, ky,--- ,k, € N. By Lemma 5.24,
K E 0(c) if and only if there exist L = K and a tuple a which is multiplicatively independent
over K and with a = ¥(z,c). O

If G* is a symbol for a unary predicate, we denote by ACF 5« the theory in the language
ZLring U {G*} whose models are algebraically closed fields of characteristic p in which the
predicate G* consists of a multiplicative subgroup.

Theorem 5.27. The theory ACFax admits a model companion, which we denote by ACFG*.
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Proof. We check the conditions of Definition 1.10
(H1) ACF, is model complete;
(H2) T, is model-complete and for all infinite A, acl,(A) = Tp;
(H) acl, defines a modular pregeometry;
)

4) for a feld-formula ¢(x,y) there exists an Lgeq-formula y) such that for b €
Hy) for all Zeg-f la ¢ h Lela-T la 04 h that for b
K E ACF,

M = 040b) <= there exists L > K and a € L such that
¢(a,b) and a is |P-independent over K.

ACF,, is model complete by quantifier elimination. Conditions (Hz) and (Hj") follow from
Proposition 5.23. We don’t have condition (Hy) for all formulae, but only for the formulae in
% (Lemma 5.26), which is enough for the existence of the model-companion by Remark 1.8.

0

Let ACFG™ be the theory obtained in Theorem 5.27. We denote by A - B the product
set {a-b|a€ A, be B}

Theorem 5.28. Any completion of ACFG* is NSOP; and not simple. Furthermore, Kim-
independence coincide over models with the relation
A |*B < A |A°"B and G*(AC - BC) = G*(AC) - G*(BC).
C C
Furthermore, |* satisfies

e STRONG FINITE CHARACTER OVER ALGEBRAICALLY CLOSED SETS. For alge-
braically closed E, if a in b, then there is a formula ¢(x,b,e) € tpA°FC™ (a/bE)
such that for all o', if ' |= ¢(x,b, ) then a’ .

e |?-AMALGAMATION OVER ALGEBRAICALLY CLOSED SETS. For algebraically closed

set E if there exists tuples c1,co and sets A, B such that
- E%CFGX co

- AENBE=E
- Ji”EA and co \LwEB
then there exists ¢ | A, B such that ¢ =5CFC™ ¢, ¢ =ACFG™ ¢, A | B
chEABanchf;éil.’ ! ) 7 ) LEC ’
Proof. Using Theorem 4.1, it is enough to show that for E algebraically closed and A, B, C
algebraically closed containing F, if C \J/AEFA, B and A \LA%FB then
AC-BCNAB=A-B.

This easily follows from the fact that tpA“¥(C/AB)) is finitely satisfiable in E, as in the
proof of Theorem 5.18. The rest is Theorem 4.2, knowing that fCF is stationnary over

algebraically closed sets, similarly to Example 5.21. To prove that ACFG™ is not simple,
we use Corollary 4.3, as in the proof of Proposition 5.20. Let E' be a model of ACF),, and
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a,b,d in an extension be such that a J/AgF b,d and b JJAE,F d. We claim that

(a+d)b € [Ead- Ebd] \ [(Ea- Ebd) U Ead .
Since b ¢ Fad, it is clear that (a + d)b ¢ Ead. Assume that (a + d)b € Ea - Ebd. Then
a+d € Ea-Ebd, let u € Ea and v € Ebd be such that a+d = uv. We have that Ea JﬁdE Ebd,
hence Fa(d) ldE(d) Ebd so Ea(d)NEbd = E(d). Similarly, Ebd(a) N Ea = E(a). It follows
that

u = (a+d)v™' € Ebd(a) N Ea = E(a) and

v=(a+du"' € Ea(d) N Ebd = E(d)
hence a + d € E(a) - E(d), which contradicts Lemma 5.19. O

5.5. Pairs of geometric structures. Let T be a pregeometric theory in a language .Z
with monster M, b a tuple from M and ¢(z,b) a formula. By dim(¢(x,bd)) we mean the
maximum dimension (in the sense of the pregeometry) of acl(cb) over acl(b), for realisations
c of ¢(x,b).

Fact 5.29. Let T be a geometric theory and M a monster model for T. Then for all
formula ¢(x,y) there exists a formula 04(y) such that 64(b) holds if and only if there exists
a realisation a of ¢(x,b) which is an independent tuple over aclp(b).

Proof. From |21, Fact 2.4], for each k < |z| there exists a formula ) (y) such that 0 (b) if
and only if dim(¢(M, b)) = k. The formula 6),/(y) holds if and only if there is a realisation
a of ¢(x,b) such that dim(acl(ab)/acl(b)) = |z|, hence a is independent over acly(b). O

Let %5 be the expansion of . by a unary predicate S. A pair of models of T is an
ZLs-structure (A, M), where A =T and S(.A) = M) is a substructure of .# model of
T. We call T the theory of the pairs of models of T

Proposition 5.30. Let T be a model-complete geometric theory in a language .£. Assume
that every aclp-closed set is a model of T'. Then there exists an Ls-theory T'S containing
Ts such that:

(1) every model (A, M) of Ts has a strong extension which is a model of T'S;

(2) every model of T'S is existentially closed in every strong extension model of Ts.

Furthermore, T'S satisfies the conclusions of Proposition 1.15. Finally, if T is stable, then
soisTS.

Proof. We check that T, Tpy, % satisfies the hypotheses of Theorem 1.5. (Hy), (Hs) and
(Hj3) are clear, and (Hy) is Fact 5.29. The last assertion is Proposition 4.5. O

We call this theory the weak model companion of the pairs of models of T. If the prege-
ometry is modular, it is the model-companion.

Example 5.31. The theory of pairs of any strongly minimal theory with quantifier elim-
ination admits a weak model companion. For instance, the weak model companion of the
theory of pairs of algebraically closed fields is the theory of proper pairs of algebraically
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closed fields and coincides with the theory of belle paires of algebraically closed fields
(see [19], [32]). The theory RCF also satisfies the hypotheses of Proposition 5.30, hence
the theory of pairs of real closed fields admits a weak model-companion. Connections with
lovely pairs of geometric structures [7] could be made, although we did not investigate.

5.6. A non-example: the expansion of a field of characteristic 0 by an additive
subgroup.

Proposition 5.32. Let T be the theory of a field of characteristic 0 in a language £
containing Lying, such that T is inductive. Let L = 2L U{G} and let T be the Zg-theory
of models of T in which G is a predicate for an additive subgroup of the field. Let (K,G)
be an existentially closed model of Tg. Then

Sk(G):={a€e K|aG C G} =7Z.

In particular, the theory Tg does not admit a model-companion.

Proof. The right to left inclusion is trivial. Assume that a € K \ Z, let L be a proper
clementary extension of K and t € L\ K. Then (L, G + Z%) is an Zg-extension of (K, G).
Furthermore, as a ¢ Z, we have t ¢ G+ ZL. Then £ € G + Z< and al ¢ G+ ZL. As
(K, G) is existentially closed in (L, G + Z%), we have that

(K,G) Edz(xr e Ghax ¢ G)

hence a ¢ Sk (G). The class of existentially closed models of T is not axiomatisable as the
definable infinite set SL(G) is of fixed cardinality. As T¢ is inductive, this is equivalent to
saying that T does not admit a model-companion. O

Remark 5.33. Let T be the theory of a field of characteristic 0 in a language .Z containing
ZLying, such that T' is inductive. Let Zp = ZU{D} and let Tp be the Zp-theory of models
of T'in which D is a predicate for a divisible additive subgroup of the field. Let (K, D) be an
existentially closed model of Tp. A similar argument yields that {a € K | aD = D} = Q,
so Tp does not admits a model-companion either.

Remark 5.34. Let K = C (or R). Using Remark 5.33 and compactness arguments, one
deduces that there exist k,l € N and a constructible set if K = C (or a semialgebraic set
if K =R)V C K* x K! such that for all polynomials P(X,Y) € K[X,Y] with |X| = 1,
|Y| =1 and for all n € N and all q1,...qn, 51,. .., sk € Q there exists b € K such that for
all a € K*, if (a,b) € V then

(1) a is not Q-linearly independent over Q(b) N K;
(2) Zle sia; ¢ @R+ -+ ¢uR for R the set of roots of P(X,b) in K.

Remark 5.35. Recent work from Haykazyan and Kirby [23], highlights a new source of
NSOP; theories, in the sense of positive logic. They study the class of existentially closed
exponential fields (an exponential field is a field with a group homomorphism from the
additive group to the multiplicative group of the field). Haykazyan and Kirby [23]| adapted
the result of Chernikov and Ramsey [15] to prove that the class of existentially closed
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exponential fields is NSOP; in the sense of positive logic, using the existence of a well-
behaved independence relation. It is likely that the theory developed by Haykazyan and
Kirby can be used to show that the class of algebraically closed fields of characteristic 0
with a generic additive subgroup is NSOP; in the sense of positive logic.
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