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Abstract

This paper explores several topics related to Woodin’s HOD conjecture. We im-
prove the large cardinal hypothesis of Woodin’s HOD dichotomy theorem from an
extendible cardinal to a strongly compact cardinal. We show that assuming there is
a strongly compact cardinal and the HOD hypothesis holds, there is no elementary
embedding from HOD to HOD, settling a question of Woodin. We show that the HOD
hypothesis is equivalent to a uniqueness property of elementary embeddings of levels of
the cumulative hierarchy. We prove that the HOD hypothesis holds if and only if every
regular cardinal above the first strongly compact cardinal carries an ordinal definable
w-Jonsson algebra. We show that if k is supercompact, the HOD hypothesis holds, and
HOD satisfies the Ultrapower Axiom, then k is supercompact in HOD.

1 Introduction

The Jensen covering theorem [2] states that if 0% does not exist, then every uncountable set
of ordinals is covered by a constructible set of the same cardinality. This leads to a strong
dichotomy for the cardinal correctness of the constructible universe L:

Theorem (Jensen). Ezactly one of the following holds:
(1) For all singular cardinals \, X is singular in L and (A\T)F = AT,
(2) Every infinite cardinal is strongly inaccessible in L.

The proof of this theorem and its generalizations to larger canonical inner models tend to
make heavy use of the special structure of such models. By completely different techniques,
however, Woodin [6] showed that such a dichotomy holds for the (noncanonical) inner model
HOD under large cardinal hypotheses.

Theorem (Woodin’s HOD dichotomy). If k is extendible, exactly one of the following holds:
(1) For all singular cardinals X > k, X is singular in HOD and (A\*1)HOD = \*.

(2) Every regular cardinal greater than or equal to & is measurable in HOD.

Woodin’s HOD conjecture states that conclusion which in this context is known as
the HOD hypothesis is provable from large cardinal axioms.

The first few theorems of this paper (Section 2]) show that the HOD dichotomy in fact
takes hold far below the least extendible cardinal.

n the context of bare ZFC (without large cardinal axioms), the HOD hypothesis states that there
is a proper class of regular cardinals that are not w-strongly measurable in HOD. Conceivably the HOD
hypothesis is provable in ZFC.
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Theorem. If k is strongly compact, exactly one of the following holds:
(1) For all singular cardinals A\ > r, X is singular in HOD and (A\T)HOP = \+.
(2) All sufficiently large regular cardinals are measurable in HOD.

We prove this as a corollary of a theorem establishes a similar dichotomy for a fairly
broad class of inner models. An inner model N of ZFC is w-club amenable if for all ordinals
0 of uncountable cofinality, the w-club filter F' on ¢ satisfies F NN € N.

Theorem Assume N is w-club amenable and k is wi-strongly compact. Either all
singular cardinals \ > r are singular in N and (A\T)N = T, or all sufficiently large regular
cardinals are measurable in N.

Note that we use a somewhat weaker large cardinal hypothesis than strong compactness:
a cardinal k is wi-strongly compact if every k-complete filter extends to an wi-complete
ultrafilter.

The main theorem of [4] states that if jo,j1 : V — M are elementary embeddings, then
jo | Ord = j1 | Ord. Section Blturns to the relationship between local forms of this theorem
and Woodin’s HOD conjecture.

Theorem Assume K is an extendible cardinal. Then the following are equivalent:
(1) The HOD hypothesis.

(2) For all reqular 6 > k and all sufficiently large o, any elementary embeddings jo,j1 :
Voo = M with jo(0) = j1(5) and sup jo[d] = sup j1[0] agree on 4.

We also prove a related theorem that connects the failure of the HOD hypothesis to
definable infinitary partition properties, choiceless large cardinals, and sharps.

A cardinal X is Jdnsson if for all f : [\]<¥ — )\, there is a proper subset A of A of
cardinality A such that f(s) = s for all s € [A]<¥. A cardinal X is constructibly Jonsson if
this holds for all constructible functions f : [A\]<% — X, there is a proper subset A of X\ of
cardinality A such that f(s) = s for all s € [A]<*.

Proposition. The following are equivalent:
o 07 emists.
o Fvery uncountable cardinal is constructibly Jonsson.
o Some uncountable cardinal is constructibly Jonsson.

A cardinal X is w-Jdnsson if for all f : [A\] — A, there is a proper subset A of A of
cardinality A such that f(s) = s for all s € [A]“. Recall Kunen’s theorem that there is no
elementary embedding j : V' — V. Kunen proved his theorem by showing that if j(\) = A,
then X is w-Jonsson. He then cites the following combinatorial theorem:

Theorem (Erdos-Hajnal). There are no w-Jénsson cardinals.

A cardinal X is definably w-Jdnsson if for all ordinal definable functions f : [A]¥ — A,
there is a proper subset A of A of cardinality A such that f(s) = s for all s € [4]“.

Theorem B.7l Assume k is strongly compact. Then the following are equivalent:



e The HOD hypothesis fails.
o All sufficiently large reqular cardinals are definably w-Jonsson.
e Some regular cardinal above k is definably w-Jonsson.

In Section [33] we use techniques drawn from the proof of the meain theorem of [4] to
answer a decade-old question of Woodin (implicit in [6]). Recall Kunen’s famous theorem
relating the rigidity of L to 0%:

Theorem (Kunen). If 0% does not exist, then there is no nontrivial elementary embedding

from L to L.

Here we prove an analog for HOD, replacing the assumption that 0% does not exist with
the HOD hypothesis.

Theorem Assume there is an wi-strongly compact cardinal. If the HOD hypothesis
holds, then there is no nontrivial elementary embedding from HOD to HOD.

Section 1] turns to the question of the structure of strongly compact cardinals in the
HOD of a model of determinacy. In this context, something close to the failure of the HOD
hypothesis holds, and yet we will show that HOD still has certain local covering properties
in regions of strong compactness. One consequence of our analysis is the following theorem
on the equivalence of strong compactness and wi-strong compactness in HOD assuming
Woodin’s HOD wltrafilter conjecture: under AD + V = L(P(R)), every w;j-complete ultra-
filter of HOD generates an wi-complete filter in V. (The HOD ultrafilter conjecture is true
in L(R) and more generally in all inner models of determinacy amenable to the techniques
of contemporary inner model theory.)

Theorem Assume ADT, V = L(P(R)), and the HOD-ultrafilter conjecture. Suppose
Kk < © is a regular cardinal and § > k is a HOD-reqular ordinal. Then k is §-strongly
compact in HOD if and only if k is (w1, 0)-strongly compact in HOD.

This should be compared with a theorem of [3] stating that under the Ultrapower Axiom,
for any regular cardinal J, the least (w1, d)-strongly compact cardinal is J-strongly compact.
It is natural to conjecture that assuming AD, if V = L(P(R)), then HOD is a model of the
Ultrapower Axiom.

The final section (Section [2) explores the absoluteness of large cardinals to HOD in
the context of a strongly compact cardinal. Woodin [6] showed:

Theorem (Woodin). Suppose k is extendible and the HOD hypothesis holds. Then k is
extendible in HOD.

By results of Cheng-Friedman-Hamkins [I], the least supercompact cardinal need not be
weakly compact in HOD. Here we show that nevertheless, HOD is very close to an inner
model with a supercompact cardinal.

Theorem [4.12l Suppose k is supercompact and the HOD hypothesis holds. Then k is
supercompact in an inner model N of ZFC such that HOD C N and HOD<" N N C HOD.

As a corollary, we show:

Theorem 4. 13l Suppose k is supercompact, the HOD hypothesis holds, and HOD satisfies
the Ultrapower Axiom. Then k is supercompact in HOD.



2 On the HOD dichotomy

2.1 Strongly measurable cardinals

For any regular cardinal v and any ordinal § of cofinality greater than v, Cs denotes the
closed unbounded filter on 4, Sg denotes the set of ordinals less than § of cofinality ~, and
Cs,y denotes the filter generated by Cs U {Sg}, or equivalently the filter generated by the
~-closed unbounded subsets of 4. Similarly, Si,y = U, <y S§ and Cs <~ denotes the filter
generated by Cs U {Siv}.

A filter F' is «y-saturated if any collection of F-almost disjoint F-positive sets has cardi-
nality less than . The saturation of a filter is a measure of how close the filter is to being
an ultrafilter.

Lemma 2.1 (Ulam). Suppose F is a (27)-complete v-weakly saturated filter. Then F is
the intersection of fewer than y-many ultrafilters. O

Note that if a y-complete filter F' is the intersection of fewer than ~y-many ultrafilters,
then the underlying set of F' can be partitioned into atoms of F.

If v < ¢ are regular cardinals, § is v-strongly measurable in an inner model N if C5,, NN
belongs to N and is y-weakly saturated in N for some N-cardinal y such that (27)Y < 4.

Lemma 2.2. Suppose N is an inner model of ZFC, v < é are reqular cardinals, and 7 is
the least N-cardinal such that (2")N > §. Then the following are equivalent:

e § is v-strongly measurable in N.

o For some v < n, Cs,, N N can be written as an intersection of fewer than y-many

ultrafilters of N.

e For some vy < n, 0 can be partitioned into v-many Cs,,-positive sets (So : a <v) € N
such that (Cs, | So) NN s an ultrafilter in N. O

2.2 The HOD dichotomy

Suppose M is an inner model, X is a cardinal, and )\’ is an M-cardinal. An inner model M
has the (A, \')-cover property if for every set 0 C M of cardinality less than A, there is a set
7 € M of M-cardinality less than A such that o C 7. We refer to the (A, \)-cover property
as the A-cover property.

Proposition 2.3. Suppose k is strongly compact. Then exactly one of the following holds:
(1) All sufficiently large regular cardinals are measurable in HOD.
(2) HOD has the k-cover property.

Proof. There are two cases.

Case 1. There is a HOD-cardinal 7 such that for all reqular cardinals 6, Cs <., N HOD is
n-saturated in HOD.

HOD

In this case, Lemma 2] implies that all regular cardinals 6 > (27) are measurable

in HOD.



Case 2. For every HOD-cardinal 1, there is a regqular cardinal 6 such that Cs <. "HOD is
not n-saturated in HOD.

We claim that HOD has the k-cover property. For this, it suffices to show that for all
7, there is a k-complete fine ultrafilter ¢/ on P,(n) such that HOD N P.(n) € U. Then
for each o C n with |o| < k, the set {7 € P.(n) : 0 C 7} belongs to U by fineness and
r-completeness. Thus this set meets HOD N P, (n), which yields a set 7 € HOD such that
|7HOD < k and o C 7.

Fix an ordinal 7. Let § be a regular cardinal such that C5 <, N HOD is not n-saturated
in HOD. Let S = {S, : @ < n} be an ordinal definable partition of S2, into stationary sets.

Since « is strongly compact, there is an elementary embedding j : V' — M with critical
point x such that M has the (67, j(k))-cover property. Let 0, = sup j[d]. This implies that
cf™(3,) < j(k). Fix a closed unbounded set C' C 4, such that C' € M and [C|M < j(k).

Let T = (Ts: 8 < j(n) =j(S). Let

o={B<jn): TN, is stationary in M}

Then o is ordinal definable in M since T is. Notice that for all o < ), j[S,] is a stationary
subset of d,: j is continuous on Siﬁ, and so there is a continuous increasing cofinal function
f 6 — 0. such that j[S,] = f[Sa]. Since j[Sa] C Tj), j(a) € 0. On the other hand, for
each 8 € o, let f(8) = min(Tp N C). Then f : ¢ — C is an injection, so |o|M < j(k). In
other words, o € j(P.(n)).

Let U be the ultrafilter on Py (n) derived from j using 0. Then HOD N P, (n) € U since
o is ordinal definable in M. Moreover U is fine since j[n] C o. Finally U is k-complete since
crit(j) = k.

This finishes the proof that HOD has the k-cover property. o

The proof of Proposition 2.3 shows that if HOD does not cover V', then sufficiently large
regular cardinals are measurable in HOD in a strong sense.

Proposition 2.4. Suppose k is strongly compact. Then exactly one of the following holds:

(1) For some 7y, for all ordinals 6 with cf(0) > v, Cs,<, NHOD 1is the intersection of fewer
than ~v-many ultrafilters in HOD.

(2) HOD has the k-cover property. O

For any OD set A C OD, let |A|°P denote the minimum ordertype of an ordinal definable
wellorder of A. For any set X, let 8(X) denote the set of ultrafilters on X.

Proposition 2.5. Suppose k is strongly compact and HOD has the k-cover property. Then
for any cardinal \ > x, HOD has the (<), 0)-cover property where § = |POP(B(\))|°P.

Proof. We may assume that A is a regular cardinal. Let U be a k-complete fine ultrafilter
on P.()\). Note that o is covered by a set of size less than jy (k) in M. Since HOD™«
has the ji/(x)-cover property in My, o is in fact covered by a set of size less than jiy (k) in
HODM«. But HOD“ C HODy, and so o is covered by a set of size less than (2*)* in
HODy,. But HODy, is a #-cc extension of HOD and 6 > (2*)*, so o is covered by a set of
size less than 6 in HOD. O

Corollary 2.6. If k is strongly compact, either all sufficiently large reqular cardinals are
measurable in HOD or HOD has the A-cover property for all strong limit cardinals A > . 0O



In particular, for all strong limit singular cardinals A > k, A is singular in HOD and
ATHOD — A+ But in fact one can prove this for arbitrary singular cardinals above . The
proof is more general in two ways. First, it uses a weaker large cardinal hypothesis: a
cardinal k is wy-strongly compact if every k-complete filter extends to a countably complete
ultrafilter.

Second, it applies to a broader class of models than just HOD: an inner model N of
ZFC is w-club amenable if for every ordinal ¢ of uncountable cofinality, Cs., NN € N. The
proof of the following lemma is similar to that of Proposition

Lemma 2.7. Suppose N is w-club amenable and k is wi-strongly compact. Then one of the
following holds:

(1) All sufficiently large reqular cardinals are measurable in N.
(2) N has the (w1, K)-cover property.
Proof. The proof splits into cases as in Proposition [2.3]

Case 1. There is an N -cardinal n such that for all regular cardinals §, Cs NN is n-saturated
in N.

Then for all sufficiently large regular cardinals §, § is measurable in N by Lemma 2]
applied in N to C5., NN in N.

Case 2. For every N-cardinal n, there is a regular cardinal 6 such that Cs.,, NN is not
n-saturated in N.

In this case, one shows that for all A > k, there is a countably complete fine ultrafilter
U on P, (A) such that N N P,(\) € U. It follows that every countable set o C X belongs to
some 7 € NN P.(\). O

Theorem 2.8. Suppose v is a reqular cardinal and N is an w-club amenable inner model
with the (w1, v)-cover property. Then for all N-reqular § > v, cf(d) = |0].

Proof. Let A = (SZU)N. The (wy,v)-cover property of N implies that SS C A, which is all
we will use. Fix (c¢ : £ € A) € N such that ¢¢ is a closed cofinal subset of ¢ of ordertype
less than v. For each a < 9, let 3, denote the least ordinal such that for a stationary
set of £ € S°, c¢ N [a, Ba) # 0. One can prove that 3, exists for all a < § by applying
Fodor’s lemma to the function f(§) = min(ce \ o). Define a continuous increasing sequence
(€q : @ < &) by setting €,4+1 = S, taking suprema at limit steps; these suprema are always
below § because the sequence belongs to N and § is regular in N.
For each € € A, let
e ={a <d:ceNleq,€atr1) # 0}

Note that |o¢] < v since |cg| < v. Moreover for all «, the set So = {{ € A: o € o¢}
is stationary. Let C' C ¢ be a closed cofinal set of ordertype cf(d). For any o < §, there
is some { € So N C, which means that a € o¢. This implies that § = (J;co0¢. Thus
0] = |C|-supgec |oe]. If |C| < v, then since v is regular, supgc |o¢| < v and hence 4] < v,
contradicting that ¢ > v. Therefore |C| > v. Therefore [0] = |C| - sup¢eq |og| = [C]-v =
|C| = cf(9). O

Corollary 2.9. Suppose k is wy-strongly compact and N is an w-club amenable inner model.
Either all sufficiently large reqular cardinals are measurable in N or every singular cardinal
A greater than k is singular in N and \TN = \T. (]



We now state some reformulations of the failure of the HOD hypothesis.

Theorem 2.10. If k is strongly compact, the following are equivalent to the failure of the
HOD hypothesis:

(1) There is a reqular cardinal § > r with a stationary subset S C S2, that admits no
ordinal definable partition into §-many stationary sets.

(2) There is an w-strongly measurable cardinal above k.
(3) For some reqular v < k, there is a vy-strongly measurable cardinal above k.
(4) For all reqular v < k, all sufficiently large reqular cardinals are y-strongly measurable.

(5) For some cardinal X, for all reqular v < k and all v with cf(v) > ~, C,, NHOD is
A-saturated in HOD.

Proof. We first show that implies that the HOD hypothesis is false. By the proof of
Proposition 2.3] if the HOD hypothesis fails, then holds. Since each item easily implies
all the previous ones, the theorem easily follows.

It remains to show that implies the failure of the HOD hypothesis, or in other words,
that the HOD hypothesis implies that every stationary subset S C Sin splits into d-many
subsets. This follows from the proof of the Solovay splitting theorem and the fact that
(S2)HOP =82, O

It is easy to see that if the HOD hypothesis fails, then every regular cardinal § contains
an w-club of ordinals that are strongly inaccessible in HOD. In fact, this alone implies a
stronger conclusion.

Theorem 2.11. Suppose N is an inner model and & is a reqular cardinal such that Reg® Né
contains an w-club. Then Reg™ N & contains a club.

Proof. Assume towards a contradiction that Sing™ N4 is stationary. Since the cofinality
function as computed in [V is regressive, there is an ordinal  that is regular in N such that
(Sg)N is stationary. Let  be the least such ordinal and let S = (Sg)N. We claim cf(y) = w.

Choose (c¢ : £ € S) € N such that ¢¢ is a closed unbounded subset of { with ordertype
7. Consider the set T of v € S9 such that there is some £ > v in S such that c¢ Nv is cofinal
in v. Then T is stationary. To see this, fix a closed unbounded set C' C ¢, and we will show
that CNT # (. Fix £ € SNacc(C). Since cf(§) > w, C Nacc(c,) is closed unbounded in ~,
and so there is some v € C'Nacc(c,) NS2. By definition, v € T. So CNT # 0, as claimed.

Note that T' C (Siv)N, SO (SZW)N is stationary. Again applying Fodor’s lemma, there
is an N-regular ordinal v < 7 such that (Sg,)N is stationary, and this contradicts the
minimality of ~.

Since (S,‘i)N is a stationary subset of S, its intersection with any w-club is stationary.

w?

This implies that (S,‘;)N NReg” is stationary, which is a contradiction. O

Corollary 2.12. Assume there is an wi-strongly compact cardinal k and N is an w-club
amenable model such that \TN < A\t for some singular X > k. Then all sufficiently large
regular cardinals contain a closed unbounded set of N -inaccessible cardinals.



Proof. Suppose ¢ is w-strongly measurable in IV, and we will show that there is an w-club
of N-regular ordinals below 6. Suppose not. Then Sing” is Cs,-positive. It follows that
there is a set S € N such that S C Sing™ and Cs. 'S is a normal ultrafilter in N. This is
a contradiction since Reg™ N & belongs to any normal ultrafilter of N on 6.

Since all sufficiently large regular cardinals are w-strongly measurable in N by Corol-
lary 2.0 the desired conclusion follows from Theorem 2111 O

Corollary 2.13. Assume there is an w1-strongly compact cardinal and the HOD hypothesis
fails. Then all sufficiently large reqular cardinals contain a closed unbounded set of HOD-
inaccessible cardinals. (]

3 Embeddings of HOD

3.1 Uniqueness of elementary embeddings

We prove that the HOD Hypothesis is equivalent to a uniqueness property of elementary
embeddings that makes no mention of ordinal definability.

Lemma 3.1. If x is supercompact, then for all reqular § > Kk and all v > 6, the set
{supj[d] : 6 <7 <6, j: V5 — V, is elementary, and j(5) = 0}
is stationary in o.

Lemma 3.2. Suppose k is strongly compact and for arbitrarily large reqular cardinals § > K,
the set {a < 8 : cf'9P(a) < K} is stationary. Then the HOD hypothesis holds.

Proof. This follows from Proposition 2.4 O

Definition 3.3. Suppose jo,j1 : M — N are elementary embeddings. For any ordinal
d € M, jo and j; are similar at 6 if sup jo[d] = sup j1[d] and jo(§) = j1(8). For any ordinal
d' € N, jo and j; are similar below ¢’ if there is some § € M such that jo(d) = j1(0) = ¢’
and jo and j; are similar at 9.

Theorem 3.4. Suppose k is a supercompact cardinal. Then the following are equivalent:

(1) The HOD hypothesis holds.

(2) For all regular § > &, for all sufficiently large v, if jo,j1 : V5 — V, are similar below
(5, th@’njo f6:j1 [5

Proof. Assume holds. Let (S, : @ < ) be the least partition of S° into stationary sets
in the canonical wellorder of HOD. For sufficiently large ordinals v, (S, : & < §) is definable
from ¢ in V. Suppose j : V5 — V, and j(6) = §. Then (S, : a < §) is in the range of j
since 0 is. As a consequence, j[d] is the set of @ < § such that S, reflects to sup j[d]. [(2)]
follows immediately.

Conversely, assume [(2)l Fix a regular cardinal § > x. For each v > §, define
S, = {supj[é] : j : V5 — V, is elementary and j(6) = &}

Fix an ordinal v sufficiently large that if jo, j1 : V5 — V, are elementary embeddings with
Jo(0) = 71(0) = ¢ and sup jo[0] = supji[d], then jo [ 6 = j1 [ 0. For £ € S, let c¢ = j[0]

for j : V5 — V, such that j(d) = d and sup j[é] = £ Then ¢ is ordinal definable, so
cfTOP(€) < ot(ce). By Lemmal32 the HOD hypothesis holds. O



As a corollary, one has the following equivalent forms of the local uniqueness of elemen-
tary embeddings at an extendible. We note that the equivalences would be quite mysterious
(and hard to prove) without having the HOD hypothesis to tie them together.

Theorem 3.5. If k is extendible, then the following are equivalent.
(1) The HOD hypothesis holds.

(2) For all reqular § > k, for all sufficiently large o, if jo,j1 : Vo — M are similar at 0,
then jo [ 6 =41 0.

(3) For some regular § > k, for all sufficiently large «, if jo,j1 : Va — Va are similar at
5, thenjo [5:]1 r(s

(4) Let v be the least supercompact cardinal. For all reqular 6 > v, for all sufficiently large
o, if jo,J1 : Va — Vo are similar below d, then jo [ 0 = j1 [ 9. O

3.2 w-Joénsson cardinals

Recall that a cardinal A is w-Jdénsson if for all functions f : [A]* — A, there is some H C A
such that ot(H) = X and ran(f | [H]“) is a proper subset of A. The Erdos-Hajnal theorem
states that assuming ZFC there is no such cardinal. One can ask what happens when one
places definability constraints on f.

Definition 3.6. A cardinal X is definably w-Jonsson if for all ordinal definable functions
f:[A]¥ = A, there is some H C A such that ot(H) = A and ran(f | [H]*) is a proper subset
of A.

Theorem 3.7. Suppose k is strongly compact. Then the following are equivalent:
(1) The HOD hypothesis fails.
(2) All sufficiently large regular cardinals are definably w-Jdnsson.
(8) Some regular cardinal above k is definably w-Jonsson.

Proof. implies : The converse rests on Solovay’s published proof of Solovay’s lemma
[5]. Let R be the class of regular cardinals § that are not definably w-Jénsson. Fix § € R,
and we will show that HOD has the s-cover property below 6. This completes the proof,
because assuming fails, R is a proper class, and hence HOD has the k-cover property,
which, by Proposition 2.3 is equivalent to the HOD hypothesis given a strongly compact
cardinal.

Let f : [6]Y — & be an ordinal definable function such that for all A C § such that
fI[A]*] = 6. We claim that any w-closed unbounded subset C' of sup j[d] such that j(f)[C] C
C contains j[d]. Let B = j7![C]. Then B is unbounded below ¢ and B is closed under f,
and therefore B O f[B] = 4. In other words, j[d§] C C.

Working in M, let A be the intersection of all w-closed unbounded subsets of sup j[d]
that are closed under j(f). Then A € M and j[0] C A and A is ordinal definable from j(f)
in M. Therefore A € HODM. It follows from the proof of Proposition that HOD has
the k-cover property below §.

implies : Trivial.



implies : Suppose § > k is regular and definably w-Jonsson, and assume towards
a contradiction that the HOD hypothesis holds. Applying Theorem 210 let (S, : a < §) €
HOD partition S? into stationary sets. Let f : [§]“ — d be defined by f(s) = o where a < §
is the unique ordinal such that sup(s) € S,. Then for any unbounded set T' C 4, for each
a < 0§, there is some s € [T]“ such that sup s € S, and therefore f(s) = a. It follows that
fIT])] = 6. O

The usual characterizations of Jonsson cardinals in terms of elementary embeddings
yields the following equivalence.

Corollary 3.8. Assume there is a strongly compact cardinal. Then exactly one of the
following holds.

(1) The HOD hypothesis.

(2) For all sufficiently large regular cardinals 8, for all ordinals o > §, there is an elemen-
tary embedding j : M — HODNV,, such that crit(j) < §, j(§) = 0, and j is continuous
at ordinals of cofinality w. (]

3.3 The rigidity of HOD

This section is devoted to a proof of the following theorem:

Theorem 3.9. Assume there is an wi-strongly compact cardinal. If the HOD hypothesis
holds, then there is no nontrivial elementary embedding from HOD to HOD.

We need to prove some preliminary lemmas.

Lemma 3.10. If j : HOD — HOD is a nontrivial elementary embedding, then j has a
proper class of generators. O

Lemma 3.11. Suppose k is w-strongly compact and H is an w-club amenable model such
that arbitrarily large regular cardinals are not measurable in H. Then the Singular Cardinals
Hypothesis holds in H above kt - (k).

Proof. By Silver’s theorem, it suffices to show that in H, for all singular cardinals A > 2<*
with cf(\) = w, A = AT, In fact, we will show that for all H-regular § > T, there is a set
C C P.(6) N H in H such that |C|" = § and every countable o C § is contained in some
7 € H. Then in particular, ([0]“)” C |, cc([0]*)" and hence (%)% = (k*)# - 4.

To define C, we first split S = (S2,)¥ into §-many Cs -positive sets in H. Note that S
contains SO by Lemma[27] and hence S has full measure with respect to Cs,.,. Now one can
use a standard argument to partition S into d-many Cs .,-positive sets in H. Working in H,
for each o € S, fix a club ¢, C « of ordertype less than k. For & < k, let fe(a) = co(§) for
any « such that £ < ot(cy).

We claim that there is some & < k such that for unboundedly many 8 < 4, f{ LBy
is Cs -positive. Otherwise, using that Cs, is weakly normal and f¢ is regressive, for each
€ < K, there is an ordinal ¢ such that fe(a) < 7¢ for an w-club of a € S. Since cf(d) > &,
there is then a single w-club of « such that for all £ < k, fe(a) < ¢ for all appropriate
a. Letting v = supg.,,7¢ < d, we see that for an w-club of «, for all appropriate { < &,
fe(a) <. But if @ > v belongs to this club, then the fact that ¢, () = fe(a) < «y for all
& < ot(cq) contradicts that ¢, was chosen to be unbounded in «.
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Now fix £ < k such that such that for unboundedly many 5 < 6, f{l{ﬁ} is Cs .,-positive.
Since H is w-club amenable and fz € N, the set B of such 3 belongs to H, and so since ¢
is regular in H, the ordertype of B is §. Finally, let Sg = fgl{ﬁ}. Then (Sg : 5 € B) is the
desired stationary partition.

Finally, for each £ < ¢ of uncountable cofinality, let o¢ be the set of 8 € B such that
Sg is Cs¢-positive. Then (¢ : € < d) is in H by w-club amenability, and the argument
of Lemma [27] shows that every countable subset of ¢ is contained in o¢ for some £ < 4.
Therefore C' = {o¢ : £ < d} is as desired. O

Lemma 3.12. Suppose 6 is a cardinal, N and H are models with the (w1, d)-cover property,
and (2MNH = XNtH for all sufficiently large strong limit cardinals of countable cofinality. Then
any elementary embedding k : N — H with crit(k) > § is an extender embedding.

Proof. Note that k is continuous at ordinals of cofinality w, since these have N-cofinality
less than §. We will show that there cannot exist a singular strong cardinal A with the
following properties:

o cf(N) =w.

e ) is a limit of generators of k.

o k(\) =\

° (QA)H = \tH,

We first point out that AT# = XN = X\*. Using the (w;,d)-cover property, A\t <
|Ps(\) N H| < (2" = A*H. The argument for N is similar, using that (2*)V = ATV
by elementarity.

Let 0 C X be a countable cofinal set, and let 7 € H be a cover of o of size less than .
Let U be the N-ultrafilter on Ps(A\) N N derived from k using 7. Let jy : N — P be the
ultrapower embedding and i : P — H be the factor embedding. Then 7 = i([id]y) € ran(i),
and so since |7| < § and crit(i) < d, 7 C ran(i). As a consequence, X is a limit of generators
of ju, which implies Ay > A. But (2")7 = A and so by elementarity (2*)V = A*V.
Thus Ay < |Ps(A) N N| < (2NN < AN, Since A < Ay < APV, we must have jir(\) > A
or ju(ATN) > ATN. This implies k(A) > X or k(ATY) > AN but contradicting either that
kE(X\) = A (by assumption) or that k(ATY) = AT = \*N (by the previous paragraph).

Since there is no such A, the class of limits of generators of k does not intersect the
w-closed unbounded class of singular strong limit fixed points of k of countable cofinality
satisfying (2M)# = ATH. Tt follows that the class of limits of generators of k not closed

unbounded, which means that the class of generators of k is bounded, or in other words, k
is an extender embedding. O

Lemma 3.13. Suppose i : H — N is an extender embedding of length A\ where X is an
H -cardinal of uncountable cofinality. If H has the (w1, \)-cover property, then so does N .

Proof of Theorem[3.9. Suppose 7 : HOD — HOD is an elementary embedding and assume
towards a contradiction that it is nontrivial. Let x be the least w;-strongly compact cardinal.
By Lemma 2771 HOD has the (w1, k)-cover property. Let ¢ : HOD — N be given by the
extender of length x derived from j, and let £ : N — HOD be the factor embedding, so
crit(k) > k.

By Lemma BI3] N has the (wy,s)-cover property. Lemma Bl implies that HOD
satisfies the cardinal arithmetic condition of Lemma[B.12] and so k is an extender embedding.
Thus j = ko is an extender embedding, contradicting Lemma B0l O
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4 Large cardinals in HOD
4.1 HOD under AD

Recall that a cardinal x is (v,0)-strongly compact if there is an elementary embedding
j:V — M such that crit(j) > v and M has the (6T, j(k))-cover property. An ultrafilter U
witnesses that r is (v, 8)-strongly compact if crit(ji) > v and My has the (6, j(k))-cover
property. If N is an inner model and U is an ultrafilter, then U witnesses that k is §-strongly
compact in N if UNN € N and U N N witnesses that & is §-strongly compact in N.

We say an inner model N has the k-cover property below 6 if P;(d) N N is cofinal in
P.(8); N has the k-approzimation property below § if N contains every A C § such that
ANo e N for all 0 € P,(9).

Theorem 4.1. Assume AD" and V = L(P(R)). Suppose k < © is a regular cardinal and
0 > k is a HOD-regular ordinal. Then the following are equivalent:

(1) (S2,,)HOP s stationary.

(2) HOD has the k-cover property below §.

(8) HOD has the k-cover and k-approximation properties below §.

(4) Cs. witnesses that k is 0-strongly compact in HOD.

(5) Some countably complete ultrafilter witnesses k is (w1, d)-strongly compact in HOD.
(6) HOD has the (w1, k)-cover property below 9.

(7) 85 C (82,800,

Proof. implies Let T = (52,)H9P. We claim that S2 N T is stationary. Fix a
sequence (¢, : a € T) € HOD such that ¢, is a closed cofinal subset of a of ordertype
9P (). Let

S={BeS’:3aecTsup(caNP)=p}

Suppose C is closed unbounded, and we will show C' NS # (). Since T is stationary, there is
some S in acc(C) such that sup(c, N 3) = S. We claim that the least such 8 has countable
cofinality. If not, then 8 has uncountable cofinality, so C' N ¢, NG is closed unbounded. But
fixing any 8’ € acc(C' N, N B), we have §' € acc(C) and sup(co, NB') = B, contrary to the
minimality of f3.

Next, we construct a sequence (o¢ : £ € T) such that o € P.(§) and for all «, for
Csw-almost all &, a € o¢. This proceeds as in Theorem 2.8 using however that Cs, is an
ultrafilter. As in Theorem 28] one can use this sequence to show cf(d) = |§]. Let C C § be
a closed cofinal set of ordertype cf(5). Then § = (J.c 0¢. Therefore 5| = [C| - supgc o,
so as in Theorem 28] |§] = |C| = cf(9).

Finally, suppose o € P,(d). The set {£ € T : ¢ C o¢} is the intersection of fewer than
k-many sets in Cs,, and so it belongs to Cs,,. It follows that there is some £ € T such that
o C o¢. This shows that HOD has the s-cover property below 4.

implies . In HOD, let (X, : a < §) be a s-independent family of subsets of some
set S. Suppose A C 6 and ANo € HOD for all o € P,(6) N HOD. For a < 4, let

) Xa ifae A
“ 1S\ X, otherwise
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Suppose o C § are disjoint. We will show that (., Yo # 0. First, let 7 € HOD cover
o. Then by our assumption on A, 7N A € HOD. It follows that (Y, : « € 7) € HOD,
and therefore since (Xo : @ < 0) is w-independent in HOD, (,c, Yo # 0. Since o C T,
Naco Yo # 0. Let F be the filter generated by {Y, : @ < 0}. Then F is a s-complete filter
on a wellorderable set, and so F' extends to a countably complete ultrafilter U. Applying
AD, U NHOD € HOD, and therefore A = {o < § : X, € U} belongs to HOD as well.

implies (4]} (S2,.)"OP € Cs. and Cs,, is k-complete since cf(§) > k. Therefore
Cs,. 1s a k-complete, (k,d)-regular ultrafilter on J, and so it witnesses that x is d-strongly
compact.

(4 )| implies [(5) Trivial.

implies. Let U be a countably complete ultrafilter on ¢ such that U N HOD
witnesses that k is (wq,d)-strongly compact in HOD. Let f : § — P.(6) N HOD push
U NHOD forward to a fine ultrafilter in HOD. Let U = f.(U). Then U is a fine countably
complete ultrafilter, and therefore for all o € P, (d), the set {7 € P,(d) : 0 C 7} belongs to
U. Since P,(0) NHOD € U, it follows that there is some 7 € P.(d) N HOD such that o C 7.
This shows that HOD has the (w1, d)-cover property.

(0) implies|(7) Trivial.
implies|(1), Trivial. O
In the context of ADT +V = L(P(R)), Woodin’s HOD-ultrafilter conjecture asserts

that every countably complete ultrafilter of HOD N Vg extends to a countably complete
ultrafilter.

Theorem 4.2. Assume AD', V = L(P(R)), and the HOD-ultrafilter conjecture. Suppose
Kk < © is a regular cardinal and 6 > k is a HOD-regular ordinal. Then k is §-strongly
compact in HOD if and only if k is (w1, 0)-strongly compact in HOD. (]

4.2 Weak extender models

Definition 4.3. If U is a k-complete ultrafilter on A and o € P, (P(\)), then Ay (o) =
Nacvne A and xu (o) = min Ay. Suppose F is a filter on P, (P())) and U, W are s-complete
ultrafilters on A. Then U <z W if xy (o) < xw (o) for F-almost all o € P, (P(\)).

Lemma 4.4. Suppose F is a filter on P,(P()\)). Then <z is a strict partial order. If F is
countably complete, then <r is wellfounded. If F is an ultrafilter, then <z is linear.

Thus <z is a wellorder if F is a countably complete ultrafilter on P.(P(A)). The
Ultrapower Axiom, which we will not discuss here, implies that if F is the closed unbounded
filter on P, (P(A)), then < is a wellorder. This is also a consequence of ADg if A < ©.

We will use the order <z in the proof of the following theorem.

Theorem 4.5. Suppose k is strongly compact and N is an inner model of ZFC with the
k-cover property. Then there is a minimum extension of M to a model of ZFC with the
K-approximation property.

The proof uses the following lemmas.

Lemma 4.6. Suppose § is a regular cardinal, k is §-strongly compact, N is an inner model
of ZFC with the k-cover property, and M is an inner model containing N such that every
k-complete N -ultrafilter on § belongs to M. Then every subset of § that is k-approximated
by N belongs to M. (]
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Theorem 4.7 (Hamkins). Suppose k < A are cardinals, cf(A) > x and M and M' are
inner models with the k-approzimation and cover properties below X such that Py(kT)NM =
PK(H+)QM/. Then Pbd()\)ﬂM:Pbd()\)ﬂM/. O

Proof of Theorem[{.5] Suppose U is a k-complete fine ultrafilter on P, (\) where A is a strong
limit cardinal X of cofinality at least k and Pg(A\)NN € U. Suppose f : A = P,a(A)NN is a
surjection in N. Let & denote the pushforward of I by the function f : Py(\) = Px(Poa()))
given by f(o) = flo]. Let U = Uy = (U, : @ < ) enumerate the s-complete N-ultrafilters
on ordinals less than A in the wellorder <;;. Let N’ be the inner model L[U, f] and let f’
be the increasing enumeration of P,q(A) NN’ in the following order: for a,b € Pyq(A) N N’,
set a < b if either sup(a) < sup(b) or a precedes b in the canonical wellorder of L[U, f] and
sup(a) = sup(b).

Note that any model M with the x-approximation property that contains N must contain
the set of k-complete N-ultrafilters on ordinals less than A and the order on it induced by
U. Hence N’ C M.

Iterating this procedure yields, for each ordinal vy, an inner model Ny = Ny r~ of ZFC,
a function f,, and a A-sequence (jv enumerating the x-complete IV,-ultrafilters on ordinals
less than A. Specifically (although still somewhat informally), let N, = L[(ﬁg, fe: &<,
let f : A = Ppa(A)N N, be the increasing enumeration of P,q(A) NN, in a wellorder similar
to the one described in the first paragraph, and finally define U'W = ﬁu).fw as in the first
paragraph.

The uniformity of this procedure guarantees that any model M such that N C M and
UNM € M contains N, for all ordinals .

The sequence (N, : v < k™) is increasing, so let v = 7y, be the least ordinal o < k™
such that Ny N Pya(k) = Nag1 N Poa(k). We claim that N,4; has the x-approximation
property below .

Notice that P.(A\) N Ny, = P.(A) N Nyj1: if 0 € Po(A) N Nyy1, then there is some
T € P.(\) N N such that ¢ C 7; then o € N, and since Poq(x) N Ny = Poa(k) N Nyy1,
P(T)NN, = P(7)NNy41; the latter set contains o, and hence o € N, as desired. Lemmal4.6]
and the definition of N, 41, every bounded subset of A that is xk-approximated by IV, belongs
to Ny41. Since P, (A) N N, = P, (A) N Ny41, every subset of A that is k-approximated by
N, is s-approximated by N,. Thus IV, has the s-approximation property below .

Now for each pair (U, f) such that there is a strong limit cardinal X of cofinality at least
k such that U is a k-complete fine ultrafilters on P,(A) and f : A — Pyq(A) is a surjection
in N, let My, = Ny ¢~ N H(X), where v = 74 ¢. Reiterating what we have proved above,
any inner model M of ZFC such that N € M and & N M € M must contain M s, and
therefore any inner model M with the k-approximation property contains U% 7 My ¢

Fix S C P, (x™) such that for a proper class of appropriate U and f, My NP, (k") = S.
Let C be the class of pairs (U, f) such that My s N Py(kT) = S. Then by the Hamkins
uniqueness theorem (Theorem 7)), for all u,v € C, either M,, C M,, or M,, C M,,. Thus
M = U,cc M. is an inner model of ZFC, and since each M, has the s-approximation
property below A, M has the x-approximation property. Finally, N C M since for all but a
set of u € C, NN H(A) C M,. O

The construction of the previous theorem is much simpler when N is an inner model that
not only has the k-cover property (i.e., is positive for the fine filter) but also is positive for
the supercompactness filters N », defined for all £ < A as the intersection of the k-complete
normal fine ultrafilters on P, (A).
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Definition 4.8. An inner model N is (k, A)-supercompact if N N P, (X) is N x-positive; N
is (k, 00)-supercompact if it is (k, A)-supercompact for all cardinals .

Note that N is (x, A)-supercompact if and only if N N P, () belongs to some x-complete
normal fine ultrafilter on P, (), and if N is (k, A)-supercompact for some ordinal A, then N
is (k, a)-supercompact for all & < A. The notion bears an obvious resemblance to Woodin’s
weak extender models.

Definition 4.9. An inner model N of ZFC is a weak extender model of k is A-supercompact
if there is a s-complete normal fine ultrafilter & on P.(A) such that Y N N € N and
P.(A\) NN € U; N is a weak extender model of k is supercompact if it is a weak extender
model of k is A-supercompact for all cardinals A.

The substantive part of the following characterization of weak extender models is due to
Woodin and Usuba independently.

Lemma 4.10. An inner model of ZFC is a weak extender model of k is supercompact if
and only if it is (K, 00)-supercompact and has the k-approximation property. O

The following theorem shows that the (k,c0)-supercompact inner models are precisely
the <x-closed inner models of weak extender models.

Theorem 4.11. If N is a (k,00)-supercompact inner model of ZFC, then there is a weak
extender model of k is supercompact that contains N as a <k-closed inner model.

Proof. The reverse direction is obvious, so we focus on the forwards direction. Let A be a
cardinal and let U be a s-complete normal fine ultrafilter on P, () such that P,(A)NN € N,
and let j: V — M be the associated ultrapower embedding. Let W = j(N). We claim W
contains every subset A of A that is k-approximated by N.

To see this, note that since W has the j(k)-cover property in M, we can find o €
Pj(y(j (X)) such that j[A] C 0. But j(A) is j(x)-approximated by W, so j(A) No € W.
Since P, (A\) NN € U, j[\] € W, and this implies A = j~1[j(A) N o] € W, as desired.

Next, a familiar argument shows that since NN P(A) C W, NNV, = WnNVj, and N has
the k-cover property, in fact, P.(A\)NW C N. This implies that W has the x-approximation
property below .

It follows that for any k-complete normal fine ultrafilters & and U’ with P,(\) NN €
uni', ju(N)NP(A) = ju (N)NP(X) by the preceding remarks and the Hamkins uniqueness
theorem. Letting X be the union of ji;(N) N P(A) for all U such that P,(A) NN € U, it
follows that M = L(X) is a model of ZFC with the k-approximation and cover properties
and N is a <k-closed innder model of M. Since N is (k, 0o)-supercompact and M has the
k-approximation property, Lemma implies that N is a weak extender model of k is
supercompact. O

A cardinal k is distributively supercompact if for all cardinals A, there is a x-distributive
partial order P such that x is A-supercompact in V.

Corollary 4.12 (HOD Hypothesis). Suppose k is supercompact. Then there is a unique
weak extender model of k is supercompact that contains HOD as a <k-closed inner model.
In particular, HOD satisfies that k is distributively supercompact. O
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The following corollary shows that the first-order theory of HOD has an influence on the
question of whether the least supercompact cardinal is supercompact in HOD. One could
actually replace UA in the argument with any Il; sentence that implies that every countably
complete ultrafilter on an ordinal is ordinal definable.

Theorem 4.13. Suppose k is a supercompact cardinal and the HOD hypothesis holds. If
V. NHOD satisfies the Ultrapower Axiom, then k is supercompact in HOD.

Proof. Let N be the inner model of Corollary[£.121 Then N is definable without parameters
and V, NHOD =V, NN =<5, N since & is supercompact in N. Since UA is Il», N satisfies
UA. Now working in N, we apply the following consequence of UA: if k is supercompact
and A is a set such that V,, C HOD4, then V = HOD 4. Therefore N = (HOD 4)¥ for any
set of ordinals A € N such that V, N N C (HOD4)". Let A € HOD be a set of ordinals
such that V,, "HOD C L[A]. Then A € N and N = (HOD4)", so there is a wellorder
of N definable over N from A. Since N is definable without parameters and A is ordinal
definable, this wellorder of N is definable from an ordinal parameter. Any ordinal definably
wellordered transitive class is contained in HOD, so N C HOD. Therefore HOD = N, and
so k is supercompact in HOD. O
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