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A NEGATIVE SOLUTION OF KUZNETSOV’S PROBLEM FOR
VARIETIES OF BI-HEYTING ALGEBRAS

G. BEZHANISHVILI, D. GABELAIA, AND M. JIBLADZE

ABSTRACT. We show that there exist (continuum many) varieties of bi-Heyting algebras
that are not generated by their complete members. It follows that there exist (continuum
many) extensions of the Heyting-Brouwer logic HB that are topologically incomplete. This
result provides further insight into the long-standing open problem of Kuznetsov by yielding
a negative solution of the reformulation of the problem from extensions of IPC to extensions
of HB.

1. INTRODUCTION

Intermediate logics are the logics that are situated between the intuitionistic propositional
calculus IPC and the classical propositional calculus CPC. This is a large class of logics that
has been thoroughly investigated over the years. One problem, however, has eluded solution
for many years: it is a long-standing open problem of Kuznetsov [12] whether there exists an
intermediate logic that is topologically incomplete.

There are a number of results related to Kuznetsov’s problem. It is well known (see, e.g.,
[15] or [2]) that the Gddel translation embeds IPC into Lewis’s modal system S4, yielding a
close correspondence between intermediate logics and normal extensions of S4. In [7] Fine
constructed a Kripke incomplete normal extension of S4. In [10] Gerson showed that this
system is also topologically incomplete, and in [9] he constructed a Kripke incomplete normal
extension of S4 that is topologically complete. In [17] Shehtman utilized Fine’s results to
construct a Kripke incomplete intermediate logic, and in [18] (see also [19]) he constructed a
topologically incomplete normal extension of Grzegorczyk’s modal system Grz (which is the
largest modal companion of IPC). These methods do not appear to be sufficient for resolving
Kuznetsov’s problem.

In this note we concentrate on Kuznetsov’s problem for a class of logics that is obtained
from intermediate logics by enriching the language with an additional binary connective of
coimplication. It is well known that algebraic models of IPC are Heyting algebras, which
are bounded distributive lattices with an additional binary operation of implication. It was
pointed out already by McKinsey and Tarski [14] that unlike Boolean algebras, Heyting alge-
bras are not symmetric in that the operation of implication does not have a counterpart. This
non-symmetry can be overcome by adding the operation of coimplication to the signature of
Heyting algebras. The resulting algebras are known as bi-Heyting algebras. The correspond-
ing logical system was constructed by Rauszer [16] under the name of Heyting-Brouwer logic
(HB-logic for short).

We will consider Kuznetsov’s problem for the logics intermediate between the Heyting-
Brouwer logic HB and the classical propositional calculus CPC. Fine’s intermediate logic
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F and Shehtman’s intermediate logic S have obvious HB-counterparts, which we denote by
Fug and Spyg, respectively. Let V(Fyg) and V(Syg) be the corresponding varieties of bi-
Heyting algebras. Our main result shows that no variety in the interval [V(Fyg), V(Sus)]
is generated by its complete members. It follows from a result of Litak [13] that there are
continuum many such varieties. Thus, there are continuuum many varieties of bi-Heyting
algebras that are not generated by their complete members. This implies that there are
continuum many extensions of HB that are topologically incomplete. In particular, Syg is
a finitely axiomatizable extension of HB that is topologically incomplete. Thus, as with the
extensions of S4, Kuznetsov’s problem has a negative solution for the extensions of HB.

The paper is organized as follows. In §2 we recall all the necessary background, including
Esakia representation of Heyting algebras and bi-Heyting algebras. This will be our main
technical tool. In §3 we recall the Fine frame, construct the corresponding Esakia space, and
show that the algebra of its clopen upsets is a bi-Heyting algebra. We also introduce the
HB-counterpart Fyg of the Fine logic F. In §4 we consider the HB-counterpart Syg of the
Shehtman logic S and show that Sypg is properly contained in Fyg. In §5 we give semantic
characterizations of the Gabbay-de Jongh axiom bby which plays an important role in our
considerations. In §6 we derive in IPC some consequences of Shehtman’s axioms. Finally, in §7
we prove our main result that no variety of bi-Heyting algebras in the interval [V(Fuyg), V(Sus)]
is generated by its complete members. As a consequence, we obtain that all extensions of
HB in the interval [Syg, Fuyg] are topologically incomplete. It follows from a result of Litak
[13] that there are continuum many such extensions of HB. We also show that there are
continuum many intermediate logics that are incomplete with respect to the class of their
complete bi-Heyting algebras.! This generalizes the results of Shehtman [17] and Litak [13]
about the existence of Kripke incomplete intermediate logics.

2. PRELIMINARIES

2.1. IPC, Heyting algebras, and Esakia spaces. We recall that a Heyting algebra is
a bounded distributive lattice H with an additional binary operation — satisfying for all
a,b,x € H:
aNz<bif x <a—b.

It is well known that Heyting algebras are the algebraic models of IPC. A class of algebras
is a wariety if it is closed under subalgebras, homomorphic images, and products. Each
intermediate logic L gives rise to the variety V(L) consisting of the Heyting algebras that are
algebraic models of L. By the standard Lindenbaum-Tarski construction, each interemdiate
logic is complete with respect to V(L).

Typical examples of Heyting algebras come from topological spaces. For a topological space
X, the set Op(X) of open subsets of X forms a Heyting algebra. The lattice operations on
Op(X) are given by set-theoretic intersection and union, and the implication is given by

U—-V=int(X\U)UV)=X\c(U\V),
where int and cl denote topological interior and closure.

Theorem 2.1 (Stone Representation). Fach Heyting algebra H is isomorphic to a subalgebra
of Op(X) for some topological space X.

A Kripke frame for IPC is a partially ordered set (X, <). As usual, for S C X, let
1S={reX|IseS:s<z}and [S={x e X|Ise€S:x<s}.

1We were notified by Guillaume Massas that he has obtained a similar result using different technique.
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If S = {s}, we simply write 1s and |s. We say that S is an upset if S = 1.5 and S is a downset
if S = /5. Then the upsets form a topology on X known as the Alexandroff topology, where
each point has a least open neighborhood. In this topology the closure of S is |.S.

Let Up(X) be the set of upsets of X. Then Up(X) = Op(X), so Up(X) is a Heyting algebra,
where

U—-V=X\LU\V)={z|tanUCV}

Theorem 2.2 (Kripke Representation). Fach Heyting algebra H is isomorphic to a subalgebra
of Up(X) for some Kripke frame X.

To recover the image of H in Up(X), we need to introduce additional structure on X.

Definition 2.3. An Esakia space is a triple X = (X, 7,<) where (X, 7) is a Stone space
(compact, Hausdorff, zero-dimensional space), (X, <) is a Kripke frame, and the order < is
continuous, meaning that:

(i) Tz is closed for each x € X;
(ii) U clopen implies |U is clopen.

The clopen upsets of an Esakia space X form a subalgebra of Up(X), and we have the
following representation of Heyting algebras:

Theorem 2.4 (Esakia Representation). Each Heyting algebra is isomorphic to the algebra of
clopen upsets of some FEsakia space.

While we will not need it here, this representation can be extended to a full duality (see
[3, 6]). As a consequence, we obtain that each intermediate logic is sound and complete with
respect to Esakia spaces.

2.2. HB, bi-Heyting algebras, and BH-spaces. As we pointed out in the introduction,
bi-Heyting algebras are obtained by enriching the signature of Heyting algebras by a binary
operation < of coimplication satisfying

aVz=>bif x > a<+ 0.

Bi-Heyting algebras are algebraic models of the Heyting-Brouwer system HB introduced by
Rauszer [16]. The axiomatization we give below is taken from Wolter [20]. We use the
standard abbreviations -p:=p — 1L and ~p:= T + p.

Definition 2.5.
(1) The Heyting-Brouwer calculus HB is the least set of formulas (in the propositional
language enriched with <—) containing IPC, the axioms
p—(qV (g« p))
(¢ p)—=~(p—0q)
(r< (g p) = ((pVq) <Dp)
(g p) = (=9
~(p < p)
and closed under the rules of substitution, modus ponens, and .

v

(2) An intermediate HB-logic is a consistent set of formulas containing HB and closed
under these three rules.

As with intermediate logics, each intermediate HB-logic L is complete with respect to the
variety V(L) of bi-Heyting algebras.
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If (X, <) is a Kripke frame, then Up(X) is a bi-Heyting algebra, where
U+~ V=1V\U)={z|lznV ZU}.

We next introduce Esakia spaces that are dual to bi-Heyting algebras. We call them BH-
spaces (for bi-Heyting or Brouwer-Heyting).

Definition 2.6. A BH-space is an Esakia space X such that U clopen implies 1U is clopen.
The following representation of bi-Heyting algebras was obtained by Esakia [4, 5].

Theorem 2.7. A Heyting algebra H is a bi-Heyting algebra iff its FEsakia space X is a BH-
space. In particular, each bi-Heyting algebra can be represented as the algebra of clopen upsets
of a BH-space.

Consequently, BH-spaces provide an adequate semantics for intermediate HB-logics.

2.3. Dual characterization of complete algebras. We finish this preliminary section by
recalling the dual description of complete Heyting and bi-Heyting algebras. This description
will play an essential role in §7. We recall that a topological space is extremally disconnected
if the closure of each open set is open (and hence clopen). This is adjusted to Esakia spaces
as follows.

Definition 2.8. An Esakia space is extremally order-disconnected if the closure of each open
upset is open.

Complete Heyting algebras are dually characterized by extremally order-disconnected Esakia
spaces (see, e.g., [1, Thm. 2.4.2] and the references therein):

Theorem 2.9. A Heyting algebra is complete iff its Esakia space is extremally order-discon-
nected. In particular, a bi-Heyting algebra is complete iff its BH-space is extremally order-
disconnected.

In the Heyting algebra of clopen upsets of an extremally order-disconnected Esakia space X,
the join is computed as the closure of the union and the meet as the greatest upset contained
in the interior of the intersection. If in addition X is a BH-space, then the interior of an upset
is an upset (see e.g. [11, Lem. 3.6]), and hence joins and meets are computed as follows (see,
e.g., [11, Thm. 3.8]):

(1) \/ Ui = (UU) and [\ U; = int (ﬂU)

3. THE FINE FRAME AND THE CORRESPONDING BH-SPACE

As we pointed out in the introduction, Fine [7] constructed a Kripke incomplete normal
extension of S4 utilizing the Kripke frame .# = (F, <) shown in Figure 1, which has since
become known as the Fine frame.

Shehtman [17] utilized the Fine frame to construct a Kripke incomplete intermediate logic.
For this he introduced a particular intuitionistic valuation on .% assigning the upset {cg} to the
propositional letter p and the upset {by} to ¢. These upsets generate a Heyting subalgebra
inside all upsets of .Z. In this section we explicitly describe this subalgebra using Esakia
duality, and show that it is in fact a bi-Heyting algebra.
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FI1GURE 1. The Fine frame.

We let
A = {a;|i<w},
B = {b]i<uw},
C = {¢|i<w},
D = {d;|i<w}.

We now define an Esakia space X # based on the one-point compactification of .%.

Definition 3.1. Let X = % U {oco}. The topology of X# is defined in the standard way,
where all elements of .# are isolated and oo is the only limit point. The ordering on X & is
given by extending the ordering of .# by putting co < b;,¢; and d; < oo for all i < w, as
shown in Figure 2.

Proposition 3.2. The ordered space X # is a BH-space.

Proof. 1t is well known that X g is a Stone space, with its clopen sets being finite subsets of
Z and cofinite subsets containing co. It is also straightforward that < is a partial order.

To see that Xz is a BH-space, we first observe that Tz is closed for each x € X 4. Note
that fz is finite (and hence closed) unless z € D U {oo}, in which case oo € Tz which also
implies that 1Tz is closed.

Let next U C X & be an arbitrary clopen. If U N (B UC) # &, then [U is a cofinite set
containing oo, so it is clopen. Otherwise oo ¢ U. Therefore, U is a finite subset of D U A, so
JU is finite, and hence clopen. The case of 1U is treated similarly depending on whether or
not U N D is empty. Thus, both TU and |U are clopen, yielding that X & is a BH-space. [

Definition 3.3. Let A be the algebra of clopen upsets of X z.
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FIGURE 2. The one-point compactification of the Fine frame.

As an immediate consequence of Theorem 2.7 and Proposition 3.2 we obtain:
Corollary 3.4. A is a bi-Heyting algebra.

Remark 3.5. The algebra A is not complete since X & fails to be extremally order-discon-
nected. Indeed, B U C' is an open upset, but its closure is B U C U {00} which is not open.

Consider the following upsets of .%:
By = —lb,, C,:=—lcy, Ap:=—lan, D,:=—ldy;
Bl :=1b,, Cl :="c,, Al :=%a,, D :=1d,.
The next lemma can be proved by a straightforward calculation, so we omit its proof.
Lemma 3.6. In Up(%) we have
By = C1 = By — Cy,
Co = B} = Cj — BY,
By =C) =Cy— (ByU BY),
Cy = By = By — (Co U CY}).
Moreover, for all n >0,

Byyo=Chi1 — (Bry1 UCY,),

Cny2 = Bpy1 — (Cn—i-l U Bn),
Ap = (Bny2 N Cpy2) = (Buy1 U Cpya),
D, =A,UA, 1
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and

B;H_Q = Cn—l—l N Am
;H-Q = Bn+1 N Am
Dy, =) A,
<n
A;L == D;,L N Bn+2 N On+2.

Theorem 3.7. The algebra A is isomorphic to the subalgebra B of Up(.F) generated by
{{bo}, {co}}-

Proof. Define f: A — Up(%) by f(U) = UN.Z for each clopen upset U C X . It is obvious
that f is well defined. It is also not difficult to verify that U C V iff f(U) C f(V) for clopen
U, V. This follows from .%# being a dense subset of X 4.

We show that B C f(A). We have that {by}, {co} are clopen upsets of Xz and that
fH{bo}) = {bo}, f({co}) = {co}. Therefore, {bp},{co} € f(A). Since B is generated by
{{bo},{co}}, it follows that B C f(A).

For the reverse inclusion, let U be a clopen upset of X z. If co ¢ U, then U contains a finite
number of the a;,b;,¢; and does not contain any of the d;. Therefore, f(U) = U is a finite
union of the A}, B!, C!. On the other hand, if oo € U, then f(U) = U N.% is cofinite, hence
U does not contain only a finite number of the a; and d; and contains all the b;, ¢;. Thus, U
is a finite intersection of the A; and D;. But Lemma 3.6 yields that each of the above sets is
an element of B, giving the reverse inclusion. Thus, f : A — B is an isomorphism. O

Let Formipc be the set of formulas in the propositional language for IPC and let Formpyg be
the set of formulas in the propositional language for HB.

Definition 3.8.
(1) The Fine logic is the intermediate logic

F={p € Formpc | A F ¢}.

(2) Let V(F) be the variety of Heyting algebras generated by A.
(3) The HB-counterpart of F is the extension of HB

Fug = {¢ € Formyg | A F ¢}.

We call Fyg the Fine logic over HB.
(4) Let V(Fyg) be the variety of bi-Heyting algebras generated by A.

Remark 3.9. Since A is a bi-Heyting algebra, the variety V(F) is generated by bi-Heyting
algebras. Consequently, Fyg is conservative over F, meaning that for each ¢ € Formpc, we
have F F ¢ iff Fyg F .

4. THE SHEHTMAN LOGIC

In [17] Shehtman considered certain formulas valid in the Fine frame and used them to
define his Kripke incomplete logic. We already encountered these formulas in Lemma 3.6. We
follow Litak [13] in denoting these formulas by Greek letters.

Definition 4.1. Starting with propositional variables p, ¢ we define
fo=aq—=p, N=p—q,
Bi=v%—=BoVae, m=P5 —(0VDp),
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and for n > 0,

Brt2 = Ynt1 = (Bat1 V Tn), Yn+2 = Bnt1 = (a1 V Ban)-
Furthermore, for n > 0 let
an = (/Bn+2 A ’Yn+2) - (/Bn-i-l \ ’Yn-i—l)y
On = QnV anptt,
sy = py1 — (an V Buy2)-

Remark 4.2. Compare Definition 4.1 to Lemma 3.6.
We next recall the formula bby of Gabbay and de Jongh [8].
Definition 4.3. Let
bby = [(p = (qVr)) = (qVr)]A
[(g=(Vr) = VA
[(r=(Va)—=®Vadl—=PmVaVvr)

Definition 4.4.
(1) The Shehtman logic is the intermediate logic

S=IPC+ [(Oéo — 51) — 50] + 229 + bbs.

(2) Let V(S) be the variety of Heyting algebras corresponding to S.
(3) The HB-counterpart of S is the extension of HB

Sheg = HB + [(Oé() —01) — (50] + 3¢9 + bbo.

We call Syg the Shehtman logic over HB.
(4) Let V(Syg) be the variety of bi-Heyting algebras corresponding to Syg.

Remark 4.5. Unlike for the variety V(F) corresponding to the Fine logic F, it is unclear
whether V(S) is generated by bi-Heyting algebras. Thus, it is unclear whether Syg is conser-
vative over S.

The next theorem follows from Shehtman [17, Lem. 3 and 5].
Theorem 4.6. The algebra A validates S and refutes dg.

Since A is a bi-Heyting algebra (see Corollary 3.4), we obtain:
Corollary 4.7. The algebra A wvalidates Syg and refutes dy.

Remark 4.8. For the reader’s convenience, we illustrate how to refute dy in A. Consider the
valuation ¥ (p) = {co}, ¥ (q) = {bo} and note that for n > 0 we have:

%(ﬁn) = _\L{bn}v

V() = —Hen ks
V(o) = —H{an},

Therefore, 7' (60) = —{{do} # X =.

Corollary 4.9.
(1) SCF and dy ¢ S.
(2) Shg C Fug and do ¢ She-
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Remark 4.10. Litak [13] proved that the interval [S,F] contains continuum many interme-
diate logics. As an immediate corollary we obtain that the interval [Syg, Fyg| also contains
continuum many HB-logics.

5. SEMANTIC CHARACTERIZATIONS OF bbsg

In this section we provide algebraic and order-topological characterizations of the axiom
bbs. Let H be a Heyting algebra and b € H. We recall that b is dense if b — 0 = 0 and b is
regular if (b — 0) — 0 = b. We next relativize these two notions. Let a,b € H with a < b.
We say that b is dense over a if b — a = a and b is regular over a if (b — a) — a =b.

Using the standard shorthand notation

wq(b) := (b — a) — a,

we have that b is dense over a iff w,(b) = 1 and b is regular over a iff w,(b) = b. The next
lemma is then immediate.

Lemma 5.1. Let H be a Heyting algebra. Then H |= bbe iff for all a,b,c € H we have
Wavp(€) A Wave(b) A wpye(a) =aVbVe.

Recall that for any element u of a Heyting algebra H, the interval [0, u] is also a Heyting
algebra, where the implication is given by = —, y = u A (x — y) (see, e.g., [15, Sec. IV.8]).
Definition 5.2. Let H be a Heyting algebra.

(1) We say that property (x) holds in H if
aVb=aVc=0bVc=dand d dense over a,b,c imply that d = 1.
(2) We say that (x) holds hereditarily in H if (%) holds in the algebra [0, u] for each u € H.
Theorem 5.3. A Heyting algebra H wvalidates bby iff (%) holds hereditarily in H.

Proof. Suppose H validates bbs. To show that (x) holds hereditarily in H, let v € H, let
a,b,c,d < ube such that aVb=aVe=5bVec=d, and let d be dense over a,b,c in [0,u]. It
is easy to see that the latter condition on d is equivalent to u < wq(d) A wy(d) A we(d). Let
p=aAb g=aAc,and r=bAc. We havethat aVb=aVec=bVciffa<bVe b<aVe,
and ¢ < a V b, which implies that
pVg=(aAb)V(aNc)=aAN(bVc)=a,
and similarly pVr = b and ¢ Vr = ¢. Therefore, pVgVr =aVbVe=4dand u <
Wpvg(d) A wpyr(d) A wgyr(d). Now observe that
(pVaVvr)—= (Ve =r—(pVaq)

for any p, g, € H, s0 wpyq(d) = wpye(r), and similarly wpy,(d) = wpvr(q), wevr(d) = wgyvr ().
Therefore, u < wpvg(r) A wpyr(q) A weyr(p). Thus, by Lemma 5.1, w < pV gV r = d, and
hence d =1 in [0, u].

Conversely, suppose (*) holds in H hereditarily. To see that H validates bbs, it is sufficient
to show that the equality in Lemma 5.1 holds for arbitrary p,q,r € H. Let

U = Wpyg(1T) A wpyr(q) AN wgyr(p) and d=pV gV r.
We must show that u=d. Let a=pV g, b=pVr,and ¢c=¢qVr. Then
aVb=aVc=bVc=d.

Since xVy < wy(y) for any z,y € H, we have pVgVr < wpvg(r), wpyr(q), wevr(p), so a, b, ¢ < w.
As u < wpye(r) = wpye(p V q V 1), we have that d is dense over a in [0,u]. Similarly, d is
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dense over b and ¢ in [0, u]. Because (x) holds in [0, u], we must have a VbV ¢ =1 in [0, u], so
u < aVbVe Butsince a,b, c < u, this means that a vV bV ¢ = u, and hence u = d. O

The dual characterization of (%) is more intuitive in the language of clopen downsets.

Definition 5.4. Let X be an Esakia space and D, E two downsets of X such that D C FE.
We say that D is nowhere cofinal in E if [(E'\ D) = E.

Remark 5.5.

(1) It is easy to see that D is nowhere cofinal in F iff there is S C E such that DNS = &
and D C |S.

(2) If D, E are clopen downsets, then D is nowhere cofinal in E iff X \ D is dense over
X \ E in the Heyting algebra of clopen upsets of X.

Definition 5.6. Let X be an Esakia space.
(1) We say that property (xx) holds in X if for any clopen downsets A, B,C, D of X,
ANB=ANC =BNC =D and D nowhere cofinal in A, B, C imply that D = &.
(2) We say that (xx) holds hereditarily in X if (x*) holds in every clopen downset of X.
Lemma 5.7. Let H be a Heyting algebra and X its Esakia space.
(1) H satisfies (x) iff X satisfies (xx).
(2) H satisfies (x) hereditarily iff X satisfies (xx) hereditarily.
Proof. This follows from a straightforward application of Esakia duality and Remark 5.5. U
Putting Theorem 5.3 and Lemma 5.7 together yields:

Theorem 5.8. A Heyting algebra H validates bby iff (xx) holds in its Esakia space X hered-
itarily.

6. SOME SYNTACTIC CALCULATIONS IN IPC

In this section we derive in IPC some consequences of the formulas that constitute Sheht-
man’s axioms. In what follows, for «, 8 € Formpc we write a F 3 when [ is derivable in IPC
from «, and we write &« = 8 to mean that both o 8 and 8+ « hold.

We will utilize the following substitution considered by Shehtman in [17]. Our notation is
that of Litak from [13]:

e(p)=qV(g—=p), el@=pVp—q.
We then extend e to all formulas by setting
e(p o) = e(e) o (),
where o = V, A or —.
The following lemma is straightforward.

Lemma 6.1. p F /807 q F Yo and Bn F Bn-‘,—l; Tn = Yn+1, Bn = Yn+2; Tn F /8n+27 /Bn—i-l = Oln,
Yn+1 F oy for alln > 0.

For n > 0 and ¢ € Formpc define e™(y) by
e’(p) = v and "} (p) = e(e" ().
Lemma 6.2. ¢, = e"(vg) for o =a, 5,7, 6, 2 and n > 0.
Proof. See [17, Lem. 1] or [18, Lem. 6]. O
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Lemma 6.3. ¢™(p <> q) - ™ (p <> q) for all m,n > 0.
Proof. We have the following chain of derivations
peqg bt p—=qg b pVip—aq)=elq).
Similarly, p <> ¢ F e(p). Therefore, we have the chain of derivations
pe gt oelp)Nelq) B elp) < elq) = elp < q)

Thus,
e"per ke pe g b e (p ).

Lemma 6.4. e(pAq) = e(p ) A((p—=>q)V(g—p) = pVaV(p+q).
Proof. We have
e(pAhq) = (pVp—q)A(qV(g—p))
= A VA@—=p)VaAP—=9)Vpeq)
= pVaV(p+q)

and
e )N ((p—=a)V(g—=p) = (elp NP —q)V(elpq) Alg—p)).
Since
e(p <+ q) =e(p) < e(q)
= pVp—4q) < (@Vig—p)
= ((p—=a)—>@Vg—=p)A(g—p) — @V—9)),
we obtain
epergNpP—=q9 = (p—=0 = @V@g—=p)A{(g—=p)={@VP—=9)AP—q
= ((p—=9—~@V@—=p)AP—q
= (qV(g—p)A—q)
= (ghp—=a)V@g—=p)A—0q)
= qV(p<q)
Similarly,
e @) AN(g—p) = pV(p+q).
Thus,

epdN((P—=a)V(@g—p) = pVaV(p<q).

Lemma 6.5. a,, = ¢""2((p <> q) = (pAq)) forn > 0.

11

Proof. We first prove that ag = €?((p <+ ¢) — (p A q)). By Lemma 6.2, 8, = e"(q — p),

Y =€"(p— q), and By Ay, = €"(p ¢ q). Therefore,
ag=e(p < q) = (elp = q) Velg = p)).
Hence, it is sufficient to show

E(pq)—= (elp—q)Velg—p) = (p+ a9 = P AQ).
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For this it is enough to show

epeq) > ((p—=aVg—p) =ellpera — PAQ).

This is equivalent to showing

(2) eporq) > ((p—=a)Vie—p) b elpeorq —elprg)

and

(3) e(perq) —elphg) Foelpeqg = ((p—q9Vig—p)

But (2) follows from

(4) ep N ((p—=9Vg—=p) F elprg)

and (3) follows from

(5) ephg) F (p=a)V(g—p).

Both (4) and (5) in turn follow from Lemma 6.4, proving that ag = €?((p <> q) — (p A q)).
Thus, by Lemma 6.1, o, = " 2((p <> q) — (p A q)). O

Lemma 6.6. Ife"™2(p > q)Fx, thenz — oy, = .
Proof. By Lemma 6.5,
r—=a, = - ("2 (p e q) =" 2(pAg))
= (A" (p e q) = " Ag).
By assumption, z A e"12(p <+ q) = " 2(p > q). Therefore,

= o, = e"+2(p<—>q)—>e"+2(p/\q) = ap.

Lemma 6.7. apint1 — an = Opan — @n = an for allm,n > 0.
Proof. We first show that e"*2(p <+ ¢) F auiny1 for all m,n > 0. By Lemmas 6.2 and 6.5,
Amint1 = €T ag) = T (p e q) = T (p A g).
Therefore, it suffices to show that e"*2(p «+ q) F e™"3(p A ¢). By Lemma 6.4,
" pAg) = TPV gV (p < q)).

Thus, it suffices to show that e"*2(p <> q) F ™™ *+2(p < ¢). But this follows from
Lemma 6.3. Consequently, e"™2(p <+ q) F @miny1 for all m,n > 0. Applying Lemma 6.6
then yields aunint1 — an = ay,. This together with the definition of 0,4, gives
Oman = W = (Cmtn V Qmgnt1) — Qn
= (Qman — Q) A (Qngns1 — ap)
= (man — an) Aoy

= A,
completing the proof. O

Lemma 6.8. For all m,n > 0 we have (ag — 01) = do F Smtn — Om.
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Proof. We have 61 - ag — 1. Also, ayg — 61 F Jp by assumption. Therefore, §; F dy. By
Lemma 6.2, 0,, = €™(dy). Thus, d,,+1 F 0y, for all m > 0. Thus,

Smsn F Omanet b oo F Gyt F .

]
Proposition 6.9. From (o — 61) — 6o and s it follows that
(6) A V QOpintl = Om
and
(7) Om V Omtn = O

for all m,n > 0.

Proof. Tt follows from Lemma 6.8 that d,, - &g for all n > 0, so a, V a1 F ap V ag, and
hence a1 F ap V ay. Therefore,

(8) agVant1 F agVag.

On the other hand, from s it follows that o - gV B2, and Lemma 6.1 implies that 82 - B,490
and Bp4o F apy1. Thus, a1 F ag V ayy1. Consequently,

(9) agVar F agVayy.
From (8) and (9) it follows that ag V a1 = dp for all n > 0. Applying ™ yields (6).
For (7), am V Opan = am V amin V Qmgnt1. By doubling ay,ipn41, applying (6), and
using the definition of d,,+, we obtain:
Qm V Qe V Qpgnt 1 = am VOmtntl V Onin V Qpgntl
= 5m \ Am4n vV Umint+l = 5m \ 6m+n7
which in turn is equivalent to d,, by Lemma 6.8. O

7. INCOMPLETENESS

In this final section we prove our main incompleteness results. Our main technical tool is
Lemma 7.2 in which we show that if a bi-Heyting algebra from V(Syg) is complete, then it lies
in a proper subvariety of V(Syg). From this we derive that no variety of bi-Heyting algebras
in the interval [V(Fug), V(Sug)] is generated by its complete algebras. This yields continuum
many BH-logics that are topologically incomplete, as well as continuum many intermediate
logics that are incomplete with respect to complete bi-Heyting algebras.

Lemma 7.1. Let X be an Esakia space and A,B C X. If A C |B, then cl(A) C |cl(B).

Proof. We have A C |B C | cl(B). The downset of a closed set is closed in every Esakia
space (in fact, in every compact ordered space where the order relation is closed). Thus,
cl(A) Ccllc(B) = {cl(B). O

Lemma 7.2. Let B be a complete bi-Heyting algebra. If B = Syg, then B = dp.

Proof. Let X be the dual BH-space of B. By Theorem 2.9, X is extremally order-disconnected.
We identify the elements of B with the clopen upsets of X.

Suppose B = Spyg and B [~ dg. Then there is a valuation ¥ on clopen upsets of X such
that #(dg) # X. We will utilize Theorem 5.8 to refute bbs on B, thereby arriving at a
contradiction.
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Let
a; = \ V(asnii), i=0,1,2.
n

Since in a complete bi-Heyting algebra finite joins distribute over infinite meets, we have

(10) ap Vay = (/\ %(agn)) Vv (/\ %(agmﬂ)) = N\ (#(azn) V¥ (azmi1)) .-

Therefore, by Proposition 6.9 (see (6)),
ap vV ay = /\ V(agn V agmi1) = /\ Y (Omin(3n,3m+1))-

By Lemma 6.8, if B = Spg, then #(d,) C #(6,) for m < n. It follows that the set
{7 (6min(3n,3m+1)) | m,n = 0} contains infinitely many elements from the decreasing sequence
{7 (k) | & = 0} Thus, A, .7 (Omin@n3me1)) = Ag ¥ (0k), and so ag Va1 = A, 7 (5).
Similarly, denoting A, ¥ (i) by d, we have ag V az = a1 V as = d.

Let [an] = X\ ¥ (an), [0n] = X\ ¥ (6n), A; = X \ a;, and D = X \ d be the corresponding
clopen downsets. Then

AgNAL =AgNAy=ANAy=D.

Moreover, D # & since ¥ (dg) # X. By Theorem 5.8, to show that bbg is refuted on B, it
only remains to show that D is nowhere cofinal in Ag, A1, As.

We show that D is nowhere cofinal in Ay. Since we are in an extremally order-disconnected
BH-space, it follows from (1) that

(11) N\ 7 (6,) =int (ﬂ %(5,1)) .

Therefore,

D =X\ \7(6,)=X\int (ﬂ 7/(5n)> =l (U [M) .

Similarly,

Ag =X\ \ 7 (asn) = (U [[agn]]> .

Let D' =, [0x], a), = [an]\[6.], and Af = |, a},,. We then have D = cID" and Aj C Ao.
Claim 7.3. AyND' =@ and D' C |A].
Proof of claim. We first show that A{ N D" = &. We have

a3y, N [6m] = ([azn] \ [032]) N [0m] = ([asn] N [0m]) \ [935] -
We show that ab, N [d,] = &. Since B |= Syg, we can apply Lemma 6.8 and Proposition 6.9.
First suppose that m < 3n. Then Lemma 6.8 yields that [d,,] \ [03,] = @. Therefore,
al, N [6m] = @. Next suppose that m > 3n. By Proposition 6.9 (see (7)),

[asn] N [0m] = lasn V 0m] = [03n] -
Thus, a5, N [0,,] = @ in this case too. This implies that Ay N D' = @.
We next show that D' C |Ay. If ¢ € D' = J, [0n], then z € [d3;] for some k (by

Lemma 6.8). Hence, x € [asi] as dsx = ask V askr1, so [03k] € [ask]. By Lemma 6.7,
031 — a3k = agg. Therefore,

Mlase] \ [65x]) = [03x — azi] = [aak]
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and so z € |([ask] \ [03£]) € L Ap. O

We are ready to prove that D is nowhere cofinal in Ap. By Remark 5.5(1), it is sufficient
to find S C Ay with DNS = @ and D C |S. Let S = cl(Aj). As A C Ay and Ay is
clopen, cl(4fj) € Ap. Therefore, S C Ap. By Claim 7.3, Ay N D' = &. Since Aj is open,
we have Aj Ncl(D') = @, so AN D = @&. Because D is clopen, cl(Aj) N D = @&. Thus,
SN D = @. Finally, D' C | A, by Claim 7.3. Therefore, we may apply Lemma 7.1 to obtain
that D = cl(D’) C |cl(4;) = LS. Thus, D is nowhere cofinal in Ay. The proof that D is
nowhere cofinal in Ay and As is similar.

Consequently, (x*) does not hold in X. By Theorem 5.8, this means that bbs is refuted on
B, contradicting B = Syg. O

Theorem 7.4. No variety in the interval [V(Fug),V(Sus)] is generated by its complete alge-
bras.

Proof. Let V € [V(Fug),V(Sug)] and let B be a complete algebra in V. Since V C V(Syg), it
follows from Lemma 7.2 that B |= dp. On the other hand, since V(Fyg) C V, it follows from
Corollary 4.7 that V [~ 0. Thus, V cannot be generated by its complete algebras. O

Corollary 7.5. No logic in the interval [Sug, Fus| is topologically complete.

Proof. Let L € [Syg, Fug| and let X be a topological space such that the algebra Op(X) of
open subsets of X is a bi-Heyting algebra validating L. It follows from the proof of Theorem 7.4
that L I/ 09 but that Op(X) |= dp. Thus, L is topologically incomplete. O

In [13] Litak utilized the Jankov-Fine technique of frame formulas to prove that the interval
[S, F] contains continuum many intermediate logics. Since this technique is also applicable to
HB-logics, as an immediate consequence of Litak’s result and Corollary 7.5 we obtain:

Corollary 7.6. There are continuum many extensions of HB that are topologically incomplete.
Another consequence of our results is the following:

Corollary 7.7. No wvariety of Heyting algebras in [V(F),V(S)] is generated by its complete
bi-Heyting algebras.

Proof. Let V € [V(F),V(S)] and let B € V be a complete bi-Heyting algebra. Then B = dy
by Lemma 7.2, and V [~ &y by Corollary 4.7. Thus, V cannot be generated by its complete
bi-Heyting algebras. O

As an immediate consequence of Corollary 7.7 we obtain:

Corollary 7.8. No intermediate logic in the interval [S, F] is complete with respect to complete
bi-Heyting algebras.

Remark 7.9. Guillaume Massas notified us that he also proved a result analogous to Corol-
lary 7.8 using different technique.

We conclude the paper by pointing out that our technique does not generalize directly to
the setting of complete Heyting algebras. Indeed, there are two key steps in the proof of
Lemma 7.2 and both require that the complete algebra B is bi-Heyting. More specifically,
in (10) we use that finite joins distribute over infinite meets; this is not true in a complete
Heyting algebra that is not bi-Heyting. In (11) we use that the interior of a closed upset is a
clopen upset; this is not true in an extremally order-disconnected Esakia space that is not a
BH-space. Thus, further insight is needed to attack Kuznetsov’s original problem.
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