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Abstract

In this paper we study and compute E-points in an explicit way for a special kind

of games with 3k+1, 4k+3 and sk+1 with 1<s<k.
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1. Introduction

In two previous papers Marchi (2004) we have begun to compute in an explicit
way E-points for diagonal games. The games presented there are simple. Here in this
paper we continue the computations of E-points in diagonal games for more difficult
cases.

With notation of Marchi (2004) we have that the expected functions E, for
player ie N={1,...,n} and d(i) c N the set the friends players of player ie N

determines all the structure of the game (F, E). We remind that an E-point is a point
X = (;1,...,;11) such that
Ei(X) 2 E;(xgi XN-a) Vi Vxgg
In Marchi (2004) we have proved the following result:
Preposition: X is an E-point if and only if

A _Ei(Gd(i), ;N—d(i)) =0 V044 € HS(;J)
Jjed(@

M —E; (G440, Xn-a0) 20 Vouq e []S(x))
fdd

Y xi(op=1 Vi

e
Xi(6;)20 Vi Vo, eX,.
where S(; i) denotes the support of the mixed strategy X i
We consider in this note that all the players have the same cardinality for their
pure strategy set: m = |Zi|.
In the next section we study two games namely one with 4k +1 and 4k +3
players respectively and in the third section a general game with sk +1, 1<s<k. All

of them have a similar structure function. But they are more complicated that those

presented in Marchi (2004).



2. General games with 4k + 1 and 4k + 3 players with k > 1

Here in this section we are going to compute E-points for general diagonal
games having respectively 4k +1 and 4k + 3 players.
Consider the game I' with n-players with the structure function given by

di)=N-{i+2,i+3,i+4,i+5} mod3k +1 with 1<k . Therefore the payoff function
of player ie N for the diagonal game (I', E) is given by
A;(04,...,0441) =a;(0;) 6(0;, 0,5, 0,3, Oiy4> Oi45) a;(0;)>0,
where
8(0;.0i42: 043 Ojsg» Oiys) = 8(04, 04,5) 8(Gi42- G143) 8(Giy35 Oy ) 8(Cisg > Oiss)»
with Krorecker’s delta d's .
A completely mixed strategy is a mixed strategy X =(X,..., X4,;) such that
Vi Vo, e X, :x,(0;)>0.
We wish to compute the completely mixed E-points for our game. By the
preposition we have to solve
A —2;(0)X,,,(0)X,3(0)X;,4(0)X;,5s(0)=0 Vi mod4k+1 Vo:l,...m (1)
For reasons of simplicity we drop in the notation the independent variable, in
other words a; =a;(o) and x;(c)=x;. Calling ﬁi = ﬁi(c) =A;/a; and ﬁi =W, We
have
His2 = Xin Xip3 Xjpg X5 =0 mod 4k +1. (2)

From two consecutives equations we have

Hiys
Xisg = Xip (3

i+2

and recursively
I
Xitg = Hsi+l—4s Xi4r (4)
s=0

with S, , = Hiv . From now on if it not necessary we assume implicitly that all our

1
equations are mod 4k +1.

Consider al< p <k. Then the corresponding equation is



Paprr = Xgpr1 Xapro Xapt3 Xgpra = 0 (5)

Takein (4) i=4(p+k)+1 and r =k then we have

k
Xapra = H S 4(pio+2-4s X ap+1 (6)
s=0

On the other hand if i =4(p+2k)+1 and r = 2k it holds true

2k

Xap+3 = HS4(p+k)+2—4sX4p+l @)
s=0

Finally if i =4(p+3k)+1 and r =3k it appears

3k

Xapt2 = H Sape3k+2-4s X ap+1 @®)
s=0

Replacing (6), (7) and (8) in (5) we derive

k 2k 3k
4
Mapr = Xgpa1 I IS4(p+k)+274S I |S4(p+3k)+274s I |S4(p+3k)+274s =0 )
s=0 s=0 s=0

In a similar way for 4p+2, 4p+3 and 4p+4:

k 2k 3k
4 _
M4p+2 - X4p+2 HS4(p+k)+3—4s H S4(p+2k)+3—4s HS4(p+3k)+3—4s =0 (10)
s=0 s=0 s=0
PR 2k 3k
Mapis = X4pe3 HS4(p+k)+474s HS4(p+2k)+474s HS4(p+3k)+474s =0 an
s=0 s=0 s=0
and
A k 2k 3k
Mapia = X4p+4HS4(p+k)+574s HS4(p+2k)+574s HS4(p+3k)+574s =0 12)
s=0 s=0 s=0
Making use of the equation ch X;(0;) =1 then we have from (9)
1
k 2k 3k
Hs:O }\‘4(p+k)7174s Hs:o }\‘4(p+2k)7174s Hs+o }\‘4(p+3k)7174s
Agp-i K 2K 3k =bypa 3)
A A A
=0V a(p+i)—4s Hs:O apr2k)-4s | Lo Map+3k)-4s
where
b4p+1
1/4

K 2k 3k
3 Z 1 HS=0a4(p+k)74s (G)HS=034(p+2k)74s (G)HS+Oa4(p+3k)74s (o)

c k 2k 3k
Lap O T 2apao1as O [ 2apeai0-14s O] T 2acpr0-1-4: (@)

14)



Similarly for 4p+2, 4p+3 and 4p+4

S:07\’4(p+k)—4s S:07\’4(p+2k)—45 S+07\’4(p+3k)—45 -b 15
4p k 2 2k A 3k A T F4p+2 5)
Hs:o 4(p+k)+1-4s HS:() 4(p+2k)+1—4s HFO 4(p+3k)+1-4s
Kk 2k 3k
H 7\’4(p+k)+1 4SH _0}\’4(p+2k)+1 4s HS 07\’4(p+3k)+174s b 16
4p+1 4p+3 ( )
H _0}\‘4(p+k)+2 4sH _07‘4(p+2k)+2 4s Hs 0}”4(P+3k)+2 4s
3k

H _o Mapeisa- 4<H _o Maprarre2-4s Hs+0}\'4(p+3k)+2—4s
=bypis (17)

4p+2 k 2 2k N 2
Hs:() dp+k)+3-4s | Lo M4p+2K)+3-4s | Lo M4(p+3K)+3-4s

where the expressions of b,,,,, b,,,; and b,,,, are analogous to that of b,,,, in (14).
Now multiplying the four amounts it turns out
b4p+1b4p+2b4p+3b4p+4 = 7\’4p—17\’4p}\’4p+17\’4p+2 .

}\'4(p+k)71}\‘4(p+k)75 ot }\'4p+3}\'4p71

A

}\'4(p+k)+3}\'4(p+k)71 T NVapt3

Y
4(p+2k)—1"V4(p+2k)-5 4p-1
(p+2k)—-1"~4(p+2k) p- 18)

4p+3

4(p+3k)-1

A A

| MscpraresPagprai-1
A A
A

A
4(p+3k)-5 .“}\‘41:) 1
A

4(p+3k)+3>\’4(p+3k)—1 Tt h4pe3

}\‘4p}\‘4p+17\’4p+2

4
7\’4p 1 7\‘4(p —1)

9\’4(p+k)+3}\‘4(p+2k)+3>\’4(p+3k)+3

But since
4p+2+4k+1=4(p+k)+3
4p+1+8k+2=4(p+2k)+3
4p+ 12k+3=4(p+3k)+3

the last equality of (18) holds. Therefore

7"4p—1 = (b4p+1b4p+2b4p+3b4p+4)
Thus, in a similar way it is possible to obtain
A= (bi+2bi+3bi+4bi+5)l/4 (20)
replacing in (10), (11), (12) the derivation of x; is immediate. Thus we have computed

the only one E-point completely mixed for this game.



Next we are going to study the same diagonal game but with 4k + 3 players. For

our task it facilitates the operation to write the stripes

Lo dk+1 4k+5=2.....8k +1 8k +5 8k+9=3...
2.4k +2 4k+6=3.....8k+2 8k +6 8k+10=4...
3.4k +3 4k+7=4.....8k+3 8k+7=1 ...
4....4k+4=1 .. 8k +4 8k+8=2 ...
L 12k+9 12k +13=4......16k+13 =1
L12k+10=1 el 16k +14=2
L2k+11=2 16k +15=3
L12k+12=3 Ll 16k +16=4

in order to realize how the number formation mod 4k + 3 arranges.
Using (4) with i =4(p+k)+1 and r =k we obtain

k

X3p+2 = HS4(p+k)+2—4sX4p+l (22)
s=0

on the other hand with i =4(p +2k)+5 and r =2k +1 it holds

2k+1

X3p+3 = H S 4pr2k)6-4s X dp+1 (23)
s=0

changing the corresponding i to i =4(p+3k)+9 and r =3k +2 it follows

3k+2

Xapra = HS4(p+3k)+10—4sX4p+l (24)
s=0

replacing the amounts in the equation (5) then we get

2k+1 3k+2
M3p+l X3p+1]i—[S4(p+k)+2 4s HS4(p+2k)+6 4s HS4(p+3k)+lO 4s T =0 (25)

Performing the same operations in the corresponding equations it is easy to obtain

2k+1 3k+2

“’4p+2 X3p+2HS4(p+k)+3 4s HS4(p+2k)+7 4s HS4(p+3k)+11 4s T =0 (26)
s=0 s=0 s=0
2k+1 3k+2

M4p+3 X3p+3I_IS4(p+k)+4 4s HS4(p+2k)+8 4s HS4(p+3k)+12 4s — =0 (27)
2k+1 3k+2

“’4p+4 X3p+4HS4(p+k)+5 4s HS4(p+2k)+9 4s HS4(p+3k)+l3 4s T =0 (28)
s=0 s=0 s=0



2k+1 3k+2

Mapis — X3p+5HS4(p+k)+6 4s HS4(p+2k)+10 4s HS4(p+3k)+l4 4s =0 (29)
s=0 s=0 s=0

Using the fact that Zcxi (6)=1 for i=4p+2,4p+3,4p+4 and 4p+5 from

the previous equations one obtains

k 2k+1 3k+2
A Hs=0 7\’4(p+k)74s Hs:O 7\’4(p+2k)+474s Hs:O 7\’4(p+3k)+874s ~b
4p -

30)
Kk 2k+ 2k+2 3p (
s=0 }\’4(p+k)+1—4s HS:() }\’4(p+2k)+5—4s HS:() 7\’4(p+3k)+9—4s
k 2k+1 3k+2
Hs:O 7\’4(p+k)+174s Hs:O }\’4(p+2k)+574s Hs:O 7\’4(p+3k)+9745 _
4p+l k = b3p+1 (31)

A 2k+1 3k+2
s=0" " 4(ptk)+2-4s Hs:() 4(p+2k)+6—4s HS:() 4(p+3k)+10-4s

K 2k+1}\' 2k+2}L
H 4(p+k)+2-4s Hs:o 4(p+2K)+6-4s Hs:() 4(p+3k)+10-4s b
2k+2 T Y 3pt2 (32)

k 2k+1 )\' )\'
Hs 4(p+k)+3—4s Hs=0 4(p+2k)+7-4s Hs=0 4(p+3k)+11-4s

k 2ty 2kr2y
H 4(p+k)+374SHS=0 a(pr2k)+7-4s | Lo M4(p+3k)+11-4s

4p+3 2k+1 2 2k+2 A
H 4(p+k)+474sHS=0 4(p+2k)+874sHS=0 4(p+3k)+12-4s

4p+2

where
b 3p

4 1/4

K 2k+1 3k+2
_ Z 1 Hs:0a4(p+k)+1—4s (G)HS:() Ay (p+2k)+5—4s (G)I_L —0 da(p+3K)+9-4s (o)
- c Kk 2k+1 3k+2
p (9 TTpaprioras O Ty aspeanass @O [ 5 2sprs8-4s(0)

(34)
and by, by, by, 5 are similar expression.
Now multiplying the equations (30) through (33) it appears
b4pb4p+lb4p+2b4p+3 = }\'4p}\'4p+l}\‘4p+2}\'4p+3‘

}\'4(p+k)}\‘4(p+k)—4 tte }\‘4p+4}\‘4p

}\‘4(p+k)+4}\‘4(p+k) t }\‘4p+8}\‘4p+4

) }\‘4(p+2k)+4}\‘4(p+2k) a '}\‘4p+4}\'4p )

(35)
7\’4(p+2k)+87\’4(p+k)+4 o 7\’4p+4

) 7\’4(p+3k)+87\’4(p+3k)+4 ) “7\’4p+47\’4p

}\'4(p+3k)+12}\‘4(p+3k)+8 T 7\'4p+4



_ }\‘4 7”4p+17”4p+27”4p+3

4p A spriosaMapraisMagpeaisi
but remembering that

4p+1+4k+3=4(p+k)+4

4p+2+8k+6=4(p+2k)+8

4p+3+12k+9=4(p+3k)+12

then

}\‘4p = (b4pb4p+lb4p+2b4p+3)l/4 (36)

In a similar way it is possible to obtain
A = (bbiybisbys)' (37)

Thus we have computed explicitly the E-point completely mixed. The value of x;(0)

are derived from the equations (25) and similar ones. It is clear that such E-point is the

only one completely mixed for the diagonal game.
3. A general game with sk + 1 players with 1 <s <k

Now in this last section we are going to generalize the previous results obtained
in the first part of the section 2. Here we consider a game with sk +1 players with
1<s<k. The structure function is given by d(i)=N—-{i+2,i+3,i+4,i+5,...,i+s}
mod sk +1.

The payoff functions are given by

A, (0,...04,)=2,(0,)0(0;,0,,,,0,,3,---0;,5),  a,(0;)>0.
The corresponding equations (4) for this game with the same notation as in the

previous section is

Kiss = Hsi+l—tsxi—st (38)
=0

For i=s(p+k)+1 and r =k itis obtained

k
Xsp+s = Hss(p+k)+27tsxsp+1 (39)
t=0

and similarly it is possible to derive



2k
X sp+s—1 = H S s(p+2k)+2—ts X sp+1
t=0

and

(u+Dk

X sp+s—u = H Ss(p+(u+1))k+2fts X sp+1
t=0

Replacing in the adequate equation we get

s—2 (u+l)k

S —
T Xsp+1H Hss(p+(u+l)k)+2—ts =0

u=0 t=0

or

s—2 (u+)k
. Hu:O 0 MsHusnk)+i-ts

spl = Mspl T
Hu:O =0 Ms(pruk)+2-ts

and from here

s—2 (u+1)k 7\‘
_ Hu:O t=0 s(p+(u+l)k)—1-ts b

sp—1 s—2 T(u+Dk
Hu=0 t=0 }”s(p+(u+1)k)—ts

sp+l

where

1/s7]%
s—2 (u+l)k
1 Hu=0 =0 Es(pru+hk)—ts (o)

c s—2 (u+h)k
25p-1(0) Hu=0 o As(prusnk)-i-ts (O)

bsp+1 = Z

Similarly it is possible to derive

s—2 (u+Dk A
Hu:O t=0 s(p+(u+l)k)—1+q—ts

sp-l+q s=2 T (u+hk A
Hu=0 t=0 s(p+(u+l)k)+q—ts

might be obtained in a similar way as b

=b

sp+l+q

where the values by, sp+

Multiplying the b’s we get

s—2 (u+1)k
ﬁ b _ lil )\‘ Hu:O t=0 ks(p+(u+l)k)—2+q—ts
sptq sp+q—2
q=1

s=2 T(u+Dk
q=1 Hu=0 =0 ks(p+(u+l)k)—l+q—ts
or
s=2 Tp(u+hk
fI b= ﬁ A Hu=0 =0 Ag(prcusti-1ts
sptq sp+q—2 s—2 Ty (u+hk 2 ’
q=1 q=l Hu=0 =0 s(p+(u+l)k)—I+s—ts

In (48) we can consider a term for fixed u, then we have

in

(40)

(41)

(42)

(43)

(44)

(45)

(46)

(45).

(47)

(48)



(u+D)k
tho ks(p+(u+1)k)—1—ts 7\‘s(p+(u+1)k)—17\‘S(p+(u+1)k)—1—s

(u+Dk = N 2 (49)
Ht:O }\‘s(p+(u+1)k)—1+s—ts s(p+(u+l)k)—1+s"Vs(p+(u+l)k)-1
. }\‘sp—1+s)\‘sp—l _ xsp—l
A’sp—l+s }\‘s(p+(u+l)k)—1—s

therefore

Hb<p+q H}‘qmq 2H (50)

§(p+(u+1)k) 1+s

ApAgpiih A

2 sp/Vsp+1/vsp+2 T 7T 7\’sp+s—3 sp+s—2

sp—1
p ks(p+k)—1+s7\‘s(p+2k)—l+s e 7\’S(p+(s—1)k)—1+s
but remembering that
sp+s—2+sk+1=s(p+k)—1+s
sp+s—3+2sk+2=s(p+2k)—-1+s
sp+(s—Dsk+s—1=s(p+(s—Dk)—1+s

the (50) takes the form

SP -1~ Hb8p+q D

s 1/s
-1 = {Hbsp+q )
q=1

thus we have computed explicitly the completely mixed E-point in the game (I', E).

or

As a final remark we would like to say that with the same technique it would be
possible to compute the E-points in the case that we have sk +s instead of sk +1 with
the property

{sk+s,2s+k+2s,3sk +3s,....,s’k +ss} ={1,2,...,s}
If this last condition is not satisfied then the problem of the existence and the

computation of E-point becomes complex.
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