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 In this paper we study and compute E-points in an explicit way for a special kind 

of games with 1k3 + , 3k4 +  and 1sk +  with ks1 ≤≤ . 
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1. Introduction 

 

 In two previous papers Marchi (2004) we have begun to compute in an explicit 

way E-points for diagonal games. The games presented there are simple. Here in this 

paper we continue the computations of E-points in diagonal games for more difficult 

cases. 

 With notation of Marchi (2004) we have that the expected functions iE  for 

player n} ,{1,Ni �=∈  and N)i(d ⊂  the set the friends players of player Ni ∈  

determines all the structure of the game (F, E). We remind that an E-point is a point 

)x,,x(x n1 �=  such that  

d(i)d(i)Nd(i)ii xi  )        x, (xE)x(E ∀∀≥ −  

 In Marchi (2004) we have proved the following result: 

Preposition: x  is an E-point if and only if  

∏
∈

− ∈σ∀=σ−λ
d(i)j

jd(i)d(i)Nd(i)ii )xS(        0)x, (E  

∏
∈

− ∉σ∀≥σ−
d(i)j

jd(i)d(i)Nd(i)ii )xS(        0)x ,(E
�

 

∑
Σ∈σ

∀=σ
ii

i        1)(x ii  

.
�

  i        0)(x iiii ∈σ∀∀≥σ  

where )x(S j  denotes the support of the mixed strategy jx . 

 We consider in this note that all the players have the same cardinality for their 

pure strategy set: im Σ= . 

 In the next section we study two games namely one with 1k4 +  and 3k4 +  

players respectively and in the third section a general game with 1sk + , ks1 ≤≤ . All 

of them have a similar structure function. But they are more complicated that those 

presented in Marchi (2004). 
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2. General games with 4k + 1 and 4k + 3 players with k ≥≥ 1 

  

Here in this section we are going to compute E-points for general diagonal 

games having respectively 1k4 +  and 3k4 +  players. 

Consider the game Γ  with n-players with the structure function given by 

5}i 4,i 3,i 2,{iNd(i) ++++−=  mod 1k3 +  with k1 ≤ . Therefore the payoff function 

of player Ni ∈  for the diagonal game ) ,( EΓ  is given by 

0,)(a        ), , , , ,
� �

 )(a) ..., ,(A ii5i4i3i2iiii14kii >σσσσσσσ=σσ +++++  

where  

), ,
���
 ) ,

���
 ) ,

���
 ) ,

���
) , , , ,

���
5i4i4i3i3i2i2ii5i4i3i2ii +++++++++++ σσσσσσσσ=σσσσσ  

with Krorecker’s delta s
� 	

. 

 A completely mixed strategy is a mixed strategy ) x,,(xx 14k1 += 
  such that 

0)(x:
�

    i iiii >σ∈σ∀∀ . 

 We wish to compute the completely mixed E-points for our game. By the 

preposition we have to solve 

m,1, :    14k mod    i        0)(x)(x)(x)(x)(a 5i4i3i2iii 
σ∀+∀=σσσσσ−λ ++++  

 For reasons of simplicity we drop in the notation the independent variable, in 

other words )(aa ii σ=  and ii x)(x =σ . Calling iiii /a
�

)( =σ=  and 2ii


+=  we 

have 

1.4k mod        0 x x xx
5i4i3i2i2i +=− +++++  

 From two consecutives equations we have  

2i
2i

3i
6i x


x +

+

+
+ =  

and recursively 

∏
=

−−++ =
r

0s
r4i 4s1i4i xSx  

with .


S
i

1i
1i

+
+ =  From now on if it not necessary we assume implicitly that all our 

equations are 14k mod + . 

 Consider kp1 a ≤≤ . Then the corresponding equation is  

)3(

)1(

)2(

)4(
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0 x x xx�
44p34p24p14p14p =− +++++  

 Take in (4) 1k)4(pi ++=  and kr =  then we have 

∏
=

+−+++ =
k

0s
14p4s2k)4(p44p xSx  

 On the other hand if 12k)4(pi ++=  and 2kr =  it holds true 

∏
=

+−+++ =
2k

0s
14p4s2k)4(p34p xSx  

Finally if 13k)4(pi ++=  and 3kr =  it appears 

∏
=

+−+++ =
3k

0s
14p4s23k)4(p24p xSx  

 Replacing (6), (7) and (8) in (5) we derive 

0SSSx
k3

0s
s42)k3p(4

k2

0s
s42)k3p(4

k

0s
s42)kp(4

4
1p41p4 =−µ ∏∏∏

=
−++

=
−++

=
−++++  

 In a similar way for 24p + , 34p +  and 44p + : 

0SSSx
k3

0s
s43)k3p(4

k2

0s
s43)k2p(4

k

0s
s43)kp(4

4
2p42p4 =−µ ∏∏∏

=
−++

=
−++

=
−++++  

0SSSx
k3

0s
s44)k3p(4

k2

0s
s44)k2p(4

k

0s
s44)kp(4

4
3p43p4 =−µ ∏∏∏

=
−++

=
−++

=
−++++  

and 

0SSSx
k3

0s
s45)k3p(4

k2

0s
s45)k2p(4

k

0s
s45)kp(4

4
4p44p4 =−µ ∏∏∏

=
−++

=
−++

=
−++++  

 Making use of the equation 1)(x ii
i

=σ∑σ  then we have from (9) 

1p4k

0s

k2

0s

k3

0s s4)k3p(4s4)k2p(4s4)kp(4

k

0s

k2

0s

k3

0s s41)k3p(4s41)k2p(4s41)kp(4
1p4 b +

= = = −+−+−+

= = + −−+−−+−−+
− =

λλλ

λλλ
λ

∏ ∏ ∏
∏ ∏ ∏

 

where 

4/14

k

0s

k2

0s

k3

0s s41)k3p(4s41)k2p(4s41)kp(4

k

0s

k2

0s

k3

0s s4)k3p(4s4)k2p(4s4)kp(4

1p4

1p4

 
)(a)(a)(a

)(a)(a)(a

)(a
1

b































σσσ

σσσ

σ
= ∑

∏ ∏ ∏
∏ ∏ ∏

σ
= = + −−+−−+−−+

= = + −+−+−+

+

+

  

           

)5(

)6(

)7(

)8(

)9(

)10(

)11(

)12(

)13(

)14(
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Similarly for 24p + , 34p +  and 44p +  

2p4k

0s

k2

0s

k3

0s s41)k3p(4s41)k2p(4s41)kp(4

k

0s

k2

0s

k3

0s s4)k3p(4s4)k2p(4s4)kp(4
p4 b +

= = = −++−++−++

= = + −+−+−+ =
λλλ

λλλ
λ

∏ ∏ ∏
∏ ∏ ∏

 

3p4k

0s

k2

0s

k3

0s s42)k3p(4s42)k2p(4s42)kp(4

k

0s

k2

0s

k3

0s s41)k3p(4s41)k2p(4s41)kp(4
1p4 b +

= = = −++−++−++

= = = −++−++−++
+ =

λλλ

λλλ
λ

∏ ∏ ∏
∏ ∏ ∏

 

4p4k

0s

k2

0s

k3

0s s43)k3p(4s43)k2p(4s43)kp(4

k

0s

k2

0s

k3

0s s42)k3p(4s42)k2p(4s42)kp(4
2p4 b +

= = = −++−++−++

= = + −++−++−++
+ =

λλλ

λλλ
λ

∏ ∏ ∏
∏ ∏ ∏

 

where the expressions of 24pb + , 34pb +  and 44pb +  are analogous to that of 14pb +  in (14). 

 Now multiplying the four amounts it turns out 

2p41p4p41p44p43p42p41p4 bbbb ++−++++ λλλλ= . 

⋅
λλλ

λλλλ
⋅

+−+++

−+−+−+

3p41)kp(43)kp(4

1p43p45)kp(41)kp(4 �
�

 

3p41)k2p(43)k2p(4

1p45)k2p(41)k2p(4

+−+++

−−+−+

λλλ
λλλ

⋅ �
�

 

3p41)k3p(43)k3p(4

1p45)k3p(41)k3p(4

+−+++

−−+−+

λλλ
λλλ

⋅ �
�

 

4
)1p(4

3)k3p(43)k2p(43)kp(4

2p41p4p44
1p4 −

++++++

++
− λ=

λλλ
λλλ

λ=  

 But since 

3)k3p(43k12    p4
3)k2p(42k81p4

3)kp(41k42p4

++=++
++=+++

++=+++
 

the last equality of (18) holds. Therefore 

4/1
4p43p42p41p41p4 )bbbb( ++++− =λ  

 Thus, in a similar way it is possible to obtain 

4/1
5i4i3i2ii )bbbb( ++++=λ  

replacing in (10), (11), (12) the derivation of ix  is immediate. Thus we have computed 

the only one E-point completely mixed for this game. 

)15(

)16(

)17(

)18(

)19(

)20(
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 Next we are going to study the same diagonal game but with 34k +  players. For 

our task it facilitates the operation to write the stripes 

14k44
3k43
2k42

1k41

≡+
+
+
+

��
��
��
��

 

48k                 
3k847k4
2k836k4
1k825k4

+
+≡+
+≡+
+≡+

��
��
��
��

 

28k8
17k8

6k8
5k8

≡+
≡+

+
+

 

��
��

�
�
410k8

39k8
≡+

≡+

 

 

312k12
211k12
110k12

9k12

≡+
≡+
≡+

+

�
�
�
�

 

41616k                    
31516k                    
21416k                    
113k16413k12

≡+
≡+
≡+
≡+≡+

��
��
��
��

 

in order to realize how the number formation 34k mod +  arranges. 

 Using (4) with 1)kp(4i ++=  and kr =  we obtain 

∏
=

+−+++ =
k

0s
1p4s42)kp(42p3 xSx  

on the other hand with 5)k2p(4i ++=  and 1k2r +=  it holds 

∏
+

=
+−+++ =

1k2

0s
1p4s46)k2p(43p3 xSx  

changing the corresponding i to 9)k3p(4i ++=  and 2k3r +=  it follows 

∏
+

=
+−+++ =

2k3

0s
1p4s410)k3p(44p4 xSx  

replacing the amounts in the equation (5) then we get 

0SSSx
2k3

0s
s410)k3p(4

1k2

0s
s46)k2p(4

k

0s
s42)kp(4

4
1p31p3 =−µ ∏∏∏

+

=
−++

+

=
−++

=
−++++  

Performing the same operations in the corresponding equations it is easy to obtain 

0SSSx
2k3

0s
s411)k3p(4

1k2

0s
s47)k2p(4

k

0s
s43)kp(4

4
2p32p4 =−µ ∏∏∏

+

=
−++

+

=
−++

=
−++++  

0SSSx
2k3

0s
s412)k3p(4

1k2

0s
s48)k2p(4

k

0s
s44)kp(4

4
3p33p4 =−µ ∏∏∏

+

=
−++

+

=
−++

=
−++++  

0SSSx
2k3

0s
s413)k3p(4

1k2

0s
s49)k2p(4

k

0s
s45)kp(4

4
4p34p4 =−µ ∏∏∏

+

=
−++

+

=
−++

=
−++++  

)22(

)23(

)24(

)25(

)26(

)27(

)28(
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0SSSx
2k3

0s
s414)k3p(4

1k2

0s
s410)k2p(4

k

0s
s46)kp(4

4
5p35p4 =−µ ∏∏∏

+

=
−++

+

=
−++

=
−++++  

 Using the fact that 1)(x i =σ∑σ
 for 44p 3,4p ,2p4i +++=  and 5p4 +  from 

the previous equations one obtains 

p3k

0s

1k2

0s

2k2

0s s49)k3p(4s45)k2p(4s41)kp(4

k

0s

1k2

0s

2k3

0s s48)k3p(4s44)k2p(4s4)kp(4
p4 b=

λλλ

λλλ
λ

∏ ∏ ∏
∏ ∏ ∏

=
+

=
+

= −++−++−++

=
+

=
+

= −++−++−+
 

1p3k

0s

1k2

0s

2k3

0s s410)k3p(4s46)k2p(4s42)kp(4

k

0s

1k2

0s

2k3

0s s49)k3p(4s45)k2p(4s41)kp(4
1p4 b +

=
+

=
+

= −++−++−++

=
+

=
+

= −++−++−++
+ =

λλλ

λλλ
λ

∏ ∏ ∏
∏ ∏ ∏

 

2p3k

0s

1k2

0s

2k2

0s s411)k3p(4s47)k2p(4s43)kp(4

k

0s

1k2

0s

2k2

0s s410)k3p(4s46)k2p(4s42)kp(4
2p4 b +

=
+

=
+

= −++−++−++

=
+

=
+

= −++−++−++
+ =

λλλ

λλλ
λ

∏ ∏ ∏
∏ ∏ ∏

 

3p3k

0s

1k2

0s

2k2

0s s412)k3p(4s48)k2p(4s44)kp(4

k

0s

1k2

0s

2k2

0s s411)k3p(4s47)k2p(4s43)kp(4
3p4 b +

=
+

=
+

= −++−++−++

=
+

=
+

= −++−++−++
+ =

λλλ

λλλ
λ

∏ ∏ ∏
∏ ∏ ∏

 

where 

4/14

k

0s

1k2

0s

2k3

0s s48)k3p(4s44)k2p(4s4)kp(4

k

0s

1k2

0s

2k3

0s s49)k3p(4s45)k2p(4s41)kp(4

p4

p3

)(a)(a)(a

)(a)(a)(a

)(a
1

b































σσσ

σσσ

σ
= ∑

∏ ∏ ∏
∏ ∏ ∏

σ
=

+
=

+
= −++−++−+

=
+

=
+

= −++−++−++  

 

and 33p23p1p3 b ,b ,b +++  are similar expression.  

 Now multiplying the equations (30) through (33) it appears 

3p42p41p4p43p42p41p4p4 bbbb ++++++ λλλλ= . 

4p48p4)kp(44)kp(4

p44p44)kp(4)kp(4

+++++

+−++

λλλλ
λλλλ

⋅ �
�

 

⋅
λλλ

λλλλ
⋅

+++++

++++

4p44)kp(48)k2p(4

p44p4)k2p(44)k2p(4 �
�

 

4p48)k3p(412)k3p(4

p44p44)k3p(48)k3p(4

+++++

+++++

λλλ
λλλλ

⋅ �
�

 

)29(

)30(

)31(

)32(

)33(

)34(

)35(
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12)k3p(48)k2p(44)kp(4

3p42p41p44
p4

++++++

+++

λλλ
λλλ

λ=  

but remembering that  

4)kp(43k41p4 ++=+++  

8)k2p(46k82p4 ++=+++  

12)k3p(49k123p4 ++=+++  

then 

4/1
3p42p41p4p4p4 )bbbb( +++=λ  

 In a similar way it is possible to obtain  

4/1
3i2i1iii )bbbb( +++=λ  

Thus we have computed explicitly the E-point completely mixed. The value of )(x i σ  

are derived from the equations (25) and similar ones. It is clear that such E-point is the 

only one completely mixed for the diagonal game. 

 

3. A general game with sk + 1 players with 1 �������  

 

 Now in this last section we are going to generalize the previous results obtained 

in the first part of the section 2. Here we consider a game with 1sk +  players with 

ks1 ≤≤ . The structure function is given by s}i ..., 5,i 4,i 3,i 2,{iNd(i) +++++−=  

1sk mod + . 

 The payoff functions are given by 

0)(a        ), ..., , , ,( )(a) ... (A iisi3i2iiii1sk1i >σσσσσδσ=σσ ++++ . 

 The corresponding equations (4) for this game with the same notation as in the 

previous section is  

∏
=

−−++ =
r

0t
stits1isi xSx  

 For 1)kp(si ++=  and kr =  it is obtained 

∏
=

+−+++ =
k

0t
1spts2)kp(sssp xSx  

and similarly it is possible to derive 

)36(

)37(

)38(

)39(
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∏
=

+−++−+ =
k2

0t
1spts2)k2p(s1ssp xSx  

and 

∏
+

=
+−+++−+ =

k)1u(

0t
1spts2k))1u(p(sussp xSx  

 Replacing in the adequate equation we get  

0Sx
2s

0u

k)1u(

0t
ts2)k)1u(p(s

s
1sp1sp =−µ ∏ ∏

−

=

+

=
−+++++  

or 

∏ ∏
∏ ∏

−
=

+
= −+++

−
=

+
= −+++

++
µ

µ
µ=

2s

0u

k)1u(

0t ts2)k)1u(p(s

2s

0u

k)1u(

0t ts1)k)1u(p(s
1sp

s
1spx  

and from here 

1sp2s

0u

k)1u(

0t ts)k)1u(p(s

2s

0u

k)1u(

0t ts1)k)1u(p(s
1sp b +−

=
+

= −++

−
=

+
= −−++

− =
λ

λ
=λ

∏ ∏
∏ ∏

 

where 
ss/1

2s

0u

k)1u(

0t ts1)k)1u(p(s

2s

0u

k)1u(

0t ts)k)1u(p(s

1sp
1sp

)(a

)(a

)(a
1

b






























σ

σ

σ
= ∑

∏ ∏
∏ ∏

σ −
=

+
= −−++

−
=

+
= −++

−
+  

 Similarly it is possible to derive 

q1sp2s

0u

k)1u(

0t tsq)k)1u(p(s

2s

0u

k)1u(

0t tsq1)k)1u(p(s
q1sp b ++−

=
+

= −+++

−
=

+
= −+−++

+− =
λ

λ
λ

∏ ∏
∏ ∏

 

where the values q1spb ++  might be obtained in a similar way as 1spb +  in (45). 

Multiplying the b’s we get 

∏
∏ ∏
∏ ∏∏

=
−
=

+
= −+−++

−
=

+
= −+−++

−+
=

+
λ

λ
λ=

s

1q
2s

0u

k)1u(

0t tsq1)k)1u(p(s

2s

0u

k)1u(

0t tsq2)k)1u(p(s
2qsp

s

1q
qspb  

or 

∏
∏ ∏
∏ ∏∏

=
−
=

+
= −+−++

−
=

+
= −−++

−+
=

+
λ

λ
λ=

s

1q
2s

0u

k)1u(

0t tss1)k)1u(p(s

2s

0u

k)1u(

0t ts1)k)1u(p(s
2qsp

s

1q
qspb . 

 In (48) we can consider a term for fixed u, then we have 

)40(

)41(

)42(

)43(

)44(

)45(

)46(

)47(

)48(
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1)k)1u(p(ss1)k)1u(p(s

s1)k)1u(p(s1)k)1u(p(s
k)1u(

0t tss1)k)1u(p(s

k)1u(

0t ts1)k)1u(p(s

−+++−++

−−++−++
+

= −+−++

+
= −−++

λλ
λλ

=
λ

λ

∏
∏ �

 

s1)k)1u(p(s

1sp

s1sp

1sps1sp

−−++

−

+−

−+−

λ
λ

=
λ

λλ�
 

therefore 

∏∏∏
−

= +−++

−

=
−+

=
+ λ

λ
λ=

2s

0u s1)k)1u(p(s

1sp
s

1q
2qsp

s

1q
qspb  

s1)k)1s(p(ss1)k2p(ss1)kp(s

2ssp3ssp2sp1spsps
1sp

+−−++−++−+

−+−+++
− λλλ

λλλλλ
λ= �

�
 

but remembering that  

s1)k)1s(p(s1ssk)1s(sp
s1)k2p(s2sk23ssp

s1)kp(s1sk2ssp

+−−+=−+−+
+−+=++−+

+−+=++−+
 

the (50) takes the form 

∏
=

+− =λ
s

1q
qsp

s
1sp b  

or 

s/1
s

1q
qsp1sp b 










=λ ∏

=
+−  

thus we have computed explicitly the completely mixed E-point in the game E) ,(Γ .  

 As a final remark we would like to say that with the same technique it would be 

possible to compute the E-points in the case that we have ssk +  instead of 1sk +  with 

the property 

}s , ,2 ,1{}ssks , ,s3sk3 ,s2ks2 ,ssk{ 2 �� =+++++  

 If this last condition is not satisfied then the problem of the existence and the 

computation of E-point becomes complex. 
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