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Abstract

The largest order C'(d, k) of a Cayley graph of degree d > 3 and diameter k > 2
cannot exceed the Moore bound M (d, k) the asymptotic form of which is M(d, k) =
d* — O(d*1) for d — oo and a fixed k. The second and the third author (2012) and
the three authors (2015) proved by direct constructions that the Moore bound for
diameter £ = 2 and k = 3, respectively, can be approached asymptotically by Cayley
graphs in the sense that C'(d, k)/M(d, k) — 1 for some sequences of degrees d — oc.
In this note we present a unifying principle underlying the two results, based on the
existence of certain regular orbits of automorphism groups of suitable graphs.
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1 Introduction

The largest order n(d, k) of a graph of maximum degree d and diameter k turns out to
be bounded above by the Moore bound M(d, k) = 1 +d+d(d — 1) + ...+ d(d — 1)*.
It is well known [12, 3, 6] that, leaving out trivial instances, for d > 3 and k > 2 the
equality n(d,k) = M(d, k) holds only for k = 2 and d = 3, 7, and possibly 57. For a
survey of results about the difference M (d, k) —n(d, k) for other values of d and k we refer
to [18]. Among a large number of open problems on determining or at least estimating
n(d, k) we single out the one of Delorme [7] to evaluate u(k) = lim sup, ., n(d, k)/d* =
lim sup,_,., n(d, k)/M(d, k) for every fixed k > 2.

The best currently known results on Delorme’s problem are the author’s own observa-
tions [7] stating that u(k) = 1 for k € {2,3,5}. The idea behind the observations is to
take polarity quotients of the incidence graphs of generalised n-gons that admit a polarity
for n € {3,4,6}, see [17]. Note, however, that these polarity graphs are not even regular,

1



albeit having rather large automorphism groups compared to their orders. As regards other
diameters, results on the values of y are much weaker but by no means trivial. It is known
8] that p(4) > 1/4, and from [5] one can extract the bound u(k) > (1.6)7* for k > 6.

From a practical point of view, generation of record large graphs of given degree and
diameter (at both theoretical and computational levels) is almost exclusively limited to
Cayley graphs or vertex-transitive graphs in cases when the degree or diameter are beyond
values manageable by other methods; cf. [14] and the on-line tables [22]. It is therefore
natural to ask about the value of Delorme’s limit superior when restricted to Cayley (or at
least to vertex-transitive) graphs. The extreme case here would arise if the Moore bound
can be asymptotically approached, in the sense of Delorme’s limit superior being equal to
1, by Cayley graphs.

Formally, for d > 3 and k > 2 we let vt(d, k) and C(d, k) denote the largest order of
a vertex-transitive and a Cayley graph, respectively, of degree d and diameter k; clearly,
vt(d,k) > C(d, k). By non-trivial results of [10], the difference M(d, k) — vt(d, k) can
be arbitrarily large. More precisely, by [10] for any fixed degree d > 3 and any given
positive integer t one has vt(d, k) < M(d, k) — t for asymptotically almost all diameters k;
moreover, for every fixed d > 3 there exists an infinite sequence of diameters k such that
vt(d, k) < M(d, k) — k¥/@+°W) as k — co. We point out that no results of such kind are
available for the difference M(d, k) — n(d, k) in general.

Returning to Delorme’s limit superior, the call now is to evaluate or at least estimate the
values of lim sup,_,., vt(d, k)/M(d, k) and lim sup,_,., C(d,k)/M(d, k) for k > 2 in general
and for k € {2,3,5} in particular. For general d and k the results available here are scarcer
and, expectedly, not as good as those for n(d, k). In the vertex-transitive case, ignoring
edge directions in the digraphs of [11] yields limy o, vt(d,k)/M(d,k) > 27* for every
k > 3. For Cayley graphs, constructions of [15, 16] give limy_.o. C(d,k)/M(d, k) > k-37*
for every k > 3, with improvements of the lower bounds by [21] to 3274 32.57% and
25-47° for k = 3, 4 and 5, respectively.

For k € {2,3}, however, it was recently shown that lim sup,_,. C(d,k)/M(d, k) =1,
meaning that the Moore bound for diameter 2 and 3 can be asymptotically approached by
Cayley graphs. This was proved for k = 2 in [20] using Cayley graphs of one-dimensional
affine groups over finite fields of characteristic 2; the construction was then shown in [2] to
be equivalent with extending a suitable regular orbit of a polarity quotient of the incidence
graph of a generalised triangle. The result for £ = 3 was proved in [1] by a non-trivial
adaptation of the method of [2] to polarity quotients of incidence graphs of generalised
quadrangles, with an outline of reasons why such an approach is not likely to give an
analogous result for diameter 5 from polarity graphs of generalized hexagons.

In this paper we present a general result underpinning both the above constructions and
indicate how the results of [20] and [1] about Cayley graphs approaching the Moore bound
for diameters 2 and 3 can be derived from this general principle using graphs associated
with finite geometries.



2 The result

As explained in the Introduction, our aim is to show that the results of [20] and [1] about
asymptotically approaching the Moore bound for diameter 2 and 3 by Cayley graphs are
based on a certain underpinning principle which we now present and prove.

Theorem 1 Let I' be a graph of diameter k > 2 and maximum degree d, satisfying the
following assumptions:

(1) there is a group G acting on the vertex set V of T' in such a way that G is reqular on
some orbit O C V;

(2) every vertex v € V\O adjacent to a vertex in O has a vertex stabiliser in G that acts
reqularly on the neighbours of v in I' contained in O; and

(3) there exists a § > 0 with the property that for arbitrary vertices u,v € O there is a
shortest u — v path P in T' such that every vertex of P has at least d — § neighbours
in O.

Then, letting v = v(8,k) = 6 +6(6 — 1) + ... + 6(8 — 1)572, there exists a Cayley graph
C(G, S) of diameter at most k and degree |S| < d — 6 +~v(5V/d + 2).

Proof. Let A be the subgraph of I' induced by the vertex set O. By our assumption
(1) and the classical result of [19], the graph A is isomorphic to a Cayley graph C(G, X)
for some generating set X C G. The assumption (3) applied to u = v implies that the
degree | X| of A is at least d — §. For checking distances in the Cayley graph A ~ C(G, X)
it is, of course, sufficient to consider shortest paths from a fixed vertex, say, u € O, to all
other vertices. Having fixed u, we will also be tacitly using the isomorphism from C(G, X)
onto A given by g — ug for ¢ € G. In what follows we will extend X by a ‘small’ set Y in
such a way that for any v € O for which every shortest u — v path in I' contains at least
one vertex from V\O we will be able to find a u — v path of length at most k in the Cayley
graph C(G, X UY).

Before proceeding we establish some terminology. Let us call a vertex v of I' tame if it
is incident to at least d — 9 vertices from O. Also, let us call a vertex v € O critical if every
shortest © — v path in I' contains at least one vertex from outside O. By the assumption
(3), for every critical vertex v there is a shortest u — v in I with all vertices tame; among
all such paths let P, be one with the largest number of vertices outside O. A vertex v € O
will be said to be strongly critical if all vertices of P, distinct from u and v (the inner
vertices of P,) lie outside O. Observe that if there were no critical vertices in O, then the
statement of our theorem would be vacuously true. We therefore assume the existence of
at least one critical, and a fortiriori at least one strongly critical, vertex.

Consider the subgraph W of T" arising as a union of the paths P, — {u, v} obtained by

removal of the end-vertices u and v, ranging over all strongly critical vertices v. By (3),
every vertex of W is adjacent to at most ¢ vertices in W, and u itself is adjacent to at most



d vertices in W. Since the truncated paths P, — {u,v} have length at most k — 2, it follows
that the number of vertices of W is at most v = (0, k) = +0(6 — 1) + ...+ (5 — 1)F2,

For every w € W let No(w) denote the set of neighbours of w in O. By the assumptions
(2) and (3), the stabiliser H,, of the vertex w in G has order at most d and acts regularly on
No(w). By a general result of [13] on the so-called 2-bases in general groups, the group H,,
admits a symmetric unit-free generating set S,, with |S,,| < 5[v/d] such that the Cayley
graph C(H,, S,) has diameter 2. Let Y; be the union of the sets S, C G taken over all
w € W. Further, for each w € W not adjacent to u choose a vertex v, € Npo(w) and
let g, € G be the (unique) element for which v,, = ug,. Let Y5 be the union of the sets
{9w, g5} taken over all w € W that are not adjacent to u. Finally, let Y = Y; UY, and
S=XUY.

Our aim is to show that the Cayley graph C(G, S) has diameter at most k. To prove
this it is sufficient to check distances dr(u,v) in the graph I" and d¢(u,v) in the graph
C(G,S) between u and the critical vertices v € O. We begin by considering an arbitrary
strongly critical vertex v. If v € Np(w) for some w € W such that w is adjacent to u, then
the distance between d¢(u,v) < 2 since the Cayley graph C(H,,S,,) is now a subgraph
of C(G,S). If v € Npo(w) for some w € W such that w is not adjacent to u, we have
dr(u,v) > 3, but de(u,v) < 3. Namely, for our w such that v € Np(w), the vertex u is
adjacent to v, because g, € S, and d¢(v,,v) < 2 because the Cayley graph C(H,, S,,) is
a subgraph of C(G, S).

Let now v be a critical but not strongly critical vertex of O and suppose that P, is
a path from u to v of the form P, = uPzQyRv for some paths P and R lying entirely
outside O and a path zQy in A. From our way of choosing the paths P, we may assume
that uPx = P, and yRv = (P,)g for 2 = vg™', where g is the (unique) element of G such
that ug = y. Both x and y are strongly critical, and so by the conclusion made in the above
paragraph dr(u,x) > do(u,x) and dr(u, z) > do(u, z). But since ug = y and zg = v, we
have dr(u, z) = dr(y,v) and dc(u, z) = do(y, v), and hence also dr(u,v) > deo(u,v).

The fact that dr(u,v) > do(u,v) for any critical vertex in I' follows now easily by
induction. This proves that the diameter of C(G,.S) is at most k. For the degree |S| of
C(G, S) we trivially have |S| < | X |+ V| + |Ya| < d — 0 4 5[V d]y + 27. 0

3 Applications

In this section we show how Theorem 1 can be applied to reprove the results of [2, 20] and
[1] about asymptotically largest currently known Cayley graphs of diameter 2 and 3 with
the help subgraphs arising from polarity quotients of incidence graphs of finite projective
planes (for £ = 2) and of finite generalized quadrangles (for k = 3).



3.1 Cayley graphs of diameter 2

Polarity graphs, denoted here B(q), of finite projective planes of prime-power order ¢,
were first introduced in [9] and later independently in [4]. Let F' = GF(q) be the Galois
field of order a prime power ¢ and let PG(2, q) denote the standard projective plane over
F. The vertex set of the polarity graph B(q) is the set of all the ¢* + ¢ + 1 points of
PG(2, q) represented by projective triples, that is, equivalence classes [a] of triples a =
(a1,a9,a3) # (0,0,0) of elements of F', two such triples being equivalent if and only if one
is a non-zero multiple of the other. Two distinct vertices [a] and [b], where a = (a1, as, as)
and b = (b, b, bs), are adjacent in B(q) if and only if a;b; + asbe + asbs = 0. Simple
linear algebra arguments imply that the degree of a vertex [a] of B(q) is equal to g or ¢+ 1
according to whether a? + a3 + a2 is equal to zero or not, and that the diameter of B(q) is
equal to 2.

Although the graphs B(q) are defined for every power ¢ = p™ of an arbitrary prime p,
it turns out that they admit a subgroup G of the automorphism group Aut(B(q)) required
in the statement of Theorem 1 only for p = 2, that is, for ¢ = 2" for any n > 1. Assuming
that ¢ = 2" in what follows, we have a} + a3 + a3 = (a; + ag + a3)? and consequently a
vertex [a] in B(2") has degree q or ¢ + 1 if a3 + a3 + a3 = 0 or not. Thus, the set W
of all the ¢ + 1 vertices of B(2") of degree q is W = {[l,a,a + 1]; a € F} U{[0,1,1]}.
The group Aut(B(q)) is isomorphic to PT'O(3, ¢), an extension of the projective orthogonal
group PGO(3,¢q) by the group Gal(F) of all Galois automorphisms of F. For ¢ = 2" all
elements of PGO(3, q) have the form

1+a 1+e¢ l+a+c
M(a,b,c,d) = 1+b 1+d 1+b+d
l1+a+b 14+c+d 1+a+b+c+d

where a, b, ¢, d € F are such that ad+bc = 1; this group acts on vertices of B(q) represented
as column vectors by left multiplication.

Still assuming that ¢ = 2", let G be the subgroup of PGO(3,¢q) formed by all the
matrices M(a, b, ¢, d) such that a +b+ ¢+ d = 0; it can be shown that |G| = ¢g(q —1). Let
Vo denote the set of all vertices of B(q) of degree ¢ + 1 and let O = Vp\{[t.t,1]; t € F};
note that |O| = ¢(q — 1). We proceed by indicating the steps towards showing that the
graph I' = B(2") of diameter 2 and maximum degree 2" + 1 together with the group G
and the set O satisfy the assumption (1) — (3) of Theorem 1 and refer to [2] for details.

The assumption (1) holds true since G' can be shown to have a regular action on the
set O C V. Further, one may check that every vertex v € V\O adjacent to a vertex in
O has a vertex stabiliser in GG that acts regularly on the neighbours of v contained in O,
which is the assumption (2) of Theorem 1. Finally, the assumption (3) of Theorem 1 is
also easily seen to be satisfied for d = ¢ + 1 and § = 2. An evaluation of v = (4, k) =
§+6(6—1)+...+ (0 —1)*2 for k=2 and § = 2 gives v = 2. Hence by Theorem 1 we
obtain the existence of a Cayley graph C(G, S) of order |G| = (d—1)(d—2), diameter 2 and
degree |S| < d+ 10v/d + 2 for every d of the form d = 2" + 1, n > 1, giving rise to a family



of Cayley graphs of diameter 2 and orders asymptotically approaching the corresponding
Moore bound as in [20, 2]. (The bound on |S| given here is only slightly worse than the
one of [20] in the O(v/d) term, which is due to a larger generality of our Theorem 1.)

3.2 Cayley graphs of diameter 3

In the case of diameter 3 we construct, for every g of the form ¢ = 22" n > 1 a graph A(q)
as follows (we only include a brief description here and refer to [1] for many more details).
Again, let F' = GF(q). The vertex set V' of A(q) will this time consist of all points of the
projective geometry PG(3, ¢) represented by projective triples [xg, z1, o, 23] # [0, 0,0, 0] of
elements of F. Adjacency in A(q), however, is given by a more complicated rule than in
the previous construction and we describe it next.

Let w = 2" A vertex u = [z] = [z, 71,79, 73] Will be adjacent to precisely the
vertices v = [y] # [z] that are points on the line of PG(3, ¢) spanned by the vectors

(O,cw/27mg,x§’), (c“/z,O,:rgJ,:E?), ($‘g,x§”,0,cw/z), and (22,2, ¢*/2,0)

where ¢ = xgx + xox3. Let G be the group formed by the set of matrices M(r; a; b) given
by

1 f(a;0)  a b

0 ret? 0 0

0 (a“tt+br r a*r

0 ar“+l 0 rott

M(r;a;b) =

forallr € F* = F\{0} and a,b € F, where f(z;y) = 2*"?+zy+y“. The group G has order
q*(qg—1) and acts on A(q) as a group of automorphisms by right multiplication. Following
the calculations in [1] one finds that the graph A(g) has diameter 3 and maximum degree
d = q+ 1. Moreover, a detailed analysis of [1] reveals that the group G acts on the graph
A(q) with exactly the following five orbits Oy — Os:

o O ={[1, f(z,y),z,y]; x,y € F}, of size ¢*

e Oy ={[0,2,1,y]; x,y € F}, of size ¢%

o = {[0,2,0,1]; x € F}, of size ¢;

. 04 = {[0,1,0,0]}, the unique fixed point of G; and
e O5 =V\(0O; U0y, UO03U 0Oy), of size ¢*(q — 1).

It follows that G, being a regular permutation group on the orbit O = Os, satisfies the
assumption (1) of Theorem 1. An analysis of stabilizers of vertices v € V\O adjacent to
vertices in O = O3 shows that the condition (2) of Theorem 1 is fulfilled. Finally, by a
thorough study of incidence of certain vertices of A(q), rather involved details of which we
omit, it follows that the condition (3) of Theorem 1 holds true for § = 2. For & = 3 and
d = 2 we obtain 7 = 4 and hence, by Theorem 1, there exists a Cayley graph C(G,S) of
order ¢*(q — 1) = (d — 1)%(d — 2), diameter 3 and degree |S| < d + 20v/d + 6 for every d
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of the form d = 22"t 41, n > 1. This gives a family of Cayley graphs of diameter 3 that
asymptotically approaches the corresponding Moore bound as in [1]. Again, our bound
on |S| here differs from the one of [1] only in the slightly worse O(v/d) term because of
application of a more general result (our Theorem 1).

These applications suggest looking for further instances of graphs and subgroups of
their automorphism groups satisfying the assumptions of Theorem 1, even in cases when
Delorme’s limit superior will be smaller than one but comparable to, or larger than, the
estimates summed up in the Introduction.
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