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This paper presents the ordered weighted average weighted average
in°ation (OWAWAI) and some extensions using induced and heavy
aggregation operators and presents the generalized operators and
some of their families. The main advantage of these new
formulations is that they can use two di®erent sets of weighting
vectors and generate new scenarios based on the reor-dering of the
arguments with the weights. With this idea, it is possible to
generate new approaches that under- or overestimate the results
according to the knowledge and expertise of the decision-maker. The
work presents an application of these new approaches in the analysis
of the in°ation in Chile, Colombia, and Argentina during 2017.
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1. Introduction

In°ation has become an important ¯nancial indicator not only for the monetary

policies but also for individuals' and enterprises' ¯nancial decisions.1 In the case of 
policymakers, it is important for improving their forecasting and policy choices, and
in the case of the enterprises and individuals, their choices in the housing market, real
expenditure decisions and macroeconomic outcomes are in°uenced by expected
in°ation.2,3

In developed countries during the 1970s and 1980s when important in°ation
problems were present, the main conclusion was that in°ation is a major burden to
economic growth.4 Additionally, recent research agrees that global factors have 
become a common element for the di®erences in the national rates.5,6 In this sense, 
central banks are °exible on their in°ation objective in order to not limit their
country's growth potential.7,8

Many models have been developed in order to ¯nd the relations in in°ation, such
as the relationship between openness and in°ation,9 between in°ation and unem-

ployment10,11 and between the behavior of the central bank and in°ation.12 An 
important aspect of the central bank of each country is that these banks use di®erent
techniques in order to calculate in°ation. A common element is that these banks
divide the di®erent elements of the economy, assign a speci¯c weight to each with
respect to the total in°ation and calculate the change in the consumer price index
monthly.

As has been explained, there is no speci¯c formula to calculate in°ation because
in°ation changes according to the economy of the country and the information

available to the central bank. Therefore, the main problem that this paper wants to
solve is to generate a proposition for di®erent in°ation scenarios that can be adapted
to circumstances where the decision-makers must decide based on the information

available, time pressure, lack of total knowledge of the event/data or even limited

expertise on the problem.13

To accomplish this task, this paper proposes using aggregation operators, spe-
ci¯cally the ordered weighted average (OWA) operator developed by Yager,14 the 
main reason for using this operator is that the in°ation is calculated by countries
based on an argument vector and a weighting vector, and because these are the main

elements of the OWA operator and its extensions, these are good operators that will
provide a better understanding and more scenarios without changing the data
drastically. This operator was selected because it can provide di®erent scenarios
between the maximum and the minimum results that can be observed and considered
when the uncertainty is presented, and this information is helpful for the enterprises
that seek to make decisions about di®erent aspects of the enterprise, such as income,

expenses, and pro¯ts.
Among the extensions of the OWA operator that has been used in the paper are

the following: (a) The induced OWA (IOWA) operator,15 which provides a reor-
dering step based on the induced values. This element will be important because



in°ation can vary according to the market where the enterprise has in°uence, and the

weights can be assigned according to the most important aspect of the in°ation that

needs to be taken into account; (b) The heavy OWA (HOWA) operator,16 whose

main characteristic is that it has an unbounded vector that is not limited by a sum

equal to 1. This is important when the results need to be under or overestimated with

respect to the expected in°ation in some markets; and (c) The ordered weighted

average weighted average (OWAWA) operator.17 The advantage of this operator is

the inclusion of another weighted average vector that, in this case, is important when

the decision-maker believes that the weights used in each of the divisions that

compose the in°ation are not su±ciently accurate and seeks to include a new indi-

vidual proposal that is speci¯c for its enterprise or investment decision.

It is important to note that the application of the OWA operator in di®erent

economic and ¯nancial problems has become common among researchers, such as

those in asset management18 and innovation management,19 as well as in the

selection of ¯nancial products,20 the selection of supply chain partners,21 alternative

dispute resolution methods,22 ¯nancial decision-making,23 energy policies selection,24

exchange rate forecasting,25,26 enterprise risk management,27 sales forecasting,28

R&D projections selections,29,30 and many more.31

The aim of this paper is to present the induced heavy ordered weighted average

weighted average in°ation (IHOWAWAI) operator, and its simpler families, such as

when it does not use a heavy weighting vector or an induced reordering step, are

presented. Additionally, we present the quasi-IHOWAWAI operator using quasi-

arithmetic means and some of the main families of the operator. These operators are

important in cases where the problem is complex, and more information will be

aggregated into the results. Finally, an example using the in°ation of Chile,

Colombia, and Argentina during 2017 is presented in order to provide a practical

means to use these new formulations.

The remainder of the paper is organized in the following way. In Sec. 2, the

in°ation formulas for each country and the main de¯nitions of the OWA operator,

and its extensions are presented. Section 3 presents the new propositions of in°a-

tion with OWAWA operators that is called the ordered weighted average weighted

average in°ation (OWAWAI) operator, and its main extensions are presented.

Section 4 presents the generalized operators, its main families and a numerical ex-

ample. Section 5 provides the di®erent in°ation rates for Chile, Colombia, and

Argentina using di®erent aggregation operators, and Sec. 6 summarizes the main

conclusions.

2. Preliminaries

2.1. In°ation formulas for some Latin American countries

The phenomenon of in°ation has given rise to uncertainty in the recent years. The

traditional ideas of how in°ation works have been proven not to be that accurate

anymore, such is the example of economies less sensitive to domestic economic



Table 1. Divisions and weights used to calculate in°a-

tion in Chile.a

Division Weight (%)

Food and nonalcoholic beverages 19.05855
Alcoholic beverages and tobacco 3.31194

Clothing and footwear 4.48204

Housing and basic services 13.82810

Equipment and maintenance of the home 7.02041
Health 6.44131

Transportation 14.47381

Communications 5.00064

Recreation and culture 6.76121
Education 8.08996

Restaurants and hotels 4.37454

Miscellaneous goods and services 7.15749

aThe data is provided by the National Institute of Sta-

tistics (INE for its acronym in Spanish) See: http://www.
ine.cl/estad%C3%ADsticas/precios/ipc.

conditions, also known as the °attening of the Phillips curve.55,58,59 A decline in the 
degree of exchange rate pass-through,60 decline of the in°ation based on the global 
commodity prices,61 are some examples. Because of that, it is necessary to generate 
new ways to evaluate and forecast in°ation based on the information that is available 
and with that have a wider view of the phenomenon and make better decisions. This 
paper presents di®erent aggregation operator propositions based on OWAWA 
operators to forecast in°ation and with that generate dynamic scenarios based on the 
expectations, aptitude and knowledge of the decision-maker.

In Sec. 3, di®erent countries from Latin America have been chosen to calculate 
their in°ation, particularly, Chile, Colombia, and Argentina. The ¯rst reason to 
select Chile and Argentina is because they have the same dimensions for evaluating 
in°ation but with di®erent weights. What we want to prove is how much the results 
can change only by changing weights and reordering the same. Colombia was se-
lected to be a third country of the analysis because it has some similar conditions 
with the other two countries but has di®erent divisions and weights. With these 
selections, what we want to prove is that in°ation can have a level of uncertainty and 
subjectivity based on how it is calculated by the country and how the weights are 
assigned. In the following, the ways that in°ation is calculated in each of the three 
countries is explained.

2.1.1. Chile

In Chile, the calculation of the in°ation is based on the determination of the Con-
sumer Price Index (CPI) of 12 di®erent divisions that have di®erent associated 
weights. This is presented in Table 1.



To calculate the in°ation, each of the divisions is compared with their

previous month's value with the formula ðCPIn�CPIn�1

CPIn�1
Þð100Þ and, at the end,

each value is multiplied by its weight and summed in order to obtain the in°ation

rate.

An example to calculate the in°ation is the following.

Example 1. The CPIs for July and August 2018 for the 12 divisions are presented

in Table 2.

The ¯rst step is to determine the in°ation for each division using the formula

ðCPIn�CPIn�1

CPIn�1
Þð100Þ, and the results are as follows (see Table 3).

Then, each of the division's in°ations are multiplied by their weights and the

results can be seen in Table 4.

Table 2. CPIs for July and August 2018.

Division 07-18 08-18

Food and nonalcoholic beverages 124.83 125.42

Alcoholic beverages and tobacco 142.38 142.63

Clothing and footwear 78.98 79.42
Housing and basic services 126.52 127.32

Equipment and maintenance of the home 116.60 116.75

Health 124.92 124.86

Transportation 109.00 108.41
Communications 96.00 96.34

Recreation and culture 103.65 103.11

Education 127.22 127.22

Restaurants and hotels 132.97 133.14
Miscellaneous goods and services 126.60 127.21

Table 3. In°ation for each division in August 2018.

Division In°ation

Food and nonalcoholic beverages 0.47

Alcoholic beverages and tobacco 0.18

Clothing and footwear 0.56
Housing and basic services 0.63

Equipment and maintenance of the home 0.13

Health �0.05

Transportation �0.54
Communications 0.35

Recreation and culture �0.52

Education ���
Restaurants and hotels 0.13
Miscellaneous goods and services 0.48



Finally, all weighted in°ation rates are summed and the in°ation for August 2018

is 0.1585.

2.1.2. Colombia

In the case of Colombia, 9 di®erent divisions are considered, and each division has an

associated weight (see Table 5).

To calculate the in°ation, the same procedure thatwas explained in Sec. 2.1.1 applies.

2.1.3. Argentina

In the case of Argentina, 12 di®erent divisions are considered, and each one has an

associated weight (see Table 6). It is important to note that the divisions are the

same as in Chile, but the weights are drastically di®erent.

Table 4. Weighted in°ation for each division in August 2018.

Division In°ation Weight Weighted in°ation

Food and nonalcoholic beverages 0.47 0.19059 0.0901
Alcoholic beverages and tobacco 0.18 0.03312 0.0058

Clothing and footwear 0.56 0.04482 0.0250

Housing and basic services 0.63 0.13828 0.0874

Equipment and maintenance of the home 0.13 0.07020 0.0090
Health �0.05 0.06441 �0.0031

Transportation �0.54 0.14474 �0.0783

Communications 0.35 0.05001 0.0177

Recreation and culture �0.52 0.06761 �0.0352
Education ��� 0.08090 ���
Restaurants and hotels 0.13 0.04375 0.0056

Miscellaneous goods and services 0.48 0.07157 0.0345

Table 5. Divisions and weights used to calculate

in°ation in Colombia.b

Division Weight (%)

Food 28.21

Housing 30.10
Clothing 5.16

Health 2.43

Education 5.73

Recreation 3.10
Transportation 15.19

Communications 3.72

Other expenses 6.35

bThe information is provided by the National Ad-

ministrative Department of Statistics (Dane for its
acronym in Spanish) See: https://www.dane.gov.co/

index.php/estadisticas-por-tema/precios-y-costos/

indice-de-precios-al-consumidor-ipc.



To calculate the in°ation, the same procedure explained in Sec. 2.1.1 applies.

As seen in the in°ation calculation process, an important factor that can make the

in°ation change drastically is the weighting vector that is used. This can be seen in

Chile and Argentina since they use the same divisions, but the weights are drastically

di®erent. In this sense, a di®erent assignment of the weighting vector with the

argument will change the results. Due to this special characteristic of the data when

the in°ation is calculated, the propositions for using the OWA operator and its

extensions is made.

2.1.4. Basics and extensions of the OWAWA operator

To better understand the operator that will be used to improve in°ation, it is

important to understand the aggregation operator that is being used in the tradi-

tional formulation and the weighted average (WA) operator.32,33 They are de¯ned as

follows.

De¯nition 1. A WA operator of dimension n is a mapping WA : Rn ! R that has

an associated weighting vector V , with vj 2 ½0; 1� and Pn
i¼1 vi ¼ 1 such that the

following exists:

WAða1; . . . ; anÞ ¼
Xn
i¼1

viai ; ð1Þ

where ai represents the argument variable.

This idea was developed further by Yager14 by adding a reordering step in the

WA operator, this new operator was called ordered weighted average (OWA)

Table 6. Divisions and weights used to calculate in°a-

tion in Argentina.c

Division Weight (%)

Food and nonalcoholic beverages 23.40

Alcoholic beverages and tobacco 3.30

Clothing and footwear 8.50

Housing and basic services 10.50
Equipment and maintenance of the home 6.30

Health 8.80

Transportation 11.60

Communications 2.80
Recreation and culture 7.50

Education 3.00

Restaurants and hotels 10.80

Miscellaneous goods and services 3.60

cThe information is provided by the National Institute of
Statistics and Censuses (INDEC for its acronym in

Spanish) See: https://www.indec.gob.ar/nivel4 default.

asp?id tema 1=3&id tema 2=5&id tema 3=31.



!
weight vector w ¼ ½w1;w2; . . . ;wn�T , where wj 2 ½0; 1�, 1 � i � n and

Pn
j¼1 wj ¼ 1,

such that

OWAða1; a2; . . . ; anÞ ¼
Xn
j¼1

wjbj ; ð2Þ

where bj is the jth element that is the largest of the collection a1; a2; . . . ; an.

The OWA operator was developed further by Merig�o17 with the inclusion of

another weighting average vector into the formulation.34 By doing this, it is possible

to include two di®erent weighting vectors with some degree of importance for each

that can help us better understand a problem or a situation. The formulation is as

follows.

De¯nition 3. An OWAWA operator of dimension n is a mapping OWAWA :

Rn ! R that has an associated weighing vector W of dimension n such that wj 2
½0; 1� and Pn

j¼1 wj ¼ 1 and is calculated according to the following formula:

OWAWAða1; . . . ; anÞ ¼
Xn
j¼1

v̂j bj ; ð3Þ

where bj is the jth largest of the ai , each argument ai has an associated weight (WA)

vi with
Pn

i¼1 vi ¼ 1 where vi 2 ½0; 1�; v̂j ¼ �wj þ ð1� �Þvj where � 2 ½0; 1� and vj is

ordered according to bj , that is, according to the jth largest ai . Also, note that

if the reordering step is omitted, then the OWAWA operator becomes the

weighted average weighted average (WAWA) operator.

An extension of the OWAWA operator has been accomplished by Merig�o17 by

adding the idea of induced ordered weighted average (IOWA) operator,15 this new

formulation was called the IOWAWA operator35 and its de¯nition is the following.

De¯nition 4. An IOWAWA operator of dimension n is a mapping IOWAWA :

Rn ! R that has an associated weighing vector W of dimension n such that wj 2
½0; 1� and Pn

j¼1 wj ¼ 1, according to the following formula:

IOWAWAðhu1; aii; . . . ; hun; aniÞ ¼
Xn
j¼1

v̂j bj ; ð4Þ

where bj is the ai value of the OWA pair hui; aii that has the jth largest ui, ui is the

order-inducing variable, and ai is the argument variable. Each argument ai has an

associated weight (WA) vi with
Pn

i¼1 vi ¼ 1 where vi 2 ½0; 1�; v̂j ¼ �wj þ ð1� �Þvj
where � 2 ½0; 1� and vj is ordered according to bj , that is, according to the jth

largest ai.

operator and one of its main characteristics is that it is conducive to obtaining the 
maximum and minimum operator. The formulation is as follows.

De¯nition 2. An OWA operator of dimension n is a mapping F : Rn R with a



It is also possible to extend the OWAWA operator if the weighting vector is

unbounded, such as with the heavy OWA (HOWA) operator,16 which becomes the

HOWAWA operator. In this case, the formulation is as follows.

De¯nition 5. A HOWAWA operator is a mapping Rn ! R that is associated with

a weight vector w; where wj 2 ½0; 1� and 1 �Pn
j¼1 wj � n, such that the following

exists:

HOWAWAða1; a2; . . . ; anÞ ¼
Xn
j¼1

wjbj ; ð5Þ

where bj is the jth largest ai, and each argument ai has an associated weight (WA) vi
with 1 <

Pn
i¼1 vi < n or even �1 <

Pn
i¼1 vi < 1 where vi 2 ½0; 1�; v̂j ¼ �wj þ ð1�

�Þvj where � 2 ½0; 1� and vj is ordered according to bj , that is, according to the jth

largest ai.

Yager16 indicates some characteristics of � that can be de¯ned as �ðW Þ ¼
ðjW j � 1Þ=ðn � 1Þ. In this sense, if � ¼ 1, the total operator is obtained, and if � ¼ 0,

then it is the usual OWA operator.

Additionally, it is possible to use the same formulation for the main character-

istics of the IOWA, HOWA and OWAWA operators.23,36 These are the reordering

induced step and an unbounded weighting vector with the use of two di®erent sets of

weighting vectors. The operator will be the IHOWAWA operator, and its de¯nition

is as follows.

De¯nition 6. An IHOWAWA operator of dimension n is a mapping IHOWAWA:

Rn ! R that has an associated weighing vector W of dimension n such that wj 2
½0; 1� and 1 �Pn

j¼1 wj � n, which is calculated according to the following formula:

IHOWAWAðhu1; a1i; . . . ; hun; aniÞ ¼
Xn
j¼1

v̂j bj ; ð6Þ

where bj is the ai value of the OWA pair hui; aii having the jth largest ui, ui is the

order-inducing variable, and ai is the argument variable. Each argument ai has an

associated weight (WA) vi with 1 <
Pn

i¼1 vi < n or even �1 <
Pn

i¼1 vi < 1 where

vi 2 ½0; 1�; v̂j ¼ �wj þ ð1� �Þvj , � 2 ½0; 1� and vj is ordered according to bj , that is,

according to the jth largest ai.

Among the particular cases of the IHOWAWA operator are the following:

(1) if ui ¼ 1=n, then the IHOWAWA operator becomes the HOWAWA operator;

(2) if
Pn

j¼1 vi ¼ 1, then the IHOWAWA operator becomes the IOWAWA

operator;

(3) if both of the scenarios described below are met, then the IHOWAWA operator

becomes the OWAWA operator; and

(4) if vi=1/n, then the IHOWAWA operator becomes the IOWAWA operator.



n

OWAWAIði1; i2; . . . ; inÞ ¼
Xn
k¼1

v̂j hj ; ð7Þ

where hj is the jth element, which is the largest of the collection i1; i2; . . . ; in. Each

element of the collection represents the factors that are considered and used in order

to obtain the average in°ation. Each argument ii has an associated weight (WA) vi
with

Pn
i¼1 vi ¼ 1 where vi 2 ½0; 1�; v̂j ¼ �wj þ ð1� �Þvj , where � 2 ½0; 1� and vj is

ordered according to hj , that is, according to the jth largest ii

An extension can be obtained if an induced reordering step is done. This operator

is the induced IOWAWAI and is de¯ned as follows.

Proposition 2. The IOWAWAI operator of dimension n is a mapping IOWAWA

I : Rn�Rn ! R that has an associated weighting vector W of dimension n, where the

sum of the weights is 1 and wj 2 ½0; 1�, where an induced set of ordering variables is

included (ui), so the formula is

IOWAWAIðhu1; i1i; . . . ; hun; iniÞ ¼
Xn
k¼1

v̂j hj ; ð8Þ

where hj is the ii value of the OWA pair hui; iii that has the jth largest ui; ui is the

order-inducing variable, and ii are the in°ation factors. Each argument ii has an

These OWA operators extension will be combined with the in°ation idea to 
propose some operators that can be used speci¯cally to generate di®erent in°ation 
scenarios and in that sense through the idea of di®erent weighting vectors or reor-
dering of the same with the arguments it is possible to make results that are speci¯c 
for a decision-maker, market, sector, company or government.

3. Propositions of the In°ation OWAWA Operators

3.1. The OWAWA in°ation

A particular case of the in°ation is that each country has di®erent ways to provide a 
result based on di®erent factors that are important to each one. Another charac-
teristic is that not all the countries use the same weights for the same factor, in this 
sense, a way to provide a better understand of the phenomenon of the in°ation is by 
adding another weighting vector that can be speci¯c to the characteristic of the 
enterprise or that market that will be evaluated and by doing that it is possible to 
take into the same formulation the idea of the country in°ation and the speci¯c needs 
of the decision-maker.

This new operator is called the ordered weighted average weighted average in-
°ation (OWAWAI) and its de¯nition is as follows

Proposition 1. The OWAWAI operator of dimension n is a mapping FP: Rn ! R 
with a weight vector w ¼ ½w1; . . . ; wn �T , where wj 2 ½0; 1�; 1 � i � n and i¼1 wj ¼ 
w1 þ  � � �  þ  wn ¼ 1 and can be de¯ned as



associated weight (WA) vi with
Pn

i¼1 vi ¼ 1 where vi 2 ½0; 1�; v̂j ¼ �wj þ ð1� �Þvj ,
where � 2 ½0; 1� and vj is ordered according to hj , that is, according to the jth largest ii.

It is important to note that another extension can be made if the weighting vector

is unbounded in this sense that the heavy ordered weighted average weighted

average in°ation (HOWAWAI) is obtained and can be de¯ned as follows.

Proposition 3. The HOWAWAI operator is a map Rn ! R that is associated with

a weight vector w, where wj 2 ½0; 1� and 1 �Pn
j¼1 wj � n, such that

HOWAWAIði1; i2; . . . ; inÞ ¼
Xn
k¼1

v̂j hj ; ð9Þ

where hj is the jth largest element of the collection i1; i2; . . . ; in, each argument ii has

an associated weight (WA) vi with 1 <
Pn

i¼1 vi < n or even �1 <
Pn

i¼1 vi < 1 and

vi 2 ½0; 1�; v̂j ¼ �wj þ ð1� �Þvj and � 2 ½0; 1� and vj ordered according to hj , that is,

according to the jth largest of the ii.

Finally, if both of the main characteristics of De¯nitions 8 and 9 are included in

one, formulation of the IHOWAWAI operator is done. Its de¯nition is as follows.

Proposition 4. The IHOWAWAIoperator of dimension n is amapping IOWAWAI :

Rn�Rn ! R that has an associated weighting vector W of dimension n, with wj 2 ½0; 1�
and 1 �Pn

j¼1 wj � n and an induced set of ordering variables is included (ui) so the

formula is

IHOWAWAIðhu1; i1i; . . . ; hun; iniÞ ¼
Xn
k¼1

v̂j hj ; ð10Þ

where hj is the ii value of the OWA pair hui; iii having the jth largest ui; ui is the order-

inducing variable, and ii are the in°ation factors. Each argument ii has an associated

weight (WA) vi with 1 <
Pn

i¼1 vi < n or even �1 <
Pn

i¼1 vi < 1 where

vi 2 ½0; 1�v̂j ¼ �wj þ ð1� �Þvj , where � 2 ½0; 1� and vj is ordered according to hj , that

is, according to the jth largest ii .

The characteristics and properties of the IHOWAWAI operator are as follows.

(a) It is monotonic because if ai � di, for all i, then IHOWAWAIða1; . . . ; anÞ �
IHOWAWAIðd1; . . . ; dnÞ.

(b) It is commutative because any permutation of the argument has the same

evaluation.

(c) It can be bounded if the weight vector ranges from 1 to 1, and if the

weight vector ranges from �1 to 1, then the IHOWAWAI operator is not

bounded.

(d) The characteristic of the beta value explained in De¯nition 5 (the HOWAWA

operator) also applies to the IHOWAWAI operator.



(1) If ui ¼ 1=n, then the IHOWAWAI operator becomes the HOWAWAI operator.

(2) If
Pn

j¼1 vi ¼ 1, then the IHOWAWAI operator becomes the IOWAWAI operator.

(3) If both of the scenarios described above are met, then the IHOWAWAI operator

becomes the OWAWAI operator.

(4) If vi=1/n, then the IHOWAWAI operator becomes the IOWAWAI operator.

4. Generalized IHOWAWAI Operator

Generalized aggregation operators37–39 are useful formulations because they provide

a wide range of particular cases based on quasi-arithmetic means. It is important to

note that because the generalized mean is a particular case of the quasi-arithmetic

means, all the formulations are based on the last one. For the in°ation aggregation

operator formulas, their generalized de¯nition is as follows.

Proposition 5. The Quasi-OWAWAI operator of dimension n is a mapping Quasi-

OWAWAI: Rn ! R with a weight vector w ¼ ½w1; . . . ;wn�T , where wj 2 ½0; 1�;
1 � i � n and

Pn
i¼1 wj ¼ w1 þ � � � þ wn ¼ 1. It can be de¯ned as

Quasi�OWAWAIði1; i2; . . . ; inÞ ¼ g�1
Xn
k¼1

v̂j gðhjÞ
!
; ð11Þ

where hj is the jth element, the largest of the collection i1; i2; . . . ; in and each element

of the collection represents the factors taken into account in the in°ation that are

used in order to obtain the average in°ation, each argument ii has an associated

weight (WA) vi with
Pn

i¼1 vi ¼ 1 and vi 2 ½0; 1�; v̂j ¼ �wj þ ð1� �Þvj and � 2 ½0; 1�
and vj are ordered according to hj , that is, according to the jth largest of the ii and g

(h) is a strictly continuous monotone function.

Proposition 6. The Quasi-IOWAWAI operator of dimension n is a mapping Quasi�
IOWAWAI : Rn�Rn ! R that has an associated weighting vector W of dimension n,

where the sum of the weights is 1 and wj 2 ½0; 1�, where an induced set of ordering

variables is included (uiÞ so the formula is

Quasi� IOWAWAIðhu1; ini; . . . ; hun; iniÞ ¼ g�1
Xn
k¼1

v̂j gðhjÞ
!
; ð12Þ

where hj is the ii value of the OWA pair hui; iii that has the jth largest ui; ui is the order-

inducing variable, and ii are the in°ation factors. Each argument ii has an associated

weight (WA) vi with
Pn

i¼1 vi ¼ 1where vi 2 ½0; 1�; v̂j ¼ �wj þ ð1� �Þvj where� 2 ½0; 1�
and vj is ordered according to hj , that is, according to the jth largest ii. In addition, g(h) is

a strictly continuous monotone function.

Additionally, these characteristics are applied for all the in°ation aggregation 
formulas (De¯nitions 7–9).

It is important to note that the IHOWAWAI operator has the same special cases 
as the IHOWAWA operator, which are as follows.



Proposition 7. TheQuasi-HOWAWAIoperator is amappingQuasi � HOWAWAI :

Rn ! R that is associated with a weight vector w, with wj 2 ½0; 1� and 1 �Pn
j¼1 wj � n,

such that

Quasi� HOWAWAIði1; i2; . . . ; inÞ ¼ g�1
Xn
k¼1

v̂j gðhjÞ
!
; ð13Þ

where hj is the jth largest element of the collection i1; i2; . . . ; in, each argument ii has an

associated weight (WA) vi with 1 <
Pn

i¼1 vi < n or even �1 <
Pn

i¼1 vi < 1 and vi 2
½0; 1�; v̂j ¼ �wj þ ð1� �Þvj and � 2 ½0; 1� and vj ordered according to hj , that is,

according to the jth largest of the ii, g(h) is a strictly continuous monotone function.

Proposition 8. The Quasi-IHOWAWAI operator of dimension n is a mapping

Quasi � IOWAWAI : Rn�Rn ! R that has an associated weighting vector W of

dimension n, with wj 2 ½0; 1� and 1 �Pn
j¼1 wj � n and an induced set of ordering

variables is included (ui) so the formula is

Quasi� IHOWAWAIðhui; i1i; . . . ; hun; iniÞ ¼ g�1
Xn
k¼1

v̂j gðhjÞ
!
; ð14Þ

where hj is the ii value of the OWA pair hui; iii that has the jth largest ui; ui is the order-

inducing variable, and ii are the in°ation factors. Each argument ii has an associated

weight (WA) vi with 1 <
Pn

i¼1 vi < n or even �1 <
Pn

i¼1 vi < 1 where vi 2
½0; 1�; v̂j ¼ �wj þ ð1� �Þvj where � 2 ½0; 1� and vj is ordered according to hj , that is,

according to the jth largest ii. Inaddition, g(h) is a strictly continuousmonotonic function.

It is important to note that with the Quasi-IHOWAWAI operator, we can provide

further variations of the IHOWAWAI operator, and such variations are presented in

Table 7.

Table 7. Variations of the IHOWAWAI operator.

Particular case Quasi-IHOWAWAI

gðbÞ ¼ b� Generalized IHOWAWAI

gðbÞ ¼ b IHOWAWAI

gðbÞ ¼ b2 Induced heavy ordered weighted average weighted quadratic average in°ation

(IHOWAWQAI)

gðbÞ ! b�; for � ! 0 Induced heavy ordered weighted average weighted geometric average

(IHOWAWGAI)

gðbÞ ¼ b�1 Induced heavy ordered weighted average weighted harmonic average in°ation
(IHOWAWHAI)

gðbÞ ¼ b3 Induced heavy ordered weighted average weighted cubic average in°ation

(IHOWAWCAI)

gðbÞ ! b�; for � ! 1 Heavy maximum

gðbÞ ! b�; for � ! 1 Heavy minimum

If vi ¼ 1
n

The IHOWAWAI becomes the Induced heavy in°ation

If ui ¼ 1
n

The IHOWAWAI becomes the HOWAWAI



4.1. Numerical example

To explain the new in°ation formulations, the same information that was presented

in Table 4 will be used, but in this case another weighting vector, a heavy vector and

an induced vector will be used. This information is presented in Table 8.

With the information in Table 5, the di®erent results are presented in

Tables 9–12. (Note that � ¼ 40% for the original weighting vector and � ¼ 60% for

the expert weighting vector.)

As seen in the numerical example, the in°ation was originally 0.158 using only the

o±cial weighting vector, but with the use of the di®erent operators, the di®erent sce-

narios increased the in°ation from 0.153 to 0.352, which was more than double the

original estimate for the month. This is important when the experts make decisions

because it is possible to generate speci¯c results depending on the area of the enterprise.

Table 8. Information to calculate the in°ation aggregation operator for Chile in August 2018.

Division In°ation O±cial

weighting

vector

Expert

weighting

vector

Expert heavy

weighting vector

Induced

vector

Food and nonalcoholic beverages 0.47 0.19059 0.20 0.22 5

Alcoholic beverages and tobacco 0.18 0.03312 0.05 0.07 55

Clothing and footwear 0.56 0.04482 0.10 0.12 10
Housing and basic services 0.63 0.13828 0.10 0.10 30

Equipment and maintenance

of the home

0.13 0.07020 0.05 0.05 40

Health �0.05 0.06441 0.10 0.15 15
Transportation �0.54 0.14474 0.15 0.15 20

Communications 0.35 0.05001 0.03 0.05 35

Recreation and culture �0.52 0.06761 0.05 0.05 45

Education ��� 0.08090 0.10 0.10 25
Restaurants and hotels 0.13 0.04375 0.03 0.04 50

Miscellaneous goods and services 0.48 0.07157 0.04 0.04 60

Table 9. OWAWAI operator results.

In°ation O±cial weighting vector Expert weighting vector Weighted in°ation

�0.54 0.03312 0.03 �0.017

�0.52 0.04375 0.03 �0.018

�0.05 0.04482 0.04 �0.002

0 0.05001 0.2 0
0.13 0.06441 0.05 0.007

0.13 0.06761 0.05 0.007

0.18 0.0702 0.05 0.010
0.35 0.07157 0.10 0.031

0.47 0.0809 0.10 0.043

0.48 0.13828 0.10 0.055

0.56 0.14474 0.10 0.066
0.63 0.19059 0.15 0.105

OWAWAI result 0.288



These new operators can be used in a practical way in order to calculate an

in°ation for an speci¯c enterprise, for example, in Chile if a company's main role is

sell alcohol, the impact of that item in in°ation is 3.31194%, in this sense, even when

the prices in that sector go way higher or don't move, they will have a little impact in

the total in°ation and because of that it won't re°ect the reality of that sector. That

is why, the use of another weighting vector that can be adapted to the need of the

company, following the same example, increasing the importance of alcohol, com-

munications and transportation and decreasing to housing (for example) will gen-

erate results that can be used to toward e±cient decision-making based on data

obtained speci¯c for the company and not the general one, because sometimes the

data don't represent the reality of all companies and sectors.

Table 10. IOWAWAI operator results.

In°ation O±cial
weighting vector

Expert
weighting vector

Weighted
in°ation

0.48 0.07157 0.04 0.025

0.18 0.03312 0.05 0.008
0.13 0.04375 0.03 0.005

�0.52 0.06761 0.05 �0.030

0.13 0.0702 0.05 0.008

0.35 0.05001 0.03 0.013
0.63 0.13828 0.10 0.073

0 0.0809 0.10 0

�0.54 0.14474 0.15 �0.080

�0.05 0.06441 0.10 �0.004
0.56 0.04482 0.10 0.044

0.47 0.19059 0.20 0.092

IOWAWAI result 0.153

Table 11. HOWAWAI operator results.

In°ation O±cial
weighting vector

Expert heavy
weighting vector

Weighted
in°ation

�0.54 0.03312 0.04 �0.020

�0.52 0.04375 0.04 �0.022
�0.05 0.04482 0.05 �0.002

0 0.05001 0.05 0

0.13 0.06441 0.05 0.007

0.13 0.06761 0.07 0.009
0.18 0.0702 0.10 0.016

0.35 0.07157 0.10 0.031

0.47 0.0809 0.12 0.049

0.48 0.13828 0.15 0.070
0.56 0.14474 0.15 0.083

0.63 0.19059 0.22 0.131

HOWAWAI result 0.352



5. Forecasting In°ation for 2017 Using Aggregation Operators for Chile,

Colombia, and Argentina

To better understand the process that is used to forecast the in°ation with the

OWAWAI operator and its extension, the following steps are proposed.

Step 1. Obtain the most recent CPI available for each division.

Step 2. Calculate the in°ation for each division with the formula ðCPIn�CPIn�1

CPIn�1
Þð100Þ.

Step 3. The experts should provide the weighting vector, heavy weighting vector and

induced vector for each country according to their aptitude, knowledge and expec-

tations of the future. In this step, it is important to note that if the knowledge and

decision-maker will use a heavy weighting vector, it is because in their expectation of

in°ation there is some distortion on the o±cial data available and that the prices

have a distortion or an anomaly that will be presented in the near future. In this

sense, the use of a heavy weighting vector will over or underestimate the results

drastically and should be used only when there are some hints that there will be a

crisis, or the governmental information is not correct.

Also, the induced vector is used when the weights want to be assigned to a speci¯c

argument and not to the traditional maximum or minimum criteria. The importance

of this idea is that sometimes the decision-maker wants to put some argument with

higher or lower weights according to the sector or expectation that they have.

Because of this, the induced values have to be allocated based on how much the

decision-maker wants an argument to weigh in the result.

Step 4. Calculate the in°ation using the tradition formula, the OWAWAI operator,

the IOWAWAI operator, the HOWAWAI operator and the IHOWAWAI operator.

Step 5. Analyse the di®erent scenarios in order to help the enterprises to understand

how the future in°ation will a®ect their sales, costs, expenses, and pro¯ts.

Table 12. IHOWAWAI operator results.

In°ation O±cial

weighting vector

Expert heavy

weighting vector

Weighted

in°ation

0.48 0.07157 0.04 0.025

0.18 0.03312 0.07 0.010

0.13 0.04375 0.04 0.005

�0.52 0.06761 0.05 �0.030
0.13 0.0702 0.05 0.008

0.35 0.05001 0.05 0.018

0.63 0.13828 0.10 0.073

0 0.0809 0.10 0
�0.54 0.14474 0.15 �0.080

�0.05 0.06441 0.15 �0.006

0.56 0.04482 0.12 0.050

0.47 0.19059 0.22 0.098
IHOWAWAI result 0.171



In this paper, the information available in Chile, Colombia, and Argentina for

2017 were used, the following steps will be used.

Step 1. The CPIs for Chile, Colombia and Argentina from December 2016 to

December 2017 are presented in Appendix A.1–A.3.

Step 2. The in°ation for each division for 2017 is presented in Appendix A.4–A.6.

Step 3. The vectors that will be used are the following (see Tables 13–15).

Step 4. The in°ation is calculated using the traditional formula and the OWA-

WAI, IOWAWAI, HOWAWAI, and IHOWAWAI operators for each country.

Additionally, the annual in°ation is calculated and presented in Tables 16–18.

(Note that � ¼ 40% for the original weighting vector and � ¼ 60% for the expert

weighting vector).

As seen in the information from Tables 13–15, it is possible to obtain di®er-

ent scenarios regarding the in°ation of each country. It is important to note that for

the OWAWAI and the HOWAWAI operators, the criterion that was used is the

maximization criterion, which is why the di®erences between the results are mean-

ingful. The reason that the operators used that criterion was because it is

important to know the worst in°ation scenario that the enterprise can face. In the

case of Chile, in°ation is 6.39% in contrast to 2.074%, in Colombia, in°ation is

10.282% in comparison to 4.039%, and in Argentina, in°ation is 36.60% in com-

parison to 22.73%.

Another important issue to consider is that by using the heavy vector the results

are overestimated. Due to this, it is possible to analyze the results when the operator

has a weighting vector equal to one and when not. In this sense, using only bounded

weighting vector, Chile can have in°ation from 6.029 to 1.328, Colombia from 9.96 to

3.906 and Argentina from 33.899 to 23.267 and for the operators with heavy

weighting vector, the results are the following: Chile, in°ation from 6.39 to 2.081,

Colombia, from 10.282 to 5.291 and Argentina, from 36.6 to 25.23.

Table 13. Vectors for Chile.

Expert weighting vector Expert heavy weighting vector Induced vector

0.20 0.22 5

0.05 0.07 55

0.10 0.12 10
0.10 0.10 30

0.05 0.05 40

0.10 0.15 15

0.15 0.15 20
0.03 0.05 35

0.05 0.05 45

0.10 0.10 25

0.03 0.04 50
0.04 0.04 60



Expert weighting vector Expert heavy weighting vector Induced vector

0.3 0.3 10

0.3 0.3 5

0.05 0.1 15
0.05 0.1 30

0.05 0.1 20

0.05 0.05 35

0.1 0.1 25
0.05 0.05 40

0.05 0.05 45

Table 15. Vectors for Argentina.

Expert weighting vector Expert heavy weighting vector Induced vector

0.25 0.25 5

0.05 0.05 55

0.05 0.1 15
0.1 0.15 20

0.05 0.05 60

0.1 0.15 10

0.1 0.1 25
0.03 0.03 50

0.07 0.07 45

0.05 0.05 30

0.1 0.1 35
0.05 0.05 40

Table 16. Chilean in°ation for 2017.

Operator Traditional OWAWAI IOWAWAI HOWAWAI IHOWAWAI

01-17 0.527 1.177 0.435 1.261 0.658

02-17 0.221 0.390 0.276 0.410 0.185

03-17 0.359 1.011 0.416 1.074 0.343

04-17 0.216 0.432 0.175 0.462 0.206
05-17 0.133 0.776 �0.055 0.824 0.257

06-17 �0.424 �0.141 �0.546 �0.168 �0.434

07-17 0.226 0.345 0.223 0.370 0.249
08-17 0.185 0.488 0.368 0.526 0.210

09-17 �0.150 0.076 �0.266 0.078 �0.149

10-17 0.562 0.739 0.419 0.791 0.469

11-17 0.073 0.329 �0.026 0.339 �0.017
12-17 0.148 0.405 �0.091 0.423 0.105

Annual 2.074 6.029 1.328 6.390 2.081

These important changes are because there are some elements that have high 
in°ation but their weight in the traditional in°ation is not that high. Such is the case 
of the Alcoholic beverages and tobacco for Chile (see Appendix A.4) that has an 
in°ation of 3.614 but its weight is 3.31194 (see Table 1). But if a maximum

Table 14. Vectors for Colombia.



reordering step is used, then the weights assigned to Alcoholic beverages and tobacco

will be 19.05855. And by doing this, the results of the in°ation will change drasti-

cally. Also, it is possible to see from Tables 13–15, that when induced values are

presented, then the in°ation decreases drastically. This is because the order is not

based on the maximum or minimum, but based on the main idea of the decision-

maker regarding how much each division will a®ect his/her company.

6. Conclusions

The main purpose of the paper is to provide a new aggregation operator called the

OWAWAI operator. This new operator is a new formulation that uses the main

characteristic of the OWAWA operator to calculate in°ation. Additionally, some

extensions using induced values, heavy weighting vectors and a combination of both

Table 17. Colombian in°ation for 2017.

Operator Traditional OWAWAI IOWAWAI HOWAWAI IHOWAWAI

01-17 1.015 1.310 0.983 1.402 1.128
02-17 0.966 2.837 0.942 2.906 1.277

03-17 0.477 1.083 0.470 1.132 0.844

04-17 0.485 0.678 0.424 0.716 0.492

05-17 0.224 0.314 0.221 0.326 0.177
06-17 0.131 0.999 0.185 1.009 0.288

07-17 �0:054 0.089 �0:061 0.090 �0:027

08-17 0.137 0.215 0.130 0.222 0.110

09-17 0.042 0.205 0.022 0.216 0.064
10-17 0.018 0.173 0.014 0.177 0.047

11-17 0.184 0.348 0.184 0.362 0.201

12-17 0.412 1.709 0.392 1.725 0.690

Annual 4.039 9.960 3.906 10.282 5.291

Table 18. Argentinian in°ation for 2017.

Operator Traditional OWAWAI IOWAWAI HOWAWAI IHOWAWAI

01-17 1.662 2.250 1.504 2.487 1.597

02-17 2.116 3.248 2.289 3.555 2.442

03-17 2.459 4.546 3.025 4.816 3.396
04-17 2.645 3.948 2.834 4.331 3.098

05-17 1.433 1.790 1.418 1.941 1.564

06-17 1.205 1.512 1.157 1.647 1.261

07-17 1.809 2.469 1.599 2.720 1.708
08-17 1.400 1.747 1.494 1.917 1.595

09-17 1.902 2.495 2.051 2.740 2.322

10-17 1.482 2.508 1.567 2.702 1.694

11-17 1.405 1.655 1.319 1.786 1.427
12-17 3.220 5.729 3.010 5.957 3.127

Annual 22.737 33.899 23.267 36.600 25.230



were developed. These extensions were called the IOWAWAI, HOWAWAI, and 
IHOWAWAI operators. The main characteristics of these new formulations is that 
they can provide new in°ation scenarios that can be calculated using the expecta-
tions, knowledge, and characteristics of the market of the enterprise and, depending 
on the complexity of the situation or the problem, di®erent formulations can be 
calculated.

These propositions are important because with the same information provided by 
the governments, it is possible to generate di®erent scenarios and results by a reor-
dering process of the weighting vector, a new weighting vector based on the expec-
tations and knowledge of the decision-maker, or even assigning di®erent relations 
between weights and arguments through induced values. With these propositions, 
the enterprises and decision-makers can have a wider view of the phenomenon and 
improve the decision-making process under uncertainty.

Additionally, the generalized OWAWAI, IOWAWAI, HOWAWAI, and IHO-

WAWAI operators are presented using quasi-arithmetic means. (This is accom-

plished because the generalized operator can be obtained as a special case of the 
quasi-arithmetic means). Some of the main variations of the IHOWAWAI operator 
are presented and the same idea can be applied to the other operators presented 
in the paper.

An example using Chile, Colombia, and Argentina and their data for 2017 was 
presented. The main idea of using three countries was to provide a better under-
standing that not all countries use the same formula to calculate in°ation. Even 
when the divisions are the same, the weights that are used are di®erent. In this sense, 
the idea of obtaining the maximum or the minimum operator is important to un-
derstanding the worst and the best scenarios. Additionally, the inclusion of a new 
weighted vector that adapts to the speci¯cations of the decision-maker or enterprise 
becomes relevant. In the results, it is possible to see how the in°ation can dramati-

cally change if the maximum operator is used. For example, in°ation in Chile 
increases from 2% to 6% (3-fold), in°ation in Colombia increases from 4% to 10% and 
in°ation in Argentina increases from 22% to 36%. With this information, new 
strategies can be implemented in order to protect the pro¯ts of the investor or 
enterprise.

For future research, new extensions of the OWA operator and applications40,56,57 

can be derived by using the Bonferroni means,41,42 moving averages,26 hesitant lin-
guistic variables,43,44 consensus models,45,46 their application in other areas of engi-
neering, business, economics and ¯nance47–49 and multicriteria decision-making.50–54
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