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INHOMOGENEOUS SHEARLET COORBIT SPACES

FABIAN FEISE, LUKAS SAWATZKI

ABSTRACT. In this paper we establish inhomogeneous coorbit spaces related to the continuous shearlet
transform and the weighted Lebesgue spaces Ly, p > 1, for certain weights v. We present an inhomo-
geneous shearlet frame for Lo(R?) which gives rise to a reproducing kernel Rg that is not contained
in the space Ai,m,. To show that the inhomogeneous shearlet coorbit spaces are Banach spaces we
introduce a generalization of the approach of Fornasier, Rauhut and Ullrich.

1. INTRODUCTION

When analyzing a given signal, the decomposition of the signal into a certain set of building blocks
is crucial. Which kinds of building blocks to choose depends on the information that one wants to
extract from the signal. Very popular kinds of building blocks are wavelets, especially when dealing
with signals with isolated singularities. Because of its isotropic nature, the wavelet transform cannot
efficiently deal with anisotropic features, therefore several extensions of this framework were proposed,
among those the shearlet transform. While the wavelets consist only of dilated and translated copies
of a mother function, the shearlets are also sheared in each scale, thereby changing the orientation
of the functions. This makes them especially well suited to deal with localized directional features
in a signal. Indeed, it was shown in Ref.!#1® that the shearlet transform can be used to resolve the
wavefront set of a signal and in Ref.!16 that the approximation of cartoon-like images with shearlets is
optimally sparse.

Another main advantage of shearlets, which sets them apart from other such frameworks like the
ridgelets,? curvelets!' or contourlets® for example, is, that the continuous shearlet transform, introduced
and investigated in Ref.,* %1% stems from the action of a square-integrable representation of a topo-
logical group, the so-called full shearlet group $. This property makes it possible to use the abstract
coorbit theory, developed by Feichtinger and Gréchenig in Ref.,? 1! to define smoothness spaces related
to the shearlet transform by measuring the decay of the voice transform. Shearlet coorbit spaces were
investigated by Dahlke et al in a series of papers.> 7 Since the shearlets being used to construct these
spaces need to have vanishing moments, any polynomial part in a signal is ignored by the transform
because for a polynomial g one has SH(f + g)(z) = (f + g,%) = (f,¥z) = SHf(x). This leads to
the resulting shearlet coorbit spaces being homogeneous spaces. However, in practice the smoothness
spaces being used, for example to analyze the regularity of the solution space of an operator equa-
tion, are usually inhomogeneous. Therefore, inhomogeneous smoothness spaces related to the shearlet
transform are also of interest. In this paper we introduce non-homogeneous shearlet coorbit spaces by
using a generalization of the coorbit theory developed by Fornasier, Rauhut, Ullrich et al.'217:20 Their
approach uses a more general parameter space for the transform, resulting in more design flexibility.
Instead of the parameter space being a locally compact topological group, it is only assumed to be
a locally compact topological Hausdorff space, thereby allowing the construction of inhomogeneous
coorbit spaces. Moreover it is needed for the reproducing kernel Rz to be integrabel, which poses
difficulties in some applications. For that reason we present a generalization of their approach in the
sense that we only need Rz to be integrabel for parameters ¢ > 1.
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1.1. Outline. After giving a short overview of the main definitions and results of this generalized
coorbit theory in Section 2, we use this approach in Section 3 to define a new shearlet transform given
by a continuous frame § = {1, },ex through the action

SHsf(x) = (f,ve), z€X,

where the frame is indexed by a topological Hausdorff space X (without group structure). We prove
that an integrability condition for (integration) parameters ¢ > 1 on the kernel function

RS X x X — Ca (xay) = <¢y71/1x>
holds so that the coorbit spaces
SCx,p ={fISH3f € Ly (X)}, p =10, weight function on X,

classifying distributions by the decay of their transform, are well-defined Banach spaces. As it turns out
these spaces coincide for different 7. Furthermore we restrict ourselves to the case of odd dimensions.
This is due to the fact that otherwise our specific construction of the frame is not well-defined.

We also note that there are other approaches, not based on coorbit space theory, to develop in-
homogeneous shearlet smoothness spaces. In Ref.!? Labate, Mantovani and Negi used the notion
of decomposition spaces to define shearlet smoothness spaces, while in Ref.?:?2  Vera applied the
framework of the ¢-transform, introduced by Frazier and Jawerth, for this purpose.

1.2. Notation. We finish this section by stating a few notational conventions. Throughout this paper
d € IN with d > 2 is the space dimension. We usually treat elements z € R? as x = (x1,%) with
&= (x9,...,24) € R“L For two elements z,y € R? we use the canonical inner product

d
Ty = Z%%
i=1

The convention R* is used for the set R\ {0}, Ry will denote the set of all positive real numbers and
R> the set of all non-negative real numbers.

For a measure space (X, X, 1) with a weight function v : X — (0, 00) we denote the usual (weighted)
Lebesgue spaces by Ly, (X, ) or just by Ly, if the respective measure space is clear from the context,
while Llloc(X , i) is used for the space of locally integrable functions on X. The norm for the weighted
Lebesgue spaces is hereby given through || f||z,, = [|f - v[/z,. For the unweighted Lebesgue spaces with
v = 1 we write L,(X, ) and L,. We use the Hilbert space Ly(R?) of complex-valued, square-integrable
functions on R¢ with the inner product

s = [ Fe)ale) da.
For two functions f,g € La(R?) the convolution product f * g is defined as

(fxg)(z) = /Rd fy)g(z —y)dy.

We write €%, k € INy for the space of functions f : RY — €, for which all (classical) partial derivatives
0% f for a € INd, |a| < k exist and are continuous. We also use €5° for the space of infinitely differen-
tiable functions on R with compact support and .# denotes the spaces of Schwartz-functions on R¢.
We will use the letter ¢ to refer to the kernel spaces A, and 7,0 to refer to the integrability parameters
of the spaces of test functions H,.. We denote with p’ = z% the Holder-dual of p > 1.

Concerning the Fourier transform of a function f € Li(R%) we write f = F(f) using the convention

F(f)w):= " f(x)e*%i“"x dx, w € RY,

with the same symbol being used for the extension to functions f € Ly(RY).
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Given a measure space (X, X, ;1) we say that a Banach space Y of locally integrable, complex-valued
functions on X satisfies Condition (Y'), if it is solid, i.e. if from f € LY¢(X,u),g € Y with |f] < |g|
almost everywhere it follows that f € Y with ||f|Y|| < ||g|Y||. Lastly, for quantities a and b we write
a < b if there exists a finite constant C' > 0 so that a < C - b, with the constant being independent of
the relevant parameters.

2. GENERALIZED COORBIT THEORY

In this section we give a short overview of the generalized coorbit theory. We follow Ref.!?20 in
our exposition. For our setting we introduce a generalization of their approach with respect to an
additional integrability parameter.

To generalize the classical coorbit theory—which assumes a locally compact group as the underlying
parameter space of the respective transform—the generalization of Fornasier and Rauhut allows for the
parameter space to be of a more general nature. In this case the parameter space X is only assumed
to be a locally compact Hausdorff space equipped with a positive Radon measure . In the following
‘H denotes a separable Hilbert space (the signal space), which is usually Lo, and v is a weight function
on X while Y is a Banach space of equivalence classes of almost everywhere equal, complex-valued
functions on X. We start with a set of functions § = {¢; }»ex C H, which is indexed by the parameter
space, and constitutes a tight continuous frame. ILe., the map X — C,z — (f,1,) is measurable for
each f € H and there exists a finite constant A > 0 such that

(2.1) AllfH|? = /X [, a) > dpa(z) for all f € M,

Based on §, a signal transform on the space H is introduced in the following way.

Definition 2.1. Let § = {¢z}sex C H be a tight continuous frame. Then the associated wvoice
transform is defined as the mapping

VgiH—)LQ(X“u), fHng
with
Vef : X > C, z— (f,¢s).

The above transform is well defined due to (2.1).

2.1. Kernel spaces. In order for the resulting smoothness spaces to be well defined, conditions on
the voice transform V3 and therefore conditions on § are needed. In this approach the kernel function

(2'2) RE X XX — C? (xvy) — Rg(.%’,y) = ngz/@) = <wy7w$>7

the reproducing kernel, is used. To formulate certain conditions on this kernel function the following
spaces, classifying kernel functions in terms of integrability, are used. For 1 < ¢ < oo let

Ay = {K : X x X — C: K is measurable, || K|A,|| < oo}

with

1/q
| K] Ag|| := max { ess sup </ \K(w,y)\qd,u(y)> ,
reX X

esss ([ K pftanto)) v }

and the usual adaptation for ¢ = oco. Through a weight function v > 1 on X a kernel weight function
is defined via

my: X x X = (0,00), (z,y) — max{zgg, Zgi; }
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Now the associated weighted kernel space Ay, is given by
A, = {K X x X € K m, € A,
where

KT Ag i || = (1K | Ag -

In the following, depending on the context, K will also denote the kernel operator induced by the
kernel function acting on a function F' through

/Kﬂ:y y)du(y) for z € X.

This way a reproducing identity is established through the action of Rz, namely Rz(Vzf) = Vi f for
all f € H. The following auxiliary Lemma for kernel operators underlines the importance of the kernel
spaces Ag.m, -

Lemma 2.1. Let K be a kernel with K € Agm, for allq > 1. Then we have the continuous embeddings
K(Lpo(X; 1)) = Lro(X, )
foralll <p<r<oo.
Proof. For fixed 1 < p <r < oo and g € Ly, (X, p) with [|g|L, .| <1 arbitrary one has
1K (g) | Lroll = hesup (K (), h)|

L ! 1
ALy 1 <1

sup //|K:cy ()] dpz) dpu(y)

hel _ 1
ALy 1 <1
= Sup IK,p,ra
hel -, 1
AL, 1 <1

where 1’ denotes the Holder-dual of r satisfying 1/r 4+ 1/r" = 1. For some 0 < & < 1/p — 1/r we set
a=r>00:=p >0,1/y:=1/p—1/r>0,a:=1/r+e, b:=p/r,c:=1/r" —e, d:=1r"/p,
e:=1—p/r, f:=1"/p—1r"/r. These choices suffice the following relations:

1Ja+1/B+1/y=1, a+c=1, ba=p, dB=1', aa>1,

bre=1, ey=p, fy=r, cB>1,
d+f=1.

By applying the three-way Young inequality, see Lemma A.2, we obtain
g < [ VG, (o) £+ 1K o ym o) oot
Jg()v(y)“a(@)o(@) I du(z) duly)
< é /X /X (K (2, y)mo (2, 9)|* g (y)o(y) [ dp(z) dp(y)

+% / / K (2, ) (2, )| () (@) 1 dp() dia(y)

w2 [ [ o)l )o@ dute) anty).



For the first summand we deduce the estimation

/ / K (2, y)mo ()] 9 (y)o ()P dulz) du(y)
X JX

< <esssup / K (2, )] mo (2, 9)|*® dp(a ) / 9Pl (@)P duy)

yeX
< K Aaqm, 1 gl Lp,o|[?

and the other two summands can be treated analogously. Thus we obtain

1 1 /

I < VA% 191Lp P + 51 Acg |2 1B, 37
1 /
+ gl lPIALL, 3

< max {1, | K| Auagm, 1%, 1K VA m, |} =: Cix

for all g, h. Hence, ||K|Ly, — Ly,|| < Ck.
If 1 <p<r=o0andge Ly(X,u) arbitrary, it follows with Holder’s inequality that

1K (9) Lol < esssup [ Ko yyma(e,0)] - lau)ol)| duto)
reX X
< K Ap m, 171191 Lp o 17
which concludes the proof. O

Remark 1. (i) The assumptions in Lemma 2.1 can be weakened in the sense, that we only need specific
q > 1 for the assertion to hold, but this setting is sufficient for our work.

(ii) The proof is similar to the proof of Schur’s test, also known as the generalized Young inequality.
By letting K € Ay, and p = r it follows that 1/v = 0 and acv = ¢ = 1. This means we only use
the two-way Young inequality and we are in the setting of Schur’s test, see Lemma A.3.

2.2. Coorbit spaces. Before introducing coorbit spaces the concept of signals can first be generalized
from elements of the Hilbert space H to a suitable space of distributions. First of all, for 1 < 7 < 2
consider the spaces

Hew:={f €M, V5f € Lro(X, )}
of test functions equipped with the natural norm

[ Hroll = Vs fILrull

First we note, that these spaces are non-empty, moreover the following Lemma holds.
Lemma 2.2. If Ry € A, , then § C Hy .
Proof. For x € X arbitrary one has

el Hol” = /X Vit ()70 (y)" du(y)

< o(@)” [ [R5t ) m (5.2 duy)

X
(@) |1 R Arm, |7

which proves the assertion. ]

Since § establishes a frame for H this means H,, C H is dense. Moreover, the spaces H,, are
Banach spaces, as the following Lemma states.

Lemma 2.3. If Ry € Ay, then the space H,, is a Banach space.
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Proof. Let {fn}new C Hrn C H be a Cauchy sequence, which means {g,}new = {Vzfnlnen is a
Cauchy sequence in L, ,(X,u). By the completeness of L, there exists a unique g € L., with
gn — g. Furthermore, by the reproducing formula it holds Rg(g,) = g, for all n € IN, which implies
Rz(g) = g. Then, by Hélder’s inequality, for every « € X it holds

Ry (g)(x)] < /X Ry (2, )9(9)] du(y)
< ”Rg(m‘, ')‘LT’,%H : Hg’L’T,UH
< (@) YRl Ao | - 191 Lo

Thus, g = Rz(9) € Loo and since Lo, N Ly, C Lo it follows g € Ly. Since the application of Ry is the
orthogonal projection from Lo onto the image of Vi there exists f € H such that g = Vzf. Moreover,
Vzf € Ly, means f € Hyy and f,, = f € Hrp. O

Hence, this set of test functions leads to the Gelfand triple setting of dense embeddings
Hep > HENHT = (Hrw)™

with (H,,)™ being the canonical anti-dual space (the space of all conjugate linear, continuous func-
tionals) of M., and this space can be interpreted as a space of distributions. An element h € (H, )~
is hereby identified with the functional f — (h, f). With these embeddings it is possible to extend the
notion of the voice transform in a canonical way to elements f € (H,,)~ by Vi f(x) = f(¢z). By
Lemma 2.2 this is well defined.

With assumptions on the reproducing kernel we can prove the following nesting property.

Lemma 2.4. If Ry € Ay, for every ¢ > 1 then Hy o C Hry and (Hep)™ C (How)™ forallo < 7.

Proof. Assume f € H,,, which means f € ‘H with Vzf € L, ,. Since the reproducing identity holds
it follows Vi f = Rz(Vsf) € Rz(Ly,) and with Lemma 2.1 we derive Vi f € L., hence f € H,,. The
second assertion is immediate. O

For the coorbit spaces to be well defined we need the following two auxiliary Lemmas.

Lemma 2.5. The expression ||Vz - f|L. 1(X,p)| is an equivalent norm on (Hr,)™, where 7' denotes
the Holder-dual of T.

Proof. First we note that Vz is acting as a unitary operator on H, and so does Vg .. Moreover, by
definition we have Vi (Hr,) = L2 N L. ,, which is dense in L,,. Then, by definition of the norm one
has

|E|(Hrw)~ [l = sup  [(F,R)]
hE’HT,v
1A Hr 0| <1
= sup |(Vz.+F, Vz h)|
h€H+ v

[Vs.rhlLgw[I<1

= sup (Vs F, H)|
HE‘/S,T (HT,’U)
|H|Lg,0lI<1

= sup  [(V5.F, H)|
Helr,
[H|Lrol[<1

= V3 FlLy 2 .
which concludes the proof. O

Lemma 2.6. (i) For f € (H;p)™ it holds V. f € L_, 1 and the mappings Vy - : (Hrp)~ — L 1 are
imnjective. : ’
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(ii) The reproducing formula extends to (Hr,)~, i.e. Rg(Vz+f) = Vs f forall f € (Hry)™.
(iii) Conversely, if F € LT,% satisfies the reproducing property Rg(F') = F then there exists [ €

(Hrw)™ such that Vi .f = F.

Proof. (i) The assertion follows immediately from Lemma 2.5.

(ii) Suppose that f € (H,,)~. Since X is o-compact there exists a sequence of nested compact
subsets (Uy)new such that X = (J,cn Un. Denote by xp, the characteristic function of U, and let
F, := xv,Vz+f € La. Obviously this series converges pointwise to Vz , f. For any x € X we then have

Rg(m',y)Vg,Tf(y), y € Uy,

0, else,

R (z,y)Fu(y) = {

which means that |Rz(x,y)F,(y)| < |Rz(z,y)Vz,f(y)| for all y € X. Furthermore the expression
Rg(z,-)Vz - f is Li-integrabel and by Holder’s inequality we obtain the estimation

1B (2, Wer FILall < [[Bg (2, ) [ Lroll Ve 1L 1]
< v(@) | Rg [ Arm, | 11 (Fro)~ |

for every x € X. Since the reproducing property holds for every F), and because of Lebesgue’s
convergence theorem we obtain

n—oo n—oo

V- f(x) = lim F,(z)= lim / Rz (x,y)Fy(y) dp(y)

= /X Ry(z,y)Vz-f(y) duly) = Rs(Vz.r f)(2).
(iii) The adjoint mapping of Vz - : H,, — Ly, is given by
Vi LT,,% = (Hro)™, Vi, F = / ), du(z) for F € Ly

Thus for f:= Vg F € (H:,)™ it holds

Fly) = RzF(y) = /me,%W(fﬂ) du(z) = Vi V5 Fy) = Vo f(y)
for every y € X. O

Now we are ready to define the coorbit spaces.

Definition 2.2. The coorbit spaces of Ly, (X, ) with respect to the frame § = {¢,},cx and the
integrability parameter 7 are defined as

Cogr(Lpw) = {f € (Hro)™ : Virf € Lpo(X, )}

endowed with the natural norms

[ f1Coz,7(Lpw)ll == [[Vz,r f|Lpwll-
The following proposition is essential when dealing with coorbit spaces.

Proposition 2.7. Suppose that Ry(Lyp.) C L 1.

(i) A function F' € Ly, is of the form V. f for some f € Cog +(Lp.) if and only if RgF' = F.
(ii) The spaces (Cog +(Lpw), ||-|Coz+(Lpy)|) are Banach spaces.
(i) The map Vg, : Cog +(Lpy) — Ly induces an isometric isomorphism between Cog -(Lyp,) and the
reproducing kernel space {F' € Ly, : RgF = F} C Ly,,.
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Proof. (i) Assume f € Cog +(Lp), then by definition f € (#,,)~ and by Lemma 2.6 ii) the reproduc-
ing identity holds. Conversely, if F' € L, , satisfies RzF' = F' we deduce by our assumption F' € LT,’ 1.
Lemma 2.6 iii) implies that there exists f € (H,,)~ such that Vzf = F, which shows the assertion.
(ii) Suppose that { f, }nen is a Cauchy sequence in Cog ,(Ly, ) implying that F,, := V; ; f,, is a Cauchy
sequence in L, ,. By the completeness of L, , this sequence convergences to an element F' € L, ,. By
i) it holds RzF,, = F,, for all n € IN and hence RzF = F. Again by i) there exists an f € Cog 4(Lp.o)
with V5 - f = F' and the completeness is shown.

(ili) The assertion follows with (i) and the injectivity of V; .. O

Remark 2. The assumption in Proposition 2.7 may appear strange, but is readily fulfilled for the
following setting. If we assume Rz € Ay, for all ¢ > 1 then it follows from Lemma 2.1 that
Rg(me) C LT/,v C LT, 1 foralll <p< 7' < o0.

2.3. Dependency on 7, p, v and §. We will now discuss the dependency of the coorbit spaces on
the parameters involved. To this end we always assume Rz € A,,,, for all ¢ > 1 as suggested in
Remark 2.

We can obtain some nesting properties for the parameters 7 and p as well as the weight v.

Lemma 2.8. (i) For all 0 < 7 we have Cog +(Lpy) C Cog.o(Lpw)-
(ii) For all p < r we have Cog (Lpy) C Cog+(Lry).
(iii) For two weights fulfilling v < w we have Cog +(Lp.w) C Cog +(Lpw).

Proof. (i) This follows immediately from Lemma 2.4.

(ii) Assume f € Cog (Lyp,), meaning f € (H,,)~ with V3. f € L,,. By Lemma 2.6 (ii) the repro-
ducing identity extends to (H,.)~, thus V3, f = Rz(Vz,f) € Rz(Lp,). With Lemma 2.1 we derive
Vz - f € Ly, which shows the assumption.

(iii) Since Ly C Ly, the assertion holds. O

Remark 3. Under the additional assumption Rz € Aj p,,, the spaces Cog 1(Lp,»), which are analyzed
in Ref.,'? are well-defined by Schur’s test, see Lemma A.3. Hence, by Lemma 2.8 (i) we have the
embeddings Cog -(Lp ) C Cog 1(Lp,y) for all 1 < 7 < 2. This is not applicable for the inhomogeneous
shearlet coorbit spaces we are looking at in this paper but may be of interest for other spaces.

To identify conditions under which the Coorbit spaces are independent of the frame, we introduce
a second Parseval frame for H we denote by & = {1, },ex and introduce the Gramian kernel as

G(%” (’5)(56, y) = <7;Z~)ya ¢:v>
Then, the following holds true.

Proposition 2.9. Assume that § = {{z eex and & = {,}pex are two Parseval frames for H
fulfilling all necessary conditions on the reproducing kernels and the corresponding Gramian kernel

fulfills G(F,8) € A1, . Then it holds Cog (Lpy) = Cog +(Lpy)-

Proof. By expanding Vz with respect to & we obtain

Vsf(2) = {f. 1) = /X (. By) yie) dpa(y) = G(F. ) (Ve £) (2)

and the same holds for the extended voice transform. By our assumption we derive with Schur’s test
that G(§,®)(Lp) C Ly, and it holds

1£1C05.+(Lpo)ll < IG(S, &) Avm, [ [[f[Coe +(Lpu)|-

The converse is shown analogously and the assertion follows. O
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3. SHEARLET COORBIT SPACES

In this section we introduce an inhomogeneous version of the shearlet transform and define smooth-
ness spaces associated to this transform. In order to accomplish this we use the generalized coorbit
theory outlined in Section 2. Since our approach is based on the homogeneous shearlet transform and
the resulting coorbit spaces (as treated in Ref.3 %), we start by giving a short overview of the respective
theory. By modifying the homogeneous shearlet transform, we then develop a new transform, given
through the action of an (inhomogeneous) frame. For this new transform we then show that all the
necessary conditions on the reproducing kernel hold, so that we can introduce the associated coorbit
spaces with respect to the (weighted) Lebesgue spaces.

3.1. Homogeneous shearlet transform. To define the shearlet transform, one starts with an ad-
missible function 1) € Lo(R?), i.e. a function satisfying the condition

)2
(3.1) cy ::/]R () dw < o0.

a Jwy|?

This condition is necessary for the transform to be square-integrable. The admissible function is
then translated, dilated and sheared in order to change its localization, scale and orientation. For a

parameter a € R* let
OT
Aa = ( ¢ . dill >
0q—1 sign(a)laldlqg—y

denote a generalized parabolic scaling matrix and for a parameter s € R4 let

T
S, — 1 s
Oa—1 Ig1

denote the so-called shear matrix. It is easy to see that |det Sg| = 1 and |det A,| = ]a\Q_é. Using these
matrices one can then define the translated, dilated and sheared version of 1 through

Yiansy () = |det Ag|39(A; 1S5 (@ — ).

In the homogeneous setting, the shearlet transform is then defined through the action of a unitary,
irreducible and integrable representation of the full parameter group, the so-called shearlet group
S =R* x R¥! x R? with the group law

(a,s,t)o(a',s',t') = (ad,s + |a|1_%sl,t + SsAut').

Given the mapping 7 : § — U(Lo(RY)) with 7(a, s, ) = Y(a,s,), Which can be shown to be a unitary
group representation, the shearlet transform is defined as

SH : Ly(RY) — Ly(8), fr— SHS
with
SHf 05— Ca (CL, S, t) = <fa 7T(CL, S, t)qzz)>L2(]Rd)‘
Based on this notion of the shearlet transform Dahlke et al. introduced homogeneous shearlet coorbit

spaces with respect to the Lebesgue spaces by using the coorbit space theory developed by Feichtinger
and Grochenig in Ref.? 1!

3.2. Inhomogeneous shearlet frame. Similar to the wavelet approach in Ref.?0 we now introduce
an inhomogeneous shearlet transform by restricting the dilation parameter to a closed subset of the
full parameter group, thereby only covering the higher-frequency content of a signal. To analyze the
polynomial and lower-frequency part a second function is introduced to construct an inhomogeneous
frame of functions in Lo(RY) as the set of building blocks for our new transform. Therefore we choose
the set
X = ({oo} x REL x Rd> U <[—1,1]* x R4 x ]Rd)
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as the new parameter space with “co” representing an isolated point in R and [—1,1]* := [—1,1] \ {0}.
The right-hand side of the union is the aforementioned subspace of the shearlet group 3, which is closed
under the group action. Obviously, this definition leads to a locally compact Hausdorff space. In the
following definition we introduce a measure on the parameter space so that X, together with its Borel
o-algebra, becomes a measure space.

Definition 3.1. On the space X a measure pu is defined by

(3.2) /F ) du(x // oostdsdt—i—///Fast ’d+1dsdt

RARA—1 RIRI—1—

with F' being a complex-valued function on X which is measurable with respect to the Borel o-algebra.

The first summand in the definition above is composed of the point measure on R and the Lebesgue
measure on R4~! x R¢, while the second summand is the restriction of the (left) Haar measure on the
shearlet group to the subset [—1,1]* x R x R Therefore it is obvious that u given by (3.2) is a
positive Radon measure. Choosing the measure space (X,B(X), i) as the underlying index space, we
can introduce a continuous shearlet frame.
Definition 3.2. Let a € R*, s € R and t € R Then
(1) Ly : La(RY) — Lo(R®) with Lytp := (- —t) is called the (left) translation operator,
(ii) Ds, : La(RY) — Lo(R%) with Dg ¢ := (S5 ') is called the shearing operator, and
(iii) Da, : L2(RY) — Lo(R?) with Da 1 := |det Aalféw(Agl-) is called the (anisotropic) dilation

operator.

Using the above defined operators, we can define an inhomogeneous shearlet frame.
Definition 3.3. Let ®, ¥ € Ly(R?) with ¥ being an admissible shearlet. Then we define § := {1/, }zex
with
(3.3) Vloo,s,) = LiDg,® = ®(S7'(- — 1)) and

1

(3.4) Ulasosy = LeDs, Da, W = |det A,| 3 W(A; 1871 (- — 1)),

The main theorem of this section is that §, given by (3.3) and (3.4), constitutes a continuous Parseval
frame under the conditions given in Theorem 3.3 below so that the transform based on § is well defined.
To this end we need two technical results that can also be found in Ref.

Lemma 3.1. For all (a,s,t) € X with a = a or a = oo and f,1) € Ly(R?) the identity
(fr¥@sit) Lawey = (f * V(o 5,0)) (1)

holds true with ¢* := 1(—-).

Lemma 3.2. Let ¢ € Ly(RY), a € R*, s € R¥! and ¢ € RY. Then the following equations hold:

(i) F(Ds,0)(€) =(57€);

(ii) F(Ds,Da,0)(&) = |det Aa|2$(AaSTE).

We now state the main theorem of this section, which identifies conditions on ® and ¥ for § being
a continuous Parseval frame.

Theorem 3.3. Let ¥ € L1(R%) N Ly(RY) be an admissible shearlet and let ® € Li(R?) N Lo(RY) be
such that

d \Il -
(3.5) / | |(y‘l|/0’l : / | |§11,|d dé&dé =1 for almost every y € R.
Ra-1 —lyl
10



Then the inhomogeneous shearlet frame § is a continuous Parseval frame of Lo(R%), i.e.,
10502 due) = 1L, f € Lo,
X

Proof. Applying (3.2), Fubini’s and Plancherel’s theorem we obtain

/!fwx\Qdu //\fwmt\dsdt
Rd Rd—1
/ //|f¢ast) 2’ ‘dﬂdsdt

Rd RA— 1—1
[ [ besoacas
Rd—1 Rd
; d
a
+ / //|<f’w(a,s,t)>|2dt |a|d+1 ds
Rd—1 *I]Rd

- / 1 Poesn) | L2(BRY 2 ds

da
+ f / 146t E2 (B P iy ds

IRd 1—1

= / H]:(<f’¢(oo,s,)>)|L2(Rd)||2 ds

+ f / I b)) B (RO i

IRd 1—1

- //”7:(<f’w(oo,s,~)>)(t)!2dtds

IRd—lIRd
1
+ / //If((f,%,s,) ()|2dt| (Ijld+1d

Rd—1 —1 R4

Using Lemma 3.1, Fubini’s theorem, the fact that F(f % g) = f§ and | F(f*)| = | F(f)]| leads to

/\fwx Pauta) = [ [ FG v OF dds

Rd—1 R4
///|f wwm()mt‘ i ds

Rd—1 —1Rd



— [ PF 0Pt

RdA—1 Rd
/ d
. » a
[ FOFIF a0 OF iy ds
Rd—1 *1Rd
. d
- [17c \2</ Fs0) O ds+ [ /\f s |d“+1ds>d
R Rd—1 Rd—-1—1
Thus, if we can prove that
1
2 o _da ds &=
(36) |]:(¢(oo,s,0))(t)| ds + |]:(¢(a,s,0))(t)| W s=1
Rd—1 ]Rdflfl

for almost every ¢t € R? the assertion follows, since then
/ (o) P die / F)P dt = LR = | F1Lo(RY.

Hence, it remains to show (3.6). Assumlng that ¢; # 0 we use Lemma 3.2 to obtain

/‘-7: oosO)) \ds—i— / /’sz(ms,o 2’ ‘d+1d

]Rd 1 —1
da
/ FDs )0 ds+ [ / F(Ds, Da, ) iy ds
Rd—1 —1
1
2 aT 2 - T2 da
= ‘@(SS t)‘ d8+ ]detAaH\I/(AaSS t)‘ st
Rd— Rd-1 -1

da
/ b T+t ds+ [ / et Al (ats, sign(a) ol F-+ 143))* -y ds.
Rd— RI— 1—1

with t = (t1,£)7, £ € R4, Substituting o := + t15 and & = (£1,€) = (atl,sign(a)|a|3(t~—|— t18)), we

end up with

da
/!.Fw(oqs,o ]2ds+//\}" V(a,5,0))( z‘a’dﬂds

IRd 1 —1
[t1]
/ 02Dty o) dor + / / & (61, )2 ey dé
Rd-1 RA-1 —|ty]
!‘P ty,0 / /\ 517 ~
S dé,
rmdl & rd “ds
]Rd—l —1,‘151

and (3.6) follows from assumption (3.5).
12



Remark 4. The proof of Theorem 3.3 can also be stated in a similar manner for the case of a tight
frame with arbitrary frame constant A < co. The only difference is that & and ¥ have to satisfy

by , _
/ |||d 1 //| |§1|d dé1dé = A for almost every y € R

Rd-1 “1=lyl
instead of (3.5).

Remark 5. For a given shearlet W it is still necessary to show that one can satisfy condition (3.5) for
a function ® € L;(R?%) N Ly(R?). To this end we restrict ourselves to odd dimensions and we define
d:R? — C by
. -1 U (wi. 62 1/2
: | (wla £)| dw1> )

R\[—[€1,[€1]]
It is straightforward to see that ® fulfills (3.5). Moreover, ® € Ly(R?) is immediate and ® € L;(R%)
can be shown if ® € €§°(R?), see Example 3.1.

Because of Theorem 3.3, we can now state the definition of the shearlet transform based on §.

Definition 3.4. Let ®, ¥ € Lo(R?) satisfy the assumptions of Theorem 3.3 and let § = {1, }zex be
given by Definition 3.3. Then the shearlet transform based on § is defined as

SHz : Ly(RY) — Lo(X, p), f — SHzf
with
SHzf: X = C,x— (f,¢s).

3.3. Conditions on the reproducing kernel. The main goal of this section is to lay the foundations
for the definition of the coorbit spaces Cog (Lp(X,p)), 1 < p < 00, p < 7/ < 00, with v being a
weight function on X, associated to the inhomogeneous shearlet transform introduced in the previous
section. To prove that these spaces are well-defined Banach spaces, we need to show that the conditions
on §, as stated in Section 2, are satisfied. By Remark 2 it suffices to show that Rz € A, ,,, for all
q > 1. To this end we need the following auxiliary results.

Lemma 3.4. Let a,d’ € [-1,1]*, 5,5’ € R¥L, t,¢' € R? and p(q 5 = |det Aa\_%CP(A;lS;l(- —1)).
It follows that

(3.7) [(W(o05,8) Vioorsr,in) | = |(SHP) (00,5 — 8, STt~ )],

(3:8) (W (00,5, V(e 1)) | = \(\I&w(a/_lM5_1(373/),A;15;1(t7t/)>\,
(3.9) [((a,5,0)s Yoo | = [(SH®)(a,s — 8, STHE )],

(3.10) [(Plays Ut wrany)| = [(SHE)(aa ™ [/ [171 (s = &), AZLSS (1)),

Proof. We only state the proof for (3.10) in detail, (3.7)—(3.9) can be proven analogously. By the
definition of (4 s ) we obtain

<¢(a,s,t) ) w(a’,s’,t’)> = / w(a,s,t) (x)w(a’,s’,t’) (1’) dz
R4

_ / det Ay | FU(A71S (& — £))]det Ay | 3W(ALLSS (x — ) da,

R4
13



which, by means of the substitution y = A;,lSS_,l(x —t'), leads to

<¢(a,s,t)aw(a’,s/,t/)> - / ‘det Agar—1 lié\I}(Aglssil(Ss’Aa’y +t' - t))\Il(y) dy
R4

= / |det Aaa’*l |7%\I](A515;ISS’AG,(y - (Agll‘s;l(t - t/))))\ll(y) dy

R4
/ et Agurr | TFU(ALS 1y (= (A5 = )Tl dy
R4

).

- w(aa'fl,\a'|éfl(s—s'),A;}s;(t—t'))
This yields

‘(1/}((1,5,1?)77/}(@/,5/715/)” = ‘<¢(aa/—1,\a/\%_1(sfs’),A;,ISSTl(tft/))7 \I/>’
= (¥, (aa’ Ljal|d~ (sfs/),A;lS;l(tft’))H
= |(SHW)(ad',[a/[17} (s — &), A S5t~ 1),

O

Using the auxiliary result above, we can prove the following lemma concerning the A, ,,-Norm of

Rg.

Lemma 3.5. Let Ry be the kernel function associated to the inhomogeneous shearlet frame as defined
by (3.11). Then for every q the following identity holds:

ess sup /\Rg((a,a,T),(a,s,t))]qmv((a,a,T),(a,s,t))q dp(a, s, t)
(a,0,m)EX
X

N
= max{ €SS sup / / <max{ 0, g, 7—) /U(OO,O-I)TI)} ‘(‘b,w(oo,s/,t/)Hq
(00,01,71) v(00,0,7)

cRd— 1><1Rd

v(a,d9,73)" v(co,0,T)

v(a,0,7)  wv(oo,01,71) )Y ;
(3.11) ess sup de/ / <max{ oo 7) w(ao.7) } |<(I),7/)(a,s',t')>|

(a,0,7)E[—1,1]* x Rd—1
v(a,0,7) v(a,o3,73) 7 da’ I g
\\ ;)| ———— | ds’ dt
v(&,03,73) v(a,0,7) Ve s)] |a’|4+1 ’

1
v(oco,0,7) v(a,oo, T da
+/max{ ( = N), (a, 7> 2)} (P T/J(ast ik la ’d+1>d at’,

-1

o~

+ max

_‘a,|71

L - N N - - _1, .
with 61 =0 —8', 71 =7 — St 0o =0 +5 7o =T+ Sst',a=ad', 63 =0+ || s, 73 = 7+ S, Aut’.
14



Proof. Let (a,0,7) € X with a € {00} U[—1,1]*. Using (3.7) and (3.9) we obtain
v(a,0,7) v(oo,s,t) )1
/ / max { ) ( ) } ‘(1/}(00,5715)7 w(a,a,T)Hq dsdt

00,8,t) v(a,0,7)

Rd Rd—1
?}(0470'77') U(OO,S,t) g
N ® ds dt.
/ / max{v(m,s,t)’v(a,a,T)} (@, 00571 (0| ds
]RdIRd_l

Substituting s’ = o — s and #' = S, (7 — t) then leads to

v(o,o,7) v(oo,s,t))?
/max{ ( ) ( )} ‘(1/}(00,3715)7w(a,o,7)>’qd8dt

v(o00, s,t)" v(a,o,7T)

Rd Rd—1

) N’t 1
(3.12) / / max{ v 1) ’U(OO o )} ‘<‘1)’¢(a,s/,5;_15,(rft))>‘qds/dt

) (00,071,t)" v(a,0,7)
Re R

NN’
-/ max{ 0(,0,7) ”(OO’“”I)} (@, )} d .

) (00,01,71)" v(a,0,7)
R R

Analogously we see that

0o,0,7) wv(a,s,t) ! da
/ / /max{ a S,t) ’U(O0,0', 7_)} |<71Z)(a,s,t),7p(oo,oﬂ' >| | |d+1 dsdt

(3.13) REREE =
v(oo,0,7) wv(a,o9,72) | ? da ., .,
ds’ dt
///mx{ 100010 S B g0

IRd]Rd 1—1

for o € R¥! and 7 € R%. Now let o € [~1,1]*. Then (3.10) yields

a,0,7) v(a,s,t) ! da
/ / /max{ a S,t) v(a,o_, 7_)} |<¢(a,s,t)aw(a,aﬂ' >| | |d+1 dsdt

Rd RA— 1 —1
/ / / 0407') v(a,s,t) | ?
max
(a,s,t) " v(a,0,7)
R4 Rd—1 —1

da

q
(et a3 (501, AT 55 (=) Jqart 45t

(v

which—by substituting ¢’ := aa~'—leads to

a,0,7) v(a,s,t) ! da
/ / / { a S,t) U(a70-7 7—)} KT/}(G,Si)aw(a,ar >‘ ‘ ’d-l—l dsdt

RI Rd-1 —1
[ ] e{m ey

' K\I”w(aqa\5*1(5—0)7A;15;1(t—ﬂ)

{q 1 da’ dsdt.

|a|d | /|d+1

15



Again, substituting with s’ := ]a\é_l(s —o)and t' := AZLSL(t — 7), we get

1
v(a,0,7) v(a,s,t) ! da
[ ] oo S Sy} W van)l i dsa
Rd RA—1 —1

_ s U((jé,JJT) v(a,ds,t))
(3.14) ]R/dR/1|a_1 {O‘ t )}

a2

Y az sz =)l ds’dt

’ /‘d+1

v(a,0,7) v(@,o3,73) | da’ ,

= \I] ! ool 4! q d dt .
/ / / maX{U a,03,73) v(a,0,7) } eyl [a/]H+T ’
Rd Rd—1 —|O¢‘71

Using (3.12), (3.13), and (3.14), we now have

€ss sup /|R3 a,0,7),(a,s,t)]"my,((a, 0,7), (a,s,t)?du(a, s, t)
(aaT)EX

/ / { a,0,T)
= esssup max ,
(a,0,7) EX 00, s, t)

v(a,0,7) v(a,s,t) |? da
—i—/max{ U(Q,S,t) 5 } ‘(¢(a,s,t)7¢(a,o,7’)>‘q | |d+1 dsdt

v(a,o,T)
1
(00, s,t)

= max ess sup max ,
{ (o,7)ERA— IX]Rd ,S,t) (O0,0',’T)

1
v(oco,0,7) wv(a,s,t a da
—|—/max{ ( ) ( ))} ’<w(a,s,t)7¢(oo,a,7)>‘ | |d+1> ds dt
-1

v(a,s,t) " v(co,0,T

a,0,7) v(oo,s,t))?
€SS Sup / / max { ) ) ( ) } |<71Z)(00,s,t), w(a,0,7)>|q
(a,0,7)E[—1,1]* x R~ 1><1Rd OO’Sat) ’U(O[,O',’T)

1
v(a,0,7) v(a,s,t) ! g da
[ (T ey | e e i | asct
1

(00, s, 1)

q
(04, o, T) } |<71Z)(oo,s,t) ) ¢(o¢,a,7’) > |q

<

<

<

q
} |<¢(oo,s,t)’ Tzz)(oo,a,’r)> |q

i~

00,0,7) v(00,01,71)

q
= max ess sup //(max{ } |(‘1>,¢(oos/t/)>|q
(0,7)ERI-1 xR (00,01,71)" v(o0,0,7) 5

1
v(o0,0,7) v(a,o9,72) | ? da
+/max{ —— } ‘<®a¢(a,s’,t’)>‘q‘ ’d—l—l ds dt

v(a,02,7) v(co,0,T)

- =\ 4
esssup / / (max{ (ov,0,7) U(OO7O'177'1)} |<¢’¢(a’s,’t,)>|q
(OéUT)E[ 11 «Rd— 1><Rd OO 017T1) ’U(Oé,O',T)
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o] =1
U(a’ a, T) /U(d, ~3’ 7:3) 4 da’
+ / max{ = <~ } ’<\I/,’l/}(a/’s/7t/)>‘q W ds/ dt/

,‘a|—1

O

We use Lemma 3.5 to prove Ry € Ay, for certain functions ® and W. Since it is not possible to
construct functions ®, ¥ € Lo with compact support in the spatial domain satisfying the conditions
in Remark 5, in the following we assume V¥ to be a bandlimited Schwartz function, in particular

supp ¥ C ([—ay, —ap] U [ag, a1]) x Qp

d—1

with 0 < ap < a1 and Qp := x| [—b;, b;] for b € Rfl[l. The function @ is chosen in the same way as

in Remark 5. It follows that
supp® C [—a1,a1] X Qp.

As weight functions on X we consider

1, a = 00,
‘alin OS [_171]*7

(315) (5, 1) = vn(a) = {

with r € R>¢, which satisfy all necessary conditions. Through simple calculations one can verify the
following properties of the moderate weight m,, associated with v, for a,a’ € [—1,1]*:

(3.16) My, (00, 00) = 1,

(3.17) m’l}r(aa OO) = mvr(oqa) = ’arrv

(3.18) My, (a,a’) = max {’i/‘, M}—T .
a'|" |al

The following technical lemma concerns support properties of ® and V¥ in the frequency domain,
similar to Lemma 3.1, Ref.6

Lemma 3.6. Let 0 < ag < ay and b € Rfl[l, Then with ¥ and ® defined as above and for a € R* and

s € R we have
1

.. (aly 2
(1) WW(A,ST-) # 0 implies a € [~k 22 U9, 3] and s € Qq, with dy = (ag* + aq (Hd)af)b,

al a1’ ap
(ii) Assume |a] < 1 then ®W(A,ST.) # 0 implies a € [ el U [ 1] and s € Qq, with dy =
_(14ly 1
(a3" +ag " Vap)p,
(iii) supp ®d(ST Qs = {z € R? : |z1| < ay,max{—b;, —b; — s;_121} < x; < min{b;, b; —

) C
Siflxl},i = 2, e d}

Proof. The proof of (i) can be found in Lemma 3.1, Ref. To prove (i) we assume there exists a
¢ € supp ® Nsupp ¥(A,ST-) which means that ¢ € supp® and A,S7¢ € supp ¥. This leads to

(3.19) 1] < ax,

(3.20) —bi < &1 < by,

(3.21) ao < |a||&] < ar,

(3.22) ~bila| " — E18i < €1 < bila| T — Ersy,

fori=1,...,d—1. By (3.19) and (3.21) it follows that |a[ > 2¢ which means a € [-1, -] U [22,1].

al

Using (3.21) and |a| < 1, it follows that ag < |a||€1] < |£1]. Also, with (3.22) and (3.20) we obtain

—bi!a\fé —b; <618 < bi\alfé + by,
17



which leads to

QJ'—‘

s <l 0ol 5+ 0) <" (22) o

fori=1,...,d — 1 which proves (ii). To prove (iii) we assume there exists £ € supp & N supp @(SST)
which means that £ € supp ® and Sg§ € supp ®. This leads to

(3.23) ’51’ S ai,

(3.24) —b; < &ir1 < by,

(3.25) —b; < &15i+&ip1 < b;

foralli=1,...,d — 1, which means & € (. O

The following two auxiliary Lemmas are of technical nature only and the proof of Lemma 3.7 is
based on a draft by Steidl, Dahlke, Hauser and Teschke.

Lemma 3.7. For all y,z € R, \,\ > 0 and k > 1 the following integral estimation holds true

/ (1+ Az —y))7H(1 + N]a = 2) 7" dz < max{A, A} (1 4+ min{A, N}y — 2)) 7"
R

Proof. Let y,z € R be arbitrary and assume without loss of generality that A\ < \. Assume further
that |y — z| < A71, then

A4+ Az—y)F<1<2"Q4+ Ay —2)7"
and thus

J Moy X = 2)Fde S (A = ) [ @ X = 2l o
R R
/ kl -k
=@+ Xy =)t [ @)
R

1
1+)\|y—z|)

(3.26) S 3

On the other hand if |y — z| > A7! let H, and H, be the two half-axes containing the points y and z
respectively, such that H, N H, = {y;'z} Then, for every « € H. it holds |z — y| > 3|y — 2| and thus

—k
/(1—|—)\|:c—y|)k(1+)\'|x—z|)kdx§ <1+%|y—z|> /(1—|—X|x—z|)k dx

1 ]
S+ Ay — =) )\I/(1+|x|) kg
R
1

Similarily for every x € H, it holds |z — z| > %|y — 2| and since |y — z| > A7! we first deduce
)\/ 7]? )\ k
(X =s)* < (Fl—el) 5 (5) Qe

A\ F A
< X (L+ Ay —z[)7* AO+Aw—d)

18



and hence we derive the estimate

| >

/ (I+ Az — y|)_k(1 + Nz — z|)_k de <

Hy

—k —k
(14 Ay — <) /<1+A|:c—y|> dz

>~

| —

<

>~

Hy
—k —k
(14 Ay — 2)) /(1+|x|) dz
R

| —

(3.28) S —(1+ Ny -2k

/

>~

Combining (3.27) and (3.28) thus yields

/ (14 |z — )51+ A — 2)* de

R
1
= ([+ [)arie s e e = s rde < 50N o)
i, H.

and together with (3.26) this completes the proof. O
Lemma 3.8. For all y,z € R*, A# 0 and k > 1 we have

[+l o= o) R+ o - 2 F s
R
S (U4 [y max{1, ]AJ}

. [(1 +min{1, A} (y— ;ka + (1 +min{1, |A]} ‘;Dk} .

Proof. We use the ideas of the proof of Lemma 11.1.1, Ref.,!3 as well as Lemma 3.7 and define the set
Ny={zeR:|z—y|l < %} For all z € N, it follows that |z| > % and thus

—k
(1+ a7 < (1 + ‘%’) <251+ )"

On the other hand if z € Ny one has (1 + |z — y)F < (1 + \_gl)—k Hence, with Lemma 3.7 we can
derive

[+l s o=y e -2 Fas

R
= ([ [)asiab b o= ot e a

S+ fasle—y)* (1 pife-5[) " do
R

+ (L4 [y / (14 Ja) ™ (1 M e - %()’kdx

R )%

+ (1 -+ [y max{1, A} (14 min1, A}
19
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which concludes the proof. O

Now we are able to prove that the integrability condition on the kernel function is satisfied, i.e. that
Rg e Aqvmvr °

Theorem 3.9. Let ¥ € Li(RY) N Ly(R?) be an admissible shearlet with

supp ¥ C ([—a1, —ao] U [ag, a1]) x Qp.
Let ® € L1(R%) N Ly(RY) be chosen as in Remark 5 so that condition (3.5) is satisfied for 0 < ag < ay
and b € Rflfl and additionally ® € CﬁOOO(IRd), Then, for every q > 1 the kernel Ry fulfills

RSI € Aqvmvr :
Proof. For q > 1 fixed we use Lemma 3.5 and look at the four summands in (3.11) independently. We
need to show that all summands are bounded and for that we use Lemma 3.6. Let & := aa and by

using Lemma 3.6 (i) with the specific weight v, we obtain

ess sup /]Rg((a o,7), (a,s,t))]9my, (a,a)? du(a, s, t)

(aUT)GX
1
q —rq (b q d(l d d
= max T;Z)(oo,s,t | + |a| | w(a,s,t)>| W S ta
]Rde 1
(3.29) esssup / / (\ar (@, )
ac[—1,1]*
dIRd 1
[l da
« «
o [ e} s ||d+1>d8dt}
7‘C|{|_1

We need to show that all four summands of (3.29) are bounded and for this we will treat the summands
independently.
First, since F(f*) = F(f) and ® x Vias0) € L1(RY) we obtain

(D, Y(as,n)) = (P x40 )(t) = F U F (@ #9f, ,0)) () = FHEF (Y(a,5,0))(2)
which leads to

/ (@, V(a1 = 17 @Figmo ) Eall
Rd
Applying Lemma 3.6 (ii) we see that @f(w(&&o)) =0 forall s ¢ Qqg, or a ¢ [—1,—22] U [22,1], which
implies R
1F~H@F (Y(a,5.0))ILqll? = 0
for all s ¢ Qua, or a ¢ [—1,—2]U[32,1]. Thus, with Lemma 3.6 (ii) we derive

esssup/ / || (D@, a0 | ds dt
[—1,1]*

= eS[SS1u11]) la| 774 / Hf’l(@f(w(a,s,O)))quHqds
ac|—1,1]*

(3.30) = ess sup lae| " / 1@ * Y(o 5,0y Lqll? ds < oo.
agl-1,-22Ju[z2.1] o
2

" ay
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Using the same arguments as well as Lemma 3.6 (i) we obtain

o~

o] &)~ da
esssup/ / / maX{T7— (W, Y(a,6,6))|7 dsdt
el & Jof O Jafi T

Rd—l ,‘a|—1

o P da
g/max{]a\,!a\ 1y / I1F 1(Q)f(1/1(a,s,0)))’Lquds_|a|d+1
R Rd—1

L a
(3.31) = ([ [ ) maxliallal ) [ o s i ol as i < .
_Z_(l) Z_(l) le

Again, with analogous arguments and Lemma 3.6 (ii) it follows that

- da
///|a| . ) iy sl

R4 RA— 1 -1

1
., PP da
- / la| 79 / 17 (7 T ol s i
—1 Rd-1

_ag
ay 1
3.32 = —rq U % L.119d _da
(3.32) = + [ |lal [ % {5 0 [ Lgll S JapiT <o
1 o

For the last summand in (3.29) we choose qg, q1 positive, such that gy + ¢ = ¢. We will specify the
choice at the end of the proof. Then, it follows that

[ [ 1@ vnppasar

Re Rd~1
://|(‘1)*¢ooso)()lq°+qldtds
RA-1 Rd
//‘q’*%soﬂ)"”\f (BF Wioers0) (1) dt ds
RA-1 Rd
//(/@ (50,5.0) x—t)!dx> dt(/ycb D) F g 0@ )\dw>qlds
Ri-1Rd R
(3.33) =: /Io(s)h(s)ds.
R

In the following we will treat both factors Iy and I; independently.
Io(s): We assume in the following 0 < gy < 1. Since ® € €>X(R?), for every k € IN it follows that

|®(x)| < (1 + |z|)7* for all z € R? with the constant depending on k and d. Then,

/(/H (1 fai + ) (L4 [(S—s2)i) 7] d )dt /Is(t)qodt

R Rd = 1 R3
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for s € R fixed and where (S_,x); denotes the i-th entry of the vector S_,x € R? With this
notation we intend to show

d
(330 [rmars s [Tla+ ) o
R3 Ra =1
with the constant depending on k and ¢ only. For this we first show an auxiliary result for d = 3 which
we will then generalize to arbitrary dimensions. To illustrate our method we differentiate between the

following four cases for s € R? with sq,s9 # 0.
Case 1: |s1], |s2| < 1. With Lemma 3.7 and Lemma 3.8 we obtain

Ii(t) S /(1 + |t1 + s1x9 + 82333|)7k(1 + |z2 + 752|)7Ig
RQ
(LA [za]) TR+ |os + t3]) TR (L + |as]) T d (22, 23)

§/ﬁ+ﬂﬁkﬂ+%ﬂﬁ+h+meW®Hm+mDWH¢M)%m

R
+ /(1 + [to) (L [t + sows]) TF(L + o +t3])F (1 + |as]) T das
R
S (U4 [ta)) (1 4 [t3])TF[(1 + [sats + sata + ta]) "
(3.35) + (14 |site — t1]) ™7+ (14 |sats + 1)) 5 + (14 |t])7F].

Case 2: |s1] < 1,|s2] > 1. Again, with Lemma 3.7 and Lemma 3.8 we obtain

uws/u+mwWrﬂ—aw+n+@mnﬂrum+mDWLumwkmg

R
+ /(1 + [ta) TF (1 + [t + sows]) TF (1 + [ag 4 t3]) (1 + |wa]) F dag
R
(3.36) S lsal HA+ D) THA+ )T+ | s+ s1sy e — sy )"

+ (L4 [s1sy Mto — 55 ) 7F A (L [ts + s 0 )) 78+ (1 [s5 1) 7]

Case 3: |s1] > 1,|s2] < |s1|. Similarily we apply Lemma 3.7 and Lemma 3.8 to derive

I(t) < /(1 + |t1 + s1x2 + S2$3|)7k(1 + |zo + t2|)7k
]RQ
(14 |z2)) TR+ s + ts]) TR+ |2s)) TR d(we, 73)
S L R R R
R

(1 + |og + ta]) (1 + |as])F das

- /(1 + [t2]) TFs1|THL + s M + 87 saws]) TR (L + |z + ta]) TR (L + |as|) TF das
R

Slsl 7 I+ o)) TF (L + )T [(L 4] = sy sats — ta + sy M) P

(3.37) (14| —ta+ s ta) TR+ (L4 | = sy tsats + 57 )T (L4 sy M) TR
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Case 4: |s1| > 1,|sa| > |s1]. Finally we apply Lemma 3.7 and Lemma 3.8 again and conclude
05 [+l Ha T 0+ =t o7+ sy saml)
R

(1 + |og + ts]) (1 + |as])F das
+ /(1 + o) Fsa TN+ sy M A+ sy P sows]) TR (L4 [ 4 ts]) TH(L + |as]) M dag
R
(3.38) Slsol M@+ o) TR+ [ts)) TF[(L 4+ | — ts — s185 o + 55 11 ])F
+ (14| = sisy o+ sy )T+ (L4 | —ts 455 1) 75+ (L+ sy ta])7F].
The four cases (3.35), (3.36), (3.37), (3.38) yield the estimate
4 3
(3.39) L(t) < |det ALY " TT(+ (AL )"
i=1j=1

with the Matrices AL, s € R?,i = 1,...,4, being of the form
Al =

. for some A, u, v € R depending on sq, ss.

S O >
O R
— O Y

In particular it follows from the four cases that

. - <1.|s9l>1
detAZ:)\: 52_, S1] > L, |S2 )
et AT =AT= 0 15171 Js1] > 1]sal < Jsal,
Isal 71, Js1] > 1, |so| > |s1]

= max{L ’31‘7 ’32’}_1'

We now intend to show, that this result holds for arbitrary dimension. To this extend we fix d > 3
as well as s € R4! with s; # 0 for all i = 1,...,d — 1 and assume that there exist matrices A’ for
1 < i < 291 of the form

* ok *
A 1
(3.40) Al =
1

with det A% = (A%)1; = max{1,|s1],...,[sq¢_1|} " = min{1, [s1|7%, ..., [sq_1|7'} =: min(s). Assume
the estimate

29-1 4
(3.41) L(t) Smin(s) Y T +1(AL);)~

i=1 j=1

holds true for fixed d. As shown in (3.39), this readily is the case for d = 3. We now intend to show

that the estimate (3.41) also holds for d + 1. Then, (3.41) will hold for arbitrary dimension by full

induction over the dimension. To this end we fix s € R? with s; # 0 for all i = 1,...,d and define

T = (21,...,2q), 5 := (81,..-,84-1), t == (t1,...,tq) and u := (t; + S$4Tq11,t2,...,tq). Then we
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deduce from (3.41) the estimate

d+1

L= [ TL[0+ o )0+ (Sl da
RA+1 i=1
= [+ g+t )R+ )
R
d
(T [0-+ 1o w0152 ] 7 ) s
=1

R

= /Ié(u)(l + g+t )P+ |zaa )T dean
R

24-1 ¢
(3.42) Smin(3) Y [] /(1 +1(A5w); )7+ [za + taa )T + a7 daag,
i=1 j=1p

whereby we remember (S_sz); = z; for all i = 2,...,d + 1 and (Alu); = u; for all j = 2,...,d.
Since all integrals for j # 1 will remain unchanged we are now interested in the integrals in (3.42) for
arbitrary 1 < < 2971, j = 1 and obtain with Lemma 3.8

[ 10D 0+ o + i) H ) d

R

= /(1 + (A1 + min(8)sgzar1|) (1 + |21 + tapa ) TF (1 + [wan )" deap
R

S min(9)(1+ ) mae{ 1, | min5)s))

min{1 [ min(5)sal} i ‘) k

X [(1 + ‘min{l, | min(8)sq|} g1 — I min(3)sy] 5

o (1 L e, )

[min(3)sq

= max{min(3) 7!, [s4]}*

OB ) TH (BT + (4 [(CIan) (1 + 1(Ci) 7]

for some matrices BZ, C? of the form (3.40) where

(B = (9 = (4D (RO ) iy min(s)) = i)

Since max{min(3)~!,[s4|} ! = max{1,|s1],...,|sq4|} ! = min(s) we derive together with (3.42) the
estimate (3.41) for d + 1. Hence, (3.41) holds true for arbitrary dimension.
With this at hand we return to arbitrary dimension d and further deduce

|det AL|™1 = max{1,[s1],...,|sq_1|} <1+ max{|si],...,|sq_1]} <1+ |s].
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Now we can prove the following estimate for 0 < ¢y < 1 and almost every s € R%:

9d—1 ¢ "
/Is(t)qo dt < |detAg|qo/ (Z [T+ 14 k> dt
B i=1 j=1
2d 1
<|detAZ|q°Z/H 1+ [(ALt);]) "R at
i=1a j=1
d
S fdevagmt [T+ ) de
Re I=1
d
S st [ TTa+ 1) ar
Ra =1
which shows (3.34).
I1(s): We shall now deal with the second factor in (3.32) for ¢y > 0. By Lemma 3.6 (iii) and the

definition of ® we obtain

s)Va = /|c1> w)| dw

e w( S ) (MO )

with Qg = {z € R? : |21| < ay, max{—b;, —b; — s;_121} < x; < min{b;, b; — s;_121},4 = 2,...d}. Since
¥ is compactly supported and continuous, we conclude

(3.43) L(s)Ya §/|w1|d_1dw.

In the following we assume s > 0 componentwise, all other cases can be treated analogously by
symmetry arguments. Then, for any w € €, it follows from Lemma 3.6 (iii) that |w;| < 2b;s; ", for

all i = 2,...,d, hence, |wi| < (max;—1_4-15) ' = |s|5. Moreover, since w € supp @, we derlve
—b; <w; <b; foralli=1,...,d. We can now estimate (3.43) in the following manner:
nVrs [ el e

|wi|<min{by,|s|s'}

Assume first that |s|Z! > by, then we have

BV S [l o SH S+ sl

|w1]|<b1
On the other hand if |s|! < b; it follows that
BV S [l e S 1l 1 )

jwi] <"

In both cases we obtain
(3.44) L(s) S (1+ [|s[))~ %
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Plugging (3.34) and (3.44) into (3.33) now yields

(@, o) | dsdt < / Io(s) 11 (s) ds

Rd Rd—1 Rd-1
d
(3.45) S [Tla+lah ™ ra [ @+ pspyt-n-ras
R4 i=1 Rd—1

For any choice of gy we can find a k& € IN, such that the first integral in (3.45) converges. The second
integral in (3.45) is known to converge if and only if go + dg; > d. This can be obtained by setting

qoz%andqlz%q+é. If ¢ > 1 this satisfies
g—1 d—1 1 1
—d s (g —14qd=1)+1) =
Gota="——+——qto=-(g-1+qld-1)+1)=g¢
and
-1 1 1
QO+dQ1ZqT+(d—1)Q+1:1+q<d_1+g>_E

1 1 1
:d—<d—1+a>+q<d—1+g>:d+(q—1)<d—1+g>>d

and we finally conclude

(P, Y (00,s,0)) | ds dt < oo.

R4 RA—1
Altogether with (3.30), (3.31) and (3.32) we have now shown that all four summands in (3.29) are
bounded and this concludes the proof. O

At this point we intend to show that there exist functions ® satisfying the assumptions of Theo-
rem 3.9. Indeed we will show that we can find ¥ so that ® € 65°(RY).

Example 3.1. We fix any odd dimension d. Then, for £ = (&;,€) let \i’(f) = 1/;1(51)1/;2(5) with
ygl\ge(slfl)l(slfag 1<é& <3

~ 1
P1(&1) = Q|G| 2e@IET, —3 <& < —1

0, otherwise
and 1y € €0 (RI1) with ¥ > 0. According to Remark 5 we set
. 41 P (w. &) 1/2
: ’ (w17 g)‘ dw1>

R\[—[&1],/€1]]

-1 - 3 2 1/2 a—1 -
¢ |w2(£)|<2 [ e dwl) €T () (6)
max{|&1],1}

with ®(¢) = 0 for |&| > 3. Now we show that this function satisfies the required assumptions. The fact
that ¢ € %€°(R) and therefore ¥ € %5°(R%) is immediately obvious. With the given construction,
together with Remark 5, we see that the necessary condition from Theorem 3.3 is satisfied, i.e. the
functions ® and ¥ constitute a Parseval frame. Furthermore if we assume ® € €5°(R%) C .7 (R%)

then ® € .#(RY) C Li(R%) N Ly(R?) and all necessary conditions on & are satisfied.
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So we need to show that ® € €5°(R?), which means that we will show that ¢, is infinitely continu-
d—1

ously differentiable since &, % is a monomial. To show this we need to prove that

dn
lim —— =
li, dx”( $1(z)) =0
and
lim i( ())=0
2\ dz™ i) =

for all n € IN. Since both statements are proven in an analogous manner, we will only show the proof
of the first statement and for the remainder of this example we assume 2 < x < 3. Since we have

¢1(x) = (f o g)(x) with f(z) = /z and
3
g(x) = 2/em dw,

we can use Faa di Bruno’s formula to get a closed expression for the n-th derivative. Recall that for
two functions f and g the identity

dr dkf dg d29 d(nkarl)g
(3.46) ( Z dm’f (@(95)7 @(95)7 y W@U))
holds with B,, ;. being the Bell polynomlals, ie.
n! 1 J1 1’(n_k+1) J(n—k+1)
Bnr(x1,20, ..., xp,— = —( > <7) )
k(71,2 (n—k+1)) Zh FENANT (n—Fk+ 1)
The sum in the above expression is taken over all (j1,...,jm—r+1)) With j1 + - + jp_p41) = k and
J1+2j2+ -+ (n—k+1)jpn_ps1) = n. The derivatives of the square root satisfy
dkf gl
@@) = g2
with ¢, being some constant and since because of 1 < x < 3 we have
dg 2
3.47 — _9¢@—1)(@-3)
(347 () = 2
this means that for all k£ € IN the derivatives of ¢ satisfy
dk 2
g(a’,‘) = Qk($)6(171i173)

dzk
with Q) being some rational function without singularities in the interval (1,3). Thus, using (3.46) we
now have

—k+1 2 \N
P (x) = Z Ck (g(x)) 2 Z ki <Q1(1-)e(ac—l)(x—3))
k=1 (jlr'wj(nfk«kl))
>j(n7k+1)

2
Qi (@)e T

3

Ry () (9(x)) "2 (e )
1

(Rk,n(ﬁﬂ)(em)”%l_l >k—%
1 9(x)

b
s

e
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where Ry, is a rational function for every k = 1,...,n possibly changing from line to line and
1

Rk,n(x) = Rk,n(x) *~3  Since
lim R e ) T 4 1 -
o3 k(@) (e ) =0 an xlfmgg(:c) =0

we use I’Hospital’s rule to determine the limit of the fraction. For the derivative of the numerator we
obtain

d /= l 2 141
a(Rk’n(x)(e(zfl)(zfiﬁ) 2k71)
d -~ 2yl - d, 2 g4 1
— aka(w) (e(x—l)Q(ac—S))1+2kfl +Rk,n($)a (e (ac—l)Q(oc—s))lJr 2k—1

— Q(x)(em)“rﬁ

where @Q is of the form Q(z) = Q2(z)(Q1(x)) it Qs(:c)(Ql(x))%L—l with @1, Q2, Q3 being rational
functions. This, together with (3.47), yields

~ 2 1
) %(Rk,n(ﬂf) (em)l""%—l) . L,
1m 3 = lim Q(m)e@kfl)((zfl)(z—?,)) = 0.
/3 15 (g(az)) x /3
Thus, with 'Hospital’s rule we get

o n ~ 2 14t gl
dn R n (z—1)(z—3) 2k—1 2
P10 = ) Z( GIC ) )

m
z 3 dam 273 — g(x)
3 Rpon(x) (T 0@ ) 1305 \ b=
= (hm ’ >
o1 \T3 g(x)

(, %(mmw)(ew—l%—f»)”zk%))k;
lim ]
@3 4 (9(2))
This proves that ¢ € €°(R) and therefore that ® € €5°(R%).

3.4. Inhomogeneous shearlet coorbit spaces. Now we are able to give a definition of the coorbit
spaces associated to our inhomogeneous shearlet frame with respect to the weighted Lebesgue spaces

Ly, (X, ,U)~

Definition 3.5. Let the shearlet frame § be chosen so that it satisfies the conditions in Theorem 3.9.
Then for 1 < p < co and 1 < 7 < 2 with p < 7’ the shearlet coorbit space with respect to the Lebesgue
space Ly, (X, 1) is defined as

SC% .+ p = Coz7(Lpw, (X, 1) = {f € Hrpw,)” : SHzf € Lpo, (X, 1)}

It is endowed with the natural norm
1F1SCs 7 pll == ISHg,7f | Lp,v, (X, 1)
These spaces are well-defined Banach spaces, which is implied by Theorem 3.9.

Theorem 3.10. With the same assumptions as in Theorem 3.9 the spaces SCk ., are well-defined
Banach spaces.

Proof. As stated in Remark 2, Theorem 3.9 and Lemma 2.1 imply that the assumption in Proposi-
tion 2.7 is fulfilled. Hence, the assertion follows. O

The following results are straightforward.
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Lemma 3.11. Let 1 <p<g<oo, 1 <7 <2 withp,q<7 and 0 <r <s. Furthermore let § and &
satisfiy the conditions in Theorem 3.9 with G(§,®) € A1, . Then,

(i) SC3.,, C SC% 14

(ii) SC%., C SCx
(iii) SCx ., =SC
Proof. (i) and (ii) follow from Lemma 2.8 (ii), (iii) is a consequence of Proposition 2.9. O

7T7p’

'8
&,7,p

Even though we introduced new integrability conditions on the kernel to obtain new spaces, these
spaces are in fact one and the same, as the following proposition shows.

Proposition 3.12. Let 1 <p < oo, 1 <o,7 <2 withp < o', 7". Then, SC; ., = SC% -

Proof. Assume f € SC% . ie. f € (Hopw, )~ with SHz o f € Ly, by the reproducing identity and
Lemma 2.1 it holds SHg,f = Rz(SHs.of) € Rz(Lpw,) C Ly, C L, 1. Thus, Lemma 2.5 yields
fe€MHrp)™ and f € SC; .

Remark 6. With Proposition 3.12 at hand the coorbit spaces solely depend on p and not on 7. Thus
it is justified to omit the parameter 7 and simply write

SCsp=A{f € Hrw,)” : SHgrf € Lpo, (X, p)}
for 1 < p < oo and some 7 fulfilling p < 7 < o0.

Equivalently the converse is shown. O

APPENDIX A.

In this appendix we will briefly discuss Young’s inequality, the three-way Young’s inequality and
Schur’s test mentioned in Section 2.

Lemma A.1 (Young’s inequality). Let a,b >0 and p,q > 0 with 1/p+1/q =1, then

al  bY
ab < — + —.
p q
Lemma A.2 (Three-way Young’s inequality). Let a,b,c > 0 and p,q,r > 0 with 1/p+1/q+1/r =1,
then

aP b1
abc < — + — + —.
b q r

Proof. By applying Young’s inequality twice and observing % + %, = 1 with % + 1% = 1 we obtain

)

abc < — + <
p 7 p P\ ar /v p q T
which proves the claim. O

Lemma A.3 (Schur’s test). For a kernel K : X x X — C with K € Ay, the corresponding kernel
operator fulfills

aP b P _ a? 1 ((bp’)q/p’ (Cp’)r/p’> ak by

K Ly = Lpoll < [ ALm, |
forall1 <p < .
Proof. For p < oo assume f € L, , with ||f|L,,|| <1, then

1K) Lpoll = sup  (K(f),9)

gELpl’%

L <1
lglL,, 111

< sw /X /X K (2, ) f (0)9()] dpa() ds(),

geL , 1
%
lglL,, 1 I<1
‘v
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where p’ denotes the Holder-dual of p. By Young’s inequality we obtain

/X/X\K(m,y)f(y)g(w)\du(x)du(y)

<2 [ [ 1K@ )mte.0) - F)F o) dat) duty)
1 " 1 N
5 | IR Glmte.0) o)l o dna) duto)

1 1 /
< UK Avn, |- I 1Epoll” + K ALm, |1 912y 2 7

Thus, [|K(f)|Lpy = Lpoll < [ K[ A1m,]-
On the other hand for p = co and f € L, we have

1K (f)| Lol < eSSSUP/ K (2, y)[mo (2, y) - [ f(y)lv(y) duly)
rzeX X

< HTALmy [ - 1L [ ool

which concludes the proof. O
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