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A QUADRATIC FINITE ELEMENT WAVELET RIESZ BASIS

NIKOLAOS REKATSINAS AND ROB STEVENSON

ABSTRACT. In this paper, continuous piecewise quadratic finite element wavelets
are constructed on general polygons in R%2. The wavelets are stable in H*® for

Is] < % and have two vanishing moments. Each wavelet is a linear combination

of 11 or 13 nodal basis functions. Numerically computed condition numbers
for s € {—1,0,1} are provided for the unit square.

1. INTRODUCTION

It is well-known that, properly scaled, an infinite countable collection of wavelets
can generate Riesz bases for a scale of Sobolev spaces. Such wavelets can be applied
for the numerical solution of PDEs and singular integral equations. For suitable
wavelets, the (infinite) stiffness matrix of such an operator equation is boundedly
invertible, so that the residual of an approximation is equivalent to its error, mean-
ing that this residual can be used as an a posteriori error estimator for driving an
adaptive algorithm. Using that wavelets have vanishing moments, even for singular
integral equations the matrix is close to being sparse, and therefore its application
can be efficiently approximated. Furthermore, in any case for elliptic equations, any
principal submatrix is uniformly well-conditioned allowing for an efficient iterative
solution of the arising Galerkin systems.

As with most wavelet applications, it is important that the wavelets have local
supports. Other than with classical wavelet applications, as data compression and
signal analysis, for solving operator equations the corresponding dual wavelets do
not enter the computations, and their support sizes are irrelevant. This induces a
lot of freedom in the construction of suitable wavelet bases. For more information
on the application of wavelets for the (adaptive) solution of operator equations, we
refer to [Dah97, Ste09, Urb09] and the references cited there.

Traditionally, wavelets are constructed on the line or on the interval [0, 1]. Then
the application of a tensor product construction yields wavelets on R™ or [0,1]™.
For equipping more general domains in R™, or their boundaries, with wavelet
bases domain decomposition techniques have been developed (e.g. [CTU99, DS99a,
DS99b)).

Another approach to treat non-product domains is to construct wavelets in finite
element spaces w.r.t. a nested sequence of meshes. This approach, to which also
this paper is devoted, inherits the full flexibility from the finite element method
concerning the shape of the domain.
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To realize the Riesz basis property, one can rely on the theory of biorthogo-
nal space decompositions ([Dah96]). It starts with two multiresolution analyses
(Vj);50, (V3)j>0 on the given domain that both satisfy Jackson and Bernstein es-
timates, and for which V; and ffj are relatively close in the sense that they satisfy
inf-sup conditions, uniformly in j. Then for each j, one constructs the wavelets
on ‘level’ j as a basis for the biorthogonal complement V; N f/f_ﬁ"‘ of V;_1 in Vj.
The union over j of such wavelets form, properly scaled, a Riesz basis for the
Sobolev space with smoothness index s for s in an interval (Smin, Smax) 2 0 deter-
mined by the aforementioned Jackson and Bernstein estimates. With finite element
wavelets, both multiresolution analyses are sequences of finite element spaces w.r.t.
a common sequence of meshes. Linear finite elements of this type, with f/J =V;,
were constructed in [KO95, Ste98a, FQ00, HMO00], and higher order ones, also with
17} # V;, can be found in [DS99c, NS09]. With the exception of [Ste98al, the
constructions in these references were restricted to two space dimensions.

An alternative possibility is to relax ‘true’ biorthogonality w.r.t. Lo to an ap-
proximate biorthogonality, for instance biorthogonality w.r.t. to a level-dependent,
approximate Lo-scalar product. Usually the resulting wavelet bases have smaller
supports than those than span truly Lo-biorthogonal complements, but on the other
hand typically their s, is larger and sometimes positive. Linear finite element
wavelets of this type were can be found in [VW96, Ste98b, LO96], and quadratics
ones in [Liu06].

In [RS17], we applied an adaptive wavelet method for solving time-dependent
parabolic PDEs in a simultaneous space-time variational formulation. One of the
arising spaces that had to be equipped with a wavelet Riesz basis is the intersec-
tion of the Bochner spaces Lo ((0,T); H(Q)) N H((0,T); H=1(Q2)), where Q C R?
denotes the spatial domain. We equipped this space with a basis of tensor products
of temporal wavelets and spatial wavelets. In order to obtain a Riesz basis for the
aforementioned intersection space, the collection of temporal wavelets has to be,
properly scaled, a Riesz basis for Ly(0,T) and for H*(0,T), which wavelets are am-
ply available, whereas the collection ¥ of spatial wavelets has to be, properly scaled,
a Riesz basis for H}(2) and for its dual H (). Moreover, in order to obtain a
sufficient near-sparsity of the resulting stiffness matrix, we need these wavelets from
U to have 2 vanishing moments, or more precisely, cancellation properties of order
2. Finally, since we wrote the PDE as a first order system least squares system,
and a suitable wavelet basis for the flux variable is at least of order 2, we need the
wavelets from WU to be of order 3, i.e. piecewise quadratics.

Piecewise quadratics wavelets in finite element spaces were constructed in [DS99c,
Liu06, NS09]. Those in [Liu06] have small supports, but are not stable in H* for
s < 0 and do not have vanishing moments. The quadratic wavelets in the other
two references satisfy our needs, and have even 3 vanishing moments (V; = V).
Unfortunately the condition numbers of those from [DS99c¢] turned out to be very
large. For that reason, in [NS09] we applied the available freedom in the general
construction from [DS99¢| to arrive at wavelets that are much better conditioned.
The price to be paid was an increased support size. The continuous piecewise qua-
dratic finite element wavelets from [NS09] are linear combinations of 87 nodal basis
functions. In the current work, we change f/j into the space of continuous piecewise
linears w.r.t. a dyadically refined mesh, and use the available freedom to construct
piecewise quadratics wavelets that satisfy all our needs, have condition numbers
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similar to those from [NS09], and are given as linear combinations of 11 or 13 nodal
basis functions.

This paper is organized as follows: In Sect. 2 we review the general theory on
biorthogonal space decompositions, and in Sect. 3 we apply the general principles
of the element-by-element construction of finite element wavelets to construct con-
tinuous piecewise quadratic wavelets in two space dimensions, with small supports
and 2 vanishing moments. We provide numerically computed condition numbers in
H', Ly and H~'-norms.

We will use the following notations. By C' < D we will mean that C can be
bounded by a multiple of D, independently of parameters which C and D may
depend on. Obviously, C 2 D is defined as D < C, and C = D as C < D and
CzD.

For normed linear spaces &/ and £, for convenience in this paper always over R,
L(o/, %) will denote the space of bounded linear mappings & — % endowed with
the operator norm || - || £(w,2)-

For a countable set V, the norm and scalar product on £2(V) will be denoted as
Il -]l and (, ), respectively. For real square matrices A and B of the same size, we
write A > B when for all real vectors x, (Az,z) > (Bx,x).

A countable collection of functions ¥ will be formally viewed as a column vector.
Then for a sequence of scalars ¢ = (¢, )gex, weset ¢! % 1= > oex Co0- For countable
collections of functions ¥ and ® in a Hilbert space ¢, we define the (formal) matrix
(8, @) ¢ := [(0,9) #loes pea-

We use the symbol Ny to denote {0,1,---}.

2. THEORY ON BIORTHOGONAL WAVELET BASES

Let ¥, ¥, # be separable Hilbert spaces with 7, ¥ <  with dense embed-
ding. Identifying 2 with its dual, we obtain the Gelfand triples ¥ «— J# — 7"
and ¥ — A — ¥’ with dense embeddings. For s € [—1, 1], we set the interpola-
tion spaces ¥ := [V, ], 1 and ¥ := [V, ¥]1,, 1. The following theorem is a
special case of an even more general result proven in [Dah96].

Theorem 2.1 (Biorthogonal space decompositions, [DS99¢]|). Consider two mul-
tiresolution analyses

VoC Vi C--- CH, with ClOS%(szij) Z%,

Vo C ‘71 C .- C I, with ClOSyf(szoffj) = .
Suppose that for j > 0 there exist uniformly bounded biorthogonal projectors Q; €
L(A, 7)) such that
(2.1) ran@; =V;, ran(l —Q;) = f/jJ‘”,
and that, for some p, p > 1,

v]Hg/] v = villoe S p~llolly (ve¥),

(2.2 A
it (5= 3l 5700l (@ €),

and

(2.3) loill» S Pllvlloe (05 € Vi), N5l S 2115500

!

<

m
<
S~—
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Then, with Q_1 := 0, for every s € (—1,1) it holds that
ol =D " 1(@) — Qi1 )l (ve ™).
3=0

Remark 2.2 (e.g. [Ste03]). Existence of the biorthogonal projector @Q; as in (2.1)
is equivalent to

(2.4) Bj:= inf sup M = inf  sup M >0,
020 €V 5,7, NVilloel05lloe o267, 020 ev; lvslloell0;]] 2
—1
where ||Qj||£(jgﬂ,3f) = ;.

Other equivalent conditions are that for any Riesz basis ®; for V; there exists a
(unique) s#-dual Riesz basis ®; for V;, and that there exist some Riesz bases ®;
and @, for V; and Vj, respectively, such that (®;, ®,).» is bounded invertible. In
the latter case, one verifies that

R
17X A TR
V1@, 2501185, ,) e |
Corollary 2.3. In the situation of Thm. 2.1, for j > 0 let ¥; = {¢,»: ¢ € J;}
be a uniform Riesz basis for ran(Q; — Qj—1) = V; N V]Ljf’ (V_y :={0}), i.e., with

Ko (V5) = (95, U)o ||[|(W,9,) 5 || it holds that sup; ke (V;) < oo. Then for
s € (7171)7

o0
U p 75U, is a Riesz basis for V.
j=0
In particular, with kK d_enoting the quotient of the supremum and infimum over
v et of [0l ) S50 pPI(Qs — Qjr)oly . it holds that

oo
ij/s( U p_js\I/j) < Kg X sup ke (¥;).
20 320
Recalling that ran(Qo — @—1) = Vb, the remaining challenge is the construction
of ¥; for j > 1,ie. ¥,y for j > 0:

Proposition 2.4 ([NS09]). Forj >0, let ©;U%; 1 and ®; be uniform Riesz bases
for Vit1 and Vj, respectively, such that (©;, &)j>3f =1d. Then

(2.5) Vi1 =Ejp1 = (Z41,85) 20,
s a uniform Riesz basis for Vi1 N f/jJ‘%’ =ran(Qj+1 — Q;).
With
5o i S ) E G
;=

1 T~ 1=
0#70;Espan O 07517]'6‘71' |Uj||jg’||vj||jg”
gj = sup sup —A<Uj’wj+1>‘}f )
0#£0; Espan ©; 0£w,;+1EspanEj41 H’Uj”ﬁwaj—i-l H.ﬁf
it holds that .
(1+40:7)
Ko (U < —2L Lk w(Ei).
«ff( J+1) = ﬂ %( JJrl)
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Remark 2.5 (dual wavelets). With ()* denoting the adjoint w.r.t. {, )z, under the
conditions of Thm 2.1 equivalently it holds that for every s € (—1,1),

oo
19015, = D> P 1(Q; — Q5—1)bl% (57,
§=0
so that for W; being any uniform Riesz basis for ran(Q; — Qj_,) = Vig1 0N le”,
0o
U p*js\ilj is a Riesz basis for ¥°.
§=0
One verifies that the pair (ran(Q} — QF_;),ran(Q; — Q;-1)) satisfies (2.4) with
infsup constant vy, := ||Q; — Qj_lHZ(ljf,%) > 1. Consequently, as stated in Re-
mark 2.2, given a Riesz basis ¥; for ran(Q); — Q;—1), there exists a unique dual or
biorthogonal Riesz basis ¥ for ran(Q; — Qj_,), i.e. with (¥, U,) » = 1d. From

~ <CT\~I/j7Uj>Jf ~
ville] Ujlle < sup . < le; ¥;loe,
0#vj€ran(Q; —Qj—1) ||U]||%
and
(e] ¥y, vi)e (e] ¥j.d] ¥j)or (e, dy) |1yl
sup — T —gup ——————— = Sup -
0#vj€ran(Q;—Qj—1) ||U]||3f 0#d; ||U]H-9f 0#d; ||d.7|| de \I}JH%

one infers that - (¥;) < 7;1/@%0(\11]»). Consequently, when the ¥; are uniform

Riesz bases for ran(Q; —Q;-1), then their duals are uniform Riesz bases for ran(Q; —

Qi_1), and for s € (=1,1), ;2 p~7*P; and U2, p5W; are #-biorthogonal Riesz

bases for ¥® and ”/7*5, respectively.

(c"DU,d"DI)
[T D-19], .

Moreover, if ¥ = ¥, then from [[cTDU|/y. = SUDo£der,

c,d d _ . —js
SUPg_£der, <HdH> |\dTD!1‘\|i/\|,1;,S , where D =< blockdiag[p~7°1d];>0, and the analogous

result with interchanged roles of (¥,D) and (¥,D'), one infers that
Ky (UjZo p77°%5) = k. (UjZo 970 05).

Remark 2.6 (dual wavelets cont’d). An explicit expression for \i'j can be obtained
in the following special case: For j > 0, let ®; and ®; be #-biorthogonal Riesz
bases for V; and Vj, respectively. Let M; = [M, oM, 1] be the basis transfor-
mation from ®; U W,y to @44, ie., [® U ] = &, M;. Analogously, let
[@j \il;:_l] = (i);rﬂMj' Biorthogonality shows that Mj o = (@41, ®;) e, M, =

(®41,%; 1), and analogous relations at the dual side, as well as M; = M;T.
Now let ¥; be constructed as in Prop. 2.4 for the case that ©; = ®; and thus TA/] =
V;. Then (2.5) reads as M ; = (Id—Mj’OMIO)Rj’l, where Rj 1 = (®j11,5j41) 2.

We conclude that
Id -MJ,R;i| . Id 0 _

- ) ) 4,01%5,1 L ~ . . T

M; = [M;o R;1] [0 Td ] , Le. M [RLMJ‘,O Id} Mo Rji]™
meaning that dual wavelets become explicitly available in terms of <i>j+1 when

additionally ;41 is chosen such that the basis transformation [M; o R;1]™! from
®;41 to the two-level basis ®; U Z;4, is explicitly available.
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Classical ‘stationary’ wavelet constructions on the line provide explicitly given
(primal and) dual wavelets. Explicit knowledge of dual wavelets is crucial for appli-
cations as data compression and data analysis. For applications as preconditioning
and the (adaptive) solving of operator equations, however, dual wavelets do not
enter the computation, and wavelet constructions on general, non-rectangular do-
mains usually do not provide them (an exception is [Ste03]). Allowing VJ # Vi,
thus giving up explicit knowledge of dual wavelets, gives an enormous additional
freedom in the construction of ¥, in Prop. 2.4, which we will also exploit in the
current work.

3. CONSTRUCTION OF QUADRATIC LAGRANGE FINITE ELEMENT WAVELETS

3.1. Multi-resolution analyses. Given a conforming triangulation 7y of a poly-
gon Q C R?, let (7;);>0 be the sequence of triangulations where 7;.; is created
from 7T; by subdwldlng each triangle 7' € 7; into four sub-triangles by connecting
the midpoints of the edges of T' (red-reﬁnement).

For I' C 02 being a union of closed edges of triangles T € 7y, we define Vj
(V;) as the space of continuous piecewise quadratics (linears) w.r.t. 7; (7j41) that
vanish at I'. We let N(7;) denote the set of vertices that are not on F of T e Tj.

We take 7 := Ly(f), and for some t € [1,3), define ¥ = ¥ = H&F(Q)ﬂHt(Q).
With these definitions, the Jackson and Bernstein estimates (2.2)—(2.3) are satisfied
with p = 2. After having equipped V; and f/j with uniform Riesz bases, later in
Sect. 3.3, with the aid of Remark 2.2 we will verify also the remaining condition
(2.1) of Theorem 2.1. For |s| < 2, we define

H&,F(Q) mHs( ) s € [ ) ]a
Hir(Q) s € (3,1),
2= [(Hop (ONH*(Q))', Hop(QNH*(Q)] 4~ [L2(), Ho p ()] 5 = 3,
H*(Q) s € [0, 2)
(=) s €[=2,0).

Thanks to the reiteration theorem we have that ¥* ~ 2!, Since ¢t € [1,3) was
arbitrary, from Corollary 2.3 we conclude that if ¥; is a uniform L, (Q2)-Riesz basis

for V; N ‘7;32(“), then for [s| < 2,

o0 .

U 277%W; is a Riesz basis for Z7°.

j=0

From the approximation properties of (V;);, we infer that for j > 0, ¥j11,, €
U1, p€[l,00] andp—l—a—l
(s jrra) o] < 1W5r1all,@) mf llu = vjllz,supp ;)
J J

(2_])2|U|W3(Conv hull(supp ¥, )) (U’ € WqQ(Q) n H&F(Q))7

that is, the wavelets will have cancellation properties of order 2. In particular, away
from the Dirichlet boundary I', they have 2 vanishing moments.

3.2. Local-to-global basis construction. Following [DS99c, NS09], in this sub-
section it will be shown how to reduce the construction of the various collections of
functions on €2, that are needed for the construction of the biorthogonal wavelet ba-
sis corresponding to the primal and dual multi-resolution analyses (V;); and (V )i
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to the construction of corresponding collections of ‘local’ functions on the reference
triangle

3
T ={)\eR%: Z)\izl,)\i > 0}.

i=1

For1<i<3,letT; ={AeT: \; < %}, and let Ty = T \ U3_, T; (red-refinement).
For any closed triangle T, let Ap(z) € T denote the barycentric coordinates of
x € T with respect to the set of vertices of T' ordered in some way.
We consider finite collections of functions ¥ = {oy : A € I} on T that satisfy

(V) o vanishes on any edge or vertex that does not include A,
(8) n(Ix) = I and o = oy o 7 for any permutation 7 : R® — R,
(J) X is an independent collection of continuous functions.

Such collections of local functions can be used to assemble collections of global
functions in a way known from finite element methods: For j > 0 and with

(3.1) Iy, :=={z € Q\T : Ap(z) € Iy for some T € 7;},

we define the collection ¥; = {0;,: x € Iy, } of functions on Q by

. _ wl@57)00 @) (Ar(y) ifxyeT e
(3.2) 0j2(y) = { 0 otherwise

1
2

with scaling factor p(x;7;) = (Z{TETJ_: T2} vol(T)) 2. Note that the assump-
tions (V), (8) and (J) show that 3, are independent collections of well-defined,
continuous functions on 2.

Lemma 3.1. Let X and 3 be two collections of ‘local’ functions onT" both satisfying
(V), (8) and (J). Let ¥; and X; denote the corresponding collections of ‘global’
functions on Q). Then:

. =35 (=) -1
(1) H<EJ7E >L2(Q)|| < H vol?l"z(T) ||’ ||<E X >L2 Q H < || vol?lg(T) H
@ @)
(i) If I = I, and pld < % < MId then pld < (5, 55) () < MId.
(i) (Vj,05) Lo (22) (v,0)1,(z)

sup — < sup ~ .
00, €span'S, il La@ 195l 2220 ™ L espan s V22 10022 (2)

0#£7; Espan X 0#D€span &

Proof. We note that for ¢; € KQ(IEJ_), c;j € lo(Ix,), it holds that

(25, i>L2(9)5j,cj> = (¢/%;,& %)) L,
vol(T - -
= Z < Z ¢, b(T; Tj)OAp () Z Cj,y,u(y;’];‘)a/\q-(y)> .
zCizy

vol

= Z ((£,8)1,(r)r, 1),

TET;
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where ¢p = (Ej)y,u(y;ﬁ) vol(T)) , Cr = (cj7wu(x;7}) VO](T))

yelg NT w€ls,NT’
and ‘
SolErlP =" > 1Eululy; T)? vol(T)
TeT; T€eT; yeli]_ nT
= Y G Pu T > vol(T) = 1§,
yelij {TeT;: T3y}
and similarly ZTeTj ller|? = |lc;l2.
These relations show (ii) and (i), for the latter using that for A = AT > 0,

A 1 X A
||A|| = SupO;é;E %7 ||A 1” L= ll’lfo#w %

Denoting the value of the supremum at the right hand side of (iii) as @, we have

- vol(T) L N
<Uja Uj>L2(Q) = Z VOI(T) <1}j o )\Tl, Vj 0 )‘T1>L2(T)
TET;
vol(T") _ _ _
<Q 3 Loyl 0 A laaeml1os 0 Az laag
TET;
vol(T') 12 3 vol(T) e 1
= Q[ Z vol(T) v © Az HLz(T)} [ Z vol(T) 19 0 Ar ||L2(T)
TeT; TET;

= Qllvjll o) 1951 Lo ()

which completes the proof. ([

3.3. Verification of the uniform inf-sup conditions for (V}, ‘7j)j20- As a first
application of the local-to-global basis construction discussed in the previous sub-
section, we will verify the existence of the uniform bounded biorthogonal projectors
from (2.1).

Setting Iy := N3N T, and for i > 1, I; :== (27'N3NT)\ I,_1, we let N :=
{nx: A€ IyuUlI } and N = {fix: A € Ip U I} denote the standard nodal bases of
Py(T) and C(T) N H?zl Py (T;), respectively.

The with N and N corresponding ‘global’ collections N; and Nj, defined by
(3.1)-(3.2), span the spaces V; and Vj, respectively. The index sets of these col-
lections satisfy Iy, = Iy = N(Tj+1). Lemma 3.1(i) shows that N; and N, are
uniform Ly (2)-Riesz bases for their spans. With Iy U I; (and I3) numbered as
indicated in Figure 1, a direct computation shows that

FIGURE 1. Numbering of Iy U I U I.
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16 -3 -3 -10 0 0
B -3 16 -3 0 -—-10 0
(N,N)p,ry 1 [-3 -3 16 0 0 —10
vol(T) 480 | 2 14 14 70 30 30
14 2 14 30 70 30
14 14 2 30 30 70
With A = Anin (550t (V. N) o) + (N N)T )., we have (S20022 > 21d
Vi . 2 vol(T)
and thus, by Lemma 3.1(ii), (N;, Nj)r,) > Ald. It is easily verified that A > 0,
which shows that (N, N;) 1, q) is invertible with sup; [[(Ny, Nj>221(m|| <Al < .
Now Remark 2.2 shows that the inf-sup condition (2.4), and thus equivalently (2.1),
are indeed satisfied.

3.4. Local collections ®, E, and > underlying the construction of ¥, .
In order to construct ¥;; for j > 0 by means of equation (2.5), we need to specify
the collections ©;, Z;41 and i)j of functions on 2. We will construct them from
collections @ = {Oy\: A e HLUL}, E={&: Ae b}, and ® = {py: Ae [,U I},
respectively, of functions on T that satisfy (V), (8), and (J), and for which ® U X
and @ are bases for C(T) N Hle Py(T;) and C(T) N H?zl Py (T;), respectively,
and (@,i’}b(r_p) = vol(T)Id. Then by an application of Lemma 3.1, we know
that, as required, ©; U ¥;4; and <i>j are uniform Riesz bases for V;;; and ‘7j,
respectively, and <6j,<i>j>L2(Q) = Id. The index sets of these collections satisfy
I@j = I(i)j = N(E+1)’ and IE]‘+1 = N(E+2) \N(EJrl)

We will specify ® UX and ® in terms of the usual nodal bases Ny and N for
c(T)n H?:l Py (T;) and C(T) N Hle Py (T;), respectively. For completeness, with
Ny we mean the collection of functions in C'(T") N H?:l P,(T;) that have value 1 in
one of the points of Iy U I U Iy and vanish at the others. Aiming at wavelets that
have relatively small supports, we exploit the available freedom in the construction
to obtain @y and &, with small supports and a matrix (&, <i’> Lo(T) that is sparsely
populated.

We define @ as indicated in Figure 2, and © as indicated in Figure 3. Both these
collections satisfy (V), (8), and (J), and @ is a basis for C(T') N H?:l P (T;). A

1" =4 e
27

FIGURE 2. J)(Lo,o) (left) and qg(%’%’o) (right) in terms of N. The

other ¢, are obtained by permuting the barycentric coordinates.

direct computation shows that (©, ‘i'>L2(T) = vol(T)Id. We define E as indicated
in Figure 4. It satisfies (V), (8), and (J), and since
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FIGURE 3. 6(1,0,0) (left) and 61 1 o) (right) in terms of INy. The
other @) are obtained by permuting the barycentric coordinates.

0
M

FIGURE 4. &3 1 ¢ (left) and §11 (right) in terms of Ny. The
other &€,’s (five and two) are obtained by permuting the barycentric

coordinates.

7200 0 0 0 0O O O O O O 0 0O
0720 0 0 0 O O O O O 0O 0 0 O
0072 0 0 0 0 0 0O O O 0O 0 0O
000509 0 0 52520 0 0 0 00 0
000 0 % 0 0 032520 0 00 0
000 0 0 ¥ 0 0 0 0 235200 0
06033 0 0 1 3 0 0 0 0000
0063 0 0 z 1 0 0 0 0 0 0 0[#0,
006 0 %2 0 0 0 1 32 0 0 000
6 00 0 %2 0 0 0 % 1 0 0 00 0
6 00 0 0 28 0 0 0 0 1 32000
060 0 0 3 0 0 0 0 32 1 000
o0 o BB O AR T AT
Vo0 L wF AL 0 eI

we conclude that ® U E is a basis for C(T") N H?:l P5(T;). Tt holds that

g 15 A= (1a050)7
— 100
(€(3,1,0) P2 La1) = VOU(T) % { 0 Ae(lul)\{(L0.0)},

i = A=(001),
<€(%,%,%)7¢A>L2(T) = VOI(T) X % A= (%a %; )7

0 Xxe(Ioul)\{(0,0,1),(5,3,0)},

where the other values of (§,, qg,\>L2(T) for (u, A) € Is x (I U Ip) are obtained by
permuting the barycentric coordinates.
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3.5. Definition of the ¥;. We take ¥y, = NNy, being a Riesz basis for V5. In
the previous subsection, from corresponding local collections we have constructed
uniform Riesz bases ©; U X4, and ®; for Vj,, and Vj, respectively, such that
(Gj,&)ﬁh(g) = Id. For j > 0, the collection of wavelets ¥;; is now given by
the explicit formula ¥, = =41 — (Ej41, <i>j>L2(Q)6j. These wavelets will depend
on the topology of Ty via the the local-to-global basis construction (3.1)—(3.2) that

we applied for the definition of ©;, ¥,,1, and <i>j7 as well via the inner product

(Ej+1,P5) Lo

Despite of these dependencies on Ty, as well as that on I', we can distinguish
between two types of wavelets: A wavelet ;11 , of the first type stems from &)
of type €z 1 o) (see Figure 4), so that x € N(Tj4+2) \ N (Tj41) is on an edge of a
T € 7;. It equals §;11 ., minus a multiple of one (or, near the Dirichlet boundary,
possibly zero) 0;, with y € N(T;) (left picture in Figure 2). A wavelet 1)1, of
the second type stems from &y of type §1 1 3), so that z € N(Tj42) \ N(Tj11)
is interior to a T' € T;. It equals &;11, minus a multiple of two (or, near the
Dirichlet boundary, possibly one or zero) 6, ,,’s, where one y € N'(7;) and the other
is in N (7;41) \ NV (T;) (right picture in Figure 2). The supports of both types of
wavelets (away from the Dirichlet boundary) are illustrated in Figure 5.

FIGURE 5. Wavelets ;41 for © € N (Tj42) \N(T;+1) on an edge
of a T € T; (left) or interior to a T' € 7; (right). Indicated are
(@), the support of €11, (vertical shading), and that of the 6, ,’s
(horizontal shading). The support of the wavelet is the union of
these supports.

The wavelets are linear combinations of 11 (left) or 13 (right) qua-
dratic nodal basis functions (i.e. functions from N,1) (the num-
bers 11 and 13 apply when the valence of each interior vertex in

T; is 6).

3.6. Condition numbers. For Q@ = (0,1)2, Ty = {{(z,y): 0 < z < y < 1},
{(z,9): 0 <y < x < 1}}, and I' = 909, we have computed HLQ(Q)(U;»]:O U,)
and ﬁHé(Q)(U‘j]:O ,), with HJ(Q) equipped with | - |1 (q), and with the wavelets
normalized in the corresponding norm. That is, we have computed the condition
numbers of the (normalized) mass and stiffness matrices. The results are given in
Tables 1 and 2.

Remark 3.2. The principles behind the finite element wavelet construction applied
in this work were introduced in [Ste98a, DS99c|. The realizations of finite element
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TABLE 1. Ls-condition numbers of the Lo-normalized wavelets up
to level J.

J O[T [2[3[4][5][6]7]s
Kia( | 1] 48[ 73[83[89[9.2[9.7]98][9.9

TABLE 2. H}-condition numbers of the H}-normalized wavelets
up to level J.

T 0[1[2[3[4][5[6][7]8
Frion) | 1| 27 |41 |54 6370 |76 8185

TABLE 3. H'-condition numbers of the H'-normalized dual
wavelets up to level .J.

J 0| 1123|4516

wavelets for given primal and dual orders from [DS99¢c] were revisited in [NS09]
in order to obtain smaller condition numbers. The two-dimensional piecewise qua-
dratic wavelets from [NS09] have 3 vanishing moments (since V; = V;). Their
Ly- and H}-condition numbers on the square on level J = 6 were 12 and 60, re-
spectively, for the H}-case somewhat improving upon the condition numbers from
Table 2. On the other hand, for a regular mesh where all vertices have valence 6,
each quadratic wavelet away from the boundary in [NS09] is a linear combination
of not less than 87 nodal basis functions, which high number was the motivation
for the current work.

Two-dimensional quadratic finite element wavelets where each wavelet is a linear
combination of only 4 or 6 nodal basis functions were introduced in [Liu06]. These
wavelets are based on a splitting of V41 into V; and an orthogonal complement
w.r.t. a ‘discrete’ level-dependent scalar product on Vj; ;. It was shown that the
wavelets generate a Riesz basis for H® for s € (0.3974, %) These wavelets, however,
have no vanishing moment, and, consequently, they cannot be expected to generate
a Riesz basis for H? for s < 0.

Finally, since for our application in solving parabolic PDEs it is needed that the
wavelets form a Riesz basis in H~1(Q), based on rpg-1(q)(DV) = KH1(Q) (D~1W)
(see Remark 2.5), where W is the dual wavelet basis and D = blockdiag[2~7];50 =
diag[|v| g1 ()] je - additionally we have computed £ g1 (o) (U;-]:o 0 ;) with these dual
wavelets being normalized w.r.t. | -|g1(q). The results are given in Table 3. Since,
as explained in Remark 2.6, these computations involve the applications of inverses
of mass matrices and that of two-level transforms at the primal side, which inverses
in our case are densely populated, we computed these condition numbers only up
to level 6.
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