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Abstract

In this paper we introduce the notion of a Weinstein two-wavelet. Then we
establish and prove the resolution of the identity formula for the Weinstein con-
tinuous wavelet transform. Next, we give results on Calderén’s type reproducing
formula in the context of the Weinstein two-wavelet.
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1 Introduction
The Weinstein operator Afj, , defined on R = RY x (0, 00), by

G2 9041 9
= 590? LTd+1 5$d+1

A = Ag+ Lo, a > —1/2,

where A, is the Laplacian operator for the d first variables and L, is the Bessel
operator for the last variable defined on (0, c0) by

d%u 200+ 1 Ou
6:cfl+1 Td+1 337d+1.

Lou=

The Weinstein operator A?/V,a has several applications in pure and applied mathemat-
ics, especially in fluid mechanics [2, 27].

Very recently, many authors have been investigating the behaviour of the Wein-
stein transform (25]) with respect to several problems already studied for the clas-
sical Fourier transform. For instance, Heisenberg-type inequalities [I7], Littlewood-
Paley g-function [19], Shapiro and HardyaASLittlewoodaASSobolev type inequalities
[16, (18], Paley-Wiener theorem [9], Uncertainty principles [12 21], 24], multiplier
Weinstein operator [20], wavelet and continuous wavelet transform [4] [1T], Wigner
transform and localization operators [22, 23], and so forth...

In the classical setting, the notion of wavelets was first introduced by Morlet in
connection with his study of seismic traces and the mathematical foundations were


http://arxiv.org/abs/2002.08993v1

2 A. Saoudi

given by Grossmann and Morlet [6]. Later, Meyer and many other mathematicians
recognized many classical results of this theory [8], [14]. Classical wavelets have wide
applications, ranging from signal analysis in geophysics and acoustics to quantum
theory and pure mathematics [3], 5] [7].

Recently, the theory of wavelets and continuous wavelet transform has been ex-
tended and generalized in the context of differential-differences operators [4] 10, 11,
13].

Wavelet analysis has attracted attention for its ability to analyze rapidly changing
transient signals. Any application using the Fourier like transform can be formulated
using wavelets to provide more accurately localized temporal and frequency infor-
mation. The reason for the extension from one wavelet to two wavelets comes from
the extra degree of flexibility in signal analysis and imaging when the localization
operators are used as time-varying filters. This paper is an attempt to fill this gap
by extending one wavelet to two wavelets in Weinstein setting.

Using the harmonic analysis associated with the Weinstein operator (generalized
translation operators, generalized convolution, Weinstein transform, ...) and the same
idea as for the classical case, we define and study in this paper the notion of a
Weinstein two-wavelet. For ¢ and ¢ be in L2 (R%), the pair (¢, 1) is said a Weinstein
two-wavelet on R4 if the following integral

o —_— da
Cov = | Futi)at) Fuloat) T
is constant for almost all £ € ]Ri“. We prove for this Weinstein two-wavelet a Parseval
type formula

o (D0, B e aldinlarn) = Co [ Fa)adiala)

for all ¢ and ¢ in L2(R%™) where <I>Z,V is a Weinstein continuous wavelet transform
on R defined for regular functions f on RE™ in [IT] by

V(a,z) € X, @) (f)(a,z)= F @) aeW)dia(y) = (f, Caz)as-

d+1
R+

Next, we prove for the pair (i, 1) an inversion formula for all f € LL(R%™) (resp.
L2(R%M)) such that Fy(f) belongs to f € LL(RI) (vesp. LL(RETM) NLP(RE)),

of the form .

1w =g [ [ 0o

where for each y € Ri“ both the inner integral and the outer integral are absolutely
convergent, but eventually not the double integral. In the end, we prove for the
pair (p,1) a Calderon’s type formulas. For ¢ and ¢ be two Weinstein wavelets in
L2(R%) such that (p,7) be a Weinstein two-wavelet, C,, # 0 and Fy (p), and
Fw () are in LP(R). Then for all f in L?(R%), the function

1 b W da d+1
frs(y) = Cow /{ /Ri“ D, (f)(a,x)?/’a@(?/)dﬂa@)ma y € RY




Two-wavelet theory in Weinstein setting 3

belongs to L2(R%™) and satisfies

lim — = 0.
dm s = fllas
This paper is organized as follows. In Section 2, we recall some properties of
harmonic analysis for the Weinstein operators. In Section 3, we define the two-wavelet
in Weinstein in setting and prove for it a Parseval type formula and we establish for
it an inversion formula. In last Section, we introduce a Calderén’s type reproducing
formula.

2 Preliminaires

For all A = (A1, ..., A\g;1) € C¥L the system

0*u 5
—(z) = =\? if 1 <j<
o2 (x) Nu(r), if1<j<d
Lou(z) = =3, u(z), 1)
ou ou
_ _ oy = —in.. ifl<i<
u(0) =1, T (0) =0, o, (0) iN;, if1<j<d

has a unique solution denoted by AZ(\,.), and given by

AZ()‘v T) = €_i<$/’A/>ja($d+1)\d+1) (22)
where x = (2', 2441), ¥y = (21,22, - ,2q), A= (N, Aay1), Ay = (A1, Az, -+, Ag) and
Ja is the normalized Bessel function of index « defined by

. o (_1>kl,2k
W(@) =T(a+1 :
Jalw) = Tlat )kzzo PET(a+ k+ 1)

The function (A, z) = A%(\, x) is called the Weinstein kernel and has a unique ex-
tension to C4*! x C¥*!, and satisfied the following properties.

(i) For all (A, z) € CH! x C4! we have

AN x) = Ad(2, \).
(i) For all (\,z) € CH! x C¥*! we have
AL\, —z) = AL(=)\ ).
(iii) For all (A, z) € CH! x C4 we get
AL(X,0) = 1.
(iv) For all v € N1z € R4 and A\ € C*! we have

|DYAL (A, )] < [l ellellimm Al
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where DY = 9" /(OA]'...ON') and |v| = v1 + ... + vg41. In particular, for all (A, z) €
R x R we have
AN, 2)| < 1. (2.3)

In the following we denote by
() =A= (=X, a1)

(i) C.(R**1), the space of continuous functions on R?*! even with respect to the
last variable.

(iii) S,(R4*1), the space of the C* functions, even with respect to the last variable,
and rapidly decreasing together with their derivatives.

(iv) S.(R¥! x R the Schwartz space of rapidly decreasing functions on R4 x
R even with respect to the last two variables.

(v) D.(R41), the space of C°°-functions on R4 which are of compact support,even
with respect to the last variable.

(vi) L2(RE™), 1 < p < oo, the space of measurable functions f on R such that

7l = < L.

+

1/p
|f(@) dm(@) < 00, p € [1,00),

[flla00 = ess sup [f(z)] < oo,
:BERTLI

where dj, () is the measure on R4 = R? x (0, 00) given by

20+1

x
d — d+1 dx.
Hal@) = G yapera(n 4 1)

For a radial function ¢ € LL(R%™) the function ¢ defined on R, such that
o(x) = @(|z]), for all x € R is integrable with respect to the measure r2+d+1dp,
and we have

L et =ao [ gtrrrns s 2.4

where
1

Ay = e p .
2 2F(Oé+§—|—1)

The Weinstein transform generalizing the usual Fourier transform, is given for ¢ €
LLREM) and A € R by

Ful)(\) = / (@) A (2, Ndpal), (2.5)

RIH
We list some known basic properties of the Weinstein transform are as follows.
For the proofs, we refer [1, [15].



Two-wavelet theory in Weinstein setting 5

(i) For all ¢ € LL(R%*), the function Fyy(¢) is continuous on RE™ and we have
1Fwllaoo < lllas- (2.6)

(i) The Weinstein transform is a topological isomorphism from S, (R%™!) onto itself.
The inverse transform is given by

Furo(N) = Fiwp(=N), for all A € R (2.7)

(iii) For all f in D,(R¥!) (resp. S.(R%™1)), we have the following relations
VAER{T, Fw(@)(N) = Fw(@)(N), (2.8)

VAERLT, Fw(p)(\) = Fw(@)(-), (2.9)
where ¢ is the function defined by

YA ERL B(A) = p(=)).

(iv) Parseval’s formula: For all , ¢ € S.(R**!), we have

L. o@d@idnata) = [ Fe@@F@@duao). (210

R4
(v) Plancherel’s formula: For all ¢ € L2(R%™), we have
IFwellas = 1l - (2.11)

(vi) Plancherel Theorem: The Weinstein transform Fy extends uniquely to an iso-
metric isomorphism on L2 (R%M).

(vii) Inversion formula: Let ¢ € LL(R%) such that Fyyp € LL(R%), then we have

o(A) = Fwp(@)AL(=\, z)dpa(z), ae. A€ REL (2.12)

d+1
R+

Using relations (2.0) and (ZIT]) with Marcinkiewicz’s interpolation theorem [25]
we deduce that for every ¢ € LE(RL™) for all 1 < p < 2, the function Fy (¢) €

LR, q = p/(p — 1), and
”‘FWgo”a,q < HgoHa,p' (213)

Definition 2.1. The translation operator &, x € RT™ associated with the Weinstein
operator A{fv’a, 1s defined for a continuous function @ on Riﬂ, which is even with

respect to the last variable and for all y € Ri“ by

Too(y) = Ca / @ (w’ + yl, \/ T3+ Ya + 2%ap1Yas cos 9) (sin 0)** a9,
0
with
['(a+1)

Ca = V(a4 1/2)°
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By using the Weinstein kernel, we can also define a generalized translation, for a
function ¢ € S,(R*1) and y € RE™ the generalized translation 7¢¢ is defined by the
following relation

Fw (120)(y) = Me(z, y) Fw () (). (2.14)

In the following proposition, we give some properties of the Weinstein translation
operator:

Proposition 2.2. The translation operator 73, x € Ri“ satisfies the following prop-

erties.
i). For ¢ € C.(R™1), we have for all z,y € R

Top(y) = 7 p(x) and 750 = . (2.15)

i). Let p € L2(RY™Y) 1 < p < oo andx € RE™. Then 709 belongs to L2 (R) and
we have
HT{f'l()O”CLp S H@Ha,p ° (216)

Proposition 2.3. Let p € LL(RE™). Then for all v € RT,
/ T o(y)dualy) = / p(y)dpaly). (2.17)
Rd+1 Rd+1
+ +

Proof. The result comes from combination identities (2.12) and (2.14]). O

By using the generalized translation, we define the generalized convolution product
¢ * 1 of the functions ¢, ¥ € LL(R%!) as follows

pril) = [ e dnay). (218)

This convolution is commutative and associative, and it satisfies the following prop-
erties.

Proposition 2.4. i) For all p, € L}(R™), (resp. 0,9 € S.(R™1)), then ¢ 1 €
LLREN), (resp. ¢+ € S,(R™)) and we have

Fw (o *v) = Fw (o) Fw (). (2.19)
it) Let p,q,r € [1,00], such that % + % — 1 = 1. Then for all ¢ € LE(RT™) and
Y € LL(RETY) the function ¢ % 1 belongs to LT (RE) and we have

I Dllap < Nellap 19llaq- (2.20)
iii) Let @, € L2(RE™). Then
o= Fy (Fwle)Fw(¥)). (2.21)

w) Let @, € L2(RT™). Then @ x4 belongs to L2(REY) if and only if Fuw (o) Fw (V)
belongs to L2 (R%Y) and we have

Fw (o * ) = Fw (o) Fw (). (2.22)
v) Let @, € L2(RE™). Then
1% Pllaz = [|Fw (@) Fw (V) [l a.2, (2.23)

where both sides are finite or infinite.
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3 Weinstein two-wavelet theory

In the following, we denote by
X ={(a,z) :2 e R and a > 0}.
LP(X), p € [1,00] the space of measurable functions ¢ on X such that

1
P
Il = (/hdm@ﬂ@&m@) coo, 1<p<oo
X
l@lleexy = esssup|p(a,x)| < oo,
(a,x)eX

where the measure p,(a,z) is defined on X' by

dio()da
dpiala, @) = = porirs

Definition 3.1. [{/ A classical wavelet on R is a measurable function ¢ on RE™
satisfying for almost all & € Riﬂ, the condition

0<C,= [T IR <o (3.1)

We extend the notion of the wavelet to the two-wavelet in Weinstein setting as
follows

Definition 3.2. Let ¢ and v be in L2(RT™). We say that the pair (v,v) is a
Weinstein two-wavelet on Ri“ if the following integral

Co = | Ful0)at) Frlol(a) (32

1s constant for almost all & € Riﬂ and we call the number C,, the Weinstein two-
wavelet constant associated to the functions @ and 1.

It is to highlight that if u is a Weinstein wavelet then the pair (¢, 9) is a Weinstein
two-wavelet, and C,, ,, coincides with Cl,.
Let a > 0 and ¢ be a measurable function. We consider the function ¢, defined
by
v d+1 _ 1 z
re R, gpa(x)—a2a+d+2g0(a>. (3.3)
Proposition 3.3. 1. Let a > 0 and ¢ € [Z(RT™), p € [1,00]. The function @,
belongs to L2 (R%) and we have

1¢allap = a®FHGE 0]l 4. (3.4)

2. Leta>0 and ¢ € LL(RT™) U L2(RE™). Then, we have

Fiw(pa) () = Fw(p)(ag), &e R (3.5)
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For a > 0 and ¢ € L2(R%™), we consider the family ¢, ., € RE™ of Weinstein
wavelets on R4 in L2 (R%) defined by

Yy € REY, e = a* T ErE0,(y). (3.6)

Remark 3.4. 1. Let ¢ be a function in L2(RT™), then we have
V(g,z) € X, [vaallaz < [lollaz- (3.7)

2. Let p € [1,00] and ¢ be a function in L2(RT™), then we have

V(@,2) € X, [paallap < a® TG g, (3.8)

Definition 3.5. [11] Let  be a Weinstein wavelet on R4 in L2 (R4, The Wein-
stein continuous wavelet transform <I>L/,V on Ri“ 1s defined for regular functions f on

Rfl:rl by

V(a,2) € X, @7 (f)(a,2) = F)Pasy)dualy) = (f, ¢as)as: (3.9)

R4*!
This transform can also be written in the form

O (f)(a, ) = a2 f x (a). (3.10)

Remark 3.6. 1. Let ¢ be a function in LE(RT™), and let f be a function in
LL(REN), with p € [1,00], we define the Weinstein continuous wavelet trans-

form @ (f) by the relation (310).

2. Let ¢ be a Weinstein wavelet on RT™ in L2(RT™). Then from the relations

(372) and (39), we have for all f € L?(R%)

122 (Hllae < 1 flazllellas. (3.11)

3. Let ¢ be a function in LE(RYY), with p € [1,00], then from the inequality (2.20)
and the identity (310), we have for all f € LL(RT™)

122" (Nllae < [1flagllellap- (3.12)

The following Theorem generalizes the Parseval’s formula for the continuous We-
instein wavelet transform proved by Mejjaoli [11].

Theorem 3.7. Let (p,¢) be a Weinstein two-wavelet. Then for all f and g in
L2(RE™), we have the following Parseval type formula

/Xq)ZV(f)(aﬂf)%W(g)(a,x)dua(aﬂf) = Co f(x)g(2)dpa(), (3.13)

d+1
RY

where C,y is the Weinstein two-wavelet constant associated to the functions ¢ and

Y given by the identity (3.2).
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Proof. According to Fubini’s Theorem, the relation (3.10]) and Parseval’s formula for
the Weinstein transform (2.10), we obtain

/X Y (f)(a, 2) B (9) (@, 2)dpa(a, 2)

= [ [, @) < Rlaa i (a2)
o JrE

) f P d
- / /d+1 f * @(:L‘)g * ¢a(x)dﬂa($)_a
0 RE
da

N /ow Fur (DO Fw @) Fu (7)€ Fuv (0) (€)dpal(§)

- [ ARG ([ @R - L ) duno)

d+1
RY

Moreover, using the relations (2.8) and (2.9)), we conclude that
[ ¥ Dl B @ )
- [ Fn©F@E | @m0 ) dual

d+1
R+

= Cou Fw (1)) Fw(9)()dpa ().

d+1
RY

Finally, we get the desired result using the Parseval’s formula for the Weinstein trans-

form (2.10]). O

In the particular case of the previous theorem when ¢ =1 and f = g, we obtain
the following PlancherelaAZs formula for the Weinstein continuous wavelet transform
provided in [11]

/X 2 (£)(a.2)[ dpala,z) = C, / @) dpal), (3.14)

+

where
2 da,

Cp=Cpp = / 1 Fwo)(a) (3.15)

From the Parseval type formula in Theorem 3.7l we deduce the following orthogonality
result.

Corollary 3.8. Let (p,1) be a Weinstein two-wavelet. Then we have the following
assertion: If the Weinstein two-wavelet constant C, , = 0, then @E/ (Li(Riﬂ)) and
oY (LZ(RT™)) are orthogonal.

Theorem 3.9. (Inversion formula) Let (p,¢) be a Weinstein two-wavelet. For all
f € LLREY) (resp. L2(RYY)) such that Fw(f) belongs to f € LL(RZM) (resp.
LLRE) NLE(REY) ), we have

10 =5 [ [ e, e @10)
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where for each y € Ri“ both the inner integral and the outer integral are absolutely
convergent, but eventually not the double integral.

Proof. Using similar ideas as in the proof in [26, Theorem 6.I111.3], we obtain the

relation (3.16). O

4 Calderén’s reproducing formulas

The main result of this section is to establish a Calderén’s type formulas for the
Weinstein two-wavelet transform under the following assumptions:

e (A;) Let ¢ and v be two Weinstein wavelets in L2 (R%) such that (¢,1)) be a
Weinstein two-wavelet, and Fy () and Fy (1) are in L (RE).

e (A;) The Weinstein two-wavelet constant C, ., # 0.

Theorem 4.1. (Calderon’s type formulas) Let ¢ and 1 be two-Weinstein wavelets
satisfying the assumptions (A1) and (As) and 0 < v < § < oo. Then for all f in
L2(REM), the function

d
£.6(0) / /Rdﬂcbw )0, 2o )italt) g,y €RST (A1)

wﬂ

belongs to L2 (R%Y) and satisfies

li =0. 4.2
s = Fllaa =0 (4.2

In the order to prove this theorem we need the following Lemmas.

Lemma 4.2. Let ¢ and ¢ be two- Weinstein wavelets satisfying the assumptions (A;)
and (Ay) and f in L2(RT™). Then we have the following assertions:

(i) The functions (f * ) and (f * Bg) * b, belongs to L2(RE) and we have
Fur((f *%a) * 4a)(€) = Fw (/) Fw(0a) ) Fw(wa)(€), € e R (4.3)
(ii) We have the following inequality
1Fw (f % Pa) * Yallaz < [1F o lFw () lasoo I Fw (4) lla,oo- (4.4)
Proof. (i) According to the relations (2.8)), (2.9) and Proposition 2.4] (v) we obtain

Fw((f =)&) = Fuwl(f*pa)(=¢)

Hence, we have

Fw ((f +2)) (&) = Fw (F)(€)Fw(0a) (©). (4.5)
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After that, we consider the function GG defined on Riﬂ by
G(&) = Fw ((f x2a))(€).

Therefore ) )
Fu((F %2 # ) () = Fw(G+6)(€), € € R

According to Proposition 24 (v), we deduce that the function G belongs to L2 (R%™)
and we have

Fi (G *a)(€) = Fiw (G) (&) Fw(wa)(€), € €RI. (4.6)

Finally, we obtain the result by combining the relations (€3] and (Z.6]).
(ii) From the assertion (i), we have

o PGt ©Pdnata) = [ Bl FIFw o) OFIFu () O diao)

Therefore, according to Plancherel formula for Weinstein transform (2.I1]) and the
fact that Fy (¢.) and Fiy (1,) belongs to L2 (RE), we deduce that

1Fw (F * Ba) * allaz < 1Flla2ll Fi () lasoll Fi ($a) llaoo-
In the end, we conclude the result from the relation (B.3]). O

Lemma 4.3. Let ¢ and ¢ be two- Weinstein wavelets satisfying the assumptions (Ay)
and (Ay) . Then the function K, s defined as follows

1 L da
Kosle) = o [ Fale@Fwl)©)s, € eRrE (47)
Coos ¥ a
satisfies, for almost all & € Riﬂ:
C,C
0 < Kps() < YE— (48)
LA
and
li K =1. 4.9
pam  Hae(E) (4.9)

Proof. According to the Cauchy-Schwarz inequality and the identity (3.13]), we have
for almost all & € R%H

@l < o ([ 1Fwtente d—) ([ 1Fwtnors)

|Ci,w\ (/OOO UEVV(S%)(f)lz%)é (/OOO |fW(¢a)(§)|Q%)é
C.Cy

Cow
On the other hand, it’s clear that for almost all £ € RE™

im K. (&) = 1.
T oy Fr0(8)

1
2

IA

2

This completes the proof. O
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Theorem 4.4. Let ¢ and 1 be two-Weinstein wavelets satisfying the assumptions
(A1) and (A;) . Then the function f,s defined by the relation ({.1]) belongs to
L2(REM) and satisfies

Fuw(f1.5)(€) = Fw (N K,5(6), € eRE, (4.10)

where K., 5 is the function given by the relation ({.7).

Proof. In a first step, we try to show that f, s belongs to L2(R%Z™). From, the
definition of the Weinstein continuous wavelet transform (3:9) and the relations (215))

and (B3.6) we get
da
// F o« 70) () ) o).
Sow Rd+1

On the other hand, from the definition of the convolution product associated to the
Weinstein transform given by the relation (2.18]), we have

fﬂ/é

LG memu@idna = [ (Fra@mn o)

= (f*%a) * taly).
So, we have 5
y ¢ da
Fo) = g [ ez evan)T (@.11)

By using HAtlder’s inequality for the measure %a, we obtain

) = s (/d—) (/ Bl

Aapplying Fubuni-Tonelli’s theorem, after integrating the pervious inequality, we get

Lt < s (%) [ ( [ Qdua@)) i

According to the Parseval’s formula for the Weinstein transform (2ZI0) and the as-
sertion (7) of the Lemma [.2] we deduce that

L 15t Paate) < o ([ e

< (/ e O ) OPLE ) dl),

(f *%a) * valy)

(f * Pa) * Yu(y)

On the other hand, from the identity (8I5]) and the relation (3.5]), we have

/ i @) OF I (W) O 2 < CyllFi () e
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Therefore,

2 Cw da
/Rd++l|f%a<y)\ dpa(y) < TPE (/ )HJ-’W( Mo 1 Fw (F) w2

Finally, from the Plancherel’s formula for the Weinstein transform (2.11), we get

2 Cw da
L < 2 () Vsl < .

which implies that f, 5 belongs to L2(R%™).
In the second step, We prove the relation (I0). Let h € S,(R%*!), then F;' (h)
belongs to mathcal S,(R41) and from the relation (I1]), we have

Frs@)Fw (h)(y)dpal(y)

d+1
RY

= /( 1 [f(f*mwa(y)@)mdmw. (4.12)

Consider that

(f * @a) * Yaly )—dua

Rd+1

|C¢>¢

- mm / </

By applying Holder’s inequality to right hand side of the previous equality, we obtain

w/ (L
< 5l </

From the assertion (ii) of Lemma[.2land Plancherel’s formula for Weinstein transform

(ZIT), we get

el (L

1 da
< = / ) 173 ol Fir ) s il o

(F 70 ol T ) i) | 2

( *70) % ) P ) ) (0) ) |

a

da

(F %) % Yaly) o () (W) dpa(v)

( *70) * ) P ) )dpa () ) | 2

a

Then, from Fubini’s theorem, the right hand side of the relation (£I2) can also be
written in the form

Ciw/y (/Riﬂ(f*ﬂj *wa@)mdua(g)) %_
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Moreover, according to the Parseval’s formula for the Weinstein transform (2.10) and
the assertion (i) of the Lemma [4.2] the pervious integral becomes

1
Cszw

/ ( i fw<f><£>mfw<wa><f>%dua<£>> d—

By applying Fubini’s theorem to this last integral, we have

700 (

1 L da
o [ AR ) W €

- Fuv () (€) Ky (6)(€)dpa(£). (4.13)

d+1
RY

On the other hand, by applying the Parseval’s formula for the Weinstein transform
(Z10) to the left hand side of the relation ([dI2), it takes the integral form

[, Pl el (1)

Finally, from the relations (ZI3) and (£I4)), we obtain for all & in S, (R*™)

[t 6)(€) = Farl D)K. () @ €) =0

and we deduce that

Fw (f15)(&) = Fw () K, 5(6), €€ R

We now return to the proof of the Theorem 4.1

Proof. of Theorem [{.1l At first, from Theorem [£.4] the function f,; belongs to
L2(REM). Next, according to Plancherel’s formula for Weinstein transform (2I1)
and Theorem 4] we get

o= Thoa = [ 1Fwlhis = DOFa®)

= [Fu (f)(55,6(8) = DPa(€)

- /Rdﬂ |Fuw (H2(1 = Ky 5()Pa(€).

Another time, according to Theorem [£.4] we have for almost all £ € Riﬂ

li F 2(1 - K 2=,
s Fw (AP = K s(€)

and there exists a positive constant C' such that

lm (F(PI - K g(€)P < ClFw()

with |F(f)? is in LL(RET™). Thus, we conclude the relation (Z2) from the domi-
nated convergence theorem. O
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