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This paper proposes a nonlinear optimal control approach for mulitple degrees of freedom
(DOF) brachiation robots, which are often used in inspection and maintenance tasks of the
electric power grid. Because of the nonlinear and multivariable structure of the related state-
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space model, as well as because of underactuation, the control problem of these robots is
nontrivial. The dynamic model of the brachiation robots undergoes first approximate lineari-
zation with the use of Taylor series expansion around a temporary operating point which is
recomputed at each iteration of the control method. For the approximately linearized model, an
H-infinity feedback controller is designed. The linearization procedure relies on the Jacobian
matrices of the brachiation robots’ state-space model. The proposed control method stands for
the solution of the optimal control problem for the nonlinear and multivariable dynamics of the
brachiation robots, under model uncertainties and external perturbations. For the computation
of the controller’s feedback gains an algebraic Riccati equation is solved at each time-step of the
control method. The global stability properties of the control scheme are proven through
Lyapunov analysis. The new nonlinear optimal control approach achieves fast and accurate
tracking for all state variables of the brachiation robots, under moderate variations of the
control inputs.

Keywords: Brachiation robots; underactuated robots; nonlinear dynamics; nonlinear H-infinity
control; nonlinear optimal control; robust control; global stability.

1. Introduction

The control problem of brachiation robots is important because these robots can be
used in inspection and maintenance tasks for critical infrastructures, such as bridges,
dams, buildings or the electric power transmission and distribution system.'™ This
control problem exhibits significant difficulty because of the nonlinear and multi-
variable structure of the brachiation robots’ state-space model.*® The control
problem becomes even more complicated when one considers that brachiation robots
are often underactuated.” On the one side, underactuation may be pursued in the
design of these robotic systems in an aim to reduce their weight and energy con-
sumption after removing specific actuators from them. On the other side, functioning
of these robotic systems in an underactuation mode signifies that these robots are
fault tolerant in the case of actuators’ failures and that they continue to perform
reliably their tasks even if specific actuators are subjected to a fault.!®"'? So far,
several nonlinear control methods have been proposed for these robotic systems.!3715
There have been several attempts to treat the related control problem with the use of
global linearization-based techniques or with the use of robust control methods such
as sliding-mode control. There have been also several results on the use of model
predictive control (MPC) on these robotic systems.'6"'® The confirmation of the
global stability and of convergence to an optimum for such control methods remains
a challenge.?®2? This research area remains open for further advancements and
additional results on the control of brachiate and bi-brachiate robots can be found in
Refs. 23-29.

In this paper, a novel nonlinear optimal (H-infinity) control method is developed
for multi-DOF underactuated brachiation robots. To this end, the dynamic model of
the brachiation robots undergoes first approximate linearization around a temporary
operating point which is updated at each time-step of the control method.?*3* This
linearization point is defined by the present value of the state vector and by the
last sampled value of the control inputs vector. The linearization process is based on
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first-order Taylor series expansion and on the computation of the related Jacobian
matrices.>* 37 The modeling error which is due to the truncation of higher-order
terms from the Taylor series is considered to be a perturbation, that is, asymptoti-
cally compensated by the robustness of the control scheme. For the approximately
linearized model of the brachiation robots, a stabilizing H-infinity feedback controller
is designed. The proposed H-infinity control achieves the solution of the optimal
control problem for the nonlinear dynamics of the brachiation robots, under model
uncertainty and external perturbations.

Actually, this controller represents a min—-max differential game in which the
control inputs try to minimize a cost function that comprises a quadratic term of the
state vector’s tracking error, while the model uncertainty and exogenous disturbance
terms try to maximize this cost function. To compute the feedback gains of the
H-infinity controller an algebraic Riccati equation is repetitively solved at each it-
eration of the control algorithm.?®3% The stability properties of the control method
are proven through Lyapunov analysis. First, it is proven that the control system
satisfies the H-infinity tracking performance criterion, which signifies elevated ro-
bustness against modeling errors and disturbances.®*° Moreover, under moderate
conditions, it is proven that the control system of the brachiation robots is globally
asymptotically stable.® To implement state estimation-based control without the
need to measure the entire state vector of the brachiation robot, the H-infinity
Kalman filter is used as a robust state estimator.®

This paper’s nonlinear optimal control method is a novel and significant result.
Preceding approaches about the use of H-infinity control in nonlinear dynamical
systems were limited to the case of affine-in-the-input systems with drift-only dy-
namics and considered that the control inputs gain matrix is not dependent of the
values of the system’s state vector. Moreover, in these approaches, linearization was
performed around points of the desirable trajectory whereas in this paper’s control
method the linearization points are related with the value of the state vector at each
sampling instant as well as with the last sampled value of the control inputs vector.
The Riccati equation which has been proposed for computing the feedback gains of
the controller is novel, so is the presented global stability proof through Lyapunov
analysis.

The structure of this paper is as follows: In Sec. 2, the dynamic model of the multi-
DOF brachiation robot is analyzed with the use of the Euler—Lagrange method and
the related state-space description is obtained. In Sec. 3, approximate linearization is
performed for the state-space model of the brachiation robot using Taylor series
expansion and the computation of the related Jacobian matrices. Next, a stabilizing
H-infinity feedback controller is designed for this robotic system. In Sec. 4, the global
stability properties of the control method are proven through Lyapunov analysis.
Moreover, to perform state estimation-based control the H-infinity Kalman filter is
used as a robust state estimator. In Sec. 5, the fine performance of the control method
is further confirmed through simulation experiments. Finally, in Sec. 6, concluding
remarks are stated.
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2. Dynamic Model of the Multi-DOF Brachiation Robot

The diagram of a brachiation robot which is used for inspection and maintenance of
cables of the power grid is shown in Fig. 1. The dynamic model of brachiation robot is

M(6)6 + C(0,0) + G(6) = Br — F,(0), (1)

where 0 = [0;,60,,05] T is the vector of the joints’ angles, M () is the inertia matrix,
(9, 9) is the Coriolis and centrifugal terms vector, G(0) is the gravitational terms
vector, BT is the control input torques vector with matrix B to denote the specific
type of underactuation, and F,(f) is a vector of viscous torques.

The lengths of the three links are denoted as [; ¢ = 1,2, 3, while it is considered
that [; and [, are greater than or equal to . It is assumed that the masses of the three
links are concentrated on the links’ center of gravity. I}, I, and I3 are the moments of
inertia of the three links of the considered brachiation robot, while b;, by and b3 are
friction coefficients defining the friction torques that appear in the joints of the
above-noted links.

Using Euler-Lagrange analysis, one obtains the dynamic model of the brachiation
robot which comprises the following three differential equations: (the detailed proof
has been given in Appendix A)

5

12 13
|:m1?1+.[1 + moli +my 2+ I+ mal + my—F+ ol cos(0) +

12 .
+ mglllg) COS(03):| 91 + |:Tn2Z2 + IQ + m211l2 COS(QZ)] 92

12
+ |:m313 + I3 + mglllg COS(03):| 93 +

(. b
—myly b sin(6)0, (91 + %)

Power
line

L+l

]

Fig. 1. Diagram of the multi-DOF brachiation robot.
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— mg ll l3 Sin(93)93 <01 + ?3>

+ g S cos(t) + g cos(8,)

+ ngé cos(0y + 05) + mggl; cos(6;) + [mg]g% cos (6, + 93)] + b0, = Ty,

2
(2)
13 .. 13 ..

%ZerzlllzCOS(eQ)Jrfz 01+ mzZJrfz b
— mylyly sin(6,)0,0 — ng% cos(0y + 0) + byl = T, (3)

13 y 12 .

ng—I—mglllgcos(@g)—i—Ig 91+ ng-i-Ig 93
— m3l1l3 Sin(91)0103 — m3g§3 COS(Q] + 93) —+ b393 = 0 (4)

Equivalently, the dynamic model of the brachiation robot can be written in the
following matrix form:

myy My MMyg 91 01(0’ (9)) Gl (9) FT)I Tl

Moy may mys || 6y |+ C(60,(0) |+ | GO |+ | Fo, | =| T2 |,
Mgy Mgy Mgy

0 (0, (0)) Gs(0) By,

where
1f > I3 2 3
my = m1§—|— Il + ’n’lgll + %Z—F IQ + m3l1 + mgz—F mglllg COS(QQ) + 13

+ mglil cos(93)} ,

12 T 12
myp = mzZ?‘F L+ mylilcos(0y) [, myz = {m3z3+ L+ mglils 005(93)} )

r 2

l
Mo = mzf + L + myly b cos(6;)

l2
Moy = {%224'12]» my3 = 0,

- 12 : 12
mgy = m3zg+ mglilycos(b3) + L |, mzp =0, mg= {msz + —73}

Besides, the elements of the Coriolis forces matrix C(6, ) are given by

Cl (9, 0) = [—%llb sin(92)92 <91 + %) - m311 l3 sin(93)93 (91 + %)

Cy(6,0) = — mylbsin(0,)0,0,, and  Cy(0,0) = —myl Iy sin(6,)6,0;.
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About the elements of the gravitational forces vector one has
Go(6) = [mig 2 cos(8h) + magh cos(6) + mag & cos(f + ) + magh cos()
+ [mg}g% cos(6; +0;) |,

I
Co0) = — mag & cos(fy +02) and Cy(6) = —mag ™ cos(0; +04).
While the elements of the friction torques vector F,(6) are given by
F, (9) = b1917 sz(é) = 5292 and Fvg(é) = b393-

Finally, the control input torques vector 7 is given by 7 = [T}, T, 0] 7, which denotes
that the brachiation robot functions in the underactuation mode. Next, the inverse of
the inertia matrix M is computed as follows:

My =My My
—Myy My,  —Ms |, (6)
My =My M

1

-1 _
T detM

where using that my3 = 0 and mg3y = 0, the determinant detM is

detM = my; (magmgs — Mgamyg) — Myg(myy mag — Mygma;)
+ my3(mMay Mgy — Mgy myy)
= detM = my1maamgs — MMy Mgz — My3M3; Myg, (7)
while it also holds that M), = myymss, My = momgs, M3 = —mgz; My,
My = myomgs, My = myimgs — mgmug, Moz = —mgimyg, Msy = —megmyg, Msy =

—Mgymyg, Mz = my3mey — myymyy.
The state-space model of the robotic system is written as

6 =—M10)C(0,0) — M~(0)G(O) — M~ (0)F,(H) + M (). (8)
After intermediate operations, the state-space model of the brachiation robot takes
the form
—(My, Cy — My, Cy + My Cs) — (Myy Gy — My Gy + Mz, Gy)
— (M Fy — My Fip + My, F5)
i detM
! —(=Myy Gy + Myy Gy — M3y C3) — (= My Gy + Moy Gy — M3y Gy)
92 = 7 (7M12F111 + M22F1)2 - M32F1)3)
93 detM
—(My3Cy — My3 Gy + M33C3) — (My3Gy — Mog Gy + M33 Gy)
B (M13F111 B M23F7)2 + M33F1)3)

detM

2150015-6



November 7, 2021 9:03:06am WSPC/191-1JHR 2150015 ISSN: 0219-8436

A Nonlinear Optimal Control Approach for Multi-DOF' Brachiation Robots

My, — My,
detM detM
M, Mo,

_ + 5.
detM |7 detM |7
M — My

detM detM

(9)

Next, the following state variables are defined: z; = 61, 2 = 0;, 23 = 0y, ; = 05,
25 = 03, 15 = 05. Moreover, the following control input variables are defined: u; = T}
and uy = Ty.
Thus, about the elements of the inertia matrix M it holds:
2

I 12 12
my (z) = m151+11 + myli + mQZZHQ + mgli + mgz‘?’+ myly by cos(z3)

+ 13 + m3lllg COS(ZL’5) s

r 12 T 2

myo(z) = mQZQ + L+ mylicos(g) |,  myg(x [ i + I+ mall COS(%)} ;
C :

m) = [ 24 1+ mpcos(ay)]. ma(e) = [m 24 1], mam) =0,
[ ] i

mgy (7) = m3z+ mglilycos(ws) + I3,  mg(z) =0, mys(z) = m3z+ L.

where the determinant is
detM = m11(33)7f122($)m33($) - m12(:v)rrz21(x)m33(:zr) - m13($)m31( )77122

(2).
In particular, it holds that M = my(z)mgs(z), My = my ()
M3 = —mg (z)mga(2), Moy = mup(z)my3(z), My = myy(2)mas(z) — mg (z)myz(z )
Moy = —mg (z)mys(2), Mz, = —magy(z)my3(z), Mz, = —my ()
Mz = myy (2)mas () — may (2)mya(z).
Besides, the elements of the Coriolis forces matrix C are given by

C, = — {mzlllz sin(xg)m4(a:2 —l—%) mgly Iy sin(zs) 75 (552 + 2)}

Cy = — mplilsin(ag)myzy, and Cy = —mglyly sin(as) 2y 76.

About the elements of the gravitational forces vector one has
_ b b
G, = Mg cos(zy) + mygl; cos(zz) + meg cos(xy + x3) + magl cos(x;)
b
+ [l cos(sr +25)].

l
Gy = — mygh2cos(z; +23) and Gy = —m3g§3 cos(z; + ).
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While the elements of the friction torques vector F, () are given by F, = b1,
F,, = byzy and F,, = byx;.

Finally, the state-space model of the brachiation robot is written in a form that
comprises the following equations:

il = Ty, (11)

— (M Cy — My Cy + M5, C3) — (Myy Gy — My Gy + M3, Gs)
— (M Fiy — My Fip + M5, F5)

2= detM
My, — My,
T, T. 12
+ detM ! + detM % (12)
:t3 = Ty, (13)
—(=My3Cy + My Cy — M3y C5) — (— My Gy + My Gy — Msy Gs)
= (=M Fyy + My Fyp — Msy Fy5)
1 detM
— M Mo,
T T 14
+ detM 1t detM ~% (14)
i'f) = Tg, (15)
—(My3Cy — My3 Gy + Ms3C3) — (My3 Gy — Moy Gy + M3 Gy)
Go— (M3 Fyy — Mo Fip + My F3)
6 detM
M — M3
T, T 16
tqetdr T detar 2 (16)

Thus, the state-space model of the brachiation robot is written in the following
concise matrix form:

&= f(z) + gi(z)w + go()wo, (17)
where z € R%1, f(z) € R%1, g(z) € R%*!, and u € R?>*!, where vectors f(z) and g(x)

are given by

T
—(Myy Cy — My Cy + M3, C5) — (Myy Gy — My Gy + M3y Gs)
— (M1 Fy — My Fp + M5, F5)

dea;cM
4
flz) = —(=M3Cy + My Cy — M3y C3) — (— My Gy + My Gy — M3y Gs) . (18)
— (=MyFyy + MyyFy — M3y F3)
detM
T

_(MIS Cl - M23 CZ + M33 CS) - (MIS Gl - M23 G2 + M33 GS)
— (M13F1)1 - M23F7)2 + M33F1)3)
detM

2150015-8
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0 0
My, — My,
detM detM
0 0
91(33) = —M | gZ(I) = Mys . (19)
detM detM
0 0
M — Mo
detM detM

3. Approximate Linearization of the Dynamic Model of the Brachiation
Robot

3.1. Approximate linearization of the robot’s model

The dynamic model of the brachiation robot undergoes approximate linearization
around the time-varying operating point (z*, v*) which is updated at each iteration
of the control algorithm, while z* is the present value of the system’s state vector
and u* is the last sampled value of the control inputs vector. The linearization
process relies on first-order Taylor series expansion and on the computation of the
related Jacobian matrices. Thus, the state-space model of the robot being initially in
the form % = f(x) 4+ g(z)u, where g(z) = [g1(), go()] is written in the linearized
form

i=Az+ Bu+d, (20)

where d is the cumulative vector of disturbances which may comprise (i) modeling
error terms due to the truncation of higher-order terms in the Taylor series ex-
pansion, (ii) exogenous perturbations, (iii) measurement noise of any distribution.
Matrices A and B are obtained from the system’s Jacobians

A =V, [f(z) + g(x)ull 4 v
B=V,[f(z) + g(@)ullzu) = B = 9(2)| (s ur)- (22)

Next, the computation of the Jacobian matrix A = V,f(z)|(,- .+ is performed.

First row of the Jacobian matrix V, f(z)+ 4 % =0, % =1, g—i =0, % =0,

90, [é) 0, 0,
b —0,8=0,8=0,and gL =0.

Second row of the Jacobian matrix V,f(z)|« u+):
The numerator of fo(z) is
fon = — (M1 Gy — My Gy + M3, C3) — (M1, Gy — My Gy + Mz, Gs)
- (Mlval - M21F1)2 + M31F1)3)7 (23)

2150015-9
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while the denominator of f,(z) is fo; = detM. It holds that for i =1,2,...,6

Ofop oMy, 00,  OMy 00, 8M31 0C;y
Jt; < oz; G+ My ot; oz; Co = My 830, oz; Cs o+ My 5 oz;
( ba, T M Ty G Mt g G M
OM;, 5'Fm OMy 3Fv2 OMs3 3Fv3
—|—=—F 4+ M ——F, — M. —F 3+ M.
< 0z; oz, ow S + oz; o,
(24)
Moreover, for i =1,2,...,6, one obtains that
of: OdetM
T (25)
Therefore, for the second row of the Jacobian matrix
()fn of:
an i . f2d - f2n ;d (26)

ox; detM?
Third row of the Jacobian matrix V,f(z)|(,y-): I —, b =0, 2% =0, 2% -,

Jd1y ) Ozy ’ Oy ) Oz
Gh—0,45=0,4=0,and 2 =0
Fourth row of the Jacobian matrix V,f(z)|«

The numerator of f;(z) is
Jin = — (=My3Cy + Moy Gy — M3y Cy) — (— My Gy + Moy Gy — M3y G)

= (=M Fy + My Fy — M3y F3), (27)
while the denominator of f(z) is f;; = detM. It holds that for i =1,2,...,6
8.)‘;177 5M12 801 8M22 602 aMgg 803
o, ( bz, O Mgt Gt Mt G = Mg
oM, 0G, OM. 0Gy, OM- 0G:
- <— 8:; Gy — My, —— oz, -4 6:1:?2 G2+M22—8 2 - 8:vj2 Gz — Ms, oz 3)
OM,, 3FU1 OMp, OF, O0Ms OF 3
- F,— M F - F,s — M. .
< Ox; 270y, + oz; + M O, or;, " 32 O,
(28)
Moreover, for i =1,2,...,6, one obtains that
8f4d 8detM

Therefore, for the fourth row of the Jacobian matrix

Ofy B fua— fin B
oxr;, detM 2

Fifth row of the Jacobian matrix V,f(z)|(. .. o2 =0, 2 =0, 2 =0, 2 =,

om ) D1y ’ Jag ) day
Ofs __ Ofs Ofs Ofo
dT—O,dT—O,ay—O and =0.

(30)

2150015-10
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Sixth row of the Jacobian matrix V,f(z)
The numerator of f;(z) is

Jon = — (My3Cy — My3 Gy + M3z Cs) — (M3 Gy — Ma3 Gy + M3 Gs)

(a*,u%)?

— (M3Fyy — My Fyp + Ma3Fg), (31)
while the denominator of fy(z) is f;; = detM. It holds that for i =1,2,...,6
Ofsn OM;; 801 OMys 0C,  OMz 0C;
= — C Cy + Cy — M.
o, < ar, O Mgt gy Gt Mt m = = O = My
OMi3 0G,  O0Mys 8G2 O M3, 0G;
— M5 —— Mys —= — M.
( o, T My Ty, Gt Mg g G M
oMy OF, | OMy; OFyy  OMss 8Fv3
- F,— M F Mys - F, — M. .
( 8.’171 vl 13 8331 + al’l 2t 83:2 al’l v3 33 5‘1’2
(32)
Moreover, for i =1,2,...,6, one obtains that
8f6d odetM
= . 33
Therefore, for the sixth row of the Jacobian matrix
Of B fia— fon 3 ”
al’i detM2
Next, the computation of the Jacobian matrix V,g;(z)|(;+ 4+ is performed.
For the first row of the Jacobian matrix and for i = 1,2,...,6 it holds
911
=0. 35
oz, (35)
For the second row of the Jacobian matrix and for ¢ =1,2,...,6 it holds
Do, B aMn detM — M, 24t 8detM -
ox, det M2 '
For the third row of the Jacobian matrix and for i = 1,2,...,6 it holds
9931
=0. 37
o, (37)
For the fourth row of the Jacobian matrix and for ¢ =1,2,...,6 it holds
Ogy 051)‘22 detM — M, d%o;M (38)
al’i a detM2 '
For the fifth row of the Jacobian matrix and for i = 1,2,...,6 it holds
9]
P _ . (39)

5 Z;

2150015-11



November 7, 2021 9:03:11am WSPC/191-1JHR 2150015 ISSN: 0219-8436

G. Rigatos et al.

For the sixth row of the Jacobian matrix and for ¢ =1,2,...,6 it holds

AM; & detM
0961 _ os detM — Mg azti (40)
Ox; detM?2 '

Additionally, the computation of the Jacobian matrix V,g,(7)|(;- 4 is performed.
For the first row of the Jacobian matrix and for ¢ = 1,2,...,6 it holds

0
912 -0

41
o, (41)
For the second row of the Jacobian matrix and for ¢ =1,2,...,6 it holds
0gor ac’l)gfl detM — My, a(c’l;‘egptiM (42)
O, det M2 ’
For the third row of the Jacobian matrix and for i =1,2,...,6 it holds
0933
225 43
o, (43)
For the fourth row of the Jacobian matrix and for ¢ =1,2,...,6 it holds
0gss ggfz detM — My, 8%2]% (44)
ox; det M2
For the fifth row of the Jacobian matrix and for i =1,2,...,6 it holds
0952
=0. 45
o, (45)
For the sixth row of the Jacobian matrix and for ¢ =1,2,...,6 it holds
oM, d detM
9962 _ aa, detM — Mg %50 (46)

axi detM2

Next, one computes the partial derivatives of the elements of the inertia matrix M, of
the Coriolis and centrifugal terms matrix C, of the gravitational terms matrix G and
of the viscous friction terms matrix F,. It holds that

8£;[:1 =0 fori=1,...,6,

38]‘22 = [—myli b sin(mz3)] |:7n3§+ Ig} and 6][22 =0 fori=1,2,4,5,6,
8(;‘23 = [mgly Iy sin(zs)] [7@%4‘ Iz} and 6;1:3 =0 fori=1,2,3,4,6,
3(;‘21 = [=myly | sin(m)] [m3§+ 13} and aé‘;fjl =0 fori=1,2,4,5,6,

2150015-12
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IM. . oM . l
6:1:2 =0 fori=1,24,6, Wj)?: [—moly b sin(z3)] {m3—3+l3}
&My, 2] 12
o [—mgly by sin(z)] { -t —73 -2 [ms 1 + I+ mghl COS(%)}
X [=mgly iy sin(as)],
BMQS ]

13
omy [ o+ Iy + mylly cos(a5) | [myly b sin(ay)],
3

O Moy
O
O Moy
0z;

12 ]
_ { ZQ + I + myl by cos(z3) | [mgly 3 sin(z;)],  and

=0 fori=1,2,4,6,

12 M.
= [mgli L5 sin(zs)] {mQjJr 12] and % =0 fori=1,23,4,6,

T

OM3,
81135

OM. I3
35522 — [ syt L + mglyl cos(z )] [maly b sin(a3)],

O My, 12 .

o |y + I + myly by cos(a3) | [myl Iy sin(z5)]  and
OMsp _ 0 fori=1,24,6,

ot;

OM. OM. 12
81;:3 =0 for:=1,2,4,6, 5 23 [—mali b sin(z3)) {mQZ?JrIZ]
l .

-2 [mq? + b+ mah cos(sv?,)] [=mallysin(z)]

. 13
O [—mgl b5 sin(5)] {mfz Zz + IQ] )

ddetM _ 12 12
oz, = [=myly b sin(z)] [%ZQ‘F -72} {m?)f‘*‘ -73}
12 . I3
+ 2 %Z+IQ + myly by cos(a3) | [maly b sin(z3)] msz'i‘lz )
OdetM . 12 12
Tom [—mgly I3 sin ()] [mz ZZ + 12:| {mzj + 12}
l l2
+ 2{mg— +I3+m31153005( 5) | [msl b sin ()] | my = 1 + 5L,
0detM _ ' fori=1.2.4.6.
6:EZ-
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Moreover, it holds that

0C; 0C; . .
—L=o, 8_9621 = —myly b sin(xz)zy — mgly I sin(5) g,

on
83_2;1 = — mylily cos(z3)24 (1132 +%>7
g_ij = — myl b sin(z3) (332 + %) - 77121112511“(933)%7
2—2 == m3l1l3005($5)$6<"‘2 +%>’
% = —mgll sin(:v5)(m2 + %) —mgll3 sin(md%,
g_ff = — myl b sin(z3) 74, 2—2;2 =0, (Z—ij = —myli b cos(z3) 74,
?9—22 = — myl b sin(x3) 2, ?92 =0, and Cz)—g: =0,
%Sf =0, g—fj = —mylyly sin(2;)1;, %Sj =0, %fj =0
88—5;3 = — mglyly cos(m;) 1175, and 88—56’3 = —mzly by sin(z;) ;.
Furthermore, it holds that
%—Zl == m19% sin(z;) — mggly sin(z;) — 77129% sin(x, + x3) — mggl; sin(x;)
— m3g§ sin(z; + x3),
%—2 =0, %—2 = —ngg sin(zy + 23), %—i =0,
%75;1 = _ m3gg sin(z; + ), 8872 =0,
aa—ff = ng% sin(zy + x3), 68—222 =0, aa—fj - mﬂg sin(ay +23), 83—542 =0
%i; =0, and 88—2? =0,
aa_fls = mgg%3 sin(z; + 5), %—ij =Y, aa—if =0,
%_353 = 1n3gl§3 sin(z; + z5), and %—i’ =
Additionally, it holds that
8@21 — b, and 8;; —0 fori=1,34,5,6,
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8F“2:b2 and aF”?:o for i=1,2,3,5,6,
0y ox;
OF, OF,
=% _p and 2 -0 fori=1,2,3,4,5.
81’6 aiﬂi

3.2. Stabilizing feedback control

After linearization around its current operating point, the dynamic model of the

multi-DOF brachiation robot is written as®

t = Az + Bu+ d,. (47)

Parameter d; stands for the linearization error in the multi-DOF brachiation robot
dynamic model appearing in Eq. (47). The reference setpoints for the state vector of
the multi-DOF brachiation robot are denoted by xq = [z{, ..., zd]. Tracking of this
trajectory is achieved after applying the control input «%. At every time instant the
control input u? is assumed to differ from the control input u appearing in Eq. (47)
by an amount equal to Awu, that is, u% = u + Au

iy = Azy+ Bu® + d,. (48)
The dynamics of the controlled system described in Eq. (47) can be also written as
i = Az + Bu+ Bu® — Bu® + d,, (49)

and by denoting d; = —Bu? + d; as an aggregate disturbance term, one obtains
i = Az + Bu+ Bu® + dj. (50)

By subtracting Eq. (48) from Eq. (50), one has

By denoting the tracking error as e = x — x; and the aggregate disturbance term as
d = d3 — dy, the tracking error dynamics becomes

¢=Ae+ Bu+d. (52)

For the approximately linearized model of the system, a stabilizing feedback con-
troller is developed. The controller has the form

u(t) = —Ke(t), (53)

with K = %B TP where P is a positive definite symmetric matrix which is obtained
from the solution of the Riccati equation®

2 1
ATP+PA+Q—P(—BBT——QLLT>P:0, (54)
T P

where () is a positive semi-definite symmetric matrix. The diagram of the considered
control loop is depicted in Fig. 2.
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Linearization ofthe dynamics of the
multi-DOF brachiationrobot

;C=AX+BH+L{}
A4=Vf, |(_3.< B=Vf,|

*
xo.n )

(\'*.H*)

A.B.L

A 4

Solution of the algebraic
Riccati equation

1

ol
ATPp+Pa+0-P(=BBT - —_LIT)P=0
7 pe
| »
P € H-infinity = Ke Nonlinear dynamics of the X
od control gain " | multi-DOF brachiationrobot
1.7
k=-=-BTp .
- r x= flx.u)

Fig. 2. Diagram of the nonlinear optimal (H-infinity) control loop for the multi-DOF brachiation robot.

The solution of the H-infinity feedback control problem for the multi-DOF
brachiation robot and the computation of the worst-case disturbance that the related
controller can sustain, comes from superposition of Bellman’s optimality principle
when considering that the robot is affected by two separate inputs (i) the control
input w (ii) the cumulative disturbance input d(t). Solving the optimal control
problem for wu, that is, for the minimum variation (optimal) control input that
achieves elimination of the state vector’s tracking error, gives u = —%B T pe.
Equivalently, solving the optimal control problem for d, that is, for the worst-case
disturbance that the control loop can sustain gives d= p%LTPe.

A comparison of the proposed nonlinear optimal (H-infinity) control method
against other linear and nonlinear control schemes for the multi-DOF brachiation
robot’s dynamics, shows the following;:

(1) Unlike global linearization-based control approaches, such as Lie algebra-based
control and differential flatness theory-based control, the optimal control ap-
proach does not rely on complicated transformations (diffeomorphisms) of the
system’s state variables. Besides, the computed control inputs are applied di-
rectly on the initial nonlinear model of the multi-DOF brachiation robot’s dy-
namics and not on its linearized equivalent. The inverse transformations which
are met in global linearization-based control are avoided, and consequently, one
does not come against the related singularity problems.

(2) Unlike MPC and Nonlinear MPC (NMPC), the proposed control method is of
proven global stability. It is known that MPC is a linear control approach that if
applied to the nonlinear dynamics of the multi-DOF brachiation robot the
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stability of the control loop will be lost. Besides, in NMPC the convergence of its
iterative search for an optimum depends on initialization and parameter values
selection, and consequently, the global stability of this control method cannot be
always assured.

Unlike sliding mode control and backstepping control the proposed optimal

—
w
=

control method does not require the state-space description of the system to be
found in a specific form. About sliding-mode control it is known that when the
controlled system is not found in the input—output linearized form the definition
of the sliding surface can be an intuitive procedure. About backstepping control
it is known that it cannot be directly applied to a dynamical system if the related
state-space model is not found in the triangular (backstepping integral) form.

Unlike proportional integral derivative (PID) control, the proposed nonlinear
optimal control method is of proven global stability, the selection of the con-
troller’s parameters does not rely on a heuristic tuning procedure, and the sta-
bility of the control loop is assured in the case of changes of operating points.

—
N
=

Unlike multiple local models-based control the nonlinear optimal control method

—
ot
=

uses only one linearization point and needs the solution of only one Riccati
equation so as to compute the stabilizing feedback gains of the controller.
Consequently, in terms of computation load the proposed control method for the
multi-DOF brachiation robot’s dynamics is much more efficient.

4. Lyapunov Stability Analysis
4.1. Proof of global stability properties

Through Lyapunov stability analysis, it will be shown that the proposed nonlinear
control scheme assures H,, tracking performance for the multi-DOF brachiation
robot’s dynamics, and that under moderate conditions asymptotic convergence to the
reference setpoints (global stability) is achieved.® As shown before, the tracking error
dynamics for the multi-DOF brachiation robot’s dynamics is written in the form?®

¢=Ae+ Bu+ Ld, (55)

where in the multi-DOF brachiation robot’s case, L = I € R5%6 with I being the
identity matrix. Variable d denotes model uncertainties and external disturbances
of the robotic manipulator’s dynamic model. The following Lyapunov equation is
considered:
1

V= € T Pe, (56)
where e = x — x; is the tracking error. By differentiating with respect to time, one
obtains

1 1
V:§éTPe+§eTPé=>

. ] ) ) (57)
V:§[Ae+Bu+Ld]TPe+§eTP[Ae+Bu+Ld] =
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~ 1 -
V = [eTAT+UTBT+dTLT]P6+§€TP[A6+Bu+Ld]:> (58)

N

1 1 1- 1 1 1 ~
V=-elATPe+-uTBTPe+—-d LTPe+~eT"PAc+~eTPBu+ el PLd.
2 2 2 2 2 2
(59)
The previous equation is rewritten as
7 Lorogr L ror Lor Lerop L orprs
V:§e (A"P+ PA)e+ 5 U B Pe+§e PBu | + §d L Pe—l—Ee PLd |.

(60)

Assumption: For the given positive definite matrix @ and coefficients r and p there
exists a positive definite matrix P, which is the solution of the following matrix
equation:

ATP+PAQ+P<2BBT12LLT>P. (61)
r p

Moreover, the following feedback control law is applied to the system:
1
u=——BTPe. (62)
r
By substituting Egs. (61) and (62), one obtains

1 2 1 1 -~
V=—eT|-Q+P(=BBT ——LL" |P|le+e"PB| —=B"Pe) + e"PLd =
2 r 2p2 r

(63)
i L op 2 7 T L 7 T L op T Tpr 7
V=——e'"Qe+|—e'PBB*"Pe———e¢" PLL'Pe——¢" PBB" Pe | + e' PLd,
2 r 2p2 r
(64)
which after intermediate operations gives
. 1 1 ~
V:—geTQe—z—erTPLLTPe—I— e’ PLd, (65)
or, equivalently
o _Ler L eTPLLTPe+2eTPLd+—d"LTP 66
=-3e Qefﬁe e+§e +§ e. (66)
Lemma: The following inequality holds:
Vorprs ey L o7 T L o575
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Proof. The binomial (pa — % b)? is considered. Expanding the left part of the above
inequality, one gets

1 1 1 1
2 2 2 2 p2a?
pa+—b —2ab>0:§pa+2—p2b—ab20:>ab—2—/ﬂb <§
1 1 1 1
= —ab+—-ab———b*> < = prd’ (68)

2 2 22 2

The following substitutions are carried out: a = d and b= eTPL and the previous
relation becomes

1- 1 1 1 .
§dTLTPe+ 5¢"PLd— 5 5 e"PLL"Pe < 5 p 24"d. (69)
2p2

Equation (69) is substituted in Eq. (66) and the inequality is enforced, thus giving
. 1 1 -~
nggeTQe+5p2de. (70)

Equation (70) shows that the H,, tracking performance criterion is satisfied. The
integration of V from 0 to T gives

T I Ly 150 Lo
Vidt< —= [ llelbdi+2p [ dl2dt=2V(T) + [ lellt
0 2 0 2 0 0

T ~
<2V(0) +p2/ ||d]|?dt. (71)
0
Moreover, if there exists a positive constant M, > 0 such that
o ~
[z < (72)
0
then, one gets
[ el < 2v0) + o221, (73)
0

Thus, the integral [ ||e]| Hdt is bounded. Moreover, V(T) is bounded and from the
definition of the Lyapunov function V in Eq. (56) it becomes clear that e(t) will be
also bounded since e(t) € Q, = {eleTPe < 2V(0) + p2M,}.

According to the above and with the use of Barbalat’s Lemma, one obtains
lim, ,e(t) = 0.

The outline of the global stability proof is that at each iteration of the control
algorithm the state vector of the multi-DOF brachiation robot’s dynamics converges
towards the temporary equilibrium and the temporary equilibrium in turn converges
towards the reference trajectory. Thus, the control scheme exhibits global asymp-
totic stability properties and not local stability.® Assume the ith iteration of the
control algorithm and the ith time interval about which a positive definite symmetric
matrix P is obtained from the solution of the Riccati equation appearing in Eq. (61).
By following the stages of the stability proof, one arrives at Eq. (70) which shows
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that the H-infinity tracking performance criterion holds. By selecting the attenuation
coefficient p to be sufficiently small and in particular to satisfy p> < ||e||%/||d||? one
has that the first derivative of the Lyapunov function is upper bounded by O.
Therefore, for the ith time interval it is proven that the Lyapunov function defined in
Eq. (56) is a decreasing one. This signifies that between the beginning and the end of
the ith time interval there will be a drop of the value of the Lyapunov function and
since matrix P is a positive definite one, the only way for this to happen is the
Euclidean norm of the state vector error e to be decreasing. This means that com-
pared to the beginning of each time interval, the distance of the state vector error
from 0 at the end of the time interval has diminished. Consequently, as the iterations
of the control algorithm advance the tracking error will approach zero, and this is a
global asymptotic stability condition. O

4.2. State estimation with robust Kalman filtering

The control loop has to be implemented with the use of information provided by a
small number of sensors and by processing only a small number of state variables. To
reconstruct the missing information about the state vector of the multi-DOF
brachiation robot’s dynamics it is proposed to use a filtering scheme and based on it
to apply state estimation-based control.®3° The recursion of the H,, Kalman filter,
for the model of the multi-DOF brachiation robot, can be formulated in terms of a
measurement update and a time update part.

Measurement update:

D(k) = [I = 0W (k)P (k) + CT(k)R(k) "' C(k)P~ (k)] ",
K(k) = P~(k)D(k)CT (k)R(k) !, (74)
2(k) = 2= (k) + K(K)[y(k) — Cz~(k)].
Time update:
z7(k+1) = A(k)z(k) + B(k)u(k),
P~(k+1) = A(k)P~(k)D(k)AT (k) + Q(k),
where it is assumed that parameter 6 is sufficiently small to assure that the covari-
ance matrix P~ (k) "t — 0W (k) + CT(k)R(k) "1 C(k) will be positive definite. When
0 = 0 the H, Kalman filter becomes equivalent to the standard Kalman filter. One
can measure only a part of the state vector of the multi-DOF brachiation robot, such
as state variables z;, a3, 5, that is, the turn angles of the robot’s joints, and can

estimate through filtering the rest of the state vector elements. Moreover, the pro-
posed Kalman filtering method can be used for sensor fusion purposes.

(75)

5. Simulation Tests

The performance of the proposed nonlinear optimal control scheme for the multi-
DOF brachiation robot has been tested and confirmed through simulation
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0 5 10 15 20 25 30 35 40 0 5 10 15 20 25 30 35 40
time (sec) time (sec)

0 5 10 15 20 25 30 35 40 0 5 10 15 20 25 30 35 40

time (sec) time (sec)
4 1
<2 f 0
0 i i i i i i i 1 i i i i i i i
0 5 10 15 20 25 30 35 40 0 5 10 15 20 25 30 35 40
time (sec) time (sec)
(a) (b)

Fig. 3. Tracking of setpoint 1 by the multi-DOF brachiation robot. (a) Convergence of state variables z;
to 23, to the reference setpoints. (b) Convergence of state variables z,; to g, to the reference setpoints.

experiments. The obtained results are depicted in Figs. 3-18. Indicative values for
the simulation experiments have been m; = 1kg, [, = 1m, my = 1kg, b, = 1m and
mg = 0.5kg, l; = 0.5 m. It can be noticed that under the proposed nonlinear optimal
control scheme, fast and accurate tracking of reference setpoints was achieved for all
state variables of the underactuated brachiation robot. Besides, it can be noticed
that the variations of the control inputs remained moderate, which signifies that the
scheduled tasks can be accomplished by the brachiation robot under minimal energy
consumption. This raises the autonomy and operational capacity of this robotic
system. By limiting energy dispensing from the actuators of such robots one can

50
1
s Of
-1 i i i i i i i
0 5 10 15 20 25 30 35 40
time (sec)
0 ~50 i i i i ; ; ;
0 5 10 15 20 25 30 35 40
& -1 time (sec)
50
2 i i i i i i
0 5 10 15 20 25 30 35 40
time (sec)
! = 0%
o 0
- i i i i i i i _50 i i i i i i i
0 5 10 15 20 25 30 35 40 0 5 10 15 20 25 30 35 40
time (sec) time (sec)
(a) (b)

Fig. 4. Tracking of setpoint 1 by the multi-DOF brachiation robot. (a) Tracking error e;, e; and e; of the
joint angles of the brachiation robot. (b) Control inputs u; and u, generated by the actuators of the
brachiation robot.
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1 2
x 0.5 <0
0 i i i i i i i 2 i i i i i i i
0 5 10 15 20 25 30 35 40 0 5 10 15 20 25 30 35 40
time (sec) time (sec)
0.5 [\ T 2
N0 21
05 i i i i i i i 0 i i i i i i i
5 10 15 20 25 30 35 40 0 5 10 15 20 25 30 35 40
time (sec) time (sec)
2 T T T 1
oy 1—f 0
0 i i i i i i i _1 i i i i i i i
0 5 10 15 20 25 30 35 40 0 5 10 15 20 25 30 35 40
time (sec) time (sec)
(a) (b)

Fig. 5. Tracking of setpoint 2 by the multi-DOF brachiation robot. (a) Convergence of state variables z;
to 3, to the reference setpoints. (b) Convergence of state variables z; to 25, to the reference setpoints.

ensure their uninterrupted functioning without the need for frequent recharging of
batteries.

For the implementation of the nonlinear optimal control scheme in brachiation
robots, the algebraic Riccati equation of Eq. (61) had to be repetitively solved at each
time-step of the control algorithm. The values of parameters r, p and @) that appear
in this Riccati equation determine also the transient performance of the control
method. Actually, to achieve elimination of the tracking error for the state variables
gain r has to be given a relatively small value, while to achieve fast convergence of
the state variables to the reference setpoints, the elements of the diagonal matrix @

50
1
s 0
1 i i i i i i i
0 5 10 15 20 25 30 35 40
time (sec)
0 50 i i i i i ; ;
0 5 10 15 20 25 30 35 40
& -1 : ] time (sec)
50 T T T T T T T
2 i i i i i i i
0 5 10 15 20 25 30 35 40
time (sec)
1 S op
o 0
1 i i i i i i i 50 i i i i i i i
0 5 10 15 20 25 30 35 40 0 5 10 15 20 25 30 35 40
time (sec) time (sec)
(a) (b)

Fig. 6. Tracking of setpoint 2 by the multi-DOF brachiation robot. (a) Tracking error e;, e3 and e; of the
joint angles of the brachiation robot. (b) Control inputs u; and u, generated by the actuators of the
brachiation robot.
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2 2
x 1 <0
0 i i i i i i i 2 i i i i i i i
0 5 10 15 20 25 30 35 40 0 5 10 15 20 25 30 35 40
time (sec) time (sec)
1 T 2
< Of\ =01
1 i i i i i i i 0 i i i i i i i
0 5 10 15 20 25 30 35 40 0 5 10 15 20 25 30 35 40
time (sec) time (sec)
2 T T 1
1 ( e of—
0 i i i i i i i 1 i i i i i i i
0 5 10 15 20 25 30 35 40 0 5 10 15 20 25 30 35 40
time (sec) time (sec)
(a) (b)

Fig. 7. Tracking of setpoint 3 by the multi-DOF brachiation robot. (a) Convergence of state variables z;
to 23, to the reference setpoints. (b) Convergence of state variables z,; to g, to the reference setpoints.

have to be given relatively large positive values. Moreover, the attenuation coeffi-
cient p is the parameter that determines the robustness of the control scheme. The
smallest value of p for which an acceptable solution can be obtained from the above-
noted Riccati equation, in the form of a positive definite and symmetric matrix P, is
the one that maximizes the disturbance rejection capability of the control scheme.
The aggregate simulation time was T = 40s. The adjustment time of each sim-
ulation experiment (time needed for the state variables of the robot to convergence to
the targeted setpoints) did not exceed 10s. The variation ranges of the control inputs
in the individual simulation experiments (maximum and minimum values of the

50

1
o 0
s Of
-1 i i i i i i i
0 5 10 15 20 25 30 35 40
time (sec)
0 50 i i i i ; ; ;
0 5 10 15 20 25 30 35 40
& -1 R i time (sec)
50 T T T T T T T
2 i i i i i i i
0 5 10 15 20 25 30 35 40
time (sec)
. o of
o 0
- i i i i i i i _50 i i i i i i i
0 5 10 15 20 25 30 35 40 0 5 10 15 20 25 30 35 40
time (sec) time (sec)
(a) (b)

Fig. 8. Tracking of setpoint 3 by the multi-DOF brachiation robot. (a) Tracking error e;, e; and e; of the
joint angles of the brachiation robot. (b) Control inputs u; and u, generated by the actuators of the
brachiation robot.
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Fig. 9. Tracking of setpoint 4 by the multi-DOF brachiation robot. (a) Convergence of state variables z;
to 3, to the reference setpoints. (b) Convergence of state variables z; to 25, to the reference setpoints.

torques generated by the actuators of the robot) were [vi"", v1®] = [~200, 200], and
[ min max’

vy, 03] = [—300, 300]. Besides, the reference trajectories (setpoints) of the state
variables of the brachiation robot were: (i) setpoint 1: [0¢,09,09] = [£,2 = — 7], (ii)

setpoint 2: (01,604,609 = [Z,2 2 — 1] (iii) setpoint 3: [0{,04,05] = [, 2%

: : . d pd pd _[r 2r = T d pd pd T 2r s
(iv) setpoint 4: [0{,09,04] = [5,2°,2 — 2] if t <L and [01,09,04] = [, 2%, 5 — 55l
: T : . d pd : T d pd pd _
if t>§, (V) Setpomt 5: [91,92703] [ 6726’%_77%] if t§§ and 01,02703]—
52,5~ 211 6> F, (vi) sctpoint 6: 07,64, 08) = (55,35, — 5] i < § end [of.

d pdy _ 2 : . [pd pd pdy _ 2 : T
05,05] = [, 2—”,%—%] if ¢ > L, (vii) setpoint 7: [0{, 093,04 = [F,%, 5 -2 if t < T

50 T T T T T T T
1 T T T T T T T
]
s 0 ]
—10 5 10 15 20 25 30 35 40
time (sec)
2 50 ; ; ; ‘ : ;
5 10 15 20 25 30 35 40
& 0 S time (sec)
50
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1 T T T T T -~ OK
o° O/\/\/h\/\
-1 L L L L L . v -50 L L . L ’ L
0 5 10 15 20 25 30 35 40 0 5 10 15 20 25 30 35 40
time (sec) time (sec)
(a) (b)

Fig. 10. Tracking of setpoint 4 by the multi-DOF brachiation robot. (a) Tracking error e;, e; and e5 of
the joint angles of the brachiation robot. (b) Control inputs u; and u, generated by the actuators of the
brachiation robot.

2150015-24



November 7, 2021 9:03:54am WSPC/191-1JHR 2150015 ISSN: 0219-8436
A Nonlinear Optimal Control Approach for Multi-DOF' Brachiation Robots
2 5
X1 ]\ 0 —
0 ‘ ‘ ‘ ‘ ‘ ‘ -5 ‘ ‘ ‘ ‘ ‘ ‘ ‘
0 5 10 15 2 25 30 35 40 0 5 10 15 2 25 30 35 40
time (sec) time (sec)
1 2
<0 V =01 .
“ 5 0 15 20 25 0 3% 40 % s 0 15 0 25 0 3% 40
time (sec) time (sec)
4 1 :
x:‘) 2 f N XLD 0 [\/_\
% 5 0 15 2 % % 4 o 5 0 15 20 25 % % 40
time (sec) time (sec)
(a) (b)
Fig. 11. Tracking of setpoint 5 by the multi-DOF brachiation robot. (a) Convergence of state variables z;

to 23, to the reference setpoints. (b) Convergence of state variables z,; to g, to the reference setpoints.

and [01,09,09) = [£,2,2 — 1] if t > L (viii) setpoint 8: [0{, 04, 04]
t<ZLand [0{,04,04 =[F,Z,2-Tift>TL.

Comparing to other approaches for linear and nonlinear control of brachiation
robots, the advantages of the proposed nonlinear optimal control method are justi-
fied as follows: (i) the method is conceptually simple because it avoids the compli-
cated state variables transformations of global linearization-based control methods.
The method is straightforward to apply since it only requires the existence of a
solution from the algebraic Riccati equation that was noted before. The method does

not come against singularity problems, (ii) the method is of proven global stability
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40

Fig. 12. Tracking of setpoint 5 by the multi-DOF brachiation robot. (a) Tracking error e;, e; and e5 of
the joint angles of the brachiation robot. (b) Control inputs u; and u, generated by the actuators of the
brachiation robot.
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Fig.

13. Tracking of setpoint 6 by the multi-DOF brachiation robot. (a) Convergence of state variables z;

to 3, to the reference setpoints. (b) Convergence of state variables z; to 25, to the reference setpoints.

and functions well under changes of operating points. The application of the method
is not constrained to systems with a specific state-space form, (iii) the method is
energy efficient because it keeps moderate the variation of the control inputs, thus
also minimizing the consumption of energy by the actutators of the brachiation
robot. The method is also computationally efficient because the above-noted Riccati
equation can be solved in a time interval, that is, significantly smaller than the
sampling period of the control scheme.

To elaborate on the tracking performance and on the robustness of the proposed
nonlinear optimal control method for the three-link brachiation robot, the following
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Fig. 14. Tracking of setpoint 6 by the multi-DOF brachiation robot. (a) Tracking error e;, e; and e5 of
the joint angles of the brachiation robot. (b) Control inputs u; and u, generated by the actuators of the
brachiation robot.
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Fig. 15. Tracking of setpoint 7 by the multi-DOF brachiation robot. (a) Convergence of state variables z;
to 23, to the reference setpoints. (b) Convergence of state variables z,; to g, to the reference setpoints.

tables are given: (i) Table 1 which provides information about the accuracy of
tracking of the reference setpoints by the state variables of the brachiation robot
under an exact model, (ii) Table 2 which provides information about the robustness
of the control method to parametric changes in the model of the brachiation robot
(change in parameters I}, I, and I3, that is, to the moments of inertia of the three
links of the robot up to 60%), (iii) Table 3 which provides information about the
precision in state variables’ estimation, that is, achieved by the H-infinity Kalman
filter.
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Fig. 16. Tracking of setpoint 7 by the multi-DOF brachiation robot. (a) Tracking error e;, e; and e5 of
the joint angles of the brachiation robot. (b) Control inputs u; and u, generated by the actuators of the
brachiation robot.
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Fig. 17. Tracking of setpoint 8 by the multi-DOF brachiation robot. (a) Convergence of state variables z;
to 3, to the reference setpoints. (b) Convergence of state variables z; to 25, to the reference setpoints.

Finally, this paper’s scientific contribution is outlined as follows: (i) the presented
nonlinear optimal control method has improved performance when compared against
other nonlinear control schemes that one can consider for the dynamic model of
brachiation robots (such as Lie algebra-based control, differential flatness theory-
based control, model-based predictive control, nonlinear model-based predictive
control, sliding-mode control, backstepping control, etc.), (i) it achieves fast and
accurate tracking of all reference setpoints for the brachiation robot under moderate
variations of the control inputs, (iii) it minimizes the consumption of energy by the
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Fig. 18. Tracking of setpoint 8 by the multi-DOF brachiation robot. (a) Tracking error e;, e; and e5 of
the joint angles of the brachiation robot. (b) Control inputs u; and u, generated by the actuators of the
brachiation robot.
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Table 1. RMSE for the brachiation robot without disturbances.

RMSE, RMSE, RMSE, RMSE, RMSE, RMSE,

setpoint; 0.0015 0.0001 0.0030 0.0001 0.0016 0.0003
setpointy 0.0047 0.0001 0.0029 0.0001 0.0048 0.0002
setpointy 0.0033 0.0001 0.0034 0.0001 0.0035 0.0002
setpoint, 0.0034 0.0036 0.0051 0.0061 0.0033 0.0033
setpointy 0.0086 0.0096 0.0153 0.0163 0.0098 0.0083
setpointg 0.0074 0.0067 0.0096 0.0076 0.0098 0.0055
setpoint; 0.0058 0.0047 0.0098 0.0072 0.0077 0.0038
setpointg 0.0070 0.0074 0.0088 0.0096 0.0066 0.0063

Table 2. RMSE for the brachiation robot under disturbances.

Aa% RMSE, RMSE, RMSE, RMSE, RMSE, RMSE,
1 2 3 1 5

6

0% 0.0039 0.0001 0.0034 0.0001 0.0035 0.0001
10% 0.0033 0.0001 0.0034 0.0001 0.0035 0.0003
20% 0.0033 0.0001 0.0035 0.0001 0.0033 0.0003
30% 0.0033 0.0002 0.0035 0.0001 0.0033 0.0004
40% 0.0032 0.0002 0.0035 0.0001 0.0028 0.0005
50% 0.0032 0.0003 0.0036 0.0001 0.0027 0.0007
60% 0.0031 0.0003 0.0036 0.0001 0.0026 0.0008

Table 3. RMSE for the estimation performed by the H-infinity Kalman Filter (KF).

RMSE,, RMSE,, RMSE,; RMSE,, RMSE,; RMSE,¢

setpoint;  0.3192-107¢ 0.3062-1076 0.6394-10—¢ 0.9318-1076 0.3903-10—% 0.0898-10~°
setpoint,  0.0364-10"%* 0.0466-10-* 0.1071-10~* 0.1401-10~* 0.0130-10~* 0.0156-10~*
setpoint;  0.1890-107° 0.2134-1075 0.4760-10—° 0.6454-1075 0.0282-10~° 0.0680-10~°
setpointy  0.2852-10~6 0.0518-106 0.2492-10=6 0.1598-10—6 0.2781-105 0.0170-10~6
setpoint;  0.2245-107° 0.2544-107° 0.6185-10~> 0.8010-107° 0.0691-10~° 0.0870-107°
setpointg  0.1008-10~* 0.1330-10~* 0.2942-10~* 0.3914-10~* 0.0349-10~* 0.0464-10~*
setpoint;  0.1636-107° 0.2195-107° 0.4997-10~° 0.6438-10-° 0.0734-10~° 0.0687-10-°
setpointg  0.0248 -10*  0.0355-10~* 0.0756-10—* 0.1069-10~* 0.0109-10—* 0.0128-10~*

actuators of the brachiation robot, thus achieving the cost-efficient functioning of
this robotic system.

6. Conclusions

Control of brachiation robots is an important problem since such robots can be used
in several inspection and maintenance tasks for critical infrastructure (as for instance
the cable lines of the electricity grid). This control problem is nontrivial because of
the nonlinear dynamics and the multivariable structure of these robots, as well as
because of underactuation. In this paper, a novel nonlinear optimal (H-infinity)
control method is proposed for multi-DOF brachiation robots. First, the dynamic
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model of these robots undergoes approximate linearization around a temporary
operating point which is recomputed at each iteration of the control algorithm. The
linearization procedure is based on first-order Taylor series expansion and on the
computation of the related computation matrices. For the approximately linearized
model of the robotic system, a stabilizing H-infinity feedback controller has been
designed.

The proposed H-infinity controller achieves solution of the optimal control
problem for the nonlinear dynamics of the brachiation robots under model uncer-
tainty and external perturbations. Actually, this controller represents a min—max
differential game taking place between (i) the control inputs which try to minimize a
cost function that comprises a quadratic term of the state vector’s tracking error (ii)
the model uncertainty and exogenous disturbances which try to maximize this cost
function. To compute the feedback gains of the H-infinity controller an algebraic
Riccati equation had to be solved at each iteration of the control method. The global
stability properties of the control scheme have been proven through Lyapunov sta-
bility analysis. The control method achieves fast and accurate tracking of setpoints
by the state variables of the brachiation robot while keeping also moderate the
variation of the control inputs. The latter property signifies that minimum energy is
consumed by the actuators of the brachiation robot and that its autonomy and
operational capacity are improved.

Appendix A. Euler-Lagrange Analysis for Modeling of the Brachiation
Robot’s Dynamics

In the inertial reference frame, the coordinates of the centers of gravity of the three

links are
ll l1 .
Ley, = 5 COS(91)7 Yeo = (ll + LZ) - 5 SIH(91)7
_ b b _ L. L.
Tey =% cos(;) + 5 cos(bh +05), yo, = (h +5h) — 5 sin(6;) — 5 sin(6; + 6,),

l l l l
2, = cos(0r) + 5 cos(Or +03), ye, = (I + ) =5 sin(6)) = sin(0) +65).
(A1)
The kinetic energy of the first link of the robot is

1 . . 1 _.2
K, = §m1($%1 + yi) +§I191 =
1 L. .\ 2 A . \Z2 1.2
K1 —my|— | = Sln(91)91 + = COS(el)Gl + —1191 = (AQ)
2 2 2 2
1 2.2 1 .9
K1 = EmIZIGI +§.[191
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The potential energy of the first link of the robot is

l
P, = mlg(ll +1 —51 sin(01)>. (A.3)
The kinetic energy of the second link of the robot is
1 1. . .
K, = 5 (&2, 4+ 9%) +§I2(91 +6y)2 =
1T . . . .
Ky =5m, (—h sin(6)0;, — % sin(fy + 0,) (6, + 0,))*
) A o 1. (A-4)
+ (—l1 008(91)91 — E COS(el + 92)(91 + 92))2:| +§IQ(91 + 92) =
1 13 oL 1. .
Ky =5 mali l 2y 42 (91 +057) + Ul cos(8,)6, (6 + By) +§I2(91 + 03).
The potential energy of the second link of the robot is
l
P, = ng(zl +1,— 51 sin(6;) — g sin(6; + oz)>. (A.5)
The kinetic energy of the third link of the robot is
1 1. . .
K; = 5”%3(@33 + ?)23) +§I2(91 +03)2
1 _ . _ .
By = 5 | (- lsn6)0; — 2 sin(0s-+ 6901+ 6,)°
- o (A0
+ (=l cos(6,)6, — BY cos(y + 0,)(0, + 92))2] +§I3(91 +03) =
1 oo , 1. ,
K3 = 2 |:l 01 + (01 + 03 ) + l1l3 COS(93)01(91 + 93):| + 512(01 + 92)
The potential energy of the third link of the robot is
l
P3 = mgg(ll + l2 — 51 Sin(ﬁl) — % sin(91 =+ 03)) . (A?)
The Lagrangian of the brachiation robot is
L_K1+K2+K3_P1_P2—P3
12 . .
L= My ! 91 +5 -7191 + 5 M2 [l 91 + (91 + 0y ) + Ll cos(6)6, (6, + 92)]
1 1 13 o ,
+ - D) 12(91 + 92) + = 9 mg l:llel +— ((91 + 93 ) + lllg COS(93)91(91 + (93):|
1 . . ll . ll .
+ 5-’2(91 +05) —mug| b+ b — 3 sin(f1) | —mag( b+ b — 3 sin(6,)
l
— L2sin(0; + 0,)) — mgg(ll +1bh— 51 sin(6;) — 2sin(6; + 93)>. (A.8)
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It is considered that actuation is applied only to the first and second link while the
third link of this robotic system is unactuated. Consequently, the brachiation robot
of Fig. 1 is underactuated. By applying the Euler-Lagrange method, one obtains the
equations of the dynamics of the brachiation robot®

0 0L OL

aaiél_aiezl—Tl_Fvl’ (A.g)

0 0L OL

Gion, o6, T (410
o 9L oL _ (A11)

From Eq. (A.9), and by considering that F, = b,6,, one obtains

2

l2 12 l
[m121+ I+ mylf + mzZQwL L+ myl} + m3zs+ Myl b cos(0) + I

.. 12 . 12
+ mglyly cos(63)] 01 + [%ZQ + L+ mylily 008(92)} 0y + [ng?’ + I

(. b
—THQZIZQ Sin(92)92 (91 + ;) - m311 l3 Sin(93)93

+mglily 005(93)] 05+

_—
X (91 +E>

+ mggl cos(6;) + [mﬂg% cos(6; + 93)} + b0, = Ty. (A.12)

+ [mlg% cos(0;) + magly cos(6,) + ng% cos(0; + 0,)

From Eq. (A.10), and by considering that F,, = by6,, one obtains

12 .. 12 .. _ .
{mzf—k myly b cos(0y) + 12} 0, + [mzZQ-F 5105 — mylily sin(60,)0,0,

— Tnzg% COS(@l —+ 92) + b292 = TQ. (Alg)

From Eq. (A.11), and by considering that F, = b305, one obtains

13 . 12 Ny .
[mz;ZS + mglyly cos(03) + 13] 01+ {m313 + 13] 03 — mzllysin(6;)0,05

2 .
- m3g§3 cos(fy + 03) + b3b; = 0. (A.14)

The above three equations constitute the dynamic model of the three-link brachia-
tion robot, which can be written next in matrix form.
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