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Multipartite circulant states with positive partial transposes

Dariusz Chruscinski and Andrzej Kossakowski
Institute of Physics, Nicolaus Copernicus University,
Grudziadzka 5/7, 87-100 Torun, Poland

We construct a large class of multipartite qudit states which are positive under the family of
partial transpositions. The construction is based on certain direct sum decomposition of the total
Hilbert space displaying characteristic circular structure and hence generalizes a class of bipartite
circulant states proposed recently by the authors. This class contains many well known examples of
multipartite quantum states from the literature and gives rise to a huge family of completely new

states.

PACS numbers: 03.65.Ud, 03.67.-a

I. INTRODUCTION

Quantum entanglement is one of the most remarkable
features of quantum mechanics and it leads to powerful
applications like quantum cryptography, dense coding
and quantum computing [1, [2].

It is well known that it is very hard to check whether
a given density matrix describing a quantum state of
the composite system is separable or entangled. There
are several operational criteria which enable one to de-
tect quantum entanglement (see e.g. [2] for the recent
review). The most famous Peres-Horodecki criterion
[3, 4] is based on the partial transposition: if a state
p is separable then its partial transposition (1® 7)p is
positive (such states are called PPT state). The struc-
ture of this set is of primary importance in quantum in-
formation theory. Unfortunately, this structure is still
unknown, that is, one may easily check whether a given
state is PPT but we do not know how to construct a
general quantum state with PPT property.

Recently [5] we proposed a large class of bipartite
PPT states which are based on certain cyclic decompo-
sition of the total Hilbert space C?® C? — we called
them circulant states. The crucial property of this class
is that a partial transposition of the circulant state
has again a circular structure corresponding to another
cyclic decomposition of C?® C?. Interestingly, many
well known examples of PPT states fit the class of cir-
culant states [5].

In the present paper we generalize the construction
of circulant states to multipartite systems — N qudits
living in C?® ... ® C? (N copies). This space can be
in a natural way decomposed into d¥~! subspaces of
dimension d or d subspaces of dimension d¥ 1. Multi-
partite circulant state is defined as a convex combina-
tion of positive operators supported on these orthogo-
nal subspaces. It turns out that the family of partial

transpositions maps these states into circulant opera-
tors supported on another family of subspaces related
by a circular multipartite structure. Again, we show
that many well known examples of multipartite states
belong to our class.

Recently, there is a considerable effort to explore
multipartite systems [6]—[13] and multipartite circulant
states introduced in this paper may shed new light on
the more general investigation of multipartite entangle-
ment.

The paper is organized as follows: for pedagogical
reason we first illustrate our general method for d = 2
in Section [[Il We recall basic construction for 2 qubits
from [5] and then analyze in details 3 qubit circulant
states. We illustrate our construction with well known
examples of 3 qubit states from the literature. Then
we present a general construction of N qubit states.
Section [Tl discusses circulant states of N qudits. Final
conclusions are collected in the last section.

II. N—-QUBIT STATES
A. 2 qubits

Consider a density matrix living in C2 ® C? which is
given by
p=po+p1, (1)

where pg and p; are supported on two orthogonal sub-
spaces

Yo =
¥ =

span {eg®ep,e1 ®e1}
span {ep ®e1,e1Qep} , (2)

and {eg,e;} is a computational base in C2. It is clear
that {¥o, 21} defines the direct sum decomposition of
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C? ® C?, that is
Yo® X = (C2®(C2 .
We call it a circulant decomposition because its struc-
ture is determined by the cyclic shift S : C2 — C2
defined by
Sei = €ij+1 , (InOd 2) . (3)
One finds that
21:(]1®S)an (4)

and hence

1
Z aij €ij @ eij , (5)

po =

i,j=0

1

p1 = Z bijeij ®Sei;S*

i,j=0

1
4,§=0
where e;; := |e;)(e;|, and one adds mod 2. Now, since

po and p; are supported on two orthogonal subspaces
Y0 and X7 one has an obvious

Proposition 1 p defined in [d) is a density matriz iff

e a = [a;;] and b = [b;;] are 2 X 2 semi-positive
matrices, and

° 'I‘r(a—i—b):l .

Now, the crucial observation is that partially trans-
posed matrix p” = (1®7)p belongs to the same class
as original p

oo ao1
boo | bo1 -
p bio [ b1 - @
aio ai
and
agp - | - o
P boo | boy , (8)
bio | b11
Q1o ai

where the matrices a@ = [a;;] and b = [EZJ] read as follows

5 — [ @00 bor b= boo ao1 )
bio a1 ap b1
that is, both p and p” are circulant bipartite operators.

Therefore, one arrives at

Proposition 2 A circulant state represented by () is
PPT iff a = [a;;] and b = [b;;] are 2 x 2 semi-positive
matrices.

Note, that matrices a and b may be rewritten in the
following transparent way

a=aol+bos, (10)
and similarly
gzbo]l—l—aoS, (11)

where x o y denotes the Hadamard product of two ma-
trices  and y.
Ezamples. 1. Bell states: |¢F) = (]00) £ [11))/v/2

1 -] %1
WAt = 5 || . a2
+1 |- 1

and for [pT) = (|01) +(10))/v2

1] 1 ]+1 -
+ +
== | —F— 13
P = 5 | (13)
2. Werner state [14]
L=p
1 — .
W=- Ltp| —2p . (14)
4 —2p (1+p
L=p

with —1/3 < p < 1. PPT condition implies well known
result p < 1/3.
3. Isotropic state |15]

1+p
1 . 1—p

2p



with —1/3 < p < 1. Again PPT condition implies well
known result p < 1/3.
4. O(2) ® O(2)—-invariant state

2b—a
a—2c
a—+2c

a+2b

a+2b
1 . a—+ 2c
4 - a—2c
2b—a

(16)

with a,b,c > 0 and a + b+ ¢ = 1. It is clear that O is
positive and O is PPT iff

b< c< 5, (17)

DN | =

)

N~

which reproduces well known result [16].

B. 3 qubits

There are in principle two ways to generalize the
2-qubit circulant decomposition for the case of three
qubits. Either one decomposes Hos = C2®@C?®C?
into four 2-dimensional subspaces or into two 4-
dimensional ones.

1. “8=2602¢2¢2"

Let us define 2-dimensional subspace

and for any two binaries p and v define

A;,w = (H® SH (9 SU)AOO . (19)
One easily finds
Apr = span{eg®ey®e1,e1®e; Xeg}
Ajp = span{egy®e1 ®eg,e1Qeg®@er} , (20)
A1 = span{eg®e; ®er,e1@eg®@eg} .
It is clear that
Has = Ao D Ag1 D A1 B Aqq . (21)

Now, we construct 3-qubit density matrix p of the fol-
lowing form

p = poo + po1 + p1o + p11 5 (22)
where each p,,, is supported on A,,,. One has therefore

1
Puv = Z x(,uu) €ij ®S”€USM* ®S”eij5”* ,

ij

(23)

4,57=0

which generalizes 2-qubit construction (B)). Positivity of
p is guarantied by positivity of each 2 x 2 matrix [z(#)],
and the normalization Trp = 1 is equivalent to

Ago = span{eg®egRep,e1 Qe ®eq} (18)
|
(00) .
00 (o1)
. :I;OO .
. x(()lO) ]
11
p = xéo)
= 1T
('10) Igo)
(61) Z10
© Tio
(00) .
10

where vertical and horizontal lines remind us about the
splitting into blocks corresponding to tensor product
structure C?2 ® C2® C2. Double lines introduce split-

I&@@m+x@”+xm”+x“”)=1. (24)
One obtains therefore the following block matrix
00
(61) 55(81 )
('10) Lo1 :
('11) Lo1 )
Zo1
— , (25)
L11 ('10)
T (61)
T ((’)0)
T11

ting into four blocks corresponding to C? ® (C? ® C?)
and then single lines introduce splitting within each
4 x 4 block corresponding to the second tensor product



(C?2®C?). Now, let us perform partial transposition.
There are three independent transformations

Tap = 1R TR TP | (26)

with binary indices « and 3:

1 =117,
7'10:]1®7'®]1, (27)
T11 = ]1®7'®7’ .

Now, it is easy to see that 7,gp has the same circular
structure as original p defined in ([G0) with new 2 x 2
matrices y#)Pl that is,

1 1
rapp = .y ey @ Stey; 9 @ Ve S
p,v=01,7=0

(28)

Proposition 3 The set of 2 x 2 matrices y#)eBl s
given by

y Bl — () o 4 pluterv+h) o g (29)
with addition modulo 2.

Using straightforward definition that p is (o8)-PPT if
Tag p > 0, one has the following

Theorem 1 A 3-qubit circulant state p is (af)-PPT iff

ylesl > o
for all binary p and v.

It is clear that ([25]) generalizes 2-qubit circulant state
[@). Note, however, that reducing 3-qubit state with
respect to one subsystem one ends up with the following
separable 2-qubit state

11
Trip = Z Z ngy)eii@)eii . (30)

1,v=04,j=0

It is again circulant but has very special structure: [a;;]
is diagonal with

1
_ } : ()
Qi = o )

p,v=0

and [b;;] = 0. It is therefore clear that a general 2-
qubit circulant state can not be obtained via reduction

of (23).

Ezamples. 1. GHZ state [17]

1
V2

does belong to circulant class which is easily seen from
the corresponding density matrix

2 = §.06,0 <1 1) . (32)

IGHZ) = —(]000) + |111)) , (31)

11

On the other hand the well known W state
1
V3

The corresponding density matrix

W) (|001) + ]010) + |100)) , (33)

is not circulant.
reads as follows

-1
-1
1] . .
311 -1 (34)
2. Bell states: the following 8 vectors
Yagy = (—1)* (I S ® $7)|GHZ) , (35)

with binary «, 3,7y define circulant states. These are
3-qubit generalization of 2-qubit Bell states. Note that

waﬁ'y € Aﬁ'y ) (36)

and the corresponding matrices 2(**) read as follows

pwr) 1 (_1)(1
D) 808 <(_1)a ! ) NETS

3. Generalized 3-qubit isotropic state

p— %HW + 5 |GHZ)(GHZ| (38)

with s € [~1/7,1]. One finds for z(**) matrices

8 4s 1+ 3s



and
1—s

201 — (10) — (1) — L (40)

The only nontrivial PPT condition comes from the pos-

itivity of
1[(1-5s 4s
o1 _ L A1
Y 8 < 4s 1—s ) ’ (41)

which implies s < 1/5. Actually, it is well known [1§]
that p is fully separable iff s < 1/5.
4. 2-parameter 3-qubit state from [19]:

1 -l - ]
with —1/8 < ¢,d < 1/8. Tt was shown [19] that p(c, d)

has positive partial transposes iff ¢ = d. Moreover, this
condition implies full separability.

2. “8=404”

There are two ways to construct 4-dimensional cir-
culant decompositions of 3-qubit Hilbert space out of

2-dimensional mutually orthogonal spaces A,,: either
one introduces

Yo = Ao @ Aqr, (43)

X1 = Aot @A, (44)
or

Zo = Ao D Ao, (45)

1 = A @A (46)

The construction is clear:

EO - @ Auua (47)
pn4v=0

21 - @ Alu.lu (48)
ptrv=1

whereas a second decomposition uses the following
scheme

= = Pa.n - (49)

Note, that using binary codes, = is constructed out of
Ay, with pv representing binary code for ‘0’ (mod 2)
and Z; is constructed out of A, with pv representing
binary code for ‘1’ (mod 2). One easily finds

Yo = span{eg®@ey®ep,e1 Qe1®er,e1RQey®ep,egRer@er}
¥ = span{eg®@ey®e1,e1 Qe1Rep,e1Q@e®er,eg@e1Rep} (50)

and

(=)

[1] [1]

—

= span{eg®eyRep,e1Qe1 Der,eg@e1Qep,e1 ey ®er}
= span{eg®eyRe1,e1Qe1 Deg,eo@e1 Qe ,e1 Qe ®eg} . (51)



It is clear that both decompositions are circulant,
that is,

5 =(IeIs)% , (52)
and
=1 =(I®I® S5, . (53)

Now we are ready to construct the corresponding 3-
qubit circulant states: a circulant state corresponding
to

Yo ® X1 =Hos ,
is defined by

0 =o00+01,

@00;00
boo;00 | boo:o1

apo;01

with o, supported on ¥,. To define pg and p; one needs
4 x 4 matrices a and b. One has

iz €uv @ €i5 @ €45 (54)

blu.i;l/j Cuv ® €ij ® S e’LJS* ) (55)

where a,;,,; and bg;,; are matrix elements of a and
b considered as matrices in the tensor product My =
My ® My = Ms(Ms). One obtains therefore the follow-
ing block matrix

a00;10 ap0;11

boo:10 | boo:11

bo1:00 | bo1;01
ao1;00

ag1;01

bo1:10 | bo1:11

ao1;10 ag1;11

(56)

@10;00
b10;00 | b10;01

@10;01

a10;10 a10;11

bio:10 | b10:11

bi1:00 | b11;01
@11;00

Let us note, that the density matrix defined by (28) is
a special case of (BO) where the matrices ¢ and b are
given by:

00 00

xéo) ('11) ('11) x((n)

. x x .

a= ((J?l) ((3111) ) (57)
10 |T11

00 00
xgo) : : 5551 )

and
01 01
W | o

b= | — T [T | (58)

10 10
xgo) 5551 )

01 01)
Igo ) ) ) xgl

Similarly, a 3-qubit circulant state corresponding to

Eo D=1 =Hos

a11;01

bi1:10 | b11:11

a11;10 a11;11

is defined by

E=&+&,

with &, supported on Z,. It is defined via two 4 x 4
matrices ¢ and d:

1 1
50 = Z Z Cipsjv €ij &® €uv & €ij
1,j=0 p,v=0
1 1
&= Y Y digjpeii®euw®Se;St . (59)
1,j=0 p,v=0
One finds



€00;00
doo;00

€00;01
doo;01

doo;10

€00;10

doo;11

C00;11

€01;00
do1;00

€01;01
do1:01

do1;10

€01;10

do1:11

Co1;11

d10;00
€10;00

d10;01
€10;01

d10;10

€10;10

d1o;11

€10;11

d11;00

di1;01

di1;10

di1:11

(60)

C11;00 C11;01

It is clear that partially transposed 7,g0 and 7,3¢ have
exactly the same circulant structure as original o and
&. One easily finds for the corresponding partial trans-
positions:

= Y Y dfleenen,

4,J= O,uu 0
af .
+ Z Z dg,ujveij@euV@S@ijS ,(61)
1,7=0 p,v=0

where the new 4 x 4 matrices c[ '8] ~and d\% ﬂ,j]j are given
by:

A0 — o glool — g (62)
and

A= (@@, d¥=@Qe7n)d,  (63)
where

(T®7) ipjv = Civgjp » (LR T) dlipsjn = divijp -

Moreover,

ol = (ot o (10 T) + do o (§T) |

detl = g% o 1eT) 4+ %o (S@T),  (64)
where

~ 11
I=1+8 = (11>. (65)

The similar formulae one easily finds for al*?! and pl*¥]
defined by

2( 2: ] R e
Tap 0 = a’,uz vj eHV®eU ®6U
i,j= O,uu 0

EY S e @ Sens” (60

4,j=0 p,v=0

C11;10 C11;11

Theorem 2 A circulant 3-qubit state o is (af)-PPT
iff al®Pl and bl*P! are semi-positive matrices. Similarly,
a circulant 3-qubit state & is (aB)-PPT iff cl*fl and
dl*fl are semi-positive matrices.

Let us observe that a 3-qubit circulant state may be
reduced to the 2-qubit circulant state. Consider for
example a density operator £ defined in (59)). Note that
reduction with respect to the second factor gives

1 1
Trago = Z Z Cipsjp €ij @ €ij
i,j=0 p=0
1
Z (Trac)ij € @ €45 (67)
1,7=0

1 1
Tra€t = ) Y disju €ij @ S €ijS”
4,j=0 =0
1
= Z (Tl”gd)l] eij ® SeijS* , (68)
4,j=0

and hence
Tra& = Tra&g + Tra&y (69)

is a 2-qubit circulant state. It is no longer true for the
remaining reductions with respect to the first and third
factors. One obtains

1 1
'I‘rlg = Z Z [C =+ d]iu;iu e;,uj & €ii (70)

i=0 =0

and

1 1
Tr3§ — Z Z [C+ d]iy;iu Ci ®e,uu 5 (71)

=0 pu,v=0

which are not circulant states.



C. N qubits

Consider now a general case of N qubits living in
(CH®N_ Again, there are two natural ways to de-
compose the corresponding Hilbert space Hqyn: either
into 2! two-dimensional subspaces or into two 2V 1
dimensional subspaces.

1. “2N=20p20..¢2”

Let us introduce a circulant decomposition of Hon
into 2V ! two-dimensional subspaces. Now each integer
from the set {0, 1,...,2Y~1 —1} may be represented by
a string of N — 1 binaries (u1 ... un—1). Let us define
2-dimensional subspace
®€1} y (72)

Ao...ozspan{eo@@ . Qep,1Q ...

and for any string of binaries (u1...pun—1) define

A = (]I@S”l R ... ®S”N’1)A0m0 . (73)

M1 N —1

Introducing convenient vector notation

= (p1,. .. pN=1)
one has
A, = (1@ S*)Ag , (74)
with
Sk=58"® .. @8W-1,

and Ag = Ag...0o. One clearly has

How =P Ay (75)
7

where the sum runs over all binary (N — 1)—vectors p.

Now, let us construct a circulant N-qubit state p
based on ([75):

p:Zpuv (76)

where each p,, is supported on A,. One has therefore

pp = (1@ SH) . ®e | (T SH)*

Z x(”) ei; ®

,j=0
(77)

where [2(®)] are 2 x 2 semi-positive matrices. Normal-
ization of p implies

Z Tra® =1 . (78)
In

Now, partial transpositions are labeled by a binary (N —
1)—vectors o = (01,...,0N-1)
To =17 ® ... TN~ . (79)

Note, that each partial transposition 7, p belongs to the
same class of circulant states

Top=_ P, (80)
©
with
pl) = (1 SH) Z vl e 0 @ey | (1o M)
,j=0
(81)

where the new 2 x 2 matrices )] are given by the
following formula

Yl = gl o7 4 glitel o g (82)

A state p is o—PPT iff 7,p > 0 and hence one has

Theorem 3 A circulant state p is o-PPT iff y#l]

are semi-positive for all .

Ezamples. 1. Generalized GHZ state [17]

1
%(|0...o>+|1...1>), (83)

does belong to circulant class which is easily seen from
the corresponding density matrix

IGHZ) =

LL'(“) = 5u,ui. (84)
2. Generalized Bell states: the following 2V vectors
Yo = (—1)*(I® S")|GHZ) , (85)

with @ = 0, 1 and binary (N — 1)—vector v define circu-
lant states. These are N-qubit generalization of 2-qubit
Bell states. Note that

1/)0(1/ € Au 5 (86)

and the corresponding matrices z(#) read as follows

_ 1 (=1
W =5, ((—1)“ . ) (87)



3. Generalized N-qubit isotropic state

1—
p= 2—NSH®N+5|GHZ><GHZ| (88)

with s € [-1/(2V —1),1]. One finds for z(#) matrices

N _ N-1
x(o) _ i 14 (2 1)5 2 S , (89)
2N 2N=1g 1L+ (2N —1)s

and

1_
°1

2(H) — o1

(90)

for @ # 0. The only nontrivial PPT condition comes
from the positivity of

1—s 2N-1g
<2N_1s 1—5) ’ (o1)

1
SS2N—1+1'

which implies

The above condition guaranties full N-separability of p
[18].

4. 2-parameter N-qubit state from [20]: for —1/2 <
c,d < 1/2N one defines a set of matrices z(®)

1 (11
(B — 92
v 2N<11>’ (92)

for p corresponding to binary representation of
{0,1,...,2N=2 -1},

1 1 ¢
(M) — =
T 2N<cl>’ (93)

for p corresponding to binary representation of {2V —2—

1,...,2N=1 -1}, and

1 1d
) — — 4
w0

for p corresponding to binary representation of {2V 1 —
1,...,28 —1}. It generalizes a 3-qubit state defined in
[@2). Tt was shown [20] that the above N-qubit circulant
state has positive partial transposes iff ¢ = d. Moreover,
this condition implies full separability.

2. «21\7:21\771 @2]\1'71::

There are several ways to construct 2V—1-
dimensional circulant decompositions of N-qubit
Hilbert space out of 2-dimensional mutually orthogo-
nal spaces A,,. The following choice

S = P A, (95)
[1e]=0

o= P A (96)
ll=1

where

|| =p1+ ...+ pN_z,
gives rise to the circulant structure
¥ =1%""1 g8y, . (97)
Another construction goes as follows
alk
= (alk) :@( | )AH, a=0,1, k=1,2,...,N—1,

"
(98)
where the sum @“"® runs over all p with u, = a.

Note, that Z(4) displays circulant structure defined
by

E(1|k) = (]l®k ®S®]1®N7k71)5(0‘k) . (99)

We shall consider only one scheme with kK = N — 1 and
to simplify notation let us define
Ea i =E@N-1, a=0,1, (100)
which satisfies
2 =1%""129)5, . (101)

This very choice has clear interpretation: to define =,
we sum over all g = (pq...puny—1) which represent bi-
nary code for « (mod 2).

Now, let us construct a circulant state

o=o09+to01,
with o, supported on X,. It is clear that

1 N—2
o0 = Z Z Qoxi; B ® Carpy @€ij @eij , (102)
k=1

a,B,j=0

1 N-2
a1 = Z Z bai?ﬁj ® €ay. By, @ €ij ®S6ij8* (,103)
k=1

a,B1,5=0



where o and (3 are binary (N — 2)-vectors with coor-
dinates ay and Sy, respectively, and [aai;8;] and [bai,z;]
are 2V=1 x 2V—1 semi-positive matrices.

Similarly, one constructs a circulant state

=& +¢&
with &, supported on =,. It is clear that

o = Z Z Cia;iB €ij @ ® €any @eij , (104)
,ﬁw 0

& = Z Z dic;jp €ij @ ® €ar By @ 5€;;57(105)
o, 1,j=0

with 2N-1 x oN-1

(dicvisjp)-

Now, let us consider partially transposed N-qubit cir-
culant operators. The corresponding partial transposi-
tions are labeled by binary (N — 1)-vectors

- = 1R7T'® ...

semi-positive matrices [¢iq;ja] and

QTN |

(106)

Note, that both 7,0 and 7, have exactly the same
circulant structure as original ¢ and £. One easily finds
for the corresponding partial transpositions:

o€ =€+ €l
where 5([10] are again supported on Z,:
([;7] Z Z C'La 3iB 67/] ® ® eakﬁk ®eU ’ (107)
o, 1,j=0
N-2
][.U] = Z Z dza 5iB eU ® ® eak:@k ®561JSJ(L08)
a,31,j=0 k=1
with the new matrices [cgzl;m] and [dga]l jg) Which are
defined by the following formulae:
Ad=c, do=gq, (109)
and
=7 ¢, A =7 q, (110)

where ~ is binary (N — 2)-vector and we treat ¢ and
d as a matrices living in the tensor product M2® N=L
It is therefore clear that 7., ¢ denotes the corresponding
partial transposition of ¢ in the tensor product M. 2® N=1
Moreover,

el el

o (IeI®N=2) 4 dhlo
= d o (I@I®N-2) + Mo

(S®I®N=2)

dr) (S@I®N-2)

(111)

10

Theorem 4 A circulant N-qubit state £ is o-PPT iff
9l and di°) are semi-positive matrices. Similarly, a
circulant N-qubit state o is o-PPT iff al®! and bl
are semi-positive matrices.

Let us observe that an N-qubit circulant state may be
easily reduced to the (N — L)-qubit circulant state (with
N —L > 2): let ly,...,l denote L distinct integers
from the set {2,3,..., N —1}. Then the partial trace
Try, . 1, € defines (N — L)-qubit circulant state with new
QN=L=1 5 9N=L—=1 matrices ¢’ and d’ defined by
d (112)

/
Cc = Trll,..lLC ) = Trll...lLd .

III. N-QUDIT STATE

Consider now the most general case of N qudits liv-
ing in (C4)®N. Again, there are two natural ways to
decompose the corresponding Hilbert space Hgn: ei-
ther into dV~! — d-dimensional subspaces, or into d —
d¥—1-dimensional subspaces.

A, “dN=dade..ad

Let us introduce a circulant decomposition of H g~
into dV~! two-dimensional subspaces. Now each integer
from the set {0,1,...,dV =1 —1} may be represented by
a string of N — 1 dinaries (u1...pun—1), i.e. each ui €

{0,1,...,d — 1}. Let us define d-dimensional subspace
Ag.o=span{eg® ... ®ep ...,4-1® ... Qeq-1} ,
(113)
and for any string of dinaries (u1...pun—1) define
Apinoy =008 @ ... @SN Ag. 0. (114)
Introducing convenient vector notation
= (1, iN=1)
one has
A, =(1®S") Ao, (115)
with
SH=5"®.. @S-,
and Ag = Ag...0.- One clearly has
(116)

Hov =EP Au
17



where the sum runs over all dinary (N — 1)-vectors p.
Now, let us construct a circulant N-qubit state p

based on (I23)):

(117)

P=> Pu,
n

where each p,, is supported on A,. One has therefore

pu = (1 SH)

Z I(H) eij®...

4,7=0

®ei; | (I SH)*

(118)
where [2(")] are d x d semi-positive matrices. Normal-
ization of p implies

(119)

S Tea) =1
®

Now , let us look for the corresponding partial transpo-
sitions 7 p with 7, introduced in ([{9). There is a crucial
difference between qubit and qudit case: for qubits par-
tially transposed state have exactly the same structure
as the original one. It is no longer true for qudits. It
was shown in [5] that partial transposition gives rise to
a new circulant structure governed by a certain permu-
tation: let IT be a d x d permutation matrix defined
by

Ieg = ep ,

Hek = €d—k , (120)

Pl = (1o S*)(1e”)
1,7=0

where the new d x d matrices y*)1°] are given by the
following formula

d—1
= Z zl#tkel o (1. 5% |
k=0

yWlel (126)

For d = 2 one finds II = I and the above sum reduces
to two terms, only. One therefore recovers (82]).

Theorem 5 A circulant state p is o-PPT iff yle]
are semi-positive for all dinary p.

Ezamples. 1. Generalized GHZ state

Z yzu)[al €ij ®
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for k=1,...,d—1. It turns out [5] that partially trans-
posed matrix 75p is related to the following circulant
structure:

Alrl = (1@ s#)AFT (121)
where
Al — 1e17)A, | (122)
and
e =1I"e... I~ .
One clearly has
(123)

Hav = EP Al
173

for each binary (N — 1)—vector o

One finds therefore the following o-circulant struc-
ture for 75p

Tep =y Pk, (124)
17
with
Qe | (IQII7)* (1 S*)* (125)
|GHZ) = e ® ... Qe , (127)
Y

does belong to circulant class which is easily seen from
the corresponding density matrix with

2™ = 5,01, (128)
where
N d—1
I=Y_ s, (129)
a=0



generalizes (65)), that is, E—j =1foralli,j =0,1,...,d—
1.

2. Generalized Bell states: the following dV vectors

Yo = (Q%® SY)|GHZ) | (130)
where the phase operator () is defined via
Qep, =wher,, k=0,1,...,d—1, (131)

with w = e2™/? define a circulant state for any a =
0,1,...,d — 1 and arbitrary dinary (N — 1)—vector v.
These are N-qudit generalization of N-qubit Bell states
([B3). Note that

Yav € Ay, (132)

and the corresponding matrices z(*) read as follows

e® =6,,0Q, (133)
where the d x d matrix € is defined by
Qij = wi™?, (134)
and generalizes a 2 x 2 matrix from (&7).
3. Generalized N-qudit isotropic state
1 —
p="—"T%N 4 s|GHZ)(GHZ| (135)

dN

with s € [-1/(d™ —1),1]. One finds for z(#) matrices

N _ N-1
I(O) _ i 1+ (d 1)5 d S : (136)
anN dN1s L+ (dN —1)s
and
w13y 137
€ - dN ’ ( )

for p # 0. The only nontrivial PPT condition comes
from the positivity of

< 1—s dVN-ls )

ST

N1 (138)

s 1—s

which implies

The above condition guaranties full N-separability of p
[18].
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B. «“ dN — dN—l @deln
There are several ways to construct dV—1-
dimensional circulant decompositions of N-qudit

Hilbert space out of d-dimensional mutually orthogo-
nal spaces A,,. The following choice

Sa= P Au, a@=01,...d-1 (139
ln|=a
gives rise to the circulant structure
Yo = (1PN 1@ 85, . (140)
Another construction goes as follows
S =D A (141)

"

fora=0,1,....d—1and £k =1,2,...,N — 1. In the
above formula the sum @™ runs over all g with
ur = . Note, that Z, ) displays circulant structure
defined by

Ealk) = (ﬂ®k®5a®ﬂ®N7kil)E(o‘k) . (142)
We shall consider only one scheme with k = N — 1 and

to simplify notation let us define

a=0,1,....d—1, (143)

o = E@|N-1)
which satisfies

Z.= 1%V @55, . (144)
This very choice has clear interpretation: to define =,
we sum over all g = (g ...pn—1) which represent di-
nary code for @ (mod d).

Now, let us construct a circulant state

with o, supported on ¥,. It is clear that

d—1 N-—2
=2 Y agilp; Q) eaps @iy © 55 (145)
a,B1,j=0 k=1

where a and (3 are dinary (N — 2)-vectors with co-
(@)
ai;Bj
of d¥71 x dVN~! semi-positive matrices. This set gener-
alizes two matrices a = a(® and b = o in the qubit
case, i.e. d = 2.

ordinates oy, and Sy, respectively, and [a ] is a set



Similarly, one constructs a circulant state
d—1
€= &,
a=0
with &, supported on =,. It is clear that

gﬂt - Z Z 7,04 _],3 €ij ® ® Cay B ®SO¢6”SQ* (146)
o,Bi,7=0
with V=1 x d¥~! semi-positive matrices [c Ea)m]
Now, each partial transposition 7, gives rise to the
new circulant structure: either

= P Al a=0,1,....,d—1 (147)
ln|=a
with the cyclic property
sl = @V e sny (148)
or
a|N—-1
glel = EB( | )AE’] , (149)
7
with the same property, that is,
Elel = (1% 1 g skt (150)

One easily finds for the corresponding partial transpo-
sitions:

d—1
b= &7,
a=0

o]

where 5([10] are supported on Zq '

(e)]e]

I

o,B1,7=0
N-—-2

€ij ® ® €y B ®SaH€in*Sa* s
k=1

(151)

with new set of matrices [cgz)gtg] which are defined by
the following formulae:

c@I0] = (@) (152)

and

(0] — T G (153)
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where = is binary (N — 2)-vector and we treat ¢(*) ma-
trices living in the tensor product M d® N=1 1t is there-
fore clear that 7, ¢(®) denotes the corresponding par-

tial transposition of ¢(®) in the tensor product Md® N=1
Moreover,

o)1) (ISP @ T2 N=2) (154)

Z (a+8)[v0] o

Theorem 6 A circulant N -qudit state £ is o—-PPT iff
Dl gre semi-positive matrices for o = 0,1,...,d—1.

IV. CONCLUSIONS

We have constructed a large class of PPT states which
correspond to circular decompositions of C¢® ... @ C¢
into direct sums of d— and d”¥ ~'~dimensional subspaces.
This class generalizes bipartite circulant states intro-
duced in [5]. Tt contains several known examples from
the literature and produces a highly nontrivial family
of new states.

There are several open problems related to this new
class: the basic question is how to detect entanglement
within this class of multipartite states. One may ex-
pect that there is special class of entanglement witnesses
which are sensitive to entanglement encoded into circu-
lar decompositions, that is, circulant Hermitian opera-
tors W € Md®N such that

TT(Wp1® ... 2pn) >0, (155)
for all product states p1 ® ... ® py, and
Tr(W¢) <0, (156)

for some circulant state £. It is interesting to explore
the possibility of other decompositions leading to new
classes of multipartite states. Let us note, that so called
W state of 3 qubits (B4) does not belong to our class.
Another important family of states which does not fit
circulant class was introduced in [12]: these are N-qudit
states satisfying

U ... (157)

for all unitaries U € U(d). For N = 2 it reduces to
the Werner state |14] which belongs to bipartite circu-
lant class. However, it is easy to check that for N > 3
states satisfying (I51) are not circulant. One may ex-
pect the existence of other characteristic decomposi-
tions which are responsible for the structure of sym-
metric states governed by (I57). Anyway, multipartite

QUp=pU®...Q0U ,



circulant states introduced in this paper may shed new
light on the more general investigation of multipartite
entanglement.
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