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Abstract

A model multilevel molecule described by two sets of rotational internal energy levels of different

parity and degenerate ground states, coupled by a constant interaction, is considered, by assuming

that the random collisions in a gas of identical molecules, provoke transitions between adjacent

energy levels of the same parity. The prescriptions of the continuous time quantum random walk

are applied to the single molecule, interpreted as an open quantum system, and the master equation

driving its internal dynamics is built for a general distribution of the waiting times between two

consecutive collisions. The coherence terms and the populations of the energy levels relax to the

asymptotics with inverse power laws for relevant classes of non-Poissonian distributions of the

collision times. The stable asymptotic equilibrium configuration is independent of the distribution.

The long time dynamics may be hindered by increasing the tail of the distribution density. This

effect may be interpreted as the appearance of the quantum Zeno effect over long time scales.

PACS numbers:
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I. INTRODUCTION

The theory of Open Quantum Systems [1] provides a detailed description of the time

evolution of an open system in terms of the quantum dynamical semigroups [2]. The

Gorini-Kossakowski-Sudarshan-Lindblad form is the most general completely positive trace-

preserving master equation mimicking the dynamics of the reduced density matrix describing

the system of interest [3, 4]. The prescription of the continuous time random walk, originally

developed by Montroll and Weiss [5], has been adopted by Budini [6, 7] in order to build up

a class of evolution equations, fulfilling the completely positive condition. The interaction

of the open system with its external environment is interpreted as a random event and the

elapsed time between two consecutive collisions represents a random renewal process. If

the distribution of random time intervals between two consecutive jumps is non-Poissonian,

anomalous diffusion is obtained from the random walk. This powerful technique, adapted

to Open Quantum Systems, is named Continuous Time Quantum Random Walk (CTQRW)

and leads to a convoluted structure master equation as a subordination [8] to a Lindblad

dynamics [3, 4].

A gas of colliding identical model multilevel molecules has been considered in Ref. [9].

The Rabi-like oscillations between the two sets of rotational internal energy levels of the

molecule itself are shown to be inhibited by an increase of the mean collision time. This

behavior has been interpreted as the appearance of the Quantum Zeno effect (QZE). The

QZE [10] is generally interpreted as the hindrance of the dynamics of an unstable quantum

system, caused by frequent measurements. Experimental evidence of the QZE were shown

by Cook [11] in 1988, by Itano et al. [12] in forced Rabi oscillations between discrete atomic

levels, and in spontaneous decaying systems by Fisher et al. [13], to name a few. Under

particular conditions the QZE is also obtained over short time scales [14–16], the literature

on this argument is vast.

The model molecule adopted in Ref. [9] refers to the experimental behavior of the nuclear

spin depolarization in 13CH3F molecule [19]. The quantum number of the total spin of the

three protons takes the values 3/2 (orto) and 1/2 (para), the transition between states of

different parity are forbidden in the electric dipole interaction and the spin flip emerges from

a weak coupling between two levels of different spin parity. Here, the freezing of the spin

relaxation due to an increase of the gas pressure, is considered as the appearance of the
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dephasing caused by molecular collisions. Also, inverse power law behavior emerges over

long time scales in the time evolution of the survival probability of an unstable quantum

system [20].

In this scenario, we aim to study the internal dynamics of the model multilevel molecule

adopted in Ref. [9] by considering relevant classes of non-Poissonian distributions of collision

times and show how the Poisson statistics is recovered as a particular case. Once the master

equation is constructed, we study the exact time evolution and the eventual appearance of

the QZE over long time scales.

Details on the construction of the master equation corresponding to a general distribution

of collision times are given in Section II. Section III is devoted to the the asymptotic dynamics

of the populations of the energy levels and coherence for a general distribution of collision

times and relevant particular cases. Time scales for inverse power laws are analytically

estimated and the appearance of the QZE over long time scales is discussed. In Appendices

A, B and C a detailed analysis of the convoluted structure equations driving the dynamics

is performed.

II. THE MASTER EQUATION FOR A GENERAL DISTRIBUTIONS OF COLLI-

SION TIMES

The model analyzed describes a multilevel molecule colliding in a gas of identical

molecules. Each molecule is characterized by NL and NR internal energy levels of different

parity, the subscripts L and R refer to ”left” and ”right”, respectively. The ground levels

are energy degenerate and coupled by a constant interaction. The collisions are assumed to

conserve the spin parity, causing transitions between adjacent energy levels. The transitions

between L and R spin states are forbidden, except through the ground states. The dynamics

of the spatial degrees of freedom is not considered.

The total Hilbert space is spanned by the set of orthonormal state kets

{|nL 〉, |nR 〉, ∀ nL = 1, . . . , NL, ∀ nR = 1, . . . NR} where the kets |nL 〉 and |nR 〉 are eigen-

states of left and right rotational energy levels spanning the left and right Hilbert subspaces,
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HL and HR, respectively [9]. The total Hamiltonian is defined as follows:

H = H0 +H1, (1)

H0 =

NL
∑

nL=1

EnL
|nL〉〈nL|+

NR
∑

nR=1

EnR
|nR〉〈nR|,

H1 = ~Ω (|1L〉〈1R|+ |1L〉〈1R|) ,

E1L = E1R = E1, 〈1L||1R〉 = 0.

The term H1 mimics the constant interaction between the ground states of different parity.

The model refers to rotational energy levels, Ens
= ~ωsns (ns + 1), for every ns = 1, 2, . . . Ns

and s = L,R, where the ground is the only degenerate energy level, EnL
6= En′

R
for every

nL = 2, . . . , NL and every n′

R = 2, . . . , NR.

The time evolution of the statistical density matrix describing the rotational states of the

molecule in the Hilbert space of the total spin, corresponding to a Poisson distribution of

collision times of mean τ0, is driven by the following Schrödinger equation in Itô form:

ρ̇(t) =

(

Lf +
1

τ0
Lc

)

[ρ(t)] . (2)

The Liouville superoperator Lf drives the free evolution, Lf [·] = −ı/~ [H, ·]. while the

superoperator Lc, related to the action of each collision, reads as follows:

Lc [·] = −ı [V, ·]− 1

2
[V [V, ·]] , (3)

V =
∑

s=L,R

αs

Ns−1
∑

ns=1

(|ns〉〈ns+1|+ |ns + 1〉〈ns|) .

The structure of the interaction Hamiltonian V recovers the assumption that the collisions

provoke transitions between ”nearest neighbor” energy levels of the same parity.

The model multilevel molecule is now considered as an open quantum system and the

collisions with other molecules, represent the interactions with the external environment and

are described by the action of a superoperators on the density matrix of the molecule itself.

This picture will be adopted for the construction of the master equation mimicking the

dynamics of the internal energy levels of the model molecule in case of a general distribution

of the collision times. By following the procedure of the CTQRW, a convoluted structure

master equation is obtained for the time evolution of the internal energy levels for non-

Poissonian distributions of collision times. Recent applications of this technique are shown,
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for example, in Ref. [21] in order to interpret the fluorescence fluctuations in blinking

quantum dots.

Following Refs. [6] and [22], the CTQRW approach provides the following time evolution

of the density matrix:

ρ(t) =
∞
∑

n=0

∫ t

0

P0 (t− t′)
[

Wn (t
′) [ρ (0)]

]

dt′, (4)

where the function Wn(t) recalls the probability that n interactions (collisions) has occurred,

the last one at time t, while the function P0(t) recalls the probability that no interaction

occurs in time interval t. For our model, P0(t) andWn(t) are superoperators properly defined

through their Laplace transforms [22]:

P̃0(u) = P̃0 (u−L0) , W̃n(u) = (Λw̃ (u− L0))
n , (5)

where the function w(t) is the statistical distribution of the random intervals between two

consecutive collisions. The superoperator Λ, mimicking the effect of each collision, is related

to the Liouvillian LI by the relation: LI = Λ− I, where I is the identity superoperator. In

this way, the Laplace transform of Eq. (4) gives:

ρ̃(u) =
I − w̃ (u− L0)

u− L0

[

1

I − Λw̃ (u−L0)
[ρ(0)]

]

, (6)

equivalent to the following non-Markovian master equation:

ρ̇(t) = L0 [ρ(t)] +

∫ t

0

Φ (t− t′)LI

[

eL0(t−t′) [ρ (t′)]
]

dt′, (7)

where Φ̃ = u w̃(u)/ (1− w̃(u)) is the Laplace transform of the memory kernel related to the

distribution of collision times. For more details we refer to [6, 7, 22].

In the Poisson case, the distribution of collision times and the corresponding memory

kernel, respectively, read

wp(t) =
e−t/τ0

τ0
, Φp(t) =

δ(t)

τ0

and the Gorini-Kossakowski-Sudarshan-Lindblad form of Eq. (2) is recovered from Eq. (7).

The master equation (7) describes the dynamics of the multilevel molecule undergoing the

collision interactions (1) with a generic distribution of the collision times, provided that

L0 = Lf and LI = Lc. In this way, the following convoluted structure master equation is

obtained:

ρ̇(t) = Lfρ(t) +

∫ t

0

Φ (t− t′)Lc

[

eLf (t−t′) [ρ (t′)]
]

dt′. (8)
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The study of the above equation requires a preliminary analysis of the values of the param-

eters involved. Let ∆E be the smallest energy difference between every couple of L and R

states, the ground states being excluded. The estimates ∆E/~ ≃ 10−9s, Ω ≃ 1kHz and

τ0 ≃ 1µs justify the assumption that all the level pairs are far from resonance condition,

∆E

~
≫ max

{

Ω,
1

τΦ

}

, (9)

for every characteristic time τΦ of the analyzed distributions of collision times, Φ(t) being

the corresponding memory kernel. As pointed out in Ref. [9], the inequality (9) reveals the

existence of a ”fast” dynamics giving a vanishing average contribution over long time scales.

For a Poisson distribution of collision times, the dynamics of the populations of the energy

levels plus the term mimicking the coherence between the ground states, is decoupled from

the dynamics of the remaining coherence terms, evolving over different time scales. The same

behavior appears for a general distribution of collision times, described by the equations built

up in Appendix A and recovered in Appendix B through an adiabatic theorem [31].

Usually, the dissociation energy of the molecule is reached over time scales Td ≃
N2τ0/ (π

2α2), where the numbers N and α are of the order of Ns and αs, respectively,

being s = L,R. Such time scale is much larger than the one characterizing the dynamics

under study, for this reason the number of energy levels is finite, resulting, typically, in few

tens. Thus, by considering Ns ≫ 10, where s = L,R, the dynamics, described by a set of

recursion equations, NL for the L subspace and NR for the R subspace, can be reasonably

approximated by the solutions of two second order difference equations in the Laplace space,

obtained by considering as infinite the number of both the energy levels NL and NR. Details

are given in Appendix C. Notice also that the treatment is independent of the expressions

of the energy levels EnL
and EnR

.

Roughly speaking, since the number of populated energy levels is confined to few tens,

over the analyzed time scales, if Ns ≫ 10, the dynamics is approximated by the one obtained

for an infinite number of energy levels. A detailed analysis of the above estimates is given

in Refs. [9], [29] and [30].
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III. NON-POISSONIAN STATISTICS AND INVERSE POWER LAWS

This Section is devoted to the dynamics of the populations of the energy levels and to

decoherence process. We aim to describe the dynamics for relevant classes of non-Poisson

distribution densities of collision times, recovering the Poisson statistic as a particular case.

The coherence term,

pc(t) = ı (ρ1L1R(t)− ρ1R1L(t)) ,

and the populations of the whole L and R levels,

Ps(t) =
Ns
∑

ns=1

pns
(t), s = L,R,

are evaluated in Appendix A for a generic distribution of collision times, through Eqs. (A8),

(A9), (A12), (A13), (A14) and those obtained by exchanging the indexes L and R, holding

true for times t ≫ 1/Ω.

The detailed study performed in Appendix C, reveals that the populations of the whole

L and R energy levels are driven uniquely by the coherence term pc(t) and the populations

of the ground levels:

ṖL(t) = Ωpc(t), ṖR(t) = −Ωpc(t), (10)

ṗc(t) = 2Ω (p1R(t)− p1L(t)) . (11)

The final value theorem [23], applied to Eqs. (10), (11), (C1) and (C2), suggests the existence

of stable asymptotic configuration for every distribution of collision times,

PL(R)
(+∞) =

αL(R)

αL + αR
,

PL (+∞)

PR (+∞)
=

αL

αR
. (12)

The whole population of both the L and R levels tends to a stationary distribution

depending uniquely on the collision interaction, characterized by the parameters αL and αR,

independent of either the Rabi-like oscillations between the ground levels or the statistical

distribution of the random collision times. In case αL = αR, the asymptotic populations of

the whole L and R energy levels become identical.

We now show in detail the exact dynamics of the levels populations and the coherence

terms over long time scales, for relevant non-Poissonian distributions of collision times.
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A. Fractional diffusion

As the first case, we consider the fractional diffusion processes widely studied in literature

[6, 8, 24, 25]. The corresponding distribution density of collision times,

wr(t) = a2rt
−2rE1−2r,1−2r

(

−a2r t
1−2r

)

,
1

2
> r > 0, (13)

is defined through the generalized Mittag-Leffler function [26, 27]

Eα,β (z) =

∞
∑

n=0

zn

Γ (αn+ β)
, z, β ∈ C, ℜ{α} > 0.

The mean time results to be infinite and the Poisson statistic is recovered for r = 0.

The internal dynamics is analyzed through the Laplace transform of the corresponding

memory kernel,

Φ̃r(u) =
u w̃r(u)

1− w̃r(u)
= a2ru

2r,
1

2
> r > 0, (14)

and the expression (C1). The following inverse power law behavior

pc(t) ∼ (αR − αL) t
r−3/2

2Ω ar (αL + αR)
2 Γ (r − 1/2)

, t → +∞. (15)

describes the dynamics over long time scales, t ≫ τr, defined below. Initially, only the

ground L level is populated, which means PL(0) = 1. For t ≫ τr, Eqs. (10) and (C1) lead

to the following dynamics of the whole population levels:

PL(R)
(t) ∼

αL(R)

αL + αR
+(−)

(αR − αL) t
r−1/2

2ar (αL + αR)
2 Γ (r + 1/2)

, t → +∞. (16)

The choice of the long time scale, in dimensionless units, rises from the convergence criteria

concerning the series expansion of Eq. (C1),

τr = max

{

(

4a2rα
2
L

)1/(2r−1)
,
(

4a2rα
2
R

)1/(2r−1)
,

(

α2
L + α2

R + 3αLαR

arαLαR (αL + αR)

)2/(1−2r)
}

. (17)

For large collision time intervals, t ≫ a
2/(2r−1)
r , the corresponding statistical distribution

density is described by the asymptotic form

wr(t) ∼
(1− 2r)t−2(1−r)

a2r Γ (2r)
, t → +∞.

An increase of the power law tail of the distribution density (13) arbitrary slows down

the relaxations, in the limit r → 1
2

−
. Hence, an increase of consecutive collisions over long

time intervals hinders the long time dynamics. This behavior may be interpreted as the

appearance of the QZE over long time scales.
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B. Inverse Power law distribution

We now consider a power law distribution density of collision times,

wµ(t) =
(µ− 1)T µ−1

(t+ T )µ
. 2 > µ > 1, (18)

The mean time results to be infinite. This case has been widely studied in literature in

both classical [28] and quantum processes [21]. The behavior of the Laplace transform of

the distribution of collision times in the origin of the complex plane,

w̃µ(u) ∼ 1− Γ (2− µ) (uT )µ−1 , u → 0+, (19)

gives the following relationship about the memory kernel:

Φ̃µ(u) =
u w̃µ(u)

1− w̃µ(u)
∼ u2−µ

Γ (2− µ)T µ−1
, u → 0+. (20)

The analysis of the power series expansion of Eq. (C1) in u = 0 and the sector of convergence

in the complex plane leads to inverse power law behaviors over a long time scale, t ≫ τµ,

defined below,

p̃c(t) ∼ (αR − αL)
√

Γ (2− µ)

2 ΩT (αL + αR)
2 Γ ((1− µ) /2)

×
(

t

T

)−(1+µ)/2

, t → +∞, (21)

PL(R)
(t) ∼

αL(R)

αL + αR
+(−)

(αR − αL)
√

Γ (2− µ)

2 (αL + αR)
2 Γ ((3− µ) /2)

×
(

t

T

)(1−µ)/2

, t → +∞. (22)

The convergence criteria for the series expansion of Eq. (C1), lead to the following definition

of long time scale in dimensionless units:

τµ = max

{

T, T

(

α2
L + α2

R + 3αLαR

(Γ (2− µ))1/2 αLαR (αL + αR)

)2/(µ−1)

,

T

(

Γ (2− µ) (1 + 4α2
L)

8α2
L

)1/(µ−1)

, T

(

Γ (2− µ) (1 + 4α2
R)

8α2
R

)1/(µ−1)
}

. (23)

A decrease of the power µ provokes an increase of the distribution density of the random

collisions over sufficiently long time intervals. Consequently, the long time relaxations be-

come arbitrarily slow in the limit µ → 1+ and the long time dynamics is hindered. Again,

this behavior may be interpreted as the appearance of the QZE over long time scales.
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C. Exponential memory kernel

The case of exponential kernel, Φγ(t) = Ae−γt, is an argument of interest in stochastic

processes [6]. The corresponding distribution of collision times is

wγ(t) = 2A
sinh

(

t
√

γ2 − 4A
)

e−γt/2

√

γ2 − 4A
, γ2 > 4A, (24)

with finite mean time Tγ = γ/A.

The asymptotic dynamics of the levels populations and the coherence term are obtained

from the Laplace transform of the memory kernel, Φ̃γ(u) = A/ (γ + u), and the analysis Eq.

(C1). With this method, the following asymptotic forms are obtained:

p̃c(t) ∼ (αR − αL)

2 ΩTγ (αL + αR)
2 Γ (−1/2)

×
(

t

Tγ

)−3/2

, t → +∞, (25)

PL(R)
(t) ∼

αL(R)

αL + αR
+(−)

(αL − αR)

2 (αL + αR)
2 Γ (1/2)

×
(

t

Tγ

)−1/2

, t → +∞, (26)

describing the time evolutions of the coherence term and the whole L and R levels popula-

tions, respectively, over a long time scale, t ≫ τγ , defined below.

The convergence criteria of the series expansion of Eq. (C1), lead to the following choice

of the long time scale defined in dimensionless units:

τγ = max

{

1

γ
+

Tγ

4α2
L

,
1

γ
+

Tγ

4α2
R

, Tγ

(

α2
L + α2

R + 3αLαR

αLαR (αL + αR)

)2
}

. (27)

D. Bi-exponential distribution

We now consider the case of a bi-exponential [22] distribution of collision times

wbe(t) = PaDae
−Dat + PbDbe

−Dbt, (28)

Pa, Da, Pb, Db > 0, Pa + Pb = 1,

with finite mean time

Tbe =
Pa

Da
+

Pb

Db
.
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As in the previous cases, we analyze the expression (C1) corresponding to the memory kernel

Φ̃be(u) =
DaDb + u (DaPa +DbPb)

DaPb +DbPa + u
.

The following asymptotic forms emerge:

p(c)(t) ∼ (αR − αL)

2 ΩTbe (αL + αR)
2 Γ (−1/2)

×
(

t

Tbe

)−3/2

, t → +∞, (29)

PL(R)
(t) ∼

αL(R)

αL + αR
+(−)

(αR − αL)

(αL + αR)
2 Γ (1/2)

×
(

t

Tbe

)−1/2

, t → +∞, (30)

describing the dynamics over long a time scale, t ≫ τbe, defined below. The convergence

criteria of the series expansion of Eq. (C1) lead to the following time scale defined in

dimensionless units:

τbe = max

{

q +
Tbe

4α2
L

+
1

d
, q +

Tbe

4α2
R

+
1

d
,

Tbe

(

α2
L + α2

R + 3αLαR

αLαR (αL + αR)

)2
}

, (31)

where

q =
Pa

Db
+

Pb

Da
, d = DaPb +DbPa.

Notice that the particular case Pa = 1 and Pb = 0 gives the Poisson distribution of

collision times, wp(t) = e−t/τ0/τ0, and it is described by the master equation (2), where

Tbe = 1/Da.

IV. CONCLUDING REMARKS

A gas of identical multilevel molecules is modeled by two finite sets of rotational inter-

nal energy levels of different parity and degenerate ground states, coupled by a constant

interaction. The prescriptions of the CTQRW is adopted to build up the master equation

driving the exact dynamics of the rotational internal energy levels for a general distribution

of collision times. The resulting master equation turns out to be of convoluted structure

and recovers the Gorini-Kossakowski-Sudarshan-Lindblad form for the Poisson statistics.
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The populated energy levels of the molecule are typically few tens and far from the

dissociation energy, over the analyzed time scales. Thus, by considering Ns ≫ 10, for s =

L,R, over such time scales, the dynamics can be reasonably approximated by the equations of

motion obtained for an infinite number of energy levels. In this way, the resulting population

of the whole L and R levels tends to a unique stable equilibrium configuration, for every

random distribution of the collision times. The time evolution of both the populations and

the decoherence term exhibits inverse power law behavior over estimated long time scales,

for bi-exponential and power law distributions of collision times, for fractional diffusion and

exponential memory kernel.

The cases with infinite mean collision times provide inverse power law relaxations that

may become arbitrarily slow. We observe that the long time dynamics is hindered by

increasing the distribution density of the random collisions over long time intervals, as the

tail approaches the power law 1/t. This behavior may be interpreted as a QZE over long

time scales.

Appendix A: The general master equation in details

This Appendix is dedicated to the analysis of the dynamics described by Eq. (8). Since

the ground states are degenerate, the Hamiltonian H takes the following diagonal form:

H = E1−|1−〉〈1−|+ E1+ |1+〉〈1+|+
∑

s=L,R

Ns
∑

ns=2

Ens
|ns〉〈ns|, (A1)

|1L(R)
〉 = γ

(+)
L(R)

|1+〉+ γ
(−)
L(R)

|1−〉, 〈1+|1−〉 = 0,

|1±〉 = g
(±)
R |1R〉+ g

(±)
L |1L〉, E1± = E1 ± ~Ω,

g
(±)
R = γ

(±)
R =

±1√
2
, g

(±)
L = γ

(±)
L =

1√
2
.

After long but straightforward algebra the time evolution of each element of the statistical

density matrix is obtained. The frequency terms are labeled as ων,η = (Eν − Eη) /~. We

start from the evaluation of the master equation driving the dynamics of matrix element

ρ1L2L(t),

ρ̇1L,2L(t) = ı (ω2L1Lρ1L2L(t)− Ωρ1R2L(t)) +
∑

i=L,R

∑

j=L,R

4
∑

n=1

4
∑

m=1
∫ t

0

Φ (t− t′)ϕ(1L,2L)
ni,mj

(t− t′) ρni,mj
(t′) dt′, (A2)
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where the non-vanishing terms ϕ
(1L,2L)
ni,mj (τ) are

ϕ
(1L,2L)
1L,1L

(τ) = ıαL cos
2 (Ωτ) , ϕ

(1L,2L)
1R,1R

(τ) = ıαL sin
2 (Ωτ) , ϕ

(1L,2L)
1L,1R

(τ)

= −
(

ϕ
(1L,2L)
1R,1L

(τ)
)∗

= −αL

2
sin (2Ωτ) , ϕ

(1L,2L)
1L,2L

(τ) = −3

2
α2
Le

ıω2L1L
τ

× cos (Ωτ) , ϕ
(1L,2L)
1L,3L

(τ) = ıαLe
ıω3L1L

τ cos (Ωτ) , ϕ
(1L,2L)
1L,4L

(τ)

= −α2
L

2
eıω4L1L

τ cos (Ωτ) , ϕ
(1L,2L)
3L,2L

(τ) = −α2
L

2
e−ıω3L2L

τ ,

ϕ
(1L,2L)
2L,1L

(τ) = −2

3

(

ϕ
(1L,2L)
1L,2L

(τ)
)∗

, ϕ
(1L,2L)
1R,2L

(τ) =
3

2
ı α2

L sin (Ωτ)

× eıω2L1L
τ = −2

3

(

ϕ
(1L,2L)
2L,1R

(τ)
)∗

, ϕ
(1L,2L)
1R,3L

(τ) = αL sin (Ωτ)

× eıω3L1L
τ , ϕ

(1L,2L)
2L,2L

(τ) = −ıαL, ϕ
(1L,2L)
1R,4L

(τ) = −α2
L

4
eı(ω4L1L

−Ω)τ ,

ϕ
(1L,2L)
2L,3L

(τ) = eıω3L2L
τα2

L, ϕ
(1L,2L)
2L,1L

(τ) = −α2
Le

−ıω2L1L
τ cos (Ωτ) .

The term ρ̇1L,1L(t) reads

ρ̇1L,1L(t) = ıΩ (ρ1L1R(t)− ρ1R1L(t)) +
∑

i=L,R

∑

j=L,R

3
∑

n=1

3
∑

m=1
∫ t

0

Φ (t− t′)ϕ(1L,1L)
ni,mj

(t− t′) ρni,mj
(t′) dt′, (A3)

and the non-vanishing terms ϕ
(1L,1L)
ni,mj (τ) are listed below:

ϕ
(1L,1L)
1L,1L

(τ) = −α2
L cos

2 (Ωτ) , ϕ
(1L,1L)
1R,1R

(τ) = −α2
L sin

2 (Ωτ) ,

ϕ
(1L,1L)
1L,1R

(τ) = −ı
α2
L

2
sin (2Ωτ) , ϕ

(1L,1L)
2L,2L

(τ) = α2
L,

ϕ
(1L,1L)
1L,3L

(τ) = −α2
L

2
eıω3L1L

τ cos (Ωτ) =
(

ϕ
(1L,1L)
3L,1L

(τ)
)∗

, ϕ
(1L,1L)
1L,2L

(τ)

=
(

ϕ
(1L,1L)
2L,1L

(τ)
)∗

= ıαLe
ıω2L1L

τ cos (Ωτ) , ϕ
(1L,1L)
1R,2L

(τ) = αL sin (Ωτ)

× eıω2L1L
τ =

(

ϕ
(1L,1L)
2L,1R

(τ)
)∗

, ϕ
(1L,1L)
1R,3L

(τ) =
(

ϕ
(1L,1L)
3L,1R

(τ)
)∗

= ı
α2
L

2
sin (Ωτ) eıω3L1L

τ .

The term ρ̇1R,1R(t) is obtained by exchanging the subscripts R and L.

As regards the coherent term ρ̇1L1R(t), we obtain

ρ̇1L,1R(t) = ıΩ (ρ1L1L(t)− ρ1R1R(t)) +
∑

i=L,R

∑

j=L,R

3
∑

n=1

3
∑

m=1
∫ t

0

Φ (t− t′)ϕ(1L,1R)
ni,mj

(t− t′) ρni,mj
(t′) dt′, (A4)
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with the following non-vanishing terms:

ϕ
(1L,1R)
1L,1L

(τ) =
−ı (α2

L + α2
R) sin (2Ωτ)

4
= −ϕ

(1L,1R)
1R,1R

(τ) , ϕ
(1L,1R)
1L,1R

(τ)

= −α2
L + α2

R

2
cos (2Ωτ) , ϕ

(1L,1R)
1R,1L

(τ) = −(α2
R + α2

L)

2
sin2 (Ωτ) ,

ϕ
(1L,1R)
1R,2R

(τ) = αR sin (Ωτ) eıω2R1R
τ , ϕ

(1L,1R)
1R,3R

(τ) =
ı

2
α2
Re

ıω3R1R
τ

× sin (Ωτ) , ϕ
(1L,1R)
1L,2R

(τ) = ıαRe
ıω2R1R

τ cos (Ωτ) ,

ϕ
(1L,1R)
1L,3R

(τ) = −α2
R

2
eıω3R1R

τ cos (Ωτ) , ϕ
(1L,1R)
2L,1L

(τ) = αLe
ıω2L1L

τ

× sin (Ωτ) , ϕ
(1L,1R)
2L,2R

(τ) = αRαLe
ı(ω2R1R

−ω2L1L)τ , ϕ
(1L,1R)
2L,1R

(τ)

= −ıαLe
−ıω2L1L

τ cos (Ωτ) , ϕ
(1L,1R)
3L,1L

(τ) = − ı

2
α2
L sin (Ωτ) e

−ıω3L1L
τ ,

ϕ
(1L,1R)
3L,1R

(τ) = −α2
L

2
e−ıω3L1L

τ cos (Ωτ) .

The term ρ̇2L,2L(t) reads

ρ̇2L,2L(t) =
∑

i=L,R

∑

j=L,R

4
∑

n=1

4
∑

m=1

∫ t

0

Φ (t− t′)ϕ(2L,2L)
ni,mj

(t− t′) ρnimj
(t′) dt′, (A5)

with non-vanishing terms

ϕ
(2L,2L)
1L,1L

(τ) = α2
L cos (Ωτ) , ϕ

(2L,2L)
1L,1R

(τ) = ı
α2
L

2
sin (2Ωτ)

=
(

ϕ
(2L,2L)
1R,1L

(τ)
)∗

, ϕ
(2L,2L)
1L,2L

(τ) = −ıαLe
ıω2L,1L

τ cos (Ωτ)

=
(

ϕ
(2L,2L)
2L,1L

(τ)
)∗

, ϕ
(2L,2L)
1L,3L

(τ) = α2
Le

ıω3L,1L
τ cos (Ωτ) , ϕ

(2L,2L)
1R,1R

(τ)

= α2
L sin

2 (Ωτ) , ϕ
(2L,2L)
1R,3L

(τ) = −ıα2
Le

ıω3L,1L
τ sin (Ωτ) , ϕ

(2L,2L)
1L,3L

(τ)

= α2
Le

ıω3L,1L
τ cos (Ωτ) , ϕ

(2L,2L)
1R,2L

(τ) = ϕ
(2L,2L)
2L,1R

(τ) = −αLe
−ıω2L,1L

τ

× sin (Ωτ) , ϕ
(2L,2L)
2L,2L

(τ) = −3α2
L, ϕ

(2L,2L)
2L,3L

(τ) = ıαLe
ıω3L,2L

τ ,

ϕ
(2L,2L)
2L,4L

(τ) = −α2
Le

ıω4L,2L
τ , ϕ

(2L,2L)
3L,1L

(τ) = α2
Le

−ıω3L,1L
τ cos (Ωτ) ,

ϕ
(2L,2L)
3L,1R

(τ) = ıα2
Le

−ıω3L,1L
τ sin (Ωτ) , ϕ

(2L,2L)
3L,2L

(τ) = −ıαLe
−ıω3L,2L

τ ,

ϕ
(2L,2L)
4L,2L

(τ) = −α2
L

2
e−ıω4L,2L

τ .

The terms ρ̇1R,1R(t), ρ̇1R,1L(t), ρ̇2R,2R(t), ρ̇3L,3L(t) are obtained by exchanging the indexes L

and R. We write down only the term ρ̇3L,3L(t) for the sake of shortness,

ρ̇3L,3L(t) =
∑

i=L,R

∑

j=L,R

4
∑

n=1

5
∑

m=1

∫ t

0

Φ (t− t′)ϕ(3L,3L)
ni,mj

(t− t′) ρnimj
(t′) dt′, (A6)
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and the corresponding non-vanishing terms,

ϕ
(3L,3L)
1L,3L

(τ) =
(

ϕ
(3L,3L)
3L,1L

(τ)
)∗

= −α2
L

2
eıω3L,1L

τ cos (Ωτ) , ϕ
(3L,3L)
1R,3L

(τ)

= ı
α2
L

2
eıω3L,1L

τ sin (Ωτ) , ϕ
(3L,3L)
2L,2L

(τ) = ϕ
(3L,3L)
4L,4L

(τ) = α2
L, ϕ

(3L,3L)
2L,3L

(τ)

=
(

ϕ
(3L,3L)
3L,2L

(τ)
)∗

= −ıαLe
ıω3L,2L

τ , ϕ
(3L,3L)
3L,5L

(τ) = −α2
L

2
e−ıω5L,3L

τ ,

ϕ
(3L,3L)
2L,4L

(τ) =
(

ϕ
(3L,3L)
4L,2L

(τ)
)∗

= α2
Le

ıω4L,2L
τ , ϕ

(3L,3L)
3L,1R

(τ) = −ı
α2
L

2

e−ıω3L,1L
τ sin (Ωτ) , ϕ

(3L,3L)
3L,3L

(τ) = −2α2
L, ϕ

(3L,3L)
3L,4L

(τ) =
(

ϕ
(3L,3L)
4L,3L

(τ)
)∗

= ıαLe
ıω4L,3L

τ .

The terms ρ̇ms,ms
(t), are described by the following forms:

ρ̇ms,ms
(t) =

ms+2
∑

i=ms−2

ms+2
∑

j=ms−2

∫ t

0

Φ (t− t′)ϕ
(ms,ms)
i,j (t− t′) ρi,j (t

′) dt′, (A7)

4 ≤ ms ≤ Ns − 2, s = L,R,

with non-vanishing terms

ϕ
(ms,ms)
ms−2,ms

(τ) = −α2
s

2
eı(Ems−Ems−2)τ/~, ϕ

(ms,ms)
ms−1,ms−1 (τ) = α2

s ,

ϕ
(ms,ms)
ms−1,ms

(τ) = −ıαse
ı(Ems−Ems−1)τ/~, ϕ

(ms,ms)
ms−1,ms+1 (τ)

= α2
se

ı(Ems+1−Ems−1)τ/~, ϕ
(ms,ms)
ms,ms−2 (τ) = −α2

s

2
eı(Ems−2−Ems )τ/~,

ϕ
(ms,ms)
ms,ms−1 (τ) = ıαse

ı(Ems−1−Ems)τ/~, ϕ(ms,ms)
ms,ms

(τ) = −2α2
s,

ϕ
(ms,ms)
ms,ms+1 (τ) = ıαs e

ı(Ems+1−Ems )τ/~, ϕ
(ms,ms)
ms,ms+2 (τ) = −α2

s

2

× eı(Ems+2−Ems )τ/~, ϕ
(ms,ms)
ms+1,ms−1 (τ) = α2

s e
ı(Ems−1−Ems+1)τ/~,

ϕ
(ms,ms)
ms+1,ms

(τ) = −ıαs e
ı(Ems−Ems+1)τ/~,

ϕ
(ms,ms)
ms+1,ms+1 (τ) = α2

s, ϕ
(ms,ms)
ms+2,ms

(τ) = −α2
s

2
eı(Ems−Ems+2)τ/~.

For the sake of shortness, we omit the master equations driving the time evolution of the

remaining terms, since the structure is similar to those reported above.

For times t ≫ 1/Ω, the contribution of the oscillating terms to the convolution product
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is negligible and the above master equations get simplified forms:

ρ̇1L,1L(t) ≃ ıΩ (ρ1L,1R(t)− ρ1R,1L(t)) +
α2
L

2

∫ t

0

Φ (t− t′)

×
(

2ρ2L,2L (t
′)− ρ1L,1L (t

′)− ρ1R,1R (t′)
)

dt′, (A8)

ρ̇1L,1R(t) ≃ ıΩ (ρ1L,1L(t)− ρ1R,1R(t))−
α2
L + α2

R

4

×
∫ t

0

Φ (t− t′)
(

ρ1L,1R (t′) + ρ1R,1L (t
′)
)

dt′, (A9)

ρ̇1L,2L(t) ≃ ı (ω2L1Lρ1L,2L(t)− Ωρ1R,2L(t)) + ı
αL

2

∫ t

0

Φ (t− t′)

×
(

ρ1L,1L (t
′) + ρ1R,1R (t′)− 2ρ2L,2L (t

′)
)

dt′, (A10)

ρ̇1L,2R(t) ≃ ı (ω2R1Rρ1L,2R(t)− Ωρ1R,2R(t)) + ı
αR

2

×
∫ t

0

Φ (t− t′)
(

ρ1L,1R (t′) + ρ1R,1L (t
′)
)

, (A11)

ρ̇2L,2L(t) ≃ α2
L

2

∫ t

0

Φ (t− t′)
(

ρ1L,1L (t
′) + ρ1R,1R (t′)− 4ρ2L,2L (t

′)

+2ρ3L,3L (t
′)
)

dt′, (A12)

ρ̇ms,ms
(t) ≃ α2

s

∫ t

0

Φ (t− t′)
(

ρms−1,ms−1 (t
′)− 2ρms,ms

(t′)

+ρms+1,ms+1 (t
′)
)

dt′, m = 3, . . . , Ns − 1, s = L,R, (A13)

ρ̇Ns,Ns
(t) ≃ α2

s

∫ t

0

Φ (t− t′)
(

ρNs−1,Ns−1 (t
′)− ρNs,Ns

(t′)
)

dt′, (A14)

s = L,R.

The dynamics of the populations, ρms,ms
(t), and the coherent term, ρc(t), results to be decou-

pled from the time evolution of remaining coherence terms, ρms,ns′
(t), for every ms, ns′ 6= 1

and s, s′ = L,R, undergoing ”fast” oscillations [9] and giving vanishing contribution for

t ≫ 1/Ω. The above equations are recovered through the adiabatic theorem [31], we omit

the calculations for the sake of shortness.

Appendix B: The adiabatic theorem

We now prove the consistency of the master equations obtained in the previous Appendix

through the adiabatic theorem described in Ref. [31]. Since the dynamics of the eigenspace
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of the operator H0, appearing in Eq. (1), is closed, by defining the reduced operator

Π [A] = Ā = QAQ +
∑

s=L,R

Ns
∑

ns=2

Pns
APns

, Q = P1+ + P1− ,

the relationships

R (t, t′) = eL0(t−t′) [ρ (t′)] , P1± = |1±〉〈1±| ,

Pns
= |ns〉〈ns| , ns = 2, . . . , Ns, s = L,R, V̄ = 0,

Π
[

V 2
]

=
∑

s=L,R

α2
s

(

P1s + PNs
+ 2

Ns−1
∑

ns=2

Pns

)

,

α2
LP1L + α2

RP1R = p1+,1+ |1+〉〈1+|+ p1−,1− |1−〉〈1−|+ p1−,1+ |1−〉〈1+|

+ p1+,1− |1+〉〈1−| , p1±,1± = α2
L

(

γ
(±)
L

)2

+ α2
R

(

γ
(±)
R

)2

,

p1±,1∓ = α2
Lγ

(+)
L γ

(−)
L + α2

Rγ
(+)
R γ

(−)
R .

lead to the following reduced master equation

˙̄ρ(t) ≃ − ı

~

[

H̄, ρ̄(t)
]

+

∫ t

0

Φ (t− t′)
{

− ı
[

V̄ , R̄ (t, t′)
]

−1

2

{

Π
[

V 2
]

, R̄ (t, t′)
}

+Π
[

V R̄ (t, t′) V
]

}

dt′, (B1)

describing the dynamics of the populations of the energy levels. For long timescales, t ≫
1/Ω, the oscillating terms give a negligible contribution to the convolution and we get the

following relations:

−1

2

{

Π
[

V 2
]

, R̄
}

= −α2
L + α2

R

2

(

ρ1+,1+ (t′) |1+〉〈1+|+ ρ1−,1− (t′) |1−〉〈1−|
)

+
α2
R − α2

L

4

(

ρ1+,1+ (t′) + ρ1−,1− (t′)
)

(|1+〉〈1−|+ |1−〉〈1+|)

−
∑

s=L,R

α2
s

{

2
Ns−1
∑

ns=2

ρns,ns
|ns〉〈ns|+ ρNs,Ns

|Ns〉〈Ns|
}

,

Π
[

V R̄ (t, t′)V
]

=
∑

s=L,R

α2
s

{

ρ2s,2s (t
′) |1s〉〈1s|+ ρNs−1,Ns−1 (t

′) |Ns〉〈Ns|

+ (R1s,1s (t, t
′) + ρ3s,3s (t

′)) |2s〉〈2s|+
Ns−1
∑

ns=3

(

ρns−1,ns−1 (t
′)

+ ρns+1,ns+1 (t
′)
)

|ns〉〈ns|
}

,
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where

R1L(R)
,1L(R)

(t, t′) =
(

γ
(+)
L(R)

)2

ρ1+,1+ (t′) +
(

γ
(−)
L(R)

)2

ρ1−,1− (t′)

+γ
(+)
L(R)

γ
(−)
L(R)

(

e−ıω1+,1− (t−t′)ρ1+,1− (t′) + eıω1+,1−(t−t′)ρ1−,1+ (t′)
)

,

giving the following master equations

ρ̇1±,1±(t) ≃
∫ t

0

Φ (t− t′)
{

α2
L

(

γ
(±)
L

)2

ρ2L,2L (t
′) + α2

R

(

γ
(±)
R

)2

ρ2R,2R (t′)

− α2
L + α2

R

2
ρ1±,1± (t′)

}

dt′,

ρ̇1±,1∓(t) ≃ ∓ 2ıΩρ1±,1∓(t) +

∫ t

0

Φ (t− t′)

{

α2
R − α2

L

4

(

ρ1+,1+ (t′)

+ ρ1−,1− (t′)
)

+ α2
Lγ

(+)
L γ

(−)
L ρ2L,2L (t

′)

+α2
Rγ

(+)
R γ

(−)
R ρ2R,2R (t′)

}

dt′.

We are now equipped to build up the master equations generated by Eq. (B1). After

some long but straightforward algebra we recover the same equations for the dynamics of

the levels populations and off diagonal elements of the density matrix, given by Eqs. (A8),

(A9), ( A10), (A11), (A12), (A13), (A14), obtained in the previous Appendix.

Appendix C: Coherence and populations

This Appendix is devoted to a detailed analysis of the populations and the coherence

terms through their Laplace transforms, useful to recover the dynamics over long time

scales.

We consider Eqs. (A8), (A9), (A12), (A13), (A14) and those obtained by exchanging

the indexes L and R, the corresponding Laplace transforms show an iterative structure of

continued fraction difficult to inverted, thus, in order to evaluate p1L(t), p1R(t) and pc(t),

the reasonable assumption that the number of internal energy levels is infinite. In this way,

Eq. (A13) gives the following difference equation:

p̃ns+2(u)− 2

(

u

2α2
sΦ̃(u)

+ 1

)

p̃ns+1(u) + p̃ns
(u) = 0,

ns = 2, . . . , Ns s = L,R.
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Following the arguments reported in the last paragraph of Section II, the solutions of the

above equation are approximated by the solutions of the second order difference equation

obtained by setting Ns = ∞, for s = L,R. In this way, the following expressions are

obtained:

p̃ns
(u) = As(u)

(

λ
(s)
+ (u)

)ns

+Bs(u)
(

λ
(s)
− (u)

)ns

, ns = 2, . . . , Ns s = L,R,

where As(u) and Bs(u) are independent of ns and

λ
(s)
± (u) = 1 +

u

2α2
sΦ̃(u)

±
√

(

1 +
u

2α2
sΦ̃(u)

)2

− 1, ns = 2, 3, . . . , s = L,R.

The Laplace transform of normalization constraint of the whole levels populations,
∑

s=L,R

∑

∞

ns=1 pns
(t) = 1, reads

∑

s=L,R

∑

∞

ns=1 p̃ns
(u) = 1/u. Also, the functions Φ̃(u)

analyzed are positive for every u > 0 and s = L,R, thus, λ
(s)
+ (u) > 1 for every u > 0 and

s = L,R. Furthermore, the convergence of the series
∑

s=L,R

∑

∞

ns=2As(u)
(

λ
(s)
+ (u)

)ns

gives

As(u) = 0 for every u > 0 and s = L,R, and it results

p̃ns
(u) = Bs(u)

(

λ
(s)
− (u)

)ns

, ns = 2, 3, . . . , s = L,R.

The function Bs(u) is fixed by Eq. (A12) and the one obtained by the mutual exchange of

L and R,

Bs(u) =
−α2

sΦ̃(u) (p̃1L(u) + p̃1R(u))

2
(

λ
(s)
− (u)

)2 (

α2
s

(

λ
(s)
− (u)− 2

)

Φ̃(u)− u
)
,

for every s = L,R. The dynamics of the populations of the lower energy levels, p1L(u),

p1R(u) and the coherence term, pc(u), is describe by the matrix form M(u) · X(u) = Y,
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where M(u), X(u) and Y read

[M(u)]1,1 = u+
α2
L

2
Φ̃(u) +

α4
L

(

Φ̃(u)
)2

2
(

α2
LΦ̃(u)

(

λ
(L)
− (u)− 2

)

− u
) ,

[M(u)]1,2 =
α2
L

2
Φ̃(u)



1 +
α2
LΦ̃(u)

α2
LΦ̃(u)

(

λ
(L)
− (u)− 2

)

− u



 ,

[M(u)]1,4 = − [M(u)]1,3 = [M(u)]2,3 = − [M(u)]2,4 = − [M(u)]3,1

= [M(u)]3,2 = [M(u)]4,1 = − [M(u)]4,2 = ıΩ,

[M(u)]2,1 =
α2
R

2
Φ̃(u)



1 +
α2
RΦ̃(u)

α2
RΦ̃(u)

(

λ
(R)
− (u)− 2

)

− u



 ,

[M(u)]2,2 = u+
α2
R

2
Φ̃(u) +

α4
R

(

Φ̃(u)
)2

2
(

α2
RΦ̃(u)

(

λ
(R)
− (u)− 2

)

− u
) ,

[M(u)]3,3 = [M(u)]4,4 =
α2
L + α2

R

4
Φ̃(u) + u,

[M(u)]3,4 = [M(u)]4,3 =
α2
L + α2

R

4
Φ̃(u),

X(u) =















p̃1L(u)

p̃1R(u)

ρ̃1L,1R(u)

ρ̃1R,1L(u)















, Y =















1

0

0

0















.

Finally, the Laplace transform of the coherence term results to be

p̃c(u) = −4Ω
(

u+ 2α2
LΦ̃(u) + u1/2FL(u)

)(

u3/2 + uFR(u) + α2
RΦ̃(u)

×
(

3u1/2 + FR(u)
)

)

/(

(

u2 + 4Ω2
)

(

u1/2
(

u1/2 + FL(u)
)

×
(

2u
(

u1/2 + FR(u)
)

+ α2
RΦ̃(u)

(

5u1/2 + FR(u)
)

)

+ α2
LΦ̃(u)

×
(

u1/2
(

5u1/2 + FL(u)
) (

u1/2 + FR(u)
)

+ 2α2
RΦ̃(u)

×
(

6u1/2 + FL(u) + FR(u)
)

)

)

, (C1)

Fs(u) =

√

u+ 4α2
sΦ̃(u), s = L,R,
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while the population of the ground level L reads

p̃1L(u) =
(

u+ 2α2
LΦ̃(u) + u1/2FL(u)

)

(

2u1/2
(

u2 + 2Ω2
) (

u1/2 + FR(u)
)

+α2
RΦ̃(u)

(

8Ω2 + 5u2 + u3/2FR(u)
)

)/(

u1/2
(

u2 + 4Ω2
)

(

u1/2

(

u1/2 + FL(u)
)

(

2u
(

u1/2 + FR(u)
)

+ α2
RΦ̃(u)

(

5u1/2 + FR(u)
)

)

+α2
LΦ̃(u)

(

u1/2
(

5u1/2 + FL(u)
) (

u1/2 + FR(u)
)

+ 2α2
RΦ̃(u)

×
(

6u1/2 + FL(u) + FR(u)
) )

)

)

. (C2)

The expression for p̃1R(u) is obtained from the above relation through the mutual exchange

of the indexes L and R. Notice that the equality (11) is fulfilled.

The inverse power law behavior of the coherence term, described by Eq. (C1), is evaluated

for various expressions of the memory kernel Φ̂(u), through the converging term by term

inverse Laplace transform of the corresponding series expansion around u = 0, since such

series converges in a sector |arg u| ≤ χ0, where π/2 < χ0 ≤ π. The choice of the long time

scales derives from the condition of convergence of the related series expansions.
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