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Abstract
We postulate a master equation, written in the language of creation and annihilation operators, as
a candidate for unambiguous quantum mechanical description of unstable particles. We have found
Kraus representation for the evolution driven by this master equation and study its properties.
Both Schrédinger and Heisenberg picture of the system evolution are presented. We show that the
resulting time evolution leads to exponential decay law. Moreover, we analyse mixing of particle
flavours and we show that it can lead to flavour oscillation phenomenon.
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I. INTRODUCTION

One of important difficulties in quantum mechanical description of unstable particles is
irreversibility of time-evolution. The complete system consists of decaying particle as well
as of decay products. Only this complete system undergoes unitary evolution, described
by quantum field theory. However, in many applications of quantum mechanics (e.g., in
analysis of correlations experiments) we would like to neglect the evolution of decay products
and consider the decaying particles only. This is usually achieved by introducing a non-
Hermitian Hamiltonian, as it was done in the classical works of Weisskopf and Wigner
[1, 2]. The non-Hermitian Hamiltonian, however, leads inevitably to the non-conservation
of trace of the density operator of the system. Although such description gives decreasing
probability of detecting the particle, it does not provide unambiguous way of calculating the
probability of finding the system consisting of a few such particles in a given state after the
measurement (see e.g. [3] for a discussion of other ambiguities caused by various approaches
to the description of such a system). Indeed, one needs to use probability theory rather
than quantum mechanics for this purpose. Since the calculations of conditional probabilities
are extremely important for analysis of correlation experiments, especially of those done for
systems of neutral kaons [4-12] or B-mesons [13-15], it would be desirable to find a quantum
mechanical description of decaying particles preserving unit trace and positivity [16-22] of
the density operator for the system. Recent papers (e.g. [23,24]) show that there is still a
great interest in the unambiguous quantum-mechanical description of neutral kaon system.

This is the point where the theory of dynamical semigroups and open quantum systems
[25-27] can be helpful. Let us recall (cf. [28-430]) that the dynamical semigroup in the
Schrodinger picture is a one-parameter family of linear maps A}, acting on the space of
trace class operators on Hilbert space of the system, preserving for every ¢ > 0: (i) positivity,
(ii) trace, (iii) strong continuity and such that (iv) A; A;, = A; ,, for every t,t, > 0. These
properties can be translated into Heisenberg picture as requirements for the map A; acting
on the space of bounded operators on the Hilbert space of the system, which for every ¢t > 0:
(i) preserves the positive cone, (ii) leaves the identity operator invariant, (iii) is continuous
on states in the trace-norm sense, (iv) is normal and (v) Ay Ay, = Ay 14, for ty,t2 > 0.

The idea that the theory of open quantum system would be useful for the description
of unstable particles appeared quite early [31-33] (see also [34] for a review). Recently, the
open quantum system approach was also applied to the systems of particles with flavour
oscillations (like in the case of neutral kaons) [35, [36], and it has been used successfully in
the description of EPR correlations and evolution of entanglement in K Ure system [37, 138].

Here, we follow the approach presented in [35, 137, 38]. However, in these works the
considerations were restricted to systems of at most two particles, and transition from one-
particle to two-particle theory was done by means of tensor product construction. In the
present paper we will show that it is possible to describe systems with arbitrary number of
particles using the second quantization formalism, which is the most natural language for
system with varying number of particles. Moreover, such approach would be an advantage
if we study the behaviour of the system from uniformly moving or accelerated frame, due to
the well established transformation properties of annihilation and creation operators.

The paper is organized as follows. In Sect. [I, we postulate a master equation in
Schrodinger picture for a single kind of free particles, and then find the solution of this
equation in the form of the Kraus representation of the evolution of the density operator
of the system. The next section is devoted to the Heisenberg picture of the evolution of



the same system. In Sect. [Vl we analyse the system of particles of different types and the
flavour oscillation phenomenon.

II. SCHRODINGER PICTURE

In [35] it was shown that the time evolution of a free unstable scalar particle can be described
by a master equation in the Lindblad-Gorini-Kossakowski—Sudarshan form [26, 27]:

) i1, ple)) + 1K p(0)) + L)L, 0
where .
H=m[1)({1], L=vVT|0)({], K:—aLTL. (2)

Here |1) denotes the state of presence of the particle and |0) denotes the state of its absence;
m is the mass of the particle and IT" is its decay width. Despite the fact that the state |0)
is usually called vacuum, it is not the vacuum in the sense of quantum field theory, but
rather in the sense used in [39], i.e., it is an absence of a particle. This equation leads
to the probability density of finding the particle evolving according to the Geiger—Nutall
exponential law.

However, the most natural quantum-mechanical description of systems with variable num-
ber of particles is the second quantization formalism. For systems governed by ([Il) the tran-
sition to second quantization is straightforward, since the operators (2)) can be interpreted
as the vacuum—one-particle sector of the second quantized operators

H=mala=mN, L=+Ta, (3)
where @ and a' are bosonic annihilation and creation operators, respectively:

(@)
Vn!

vectors |n) form the so-called occupation number basis. With this substitution we have

[&,@T] =1, @|0> =0, |n> = |0> ) (4)

A 1.«
K =—=-IN.
2
If we substitute (B)) into ([Il), we arrive to the master equation in the form

d * * *
SNip= L1 (Ajp) (58)

where
X K oo A
£(p) = ~im[¥ ] ~ 5 {N. p} + Tapi' (5b)
In the above we can recognize the equation introduced and studied in [29,131,132,134]. Similar

equations lead to evolution given by quasi-free semigroups, see eg. [34, 40-47] and are also
studied in the context of quantum optics [48-51].
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If we write down explicitly annihilation and creation operators in occupation number
basis, namely ay = VK + 10541, &Ll = /14 10,141, S0 Ny = kb (k,1=0,1,...), then we

can view () as the following infinite system of equations for matrix elements of the density
operator Afp =>4 pri(t) |k) (U:

dpfz;(t) = itk = ym = 3(k+ DT pra(t) + /(k + DI+ Dy (8) (6)

for k,l = 0,1,.... Thus we get infinite, in principle, system of linear differential equations
of first order.

Notice, that the system (@) seems to be highly non-trivial — the solution for py,(t) depends
on a solution for pyy1,41(t), what apparently leads to infinite chain of dependencies. What
makes the system (@) solvable is the proper choice of initial conditions. Indeed, for every
reasonable initial physical state, the number of particles must be finite, so all matrix elements
of p(0) corresponding to higher number of particles must vanish. Mathematically, it means
that there exist indices r and s, such that

pri(0) =0 for k >rand [ > s. (7)

One can easily check that the system (6) with initial condition (7)) gives us the well posed
Cauchy’s problem.

Now, instead directly solving the equation ([l for some interesting choices of initial state
we concentrate on finding and studying the Kraus representation [52] of the evolution of the
system.

Although Kraus operators for the evolution of the density operator governed by the
master equation (B) was found in [53], here we give its another formulation, now written in
terms of annihilation/creation operators. It can be easily checked that these two choices of
Kraus operators coincide up to the phase factors. Despite this, we give the formal proof that
proposed Kraus operators lead to the evolution of the system undergoing the equation (),
since we will employ the technique used in the proof later on.

Proposition 1. If for k=0,1,...:
1 . k
Ek(t) = ﬁG_ZMt (\/ 1-— G_Ft&> s (8)

where M = (m — %F)N, then

Ao =" Ed(t)pEL(t) (9)

k=0
is the solution of the master equation (B), where p is the density operator given at initial
time t = 0.

Proof. First, let us note that for any &
Ep(t)a = et E (1) (10)

what follows immediately from canonical commutation relations. Using (I0) we can show
by straightforward calculation that

dEy(t)

= —iMEy(t), (11a)
dE,(t . VEDelm+30t



(for k=1,2,...).
Next, one can easily check that the following recurrence relations hold for £ = 1,2, ...
_ 7M6(im+émt
Vk
Combining (I2) and (I1h) we can write (II)) in the form

E(1) aby-1(t). (12)

dE(t) [ .k Te™ B
o _<—M+§1_7ert Ewt), k=0,1,... (13)

Now, let us compute the time derivative of the density operator A;p given by (9):

00 T
Lpp=3 (MpEzi(t) + Ek(t)pw>

dt =\ dt dt
R . Fe—Ft 0 ;
= —i [M(Ajp) = (i) M|+ o5 D_ kEW(t)pEL(t). (14)
k=1

Taking into account (I2) the last term in (I4]) can be written as

Le Mt &2 s . e
1_ o1t Z kEk(t)pEli(t) =Ta Z Ek—l(t)pEli—l(t)aT =Ta(A;p)a’. (15)
k=1 k=1

Thus, the density operator obeys the master equation ().

To complete the proof, we have to show that at the time ¢ = 0 the density operator A;p
given by (@) is p. This is trivial point, because obviously Ey(0) = id and Ej(0) = 0 for
E=1,2,... O

It is easy to see that after writing out annihilation operators in occupation number basis
the Kraus operators (§)) differ only by phase factors from those found in [53, [54]. These
phase factors become important when you try to study a flavour oscillation phenomenon

(see Sect. V).

Proposition 2. If Ei(t) are given by (§), then
S BB = id (16)
k=0

Proof. We start with the observation that for any element of occupation number basis |n)
and any non-negative integer k

n!

0, n<k,

@y ) = | sy (17D)

(17a)

and




Since

1 _r\k . _TNta
El(t)Ex(t) = o (1—e™)" (alyre"Nak,

then, from (I7)), for any element of the occupation number basis
t _ (" rt\* —(n—k)rt
Bl E(t)[n) = |, | (1-¢T) e ), (18)
when n > k, and E}(t)E,(t) |n) = 0, when n < k. Thus,
o ot R o (n re\* (ke o\
PRHORAGIDED SPHORAGIDED S (R ECE I [n) = n) . (19)
k=0 k=0 k=0

Since 35°, El(t)Ey(t) acts as identity on any element of the basis, it must be the identity
operator. 0

Proposition 3. Vacuum state |0) (0| is stable under the evolution given by (&) and (9).
Moreover, lim;_,, A;p = |0) (0| for any density operator p.

Proof. Indeed, Ey(t)|0) = |0) and Ex(t)|0) = 0 for & = 1,2,..., so the density operator
|0) (0] is stable during the time evolution.
For the proof of the second statement, one can find that

k

Ep(t) n) = <Z>e—<im+%”<n—k>t( 1—e—Ft> n— k), (20)

when n > k, and vanishes otherwise. Next, observe that for I' > 0

. 0, n>k,
im e 3l(n—k)t _ Tt} — _
tlggoe 2 (\/1 e ) =4q1, n=k, (21)
0o, n<k,
S0,
0 n#k
lim Fy(t = ' ’ 22
Jim Fu(t) ) {|o>, o (22
and, consequently,
0 n#n
lim Ej(t NEl(t) =1 . ’ 23
Thus, for any density operator p, lim; o, Ajp = tr(p) |0) (0] = |0) (0]. O

Explicit solutions of () with operators (3]) can be deduced from the relation

min{n,n’} n\ /n/ A )
A* |TL> <n/| _ Z ( ) < >e—zm(n—n )t
! = k)\k

% e~ 3l (n+n'=2k)t (1 — e_Ft)k In—k)(n — k[ . (24)



If we impose the superselection rule which forbids the superpositions of states with different
number of particles, then the density operator for a system consisting of at most n particles
is of the form

Mmgmwmw,gm@a.

Thus, it is enough to solve the equation (II) for an initial state of the form p = |n) (n| for
n being some non-negative integer (arbitrary, but finite), because any density operator for
the initial state is a linear combination of such states.

If the system is initially in the n-particle pure state, p = |n) (n|, then the solution of the
equation () is

Ap=> (Z) e~ (kI (1 - e‘”)k In—k)(n—FkK|.

k=0
The average number of particles changes in time as

(N(t)) =t [(A;p)N] = ne™ ™.
We have thus recovered the Geiger—Nutall exponential decay law. It is worth noting that
the probability that at a time ¢ one finds exactly k particles from initally n ones, has a

binomial distribution B(n,e't) with probability e~!* of finding a single particle, as it can
be expected.

III. HEISENBERG PICTURE

In Heisenberg picture, master equation for the evolution of an observable € is of the form

iAtQ = E(AtQ) s (25&)
dt
where
) 1
L£() = d[H, Q] + 5 {[L, Q] L+ LT[, L]} . (25b)
Note that

%{[LT, QL+ LT[, L]} = {K,Q} + LTQL,

but the form used in (25D is usually more convenient when performing calculations in the
Heisenberg picture involving creation and annihilation operators.

Having a family of Kraus operators (§), the evolution of observable {2 can be written as
the series

A= i El(H)QE(1). (26)
k=0

This representation is especially useful if we can find the decomposition of the observable
into its matrix elements in occupation basis:

Q=3 o |n) (1] (27)
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> n+k\(n+E\ o
At\n><n’|=2$( i )( o )e e

k=0
x e 3OO (1 e ke (0 k| L (28)

Using projectors onto n-particle states, I, = |n) (n|, the last equation can be rewritten in
a more convenient form

Aty = (o ! " Z <k> (1—e™) 1L, (29)

Proposition 4. lim; ., AT, = id.

Proof. From (29) it follows that

[e o]

A=Y (1- ) 1L,

k=0
so limy_, oo AtHO Z Hk O

Physically, Proposition [ tells us that after substantially long (mathematically infinite) pe-
riod of time, the probability of finding vacuum reaches one, irrespectively of the state of the
system. In other words, at infinite time all the Fock spaces collapse to the vacuum subspace.

The evolution of creation and annihilation operators can be easily find with use of rela-

tion (L0):
EARATN (30a)
Agal = elm=3Dgt (30D)

Moreover, it is easy to check that in this case AtN = NatAa (what, in general, does not
hold). Indeed, using (I0) we have

AN =Y Bl(hataE (Z Bl(1)a' Ex(t) ) S = NafAa. (31)

k=0

Consequently, the evolution of the particle number observable is
AN =eTIN; (32)

we can get this result by solving (25a) for N, too.

It is easy to find the mean number of particles for a given state with help of (32]). Here,
we consider two examples: the pure state of exactly n particles and a coherent state with
given mean number of particles n.

Example 1. If the system is in the pure state of n particles, then the mean number of particles
is simply
(N(t)) =ne . (33)
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Thus we get the exponential decay law again. Time evolution of the probability of finding
exactly k particles follows from (29) and reads

Pl t) = (Z)g’c“ (1- e—“)””“ : (34)

i.e., it is given by the binomial distribution B(n,e~'?).

Ezample 2. Let us assume that the system is in a coherent state |a),

ala) = ala) ,

aeC,ie.
)= 5y )
o) = e 2 P — R
i= VK
then
(N(t)) =ne™™, (36)
where 7 = |a|? is the mean number of particles in the coherent state |a). Probability of

finding exactly k particles evolves in time according to

1, k _.-Tt
pa(k,t) = (Re”") e, (37)

which is the Poisson distribution P(ne='").

Let us note that, if we consider the state being a mixture of k-particle states with prob-
ability that k-particle state occurs given by the Poisson distribution with mean number of
particles n, i.e.,

[ee] e_ﬁ'fl,k
p=> G (38)
k=0 :

then the mean number of particles in this state and probability of finding exactly k particles
are given by the formulae (36) and (37), respectively (despite the fact, that in this case we
must find the traces of the product of observables with the density operator).

IV. PARTICLES OF DIFFERENT TYPES

Let us consider a system of particles of r different types (or carrying a quantum number
with r possible values), each type with mass m; and width I'; for j = 1,...,r. For such a
system we have

[djv &k]¥ =0, [&jv dlta]jF = djk, (39)

for j,k =1,...,r, where [-, -]+ denotes commutator/anti-commutator, respectively, and anti-
commutators apply only if both j*- and k*'-particles are fermions. The states spanning the
occupation number representation are generated from the vacuum state via the formula

@@ @
ni'ng! -+ n,!

|n1an27"'an7‘> -

(40)

where we identify |0,0,...,0) = 0).



The master equation for the system takes the following forms

d

—Aip = —ilH, Ajp] + {K, Ajp} + S L)k (41a)
7j=1
%AtQ = i[H, \,9)] Z{ j+ LA L)} (41b)

in the Schrodinger and Heisenberg picture, respectively, where H is the Hamiltonian of the
system and

Ly=yTa;. K=-53 L, M=H+iK. (42)
j=1
If [M, ajl = —(m;— %Tj)&j for j =1,...,r, then we can easily construct the Kraus operators

solving (41])
o~ (\/ 1— €_thdj)kj
Ey(t) =e ™M ] : (43)
k1,..kr k]'
k1++kr:k

where the product is taken over all possible partitions of k& into exactly r addends, such that
ki+ ko + -+ -+ k. = k, where
k; € Ny, j"-particles are bosons, (44a)
k;j € {0,1}, j*-particle is a fermion . (44b)

forj=1,...,r
Ezample 3. Let us consider the evolution of a system of two flavour particles (e.g., particles

and their anti-particles). We denote the creation operators for these particles by &I and &;.
The basis for the system is built up from the states of the form

N G
’ \/TLl!’I’LQ!
AT A

Let these states be the common eigenstates of two observables, N = ATal + Gyds (number of
particles) and S = ala; — ajas (say strangeness or lepton number), i.e.,

0) - (45)

N|n1an2> — (nl +n2) |n1an2> 5

S \nl,n2> = (7’1,1 — n2) |n1,n2> .

If the states ([AH]) are not eigenstates of the time evolution the phenomenon known as the
flavour oscillation may occur.

To describe such a situation, let us assume that the Hamiltonian and Lindblad operators
for the system are of the form

H= I 1+ mgcgcg, (46a)
i = f (46D)
Ly = \/Tats, (46¢)



where éJ{, é; are connected with &J{, d; by unitary transformation:

4 . 0 4 0
el = e (el(d’*w)/z cos 5&1 + e 07V 2 gin 5&;) , (47a)
At i i(p—1)/2 QAT —i(p+1)/2 94
¢ =eX | —e sin 4y +e cos 5dy | - (47b)
Since M = (m1 — %1"1) éiél + (mg — %1"2) 6562, we can easily find the evolution of ¢;:

Aoy = e (imitali)ta. 5 — 1 9 (48)

Using (47) we get the evolution of @;:

1 ' .
NGy = 56_@”1%“)'5 [&1(1 + cos 0) + e sin 9}

1 ) 1 ;
+ 5(3*(“”“2+5r2)’e [&1(1 — cosf) — Gye™ sin 9} , (49a)
1 (i 11 A
Ataz = 567(2m1+§F1)t [&2(1 + cos 0) — &16_Z¢ sin 0:|
1 —(imo+3T2)t [~ A i
+ 3¢ 2722 [ag(l —cosf) + aye "’ sin 9} (49b)

The time evolution of the observables can be obtained either by solving (41D]) or directly
from relations (49]), using argumentation analogous to (31]). For example, for the number of
particles we get

e—Flt + e—th . e—Flt _ e—th

AN = 5 N + 5 [Scos @ + Q, sinf] (50)
where Q, = ala,e® + ala;e~, so the mean value in the state |ny, ny) is the following
efl‘lt + e*FQt efFlt _ e*FQt
(N(t)) = f(nl + ng) + 5 (n1 — ng) cosd (51)

and is depicted in the Fig. [Il
Similarly, for the strangeness (or lepton number) we get

efl‘lt _ e*FQt . "
AS = ————Ncosh +e " sin(Amt)Q_siné

2
—I'qt —I'a2t R
+ [$ cos? 0 + e ' cos(Amt) sin? 0] S
—I'1t —I'at R
+ [% —e cos(Amt)} Q4 sinfcos, (52)
where Q_ = i(a}ase® — alae @), I = 2(T'1 + I's) and Am = my — my. The mean value of

this observable in the state |ny,ng) is

efl‘lt _ efrgt

(S(t)) = ———5——(n1 +ng)cosd

2
e—Flt _'_ e—FQt
=

5 cos? 0 + e cos(Amt) sin’ 9] (ny —mng) (53)
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FIG. 1. Number of particles for system with two flavours for mixing angles 6 =0, 7, 5, 3%, 7 (from

right to left) with n; = 2 and ng = 1, and I'y < T’y (time unit is 7 = 1/T").

and is shown in the Fig. [2
Let us pay our attention on the two extreme cases: § = 0 (no flavour mixing) and 6 =
(maximal mixing). For § = 0 we have ¢ = d;, so the time evolution of the observables is

s
2

o1 oA 1 P
AN = 55”(]\7 +8) + Ee’FQt(N -9, (54a)
A 1 A 1 A oA
AS = 5efflt(s + N) + Ee’FQt(S —N). (54b)
Their mean values in the state |ny, ny) are
(N(t)) = e "'y 4+ e g, (55a)
(S(t)) = e Ty —e 2y (55b)

For@zg,<;5:27T,1p:7randxz37’rwehave

X L
4= )

V2

and the time evolution of the observables is given by

_ag)a

T __ 1 —I'it —I'at \7 ]' —I'it —Tst) A
AtN_é(e te )N+§(e —e ) Qy, (56a)
AS = e cos(Amt)S + e sin(Amt)Q_ . (56b)
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FIG. 2. Strangeness of system with two flavours for different values of mixing angle with n; = 2
and ng = 1, and I'; < T’y (time unit is 7 = 1/I).

The mean values of these observables in the state |ny, ns) are

(N(W) = 3 (e 4+ e7) (m + o), (57a)
(S(t)) = e M cos(Amt)(ny — ny), (57b)

so we get oscillations of the quantum number S. It is worth noting, that for the particles
such as K or B mesons we can use this result only as a first approximation, since for these
particles the transformation which “diagonalizes” the master equation is non-unitary due to
C P-violation. For the sake of brevity, we do not discuss the violated C'P-symmetry here
but preliminary calculations show the agreement with values for masses and life-times of
neutral K or B mesons estimated on the basis of traditional Wigner—Weisskopf approach.

V. CONCLUSIONS

We have analyzed a class of master equations built up from creation and annihilation op-
erators which generate dynamical semigroups that can describe the exponential decay and
flavour oscillations for system of many particles. We have shown, in this case, how this
dynamical semigroup can be written in the Schrodinger as well as Heisenberg picture. This
allowed us to choose the picture which seems to be more convenient for the description of
the system under consideration. Moreover, we have found the solution for a free particle
master equation in the form of Kraus representation in the language of annihilation and
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creation operators. Although, this Kraus representation is given by an infinite series, in the
Schrodinger picture it reduces to a finite sum, whenever the initial state has a finite number
of particles. On the other hand, in the Heisenberg picture the commutation relations be-
tween observables and Kraus operators sometimes allows us to find the observable evolution
in closed form without explicit summation of the series.

Notice that if we cut the presented approach to the one-zero particle sector we get the
theory given in [35] (neglecting the decoherence).

In the present paper we restrict our analysis only to states labeled by a discrete index,
and not by continuous parameter (like e.g. momentum). Despite the fact that introducing a
continuous parameter causes creation and annihilation operators to become operator-valued
distributions, it seems to us that the approach introduced here should also be applicable.

We left open the question whether it is possible to apply our approach to describe the
processes other than exponential decay, like e.g. decoherence or different decay laws. The
preliminary investigations suggest that there exists a positive answer.
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