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Explicit construction of optimal witnesses for
input—output correlations attainable by quantum
channels

Michele Dall’ Arno, Sarah Brandsen, and Francesco Buscemi

Abstract—Given a quantum channel—that is, a completely
positive trace-preserving linear map—as the only communication
resource available between two parties, we consider the problem
of characterizing the set of classical noisy channels that can
be obtained from it by means of suitable classical-quantum
encodings and quantum-classical decodings, respectively, on the
sender’s and the receiver’s side. We consider various classes of
linear witnesses and compute their optimum values in closed form
for several classes of quantum channels. The witnesses that we
consider here are formulated as communication games, in which
Alice’s aim is to exploit a single use of a given quantum channel
to help Bob guess some information she has received from an
external referee.

I. INTRODUCTION

Suppose Alice and Bob play a two-party, quantum—
enhanced version of the popular game charades. In each run,
Alice’s aim is to help Bob guess some piece of information that
she has received from a referee. As in the traditional charades
game, there is a bottleneck in the communication channel, in
this case created by a given noisy quantum channel. After each
round, the referee provides a payoff that depends on both the
information Alice was provided and Bob’s guess. The parties’
aim is to maximize the average payoff, which depends only
on the channel and the game, by optimizing Alice’s encoding
and Bob’s decoding.

Here, we introduce the communication utility of any given
quantum channel for any given communication game as the
average payoff after asymptotically many runs. Communica-
tion games are linear functionals (i.e., witnesses) on the set of
classical noisy channels (i.e., quantum signaling correlations)
that can be obtained from the given quantum channel, and the
corresponding communication utility constitutes the optimal
value for any such a witness.
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For any given channel and game, the problem of computing
the communication utility, as well as the encoding-decoding
achieving it, can be generally framed as a semi-definite pro-
gramming problem. However, here we are interested in those
cases where a closed-form solution is possible. To this aim,
we restrict to the following classes of games:

e Unbiased games, where any of Bob’s possible outcomes
generates the same average payoff;

e Discrimination games where the payoff is a diagonal
matrix;

e Binary-output games where Bob has two possible out-
comes;

o Binary-input-output games where Alice has two possible
inputs and Bob has two possible outcomes.

For any arbitrary game, we derive the communication
utility of any unitary, trace-class, erasure, dephasing, and
quantum-classical channel, generalizing a result by Frenkel
and Weiner [1] that applies to the identity channel. For any
unbiased game, we derive the communication utility of any
depolarizing channel. We apply our result for unitary channels
to the case of discrimination games, providing a simplified
proof of a result by Elron and Eldar [2]. We show that any
binary-output game is either trivial, or equivalent to a binary-
input-output discrimination game. For any such game, we
show that the optimal encoding consists of two orthogonal
pure states, regardless of whether the channel is commu-
tativity preserving. Using these facts, we extend previous
results [3], [4] to derive the communication utility of any
Pauli, amplitude-damping, optimal 1-to-2 universal cloning,
and shifted-depolarizing channel for any binary-output game.

The paper is structured as follows. In Section II we for-
malize the problem of evaluating the communication utility of
quantum channels. We address such a problem for arbitrary
games in Section III. We specialize our results to the cases
of unbiased, discrimination, and binary-output games in Sec-
tions IV, V, and VI, respectively. Finally, we summarize our
results and discuss some outlooks in Section VIL

II. UTILITY OF QUANTUM CHANNELS

We recall some standard facts from quantum information
theory [5]. Any quantum system is associated with a Hilbert
space H, and we denote with L£(#) the space of linear
operators on . Any quantum state in 7 is represented by
a density matrix p € L(H), namely a positive semidefinite
unit-trace operator. Any quantum transformation from #H to
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K is represented by a quantum channel C : L(H) — L(K),
namely a completely-positive trace-preserving linear map. Any
quantum measurement on H is represented by a positive-
operator valued measure (POVM) {m, € L(#)}, namely a
family of positive-semidefinite operators such that Zy my = 1,
where 1 denotes the identity operator.

The communication setup under consideration can be
framed as a quantum game played by two parties, Alice and
Bob, and an external referee. Prior to starting the game, the
parties are allowed to establish a common strategy. In each
run, the following occurs:

1) The referee gives as an input to Alice the value x € [1, n]
of a random variable X with prior probability p,, known
in advance to the parties;

2) Alice and Bob are allowed to perform one-way commu-
nication over a single use of a quantum channel C from
Alice to Bob;

3) Bob returns to the referee the value y € [1,m] of a
random variable Y';

4) The referee provides a payoff according to the function
Ugzy € R, known in advance to the parties.

In the absence of any previously shared resource, the most
general strategy allowed by quantum theory is for Alice to
encode her input z into a quantum state p,, and for Bob
to decode his input C(p,) by means of a POVM {m,}. The
resulting setup is as follows

(L, 7] H K [1,m]
» = e R

Then the expected average payoff is given by

> S pmie

rz=1y=1

(U fou),fmy} = (po)my ]ty (D)
From Eq. (1) it immediately follows that two games with the
same quantity

G,y = PalUz,y

have the same average payoff, hence g identifies a class of
equivalence among games. We can now introduce a measure
of how useful a channel C is in maximizing the average payoff
of a game g.

Definition 1 (Communication utility). 7he communication
utility U(C,g) of a quantum channel C for game g is the
maximum over any encoding {p,} and decoding {m,} of the

average payoff (u)(p.y{r,}> namely
U(C,g) =

max
{pz}{my}

In the remaining of this work we derive the utility of several
classes of quantum channels. For clarity, we provide a glossary
of the channels considered in this work in Tab. I. We also
provide a summary of our main results in Tab. II.

OIPRRENE

III. UTILITY FOR ARBITRARY GAMES

In this Section we consider arbitrary games. Let us begin
with some general results. The following Lemma provides a

[ Definition | Name
U(p) :==UpUT Unitary
Falp) :==Ap+ (1L =X >, (k[plk) [k)Xk] | Dephasing
T (p) := Trlplo Trace-class
EA(p) = & (1= X) T[N Erasurc
M(p) := >, Tr[pmy] [yXyl QC
Dx(p) := )\p + (1 — )\ Tr[p]l/d Depolarizinig
P)\( ) A p+2k:1 )\kokpok Pauli
1-8 v\ _(1—-nB \/ﬁ'Y> Amplitude damping
An ( v ) B (\/ﬁ'y* np
Sxa(p) :=Ap+ (1 = \) Trlplo Shifted depolarizing
N(p) == F5Ps(p®@1)Ps 1 — 2 Cloning

Table T
GLOSSARY OF QUANTUM CHANNELS CONSIDERED IN THIS WORK. ALL
CHANNELS ARE FORMALLY DEFINED IN THE TEXT. NOT OTHERWISE
SPECIFIED CHANNELS ARE DENOTED WITH C IN THE TEXT.

[C ] Gameg | Utility U(C, g)
Fx | Any uU,g)
T Any maxy > gzy
Ex | Any AU, g)+ A =N maxy 3 gy
M Any Do A
Dy | Unbiased )\U(Z/{ D+ A =X _9gz0
u Discrimination P L 9:0(gz)
Ps | Binary max ( go, LRk \§<A0+Ak>71\>
Ay | Binary 1+y/1-4p(1—n)+dp?(1-n)
2
Sy Binary max | go, 1+>‘+(17>\)(17225d—1)(290*1)
N | Binary d¥g0

d+1
Table T
SUMMARY OF OUR MAIN RESULTS, NAMELY THE UTILITIES U (C, g) OF
SEVERAL CHANNELS C FOR SEVERAL CLASSES OF GAMES.

simple, channel-independent upper bound to the utility for any
given game.

Lemma 1. For any channel C and any game g, the utility
U(C, g) is upper bounded by

U, q) < "
(,g)_;mgxg Yy

Proof. By replacing the conditional probability Tr[C(p, )]
with an arbitrary conditional probability p, |, and taking the
supremum over such conditional probabilities, one clearly has

n m
UC,9) <sup Y Y Pyabey-
Py|a rx=1y=1

For any fixed x, the optimal probability distribution py, is
given by py|, = dy,,, where y* := sup, gy, therefore one

has
sup Z Zpy|mgz y = Z bupgac Y
Pyle p=1 y=1
from which the statement immediately follows. o

The following Lemma characterizes a subclass of the linear
transformations of game ¢ under which the utility U(C, g)
transforms linearly, for any channel C.



Lemma 2. For any game g consider the game ¢’ such that
Gy = (guy + Bz), for any a > 0 and some {,}. Then
for any channel C we have

UlC,¢'") =«

U(C,g)+ Zﬁz] :

Moreover U(C,g) and U(C,g¢') are attained by the same
encoding {p} and decoding {m,}.

Proof. By definition 1 one immediately has

UlC,g"):=a sup ZTr

{pz}{my} T,y

Pz 7Ty gzy"‘ﬂﬂt)

Since POVMs are decompositions of the identity, namely
>, my = 1, and channels are trace-preserving, namely
TrTC(pw)] = Tr[p,] = 1, one has

P

UC.g)=a|sup Y Tr[Cp)my)goy + D Bl

T
Y z,y

for any encoding {p,} and POVM {m,}. Since only the
first term depends on the encoding {p,} and decoding {7, },
one has that U(C,g) and U(C,g’) are attained by the same
encoding and decoding. O

As an immediate consequence of a recent breakthrough by
Frenkel and Weiner [1], the utility of any identity quantum
channel, that we denote by id, is equal to the utility of any
identity classical channel in the same dimension. Accordingly,
the utility of any unitary and dephasing channel is also equal
to the utility of the identity classical channel in the same
dimension, as follows.

Definition 2 (Unitary channel). The action of any unitary
channel U : L(H) — L(H) on any state p € L(H) is given
by U(p) = UpUT, for some unitary U.

Proposition 1 (Frenkel and Weiner [1]). The utility U(U, g)
of any unitary channel U for any game g is attained by an
orthonormal encoding {p,} and a projective decoding {m,}
that are simultaneously diagonalizable.

Definition 3. The action of the dephasing channel Fy
L(H) — L(H) on any state p € L(H) is given by

d
Falp) == do+ (1= X)) Y (k| p|k) |k)k
k=1

where d := dim H is the dimension of Hilbert space H and
{|k)} is some o.n.b.

Proposition 2 (Frenkel and Weiner [1]). The utility U(Fy,g)
of any dephasing channel F) for any game g is attained by an
orthonormal encoding {p,} and a projective decoding {m,}
along basis {|k)}.

At the other side of the spectrum of channels there lie the
trace-class channels, that is those channel that cannot convey
any information. Hence, their utility corresponds to a trivial
guessing on Bob’s side, as follows.

Definition 4 (Trace-type channel). A channel T is trace-type
if and only if there exists a state o such that T (p) = Tr[p|oc
for any state p.

Proposition 3. For any game g, the utility U(T,g) of any
trace-type channel T is given by

U(T,g) =max}  ge.y

Any encoding is optimal, and the optimal decoding is m, =
Oy,y+ 1, where y* 1= argmaxy » . gu.y-

Proof. The statement directly follows from Definition 4. [

Between unitary and trace-class channels are erasure chan-
nels, that is, channels that probabilistically declare an error
while otherwise achieving noiseless communication. Accord-
ingly, their utility is the convex combination of the utility of
a noiseless channel and a trace-class channel, as follows.

Definition 5 (Erasure channel). The action of the erasure
channel Ex(p) : L(H) — L(H & K) on any state p € L(H)
is given by

Ex(p) =dp @ (1-A)
where |¢) € K.

Tr{p] [¢Xol,

Proposition 4. For any game g, the utility U(Ey, g) of erasure
channel &y is given by

U(&x,g) = \U(id, g) + (1 = NU(T, g).

By denoting with {p}} and {m,} any encoding and decoding
attaining U (id, g), the encodlng {pw} and the decoding {m; ®
Oy, 1} attain U(Ey, g), where y* = argmaxy Y ga.y.

Proof. By direct computation one has

U(&x,9)

= max

ATr[pormy] + (1 —
{pu}{m} <= { Flpom ] +(

NCEADIE

<A max

’I‘r xT x
{po}{my} £ (Pay] 9oy

+(1-A max2<¢|wy|¢>gz,y,
{my} z,y
where the maxima are over encodings {p. € L(H)
and decodings {m, € L(H @ K)}. Since Tr[p,m,| =
Te[p, Prumy Pr] and (9] 7y 16) = (9] Py P |6), where
Py, and Pic are the projectors on Hilbert spaces H and
K respectively, w.l.o.g. the first and second maxima in the
last step can be taken over decodings {m, € L(#)} and
{my € L(K)} respectively. Then by Def. 1 for the first
maximum one has

maxZTr [p27y) Gz = U(id, g),

Pax Ty

and the second maximum is trivially achieved when m, =
dy,y+ 1k, where y* := argmax, Y g, namely

max E (@ 7y |0) Gu,y = man E G-
Yy
z,y z



By explicit computation the encodings {p*} and decodings
{7, © 6,1} saturate this upper bound. O

We conclude our study of the utility of quantum channels
for arbitrary games by considering quantum-classical channels,
which are used to represent the most general demolishing
quantum measurement.

Definition 6 (Quantum-classical channel). The action of the
quantum-classical (QC) channel M : L(H) — L(K) over any
state p € L(H) is given by

M(p) =" Tr[pmy] lyXul,

for some POVM {r, € L(H)} and some o.n.b. {|y) € K}.

Proposition 5. For any game g, the utility U(M,g) of OC
channel M is given by

UM,g) = mngAm,

where S is any deterministic stochastic matrix, that is, any
matrix with entries 0 or 1 such that ). S, , =1 for any y,
and Ay is the largest eigenvalue of 3, _ G 25 yTy. If [As) is
the corresponding eigenvector, the optimal encoding is given

by ps = |)‘m></\$|

Proof. Since classical decodings are represented by stochastic
matrices, due to the linearity of the figure of merit the optimal
decoding is a deterministic stochastic matrix. Hence, by Def. 1
one has

U(M,g) := max
( g) {Pz})S

Z 9,252,y Tr [pmﬂ'y}

Z,Y,2
< A
= mé}x Z T
xr
where the inequality is saturated if and only if encoding {p, }
is as given in Proposition 5. (|

IV. UTILITY FOR UNBIASED GAMES

In this Section we consider unbiased games, which are
games where any of Bob’s possible outcomes generate the
same average payoff. Due to Lemma 2, without loss of
generality we can take such an average to be zero.

Definition 7 (Unbiased game). We call unbiased game any
game g such that ) gz, = 0.

Definition 8 (Depolarizing channel). The action of the depo-
larizing channel Dy : L(H) — L(H) on any state p € L(H)
is given by
1

Da(p) = Ap + (1 = A) Tr[p] =,
where d := dim H is the dimension of Hilbert space H.
Proposition 6. For any unbiased game g, the utility U(Dy, g)
of the depolarizing channel D), is given by

U(,Dkug) = AU(ldag)7

The encoding {p,} and decoding {m,} attaining U (id, g) also
attain U(Dy, g).

Proof. By Def. 1 one immediately has
U(D)\u g)

‘= 1mnax

1—2\
{pah{m) £ [A Te[pamy]ge + U (] g“’} '

Since any POVM is a decomposition of the identity, namely
>, my=1,and 3> g., =0 for any y, one has

1
S [

z,y

=A Z Tr [pmﬂy} 9z,y,

z,y

Tr[r,] gy]

for any encoding {p,} and decoding {,}. Then one has

max A Z Tr [pemy] gay = AU (id, g) .
T,y

P Ty

for any unitary channel U/. O

V. UTILITY FOR DISCRIMINATION GAMES

In this Section we consider discrimination games, that is
games where the payoff is a diagonal matrix and thus the
numbers of inputs and outputs are equal, that is m = n.

Definition 9 (Discrimination game). We call discrimination
game any game g such that g, y = 0y yga, for some g,.

According to Def. 9, the utility of any channel C for
discrimination game g is given by

sup Tr(C(pa) Tz | Ga-
{pz} A7z} ; [ ]

We have shown in Proposition 1 that w.l.o.g. the optimiza-
tion of the utility for any unitary channel can be restricted to
a finite set of encodings and decodings. In the following we
specify such a result by deriving a closed form for the utility
U(U, g) of any unitary channel ¢/ for any discrimination game

g. This extends and simplifies the proof of a result by Elron
and Eldar [2].

U(Cvg) =

Proposition 7. For any discrimination game g, the utility
U(U, g) of any unitary channel U is given by

d—1
UU,9) = 9.0(g.),
z=0

where w.lo.g. we take go > g1 > -+ > gn—1 and O(x) is the
Heaviside step function.

Proof. For a unitary channel ¢/, the unitary operator can be
absorbed into the encoding and the decoding such that, without
loss of generality, we can consider only the case of the identity
channel U/ = id.

If g0 < 0 for any x then by Lemma 1 one has that
U(U,g) < 0. This bound is attained by encoding {p,} and
decoding {m,} given by

)X, ifx =0,
P== oo, ifa >0,



and

if z =0,
if z > 0.

0)0
o
=1 (L —[0X0]),
Then let go > 0. For any {p,} and {7} one has
> Trlpamalge <Y Tr[par)]gs

where for any x > 1 one has

;. )T

and mp = 1 — Zm?éo )., therefore 7, > .
Therefore the discrimination game g/, given by

if g, >0,
if g, <0

95 = 92O(g()),

is such that U(U,¢') = U(U,g). Moreover U(U,g) and
U(U,q') are attained by the same encoding and decoding.

By denoting with ||- || the largest singular value, By Def. 1
one has

max Tr[ps2]g,

v g) = max |

x

:I{§1T§>}<zz:géllmlloo,

where the second equality represents an upper bound saturated
when p, is the projector on the largest eigenvalue of 7, for
any x.

We relax the condition ) m, = 1 to the weaker con-
dition > Tr[m,| = d, where d := dim?. Thus we have
> ||mz||se < d. Moreover, since m, < 1 for any x, one has
[|72]loc < 1 for any x. Then one clearly has

d—1
maXZQ;Hﬂ'wHOO = 29;7
{me} T =0

where the equality represents an upper bound saturated when
my = |z)z| for any 2 = 0,...d — 1, so the statement remains
proved. O

VI. UTILITY FOR BINARY-OUTPUT GAMES

In this section we consider binary-output games, which
are games with n = 2 outputs (but an arbitrary number
m of inputs). It is perhaps surprising that any binary-output
game can be recast as a binary-input-output (binary for short)
discrimination game, that is a diagonal game with m =n = 2
inputs and outputs, parametrized by a single real parameter,
as shown by the following Lemma.

Lemma 3. For any binary-output game g, there exists a
binary-input-output discrimination game g’ such that

UC,9)=a-U(C,g')+0,

for any channel C. In the above formula one has g =
diag(go, 1 — go), where

a:=> |ga0— ga1l
xT
b:= ;myingz-,ya
1
go ‘= E Z (gx,O - gm,l) () (gz.,O - gx,l) )
x

where O(x) is the Heaviside step function. Moreover, the
same encoding and decoding achieving U(C, g') also achieve

U(c,g).

Proof. For any binary-output game g, consider another binary-
output game ¢ defined as

- 1 .
9z,y = a (gzy - Inzlngz.,z> B

for any « and y. Hence, for any x one has that g, , > 0
for any y, with equality for at least one value of y. Due to
Lemma 2 one immediately has U(C,g) =a-U(C, §) + b and
the encodings and decodings attaining U(C, g) and U(C, g)
are the same.

For any encodings {p,}, any decodings {m,}, and any z
and z1 such that §;, 1 = g.,,1 = 0, let without loss of general-
ity Tr[C(pa, )m0] = Tr[C(pa,)mo]. Therefore, replacing state
Pz, With state p,, increases the average payoff. Hence, the
utility is attained when states {p,.} coincide for any = such that
gz,1 = 0, and the same for any x such that g, o = 0. Hence,
the utility U(C,§) = U(C,¢’), and the statement remains
proved. O

Therefore, without loss of generality in the following we
consider binary discrimination games g, which are games with
m = 2 inputs and n = 2 outputs, such that the payoff g is
diagonal and constitutes a probability distribution.

For any such a game, as an immediate consequence of
Helstrom’s theorem [6] one has that

1
U(C,g) =max = (1 + [|H|1) .
{pz} 2

where || - ||1 := Tr[| - |] denotes the 1-Schatten norm, and

H := goC(po) — (1 — g0)C(p1),

is the Helstrom matrix.

For any commutativity-preserving channel, that is any chan-
nel C such that [C(p),C(0)] = 0 whenever [p,0] = 0, and
any binary discrimination game g, it is straightforward that
the optimal encoding is also orthogonal, that is (¢o|¢1) = 0.
However, it is perhaps surprising that this fact holds true also
for non-commutativity-preserving channels, as stated by the
following Lemma.

Lemma 4. For any channel C and any binary discrimination
game g, the utility U(C,g) is attained by an orthonormal
encoding {¢}}, that is (¢} |0y, ) =

510-,11'



Proof. For any encoding {|¢.)}, let us define the matrix K
and a spectral decomposition as follows:

K = golo)¢ol — (1= go) [¢1)(é1] =: > A [k}
k

and consider the dephasing channel Py (-) := >, (k|-|k) [k)k]
on a basis of eigenvectors of K. One has that

K =Po(K) = gooo — (1 — go)o1,

where o, := Po(|ds)¢e|) and therefore o, > 0, Tr[o,] =1,
and [0g,01] = 0, namely o, are commuting states. Since
U(C,g) only depends on the encoding {¢,} through the
Helstrom matrix H := C(K), encoding {o, } performs as well
as encoding {¢, }, and therefore without loss of generality one
can maximize over commuting encodings only. By the con-
vexity of Tr[Pos(X —Y)] in X and Y, a pure orthonormal
encoding {¢,} suffices. O

Notice that Lemma 4 cannot be generalized to discrimina-
tion games with more than two alternatives. For example, let
M be the quantum-classical channel corresponding to the trine
POVM of a qubit, that is M(p) = >_ (my|p|my) [yXy| with
my) == 2UY|0) and U := e~*577, and let g be the discrimi-
nation game ¢, , := 0. Then one has U(M, g) = 2 and the
optimal encoding is the trine encoding, that is |¢,) = U* |0),
which is of course not pairwise commuting. For comparison,
the best pairwise commuting encoding is |¢p) = |0) and
|p1) = |¢2) = |1), and in this case the average payoff is
given by 3, | (alm,) > = 5/3 < 2.

The Pauli channel is an example of a qubit channel which
is commutativity preserving.

Definition 10 (Pauli channel). The action of the Pauli channel
Ps: L(H) — L(H) with dim(H) = 2 on any state p is given
by

3
Px(p) = Xop + Y _ MOk por,
k=1

where 01 = o0x, 02 = oy, and 03 = oz are the Pauli
matrices.

Proposition 8. For any binary discrimination game g, the
utility U(Py, g) of the Pauli channel Py is given by

1+ maXg>1 |2(/\0 + )\k) — 1|>
5 .

U(PX79) = max (907

Proof. By Lemma 4 it suffices to consider a pure orthonormal
encoding {¢4 }. Upon decomposition over Pauli matrices one
has

Since the eigenvalues of the state 1 +xo, +yo, +z0, are 1+
v/ 2% + y2 + 22, one has that the eigenvalues of the Helstrom
matrix H = goP5(¢+) — (1 — go)P5(¢-) are

290 — 14 /30, a2[2(h + Ai) — 1)2

2 9
and thus
U(Ps,9)
L+ /S0 2200 + M) — 12
=max | go, max 5
Ziale

By making the substitution 3; := «?, one has that E is a

probability distribution and therefore the maximum over &
can be explicitly computed as

3
> Bil2(%0 +Ai) — 12 = = max |20 + X)) — 1],

HlE}X
T p=1 VT
f=0
and the statement immediately follows. O

The amplitude-damping channel is an example of a qubit
channel which is not commutativity preserving.

Definition 11 (Amplitude damping channel). The action of
the amplitude damping channel A, : L(H) — L(H) with

dim(H) = 2 on any state p := 1;*[3 g) is given by
1—np \/ﬁv)
A = . .

Proposition 9. The utility U(A,, g) of any amplitude damping
channel A,, for any binary dlscrlmmatlon game ¢ is given by

1+ /1T —4go(1 —n) +4g3(1 —n)
2 )
and an optimal encoding is given by
5) = V9010) + /1= go 1),
7)) =1 -=90/0) — g0 [1).

Proof. Due to Lemma 4 the optimal encoding is pure and
orthonormal. W.l.o.g. we consider

[P0) = V1 —=72[0) + /1),

U('Anvg) =

1) =710) = V1=72[1).
The eigenvalues A1 of the Helstrom matrix H :=
goAn([o)Xtol) — (1 = go) Ay ([91)¢1]) are given by

2g0 — 1+ v/ay* +by2 +c
)\i = )
2
where

a=4n(n—1),
b=8n[(n—1)go —n+1],
c=4(n—1)%g5 —4(2n° = 3n+1)go + 4n(n —1) + 1



W.lo.g., we take gg > % Hence, the discrimination utility
U(A,,g) is given by

T4+ + 2|
X f .

If the utility is achieved for v such that A_ > 0, by direct
inspection one has

U(A,, g) = ma

LA+ (2|
2 - gO;
for any 7, namely

U(Anvg) = go-

However, this is absurd, because upon setting v = 0 (i.e.
|t) = |x)) it immediately follows that

T+ Ap + A
%ll = go + (1= go),
namely

U(Ay, 9) > go+ (1 — go)n-

Therefore U (A, g) > go forany 0 < < 1 and vy and go < 1,
which is absurd. Then one can conclude A\_ < 0 and
1+ = A
U(Ay,9) = max — £ 2=,
¥

By direct inspection, the zeros of the first derivative of (1+
Ay — A_)/2 are attained when v = +/T —gg and v = 0.
The zeros of the second derivative are attained when v =
++/(1 — go)/3 and the second derivative is positive when v =
0. Therefore the maximum is attained when v = +4/1 — go,
and the statement follows by direct computation. O

Let us consider the two extremal cases go = 1/2 (balanced)
and go = 1 (maximally unbalanced). For g9 = 1/2 the
optimal encoding given by Prop. 9 becomes |¢1) = |£),
and the corresponding binary discrimination utility becomes
U(A,,9) = (1 +/1)/2. For go = 1, the optimal encoding
given by Proposition 9 becomes [¢);) = |i), and the corre-
sponding binary discrimination utility becomes U (A, g) = 1.
This situation is depicted in Fig. 1.

An example of arbitrary dimensional, non commutativity-
preserving channel is the shifted-depolarizing channel. Follow-
ing Refs. [7], [8], [9], [10], we define the shifted-depolarizing
channel as follows.

Definition 12 (Shifted-depolarizing channel). The action of
the shifted-depolarizing channel Sy : L(H) — L(H) on any
state p € L(H) is given by

Salp) = Ap+ (1 = A) Tx[plo,
where o € L(H) is a state.

Proposition 10. For any binary game g, the utility U(Sy, g)
of the shifted-depolarizing channel Sy is given by
U(Sku g)
T+ A4+ (1 =X —284-1)(2g0 — 1)
2 )

where sq_1 is the smallest eigenvalue of o.

(@)

=max | go,

0.95
09t
[=2)
<
5
0.85
0.8 r
0.75 : : — :
0.5 0.6 0.7 0.8 0.9 1
%
Figure 1. (Color online) Binary utility U(A;,g) (upper black line) of

the amplitude damping channel .A,, for a binary discrimination game g =
diag(go,1—go) as a function of go for fixed n = 1 The average payoff with
encodings |1;) = |%) (blue curved line) and |w3 = |4) (red straight line)
are optimal for the balanced case go = % and for the maximally unbalanced
case go = 1, respectively. The trivial guess (dotted black line) is optimal only
in the maximally unbalanced case.

Proof. Due to Lemma 4 w.l.o.g. we take the encoding {p.}
to be pure and orthogonal. Denote the eigenvalues of o with
{s0, 81, .-+, Sa—1} where w.l.o.g. we take sg > 1 > ... >
Sq—1. The Helstrom matrix becomes

H = goSx(po) — (1 — go)Sx(p1)
= —A(1 = go)p1 + Agopo + (1 — A)(2g0 — 1)o.

Letus set R := —A(1—go)p1 and C := Agopo+ (1 —A)(2g0—
1)o, so that H = R+ C, where the only non-null eigenvalue
of Ris r4—1 := —A(1—go) < 0 and the eigenvalues of C' are
{Co, ....,Cdfl} where Cj Z Ci+1 Z 0.

Then we can label the eigenvalues of H as {hq,..., hq—1}
where h; > h;i1, and applying Weyl’s inequality immediately
results in the system:

T +cqg—1 < hy <1+ co,
ra—1+¢ < hy <rg+c.

Since r; = 0 for any @ < d — 1, this becomes

cig—1 < h; <¢ Vi<d-—1,
Ta—1+ ca—1 < hg—1 < rg—1 + co.

If hg—1 > 0, then ||H||1 = 2go — 1, which corresponds
to the strategy of trivial guessing. However, if hg—; < 0,
then |H|; < Z?;OQ ¢; — (ra—1 + cq—1). This upper bound
can be obtained by selecting R to have its single non-zero
eigenvalue 41 corresponding to the eigenvector for which C
has the eigenvalue c4— 1. Making use of the identity 2?72 =
Tr[C] — ca—1 = [Ago + (1 — X\)(2g0 — 1)] — c4—1, one has
|H||1 = Tr[C] — r4—1 — 2¢4—1, and thus ||H ||y is maximized
when cy_1 is minimized.

Let us set A = Agopo with only non-null eigenvalue ag > 0
and B = (1 — \)(2go — 1)o with eigenvalues {bo, ..., bq_1}
where b; > b;1, so that C = A+ B. Then another application
of Weyl’s inequality yields by-1 < c¢q—1, with equality



saturated if and only if pg is orthogonal to the eigenvector of
o corresponding to eigenvalue s4—1 (w.l.o.g. we take here o #
1/d, as the case of the depolarizing channel has already been
discussed in Prop. 6), and thus c¢q—1 = (1 — X\)(2g0 — 1)84-1-
Finally, [[H|j1 = A4+ (1= X)(1 —2s4-1)(2go — 1), from which
the statement immediately follows. |

Further results can be derived for the utility of group-
covariant quantum channels.

Definition 13 (Covariant channel). A channel C : L(H) —
L(K) is G-covariant if group G admits unitary representations
Uk € L(H) and Vi, € L(K) such that

C(UpUJ) = ViC(p)Vy! 3)
for any p € L(H) and any k € G.

Lemma 5. For any G-covariant channel C and any binary
game g, if an encoding {p,} attains the utility U(C, g), then
also any encodings {o, := UkpxU,I}, where k is any element
of G, attains the same utility U(C, g).

Proof. The statement follows by direct inspection, namely

[190C(00) — (1 = go)C(o1)||1
=190C(UkpoU}\) — (1 = go)C(UrprUf)|1
=llgoViC(p0) Vil — (1 = g0)ViC(p1) Vil 1,
=|Vk (90C(po) — (1 — go)C(p1)) V;:||1,
=[90C(po) — (1 = go)C(p1)|]1,

where the second equality follows from Eq. (3), and the
fourth from the invariance of trace distance under unitary
transformations. O

Then, the utility of universally covariant channels follows.
As an example, let us consider the 1 to 2 optimal universally
covariant quantum cloning channel [11].

Definition 14 (Universal optimal cloning). The action of the
universal optimal cloning channel N : L(H®N) — L(H®M)
on any state p € L(H) is given by

N(p) = %Ps(;}w ® 18N p,

where d = dim™H, Ps is the projector on the symmetric
subspace of HM and f(x) := (dﬂ“l).

x

Proposition 11. For any binary discrimination game g, the
utility U(N, g) of the 1 — 2 universal optimal cloning channel
N L(H) = L(H®?) is given by

d+ go
UWN,g) = FERR

and any orthonormal pure encoding is optimal.

Proof. By Lemmas 4 and 5 any orthonormal pure encoding
is optimal. W.l.o.g. let us fix a computational basis and set
pz = |x)x| for x = 0, 1. Then we have

n,m) -+ |m,n n,m| + (m,n
PS=Z(| )+ >)4(< [+ {m.nl)).

n,m

and thus

MO0 =

p 0,4) + [4,0))((0, 4] + (3,0
Z(l )+ ))4(< [+ 8,0D
and analogously for A(]1)(1]) upon replacing |0) with |1).

Therefore we have
N ([0XODN ([1)(1])
L (0,1) + 1, 0)({0, 1] + (1, 0[)
(d+1)2 2
=N ([1)YN (|0)0D),
and thus [N (|0)X0]), N'(]1)1|)] = 0. Therefore A/(|0)0]) and
N(]1)1]) admit a basis of common eigenvectors, namely

N(|z)]) =D Awja [k}
k

The only common eigenvector such that Ay, # 0 for any
x is (]0,1) + ]1,0))({0,1] + (1,0])/2 and its corresponding
eigenvalue is (d+ 1)~1. Then the trace norm of the Helstrom
matrix is given by

d+2g9—1

lgo A (JOXON) = (1 = go) N (AN = — ==

from which the statement immediately follows. O

Notice that the partial trace of the 1 — 2 cloning channel
N is a depolarizing channel given by

TN ()] = 5 (04 20+ TG ) = Dalo)

with A = (d+2)/[2(d+1)]. Its utility is given by Eq. (2), i.e.

(d—2)go+d+3
2(d+1) )

U(Tea[N ()], ) = max (go,

This situation is depicted in Fig. 2.

VII. CONCLUSION AND OUTLOOK

In this work we considered quantum communication games,
where Alice’s task is to communicate some information re-
ceived by a referee to Bob through a quantum channel, in
order to maximize a payoff that depends on both the received
information and Bob’s output. The maximum average payoff
defines the communication utility of the channel for that partic-
ular game. Hence, communication games act as witnesses on
the set of classical noisy channels that can be obtained from the
given quantum channel, and the corresponding communication
utility constitutes the optimal value for any such a witness. We
derived general results and closed-form, analytic solutions for
the utility of several classes of quantum channels and several
classes of games.

A natural extension of our setup consists of allowing Alice
and Bob to share some entangled state, thus generalizing su-
perdense coding [12] to cases involving noisy communication
channels. In such a case, the object being considered is not
the channel C alone, but an extension C ® id. For the noiseless
channel, clearly the entangled assisted utility of the identity
channel in dimension d is equivalent to the utility of the
identity channel in dimension d?. Based on this example, it
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Figure 2. (Color online) Binary utility U (N, g) (upper red lines) and binary
utility U(D), g) (lower blue lines) of the covariant cloning channel A/ and
depolarizing channel Dy (p) := Tra[N(p)] with A = (d + 2)/[2(d + 1)],
respectively, as a function of go, for fixed dimension d = 2, 3, and 4. The
trivial guess (dotted line) is also depicted. Notice that, perhaps surprisingly,
for d = 2 and go = % the utilities U (N, g) and U(Dy, g) coincide. This
can be regarded as an entangled analogy of the readily verifiable fact that, for
any A, the success probabilities in the discrimination of equiprobable qubit
states D (]0)0]) and Dy (|1)1|) are the same when one or two copies of
the unknown state are available.

is clear that in at least some cases entanglement can increase
the utility of quantum channels.

Our results shed new light on the problem of creating
quantum correlations. It is a known result [13], [14] that
classically correlated bipartite states can be transformed by
a local channel in a state exhibiting quantum correlations,
if and only if the channel is not commutativity preserving.
However, not much is known about the problem of character-
izing commutativity preserving channels in the general case
where the dimensions of the input and output Hilbert spaces
differ. Notice that from the proof of Thm. 11, it immediately
follows that universal optimal 1 to 2 cloning is a commutativity
preserving channel.

Our results have important applications in the quantification
of non-markovianity of quantum channels. In Theorem (3)
of Ref. [15], it was shown that the supremum of non-
Markovianity over the encoding and the binary discrimination
game is attained by an orthogonal encoding. From the proof
of our Lemma 4, it immediately follows that this is actually
the case for any binary discrimination game.

Finally, our results generalize to the quantum case the partial
ordering among classical channels derived by Shannon [16].
Therein, it is shown that if one classical channel Cy can be
reproduced by another C; upon classical (possibly correlated)
pre- and post-processes, then C; has larger Shannon capacity
than Cy. However, the validity of the converse remains an open
problem.
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