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Abstract

In the present paper, we construct QMC (Quantum Markov Chains) associated with Open Quantum Random
Walks such that the transition operator of the chain is defined by OQRW and the restriction of QMC to
the commutative subalgebra coincides with the distribution P, of OQRW. However, we are going to look at
the probability distribution as a Markov field over the Cayley tree. Such kind of consideration allows us to
investigated phase transition phenomena associated for OQRW within QMC scheme. Furthermore, we first
propose a new construction of QMC on trees, which is an extension of QMC considered in Ref. [I0]. Using
such a construction, we are able to construct QMCs on tress associated with OQRW. Our investigation leads to
the detection of the phase transition phenomena within the proposed scheme. This kind of phenomena appears
first time in this direction. Moreover, mean entropies of QMCs are calculated.

Mathematics Subject Classification: 46L53, 46160, 82B10, 81Q10.
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1. INTRODUCTION

Discovering the aspects of quantum mechanics, such as superposition and interference, has lead to
the idea of quantum walks; a generalization of classical random walks [22] 31] [32] [40]. Recently, in
[20] a quantum phase transition has been explored by means of quantum walks in an optical lattice.
On the other hand, in [33] it has been shown that discrete-time quantum walks (QW) can realise
topological phases in 1D and 2D for all the symmetry classes of free-fermion systems. In particular,

1


http://arxiv.org/abs/2208.03770v1

2

they provide the QW protocols that simulate representatives of all topological phases, featured by the
presence of robust symmetry- protected edge states [34]. In general, QW realisations are particularly
useful, because, in addition to the simplicity of their mathematical description, the parameters that
define them can be easily controlled in the lab.

Over the past decade, motivated largely by the prospect of superefficient algorithms, the theory
of quantum Markov chains (QMC), especially in the guise of quantum walks, has generated a huge
number of works, including many discoveries of fundamental importance [12} 25| 3T, 36}, 58]. In [27] a
novel approach has been proposed to investigate quantum cryptography problems by means of QMC
[30], where quantum effects are entirely encoded into super-operators labelling transitions, and the
nodes of its transition graph carry only classical information and thus they are discrete. QMC have
been applied [12] 23] 25| 24] to the investigations of so-called ”open quantum random walks” (OQRW)
[13} (18], 19, B35l B7]. We notice that OQRW are related to the study of asymptotic behavior of trace-
preserving completely positive maps, which belong to fundamental topics of quantum information
theory ( see for instance [17, [38] [54]).

For the sake of clarity, let us recall some necessary information about OQRW. Let K denote a
separable Hilbert space and let {|i)};ca be its orthonormal basis indexed by the vertices of some
graph A (here the set A of vertices might be finite or countable). Let H be another Hilbert space,
which will describe the degrees of freedom given at each point of A. Then we will consider the space
H ® K. For each pair 7, 7 one associates a bounded linear operator B;- on H. This operator describes
the effect of passing from |j) to |i). We will assume that for each j, one has

W Bt
i
where, if infinite, such series is strongly convergent. This constraint means: the sum of all the effects
leaving site j is 1. The operators B} act on H only, we dilate them as operators on H ® IC by putting
M; = B; @ [i)(j] -
The operator M j’ encodes exactly the idea that while passing from |j) to |i) on the lattice, the effect

is the operator Bji- on H.
According to [I3] one has

(2) S MM =1
,J
Therefore, the operators (M ]’)” define a completely positive mapping
@ M) = Y wripary
v

on H® K.
In what follows, we consider density matrices on ‘H ® JC which take the form

(@ p= 3 i)l

assuming that > . Tr(p;) = 1.
For a given initial state of such form, the Open Quantum Random Walk (OQRW) is defined by the
mapping M, which has the following form

(5) M) =3 (3 BiosBy) @ il

7

By means of the map M one defines a family of classical random process on Q = A%+. Namely, for
any density operator p on H ® K (see (@) the probability distribution is defined by

(6) Pp(io, i1, ... in) = Te(B"_ -+ BBl p;, Bi*Bi2* ... BI"* ).
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We point out that this distribution is not a Markov measure [14].

On the other hand, it is well-known [12] 53] that to each classical random walk one can associate
a certain Markov chain and some properties of the walk can be explored by the constructed chain.
Therefore, it is natural to construct a Quantum Markov chain (QMC) associated with OQRW and
investigate its properties.

Recently, in [23, 25], we have found a quantum Markov chain [] (or finitely correlated state [26]) ¢
on the algebra A = ®;cz, A;, where A; is isomorphic to B(H)® B(K), i € Z., such that the transition
operator P equals to the mapping M and the restriction of © to the commutative subalgebra of A
coincides with the distribution PP, i.e.

Hence, this result allows us to interpret the distribution P, as a QMC, and to study further properties
of P,.

II{) the present paper, we initiate to look at the probability distribution (@) as a Markov field
over the Cayley tree T'* [22]. Roughly speaking, (ig,i1,...,%,) is considered as a configuration on
0 = A™. Such kind of consideration allows us to investigated phase transition phenomena associated
for OQRW within QMC scheme [41}, 43]. We stress that, in physics, a spacial classes of QMC, called
"Matrix Product States” (MPS) and more generally ”Tensor Network States” [21], [56] were used to
investigate quantum phase transitions for several lattice models. This method uses the density matrix
renormalization group (DMRG) algorithm which opened a new way of performing the renormalization
procedure in 1D systems and gave extraordinary precise results. This is done by keeping the states of
subsystems which are relevant to describe the whole wave-function, and not those that minimize the
energy on that subsystemc [59].

In [7, 8 @, 10, 44, 45] a QMC approach has been used to investigate models defined over the
Cayley trees. In this path the QMC scheme is based on the C*-algebraic framework (see also [0, [46]).
Furthermore, in [41] [42], (43| 47, [48] we have established that Gibbs measures of the Ising model with
competing (Ising) interactions (with commuting interactions) on a Cayley trees, can be considered as
QMC (see also [49]).

In this paper, we first propose a new construction of QMC on trees, which is an extension of QMC
considered in [10, 25, [57]. Using such a construction, we are able to construct QMC on tress associated
with OQRW. Furthermore, our investigation leads to the detection of the phase transition phenomena
within the proposed scheme. This kind of phenomena appears first time in this direction. Moreover,
mean entropies of QMCs are calculated (cp. [55, 60]). We point out that, recently, in [39] 1st and
2nd moments of the open quantum walk have been studied and found its standard deviation. A
phase transition is observed by evaluating the standard deviation, i.e. whether the quantum walk has
diffusive or ballistic behavior.

2. PRELIMINARIES

Let Fﬁ = (V, E) be the semi-infinite Cayley tree of order k with root o. The Cayley tree of order k
is characterized by being a tree for which every vertex has exactly k + 1 nearest-neighbors ( see [41]).
Recall that, two vertices x and y are nearest neighbors (denoted z ~ y ) if they are joined through
an edge (i.e. < z,y >€ E). Alist x ~ 1 ~ -+ ~xg_1 ~ y of vertices is called a path from z to y.
The distance on the tree between two vertices x and y (denoted d(z,y)) is the length of the shortest
edge-path joining them.

Define

Wy:={xeV | d(z5o) =n}

lWe note that a Quantum Markov Chain is a quantum generalization of a Classical Markov Chain where the state
space is a Hilbert space, and the transition probability matrix of a Markov chain is replaced by a transition amplitude
matrix, which describes the mathematical formalism of the discrete time evolution of open quantum systems, see [I]-
[3],[26], 28], 51] for more details.

2The dual of M is defined by the equality Tr(M(p)z) = Tr(pM*(z)) for all density operators p and observables .
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A, = U Wis Ay = U W;.

ji<n j=m

Recall a coordinate structure in Fi: every vertex x (except for 2°) of Fi has coordinates (i1, ..., iy),
here i, € {1,...,k}, 1 <m < n and for the vertex 20 we put (0). Namely, the symbol (0) constitutes
level 0, and the sites (i1,...,i,) form level n (ie. d(z° 2) = n) of the lattice. Using this structure,
vertices x(wlle, a;(vf,)n, ‘e ,a:(v‘VV:"D of W,, can be represented as follows:
(8) o = (1,1, ,1,1), al) =(L,1,-,1,2), - @l = (1,1, 1,k,),

xg[c/:l) =(1,1,---,2,1), x%} = (1,1, ,2,2), --- x%’ﬂ = (1,1, ,2,k),
xE/L/V:n‘_k_I—l) = (ka kyyooo sk, 1)7 xE/L/V:n‘_k_I—m = (ka ky -k, 2)7 T $|VII//‘ZL‘ = (ky k,-- Kk, k)

In the above notations, we write
Wy = {(i1,%2,-- ,in); 45 =1,2,--- k}
So one can see that |W,| = k™. The set of direct successors for a given vertex x € V' is defined by
9) S(z):={yeV : x~yandd(y,o) >d(z,0)}.
The vertex x has exactly k direct successors denoted (x,i),7 =1,2,--- ,k

S(.Z') = {(.Z', 1)7 (‘Tv 2)7 T (‘Tv k)}

To each vertex x, we associate a C*—algebra of observable A, with identity 1. For a given bounded
region V' C V, we consider the algebra Ay = @,y Az. We have the the following natural embed-
ding

Ap, = An, @ Ty, T Ap,py-

The algebra Ay, is then a subalgebra of A It follows the local algebra

n+1°

(10) AV;loc = U AAn
neN
and the quasi-local algebra

*

AV = Av;locc
The set of states on a C*-algebra A will be denoted S(.A).
Consider a triplet C C B C A of C*-algebras. A quasi-conditional expectation [4] is a completely
positive identity preserving linear map E : A — B such that E(ca) = cE(a), for all a € A, ¢ € C.

Definition 2.1. [4] Let B C A be two unitary C*—algebra 1. A Markov transition expectation from A
into B is a completely positive identity preserving map.

Definition 2.2. [6] A (backward) quantum Markov chain on Ay is a triplet (¢o, (EA, )n>0, (hn)n)
of nitial state ¢, € S(Ap), a sequence of quasi-conditional expectations (Ep, ), w.r.t. the triple
An,_1 € An, € Ap,,, and a sequence hy, € Aw, + of boundary conditions such that for each a € Ay
the limit

11 p(a) := lim ¢go Er, 0 Ep, 0---0 Fp h1/2 ah1/2
( 0 1 n\'""n41

N—00 "+1)

exists in the weak-*-topology and defines a state. In this case the state ¢ defined by (I1l) is also called
quantum Markov chain (QMC).

Remark 2.3. The above definition introduces quantum Markov chains on trees as a triplet generalizing
the definitions considered in [5l, 10} 11, [41] by adding the boundary conditions. On the other hand, it
extends to trees the recent unifying definition for quantum Markov chains on the one-dimensional case

[6].



3. QMC ASsOCIATED WITH OQRW ON TREES

Let H and K be two separable Hilbert spaces. Let {]i) };ea be an ortho-normal basis of K indexed
by a graph A. To each x € V' we associate the algebra A, = A := B(H & K).

Let M be a OQRW given by (). In this section we will use notations from the previous sections.

As before, for each (i,7) € A%, one associates an operator B]i- € B(H) to describe the transition
from the state |j) to the state |i) such that

(12) > By B) = Ty
€A
Consider the density operator p € B(H ® K), of the form
p=>_pli)il; pi€BH)T.
1€EA
In what follows, for the sake of simplicity of calculations, we assume that p; # 0 for all i € A (see [25]

Remark 4.5] for other kind of initial states).
Let us consider

(13) M] = B! ® |i){(j| € B(H®K).
Put

. 1
(14) A= —— Y2 1) (], i,j€A.

T iy

For each u € V', we set

J({US@) 3 in(u) i)
(15) K; =M e Q) AT € Apus:
vES(u)
Put
i {uuS(u it ({uus (u)),=
(16) Eul) = >0 Ty (I arc )i @€ Appus:

(4,5),(i",5" ) €A2

{utusS(w))

For the sake of shortness, if no confusion is caused, the operator KJZ:( will be denoted simply

by K.

Lemma 3.1. For each u € V, the map &, defines a Markov transition expectation from Agus(u) into
Ay. Moreover, we have

k

u u,l u,k u,l ix (W) ri

(17) Eula)! @a{"V @ 0= Y ( ;. (al >)>Mj a) M},
(.3.0)En? \e=1

where
1

18 (b)) =
(18) jj'(b) Tr(p;) /2 Tr(p;1)'/2
for every ap, a1, -+ ,a € B(H)® B(K).

™ (o %}/ @15)i[b) : Vb€ B(H) @ B(K)

Proof. Let a = a(()u) ® “gu’l) R ® a;ﬁ“’k), according to (I6) one has
Efa) = > Ty (KjafY @af*) @ af"P KL

(i7j)7(il 7JI)EA2
*

= Ty (| X Kjfal| X K

(i,7)EA? (i.4)EN?
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Then &, has a Krauss form and it is completely positive. Taking into account (I5)) and (I3]) one gets

i({u}US(w)) oy ({ubUS (u)*
Eula) = Z Try) <Kj ak >
(’i7j)7(i/,j/)EA2

k
_ % (UO 4 i (u,0) 1i'x
= Z ]\4:7 M]/ HTI‘(A]‘CLZ A]/ )
(1) 3" EA? =1

From (I4) for each ¢ € {1,...,k} one has
i (usf) pil* i’ g0 (usl
Te(Alal"ATY) = Tr(AlFAla™?)

= Tr(pj)l/;Tr(p.,)ygTr( 1/2 ® |j )i |p1/2 i ><]|a(“£ )

1 1/2 1/2 o (u,f)
= Tr ® NG i
Tr(p;) /2 Tr(pjr)1/? (o3 1) Gilag ™),

where 6; ; denotes the Kronecker symbol. This leads to (I7)) and finishes the proof. 0
Lemma 3.2. For each n € N, the map

(19) EWn = ® gu

UEWn
defines a Markov transition expectation from AA[n,n 4y into Aw, . Moreover, the map
(20) Ey, = Z.d-AAn71 ® Ew,

is a quasi-conditional expectation w.r.t. the triplet Ay, , C Ap, C Ap,.,-

Proof. Thanks to the Cayley tree structure Wy, 11 = | J,cyy, S(u), where | | means the disjointedness
of the union. One gets the result using Lemma [3.11 O

Remark 3.3. In the notations of Definition [2.2 the triplet (¢o, (EA, )n>0, (hn)n) defining a quantum
Markov chain ¢ on Ay through (I1]) reduces to a finer triplet (¢o, (Ew)ucv, (hy)ucy) where ¢, €

S(A,), the family of localized Markov transition expectations (Ey)ucy relates to the sequence of quasi-
conditional expectations (Ep,, )n through (I9) and (20) and hy, = @ cw, hu-

Theorem 3.4. Let M; and A; be given by (I4) and (13). In the notations of Lemmal3.1), if an initial
density matriz w, € Ao+ and a boundary condition (hy)uey satisfy

(21) Tr(wehe) =1
and
. . k
(22) Z MM H @55/ (P(ue)) = hu
i.5,5'€EA (=1

Then the triplet (wo, (Eu)uev, (hu)ucv) defines a quantum Markov chain ¢ on the algebra Ay . More-
over, for each a = ®ueAn a,, € Ay, one has

(23) p(a) = Z Tr (M (wo)ao) H i, (@) H ©j.5(
J,j'eA UEA[1 n] vEAn 41

where &, is given by (I7), the functional j; is given by (I8), and

(24) Myp() =S a2,

IS

(25) wj,j’(b) = Tr(p )1/2Tr 1/2 ZTI‘ <Bllp1,/2 1/2Bz ® ‘ ><’ b) '
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Proof. Let us first prove the existence of the Markov chain ¢ by examining the limit (II]) for Ej, as
in Lemma B2l and h,, = @,,cpy, ftu- From Lemma BTl the equality (22)) is equivalent to

hy = Eu(Ty @ b1y @ -+ hug)

It follows that for each integer m € N one has

(26) EW (A, @ hny1) = Q) EulXu ® hiy1) @+ Ay i) = him
UEWm

Let a = ®u6An ay, for each subset I C A, we denote aj := @,,c; @y @ Lyy,\;-
For each m > n + 1 one has

o0 EpgoEpy0...0 EAm(hir{ilahir{il)

om(a) =
@ Po (gWo (CLO by 5W1 (aWn e 5Wn (aWn ® 5Wn+1 (][W7L+1 e ng (][Wm ® hm+1))))))
(26

©o (Ewp (a0 @ Ewy (aw, -+ Ew, (aw, @ Ewyy (Twyyy - Ewpy (T, @ hin)))))))

= o (&w, (awy - - (Ew,_y (aw,, (Ew, (aw, @ Pnta))))))

Then the limit (1) exists in the strongly finite sense and defines a positive functional ¢. Thanks to
1) ¢ is a state on Ay . Therefore, the triplet (wo, (Eu)uev, (hu)uev) defines a quantum Markov chain
@ on the algebra Ay given by

(27) o(a) = o (Ew, (awy - - (Ew,_y (aw,_y (Ew, (aw, @ hnt1))))))

Now let us determine the expression for ¢. From the tree structure, we get

Ew, (aw, @ hng1) = Q) Eulty @ hy1y ® -+ ® hip )
veWny

and
EW,_y (aWn,1 ® &w, (aw, ® hn—l—l)) = ® Eu | Ay ® ® Ey (av & h(v71) X ® h(%k))
ueWn_1 veS(u)

For each u € W,,_1, one finds

Eul ay ® ® &y (av @ h(v,l) R ® h(v,k))
vES(u)

m : o, 0
=l @ | Y ILenilhwe)My ady

VEWn \ (iv,jv,jl,)EAB (=1

k
S (H me,m) -

i,j,jeAS®) \veW, (=1 veS(u)
k
(28) - > > T TI 50 (hewey) ) Tr (A% M a My A% ) M a, My
(70.7v7.7u (U,Z) Ju Jv v ]L ]7& Ju u .711
13,5/ €AS W) Gy ju,if, i, €A \vVEWR £=1

where ' = (iy)ves(), J = (v)vesw) J' = (Uy)ves) are sequences of elements of A induced by S(u).



According to (I4]) and (I3]), for each v € S(u), we obtain

du g iv* iv AT *) iy AT * piu i
> T (Al M, M A ) =T (M A% AT M,

Ju
yEA
iv 1/2 1/2 154, % . AT AT . . .
-3 ST (Bizeit oy Bix™ @ liu) o170 Gl i) Gl L) ol )
e VI Pa'u )Tr(ps;) st

- Tx (Bl oyt 0y 2 By " @ linMiolaw) 5,.,01.3,00,.

1 o 1/2 1/2 myin ko 12\ /0
) Z Tr (B;{}P]{ P]U/ B;U ® ‘ZU><ZU’CLU) 5.7U7.7u5]z,;7j&57'&71u

B V TI‘( j Tr(p]{,) inEA

TIZ)Jv) ( ) ]m]uéﬁmjuéu, (27

here, as before, 1;, ;/ is given by (25]).

This implies that, for any u € W,,_; among the configurations j,j’ € AU only ones satisfying
(Jus7s) = (ju,4s) for all v € S(u), appear on the sum of the right hand side of (28]). It follows that
([28)) becomes

Z H 7/’]) N av) H H‘P]j vé M;*auM]Z:/

ig,j'eN \veS(u veS(u) 1=1

Iterating the above procedure, for each m < n, one finds

Ew, (aw,, ® Ew,, i (AW, @ -+ Ew, (aw, @ hnt1)))

k
= > I iea(an) II Ileirthe) | & D M audry

j,j’GAWm UEA[myn] wGWn+1 =1 UEWm iy

Since for m = 0, one has Wy = {o} then

k
pla)= > (H T/JJ'J’GA(%)) IT Tl (hw) %(ZM}*%M;’>

7,7/ EN \vEA, weWp 41 4=1 €A
hence
o ( > M;*%M;ﬁ,> = Tr (wo > M;f*aoM;f,>
i€EA (IS
= Z Tr(woM;*aoM’ Z Tr(M ,wOM’ “a,) = Tr(M,j(wo)a,)
i€ €A
where M/ is given by (24)). This completes the proof. O

Remark 3.5. The maps @;jr and ;i are linear functionals. If the particular case j = j', the linear
functionals @;; and v;; define two states, and we have

(20) p35(b) = ﬁT (0 ® 1) (41D) .
and
(30) 0 = g0 3 T (BiosBy” @ i)

1EA
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3.1. Quantum Markov chain associated with the disordered phase. In this section, we are
going to discuss about QMC associated with the disordered phase of the system. Here, by the dis-
ordered phase, it is meant a QMC corresponding to the trivial solution of ([22]). Indeed, we have the
following result.

Theorem 3.6. Assume that Hilbert spaces H and K are finite dimensional, then ho = 1p3,) ® gk
defines a homogeneous boundary condition hy := (hy, = ay(ho))uev satisfying (23). Moreover for
any normalized density matriv w, € A+ the quantum Markov chain ¢ associated with the triplet
(wo, &, hg) is given by

(31) pla) => Tr(Mjj(wo)ao) [ #jslaw)
J “EA[l,n]
for every a = @ ,cp, au € An,-
Proof. For each u € V and 7,5’ € A, one has
1
pjj (1) =
o Tr(pj) /2 Tr(pj) /2
From (7)), it follows that
gu(][(u) 1w g... ][(u,k)) = Z M;*M;’éjj'
(1,4, €3

> wwg

(4,5)€A?

1/2 1/2 . .
Tr (pj/ pi? @ \J/><J!> = 0jjr

1=

1,

This proves that hg defines a boundary condition. Let ¢ be a QMC associated with this boundary
condition. From (23]) one gets (31)). O

Remark 3.7. We notice that QMC given in (23) generalizes the Markov chains associated with open
quantum random walks studied in [25] to trees. In the one dimensional setting, they propose a more
general class of QMC associated with OQRW than the ones considered in [25] due to the existence of
boundary conditions.

4. PHASE TRANSITION FOR QMCS ON TREES ASSOCIATED WITH TWO-STATE OQRWS

In this section, we focus on several applications of quantum Markov chains associated open quantum
random walks on trees to a phenomena of phase transition, the following definition of phase transition
within QMC scheme was first introduced in [41].

Definition 4.1. We say that there exists a phase transition for the constructed QMC associated with
OQRW if the following conditions are satisfied:
(a) EXISTENCE: The equations 2II), 22)) have at least two (ug,{h*}rcr) and (vo,{s*}rer) solu-
tions;
(c) NOT OVERLAPPING SUPPORTS: there is a projector P € By, such that o, n(P) < € and
Puo,s(P) >1—¢, for some e > 0.
(b) NOT QUASI-EQUIVALENCE: the corresponding quantum Markov chains @y n and ¢y, s are not
quasi equivalent

Otherwise, we say there is no phase transition.

In this section, for the sake of simplicity, we reduce the study to the case H = K = C2. For each
u eV, we take A, = B(H® H) = M4(C) and let A = {1,2}. The interactions are given by

1 a 0 1 0 1 2 c 0 2 1 0
(32) B1—<0 b>7 B2—<O O>7 Bl—<0 d>’ B2_<O 0>
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where |a|? + |c|? = |b]? + |d|*> = 1,ac # 0. Put

(33) p=<38> qz(

and
0-[s]m-[¢]

Notice that (|1),]2)) is an ortho-normal basis of X = C2. In the sequel elements of B(H) will be
denoted by means of 2 x 2 complex matrices, while elments of B(K) will be written using Dirac
notation |i >< j|.

0
0

1)

4.1. Existence of boundary conditions and their associated quantum Markov chains. In
this section, we are goong to determine all the translation invariant boundary conditions associated
with the considered two-state OQRW (B2). This means that we describe positive solutions h € A, .4
of the compatibility equation (22]).

Lemma 4.2. The translation invariant boundary conditions associated with the two-states OQRW
(32) are given by:

(34) W =" by @) ('] € B(H) @ B(K),
ji'en

where

k
l 2 1 2
!/ = ,7 j/.

Tr(pj)Tr(p;») i€

3,3
Proof. From (22)), one has

k
*( ) /(u) . -7 %
pt = T MM T Te(AGt0 AL,
i7j7i/7j/:172 ézl
Since the boundary condition is translation invariant (i.e. h(*) = h for all u € V), one gets
—_ -
(35) h= > MIMTr(ARAL" .
i,5,4,5'=1,2
Now, using
Mj*Mj = Bj* Bjy @ |){5'|65
and
. s ok 1
Te(AShAL") = Ta(Al " Alh) = ———Tr(p/*p)* @ |) (il 1)
/
Tr(p;)Tx(p})
The ([B5) becomes
Tr(p1/2 12 o |j

h= > BBl @ |j){j-
NI TT

Finally, by identification with (34]), we are led to

1/2 1/2 1/2 1/2
Tr & ; o

G’ =
ieh Tr(pj)Tr(p]) \/Tr p;)Tr(p}) | Gen




Theorem 4.3. Let {Ej;, 1> 7,5/ < 4} denotes the canonical basis of B(H) ® B(K)

the translation invariant boundary conditions

11

= My(C). Write
associated with the two-states OQRW (32) in the form

h= Z €5’ E,
7.] -
Then
Tr(p1®|1)(1|h1,1)*
€11 = €33 = —r(plTr‘(Z,i)‘k L.1)
T 2)(2|ha,2)"
€22 = €44 = —r(pQ%\(>i)L 23)
_ e =Te(py P el2) (1)
(39 2= geu = (Zfr(pi)Tr<p2)>k/2
o = ot = oI py 81 2lho )"
S (Tr(p1) Tr(p2)) /2
€; i = 0, otherwise
5.J
In particular, for the initial states p1 = p2 = |1)(1| and k = 2, there are exactly 4 non—trivial solutions

given by
(37)

where

ho = Ty,

he

hy = T, ® [1)(1

1 1 .
EBS@B% +ZB§®B§

hy = Iy, ® 12)(2],  hs = ho + he,

B

defined only if |c|

L

Moreover, if for each i € {0,1,2,3} an initial density matriz w; associated with the boundary condition
h; satisfying (21l) then there exists four quantum Markov chains Pu; ;0 <1< 3 and

(38) Py n; (@) = Tr (M (w,)

Proof. From Lemma A2 and the fact that |a|? + |c¢|?> =

leads to ([B6]). Next, for the initial states p; =

e =
€22 =
€12 =
€21 =
ejjr =
for a # 0 and
el =
€22 =
€12 =
€21 =
€jj

ao) vje{1,2}

H 7/}]] au

UGAD n]

|b|? 4 |d|?> = 1, a straightforward computation

when a = 0 (and so |c¢| = 1). Therefore, the non—negative Hermitian solutions satisfy

e =

€22 =

ez =

ejjr =
This leads to the solutions (37).

p2 = |1)(1] and k = 2, the system (B6]) reduces to,
2
€33 = €11
€44 = €39
e,  _ )
5614 - C 652
c —
0, otherwise
_ 2
€33 = €11
€44 = €22
Ee%z
ces,
0, otherwise
€33 S {0, 1}
€44 S {0, 1}
— 1
€21 S {0, =
0, otherwise

Now since for i each the solutions h; is positive there exists an initial w; € A, such that Tr(w;h;) = 1.

Let &, given by (@) then from Theorem B4 the triplet (w;, (Ey)y

Puw; h; o0 Ay, One can easily check that

@54 (h1) = 5,101 5,

, h;) defines a quantum Markov chain

@) (h2) = 8202 51,
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Therefore, according to (23]) one gets (38)). O

4.2. Not quasi-equivalence property. Recall that two states ¢ and ¥ on a C*-algebra A are said
be quasi-equivalent if the GNS representations 7, and 7, are quasi-equivalent. The reader is referred
to [16] for the notion of quasi-equivalence of representations. The following result proposes a criteria
for the non-quasi equivalence, we are going to use the following result (see [16, Corollary 2.6.11}).

Lemma 4.4. Let @1, wa be two factor states on a quasi-local algebra A = UpRAx. The states o1, oo
are quasi-equivalent if and only if for any given € > 0 there exists a finite volume A C V such that
lp1(a) — pa2(a)| < ella|| for all a € B, with ANNA=o.

Theorem 4.5. Assume that |c| = 1. If My1(w1) = Maa(wa) then the quantum Markov chains @p, o,
and Qh, . 0re quasi-equivalent.

Proof. First from (B8] the two states ., », and @, n, are product states then they are factor states.
The assumption |c¢| = 1 implies |a| = 0, then according to ([29), ([30) and ([B2]) the two states 11 and
192 coincide on B(H) ® B(K). It follows that,

[Py (@) = Py ()] = [Tr (Mua(wi) = Maa(@2)) ao) | [T [vra(au)l

UEA (]

Hence, clearly if we have Mii(wi) = Maa(w2), then the quantum Markov chains ¢p, ,, and p, w,
are quasi-equivalent.
]

Theorem 4.6. Assume that |c| < 1. The quantum Markov chains ¢p, o, and Pp, o, are not quasi-
equivalent.

Proof. Let us define an element of Ay, as follows

By, = o™ W @1y \ oy, 1))
where
o) =Ty, @ p
here xyy, (1) is defined by (). Then, we have
Y (o™ W) = Te(BipB") = laf*  and ¢as(0™" ) = Tr(B3pB;") = 0.
On the other hand,

2

2
Ui (T, © Ta) = 3T (pB]"B) ) = T (pZ B§*3§> = Tr(p) = 1
i=1

i=1
Hence,
Pun i (Ba,) = Tr (Mir(wi)) a]* = |af*  and @y, , (En,) = 0.
One gets
Pun,hy (En,,) =0
Puor i (En,) = laf*.

Now, since |c| < 1, and ||[Ep, || = 1 then &g := |a]?> > 0

|(10W27h2(EAn) - @w1,h1(EAn)| = |a|2 > 50HEAnH

for every n > 0. Therefore from Lemma [4.4] the two quantum Markov chains ¢, 4, and @, p, are not
quasi-equivalent. O
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4.3. Not overlapping support. Recall that two states ¢ and 1) on Ay have not overlapping supports
if there is a projector P € By such that ¢(P) < ¢ and 9(P) > 1 — ¢, for some € > 0.

Lemma 4.7. Any rank-1 projection in My(C) has the form
€ z/e(l —¢)

zZv/e(l —e) l1—¢

(39) p(e, 2) =
where € € [0,1], 2z € C with |z| = 1.

Remark 4.8. Notice that,
Tr(Mj(w) = > Tr(MjuwM]") = Tr(M] Miw)
1EA 1EA
= Te(}_ B} B} ®|j){jlw)
1EA
= Tr(Iy ® |j)(j|w).
Writing w as a block matriz:
w= > w5,
J:J'EX
one gets
Tr(Mjj(w)) = Tr(wj,;)-
More generally, one has
Mij(w) =Y MjwMj" =3 Bjwy;Bj" ® i)il.
1EA 1€EA
For each n € N, we denote
pue2) = R (e, ) @ D € Ay,
uEhy
Theorem 4.9. The quantum Markov chains @, p, and @, n, have not overlapping supports if and
only if Tr(wip @ Tpg,) # 1.
Proof. One has
n+1__
Puor i (Pn(e,2)) =7 72Tr (M (wi)p(e, 2) @ Tny,)
and o
Puwa,ho (pn(s, Z)) = 52 2Ty (M22(w2)p(57 Z) & ][Mz) s
Let P, = p,(e, z) be a rank-1 projector.
e If ¢ < 1, then one has
nh—>Igo Py by (Pr) = nh—>Hc;lo P by (Pn) = 0.
e If ¢ = 1, then using Remark [£.8] one has
@wz,hz(Pn) = Tr(wehz) = 1.
On the other hand one has

Puwr,hi (Pn) = Tr(wlp ® ][MQ) 7£ 1= Pwa,ha (PTL)

The above results leads to the following concluding result.

Theorem 4.10. if |c| < 1, then there exists a phase transitions for the quantum Markov chains
associated with the two-state OQRW (32).
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Proof. Take
w1 =q®|1)(1] and wy =p® |2)(2].
Using ([24)), (32]) and (I3]) we find
Mar(wn) = g@ (JR1)(1] + [d?[2)2])
and
Maa(wa) = p @ [2)(2].

On the one hand, by Lemma 4.4} the two quantum Markov chains ¢, 5, and ¢, p, are not quasi-
equivalent since

"Pw27h2(EAn) — Puwi,hy (EAn)‘ = ’a‘2

for every n > 0. On the other hand, clearly (by Theorem E.9) the two quantum Markov chains ¢, 4,
and ¢, h, are not overlapping supports since

Tr(wl(p & ][Mz)) =0#1.

5. MEAN ENTROPY FOR QNCS ON TREES ASSOCIATED WITH OQRWSs

This section is devoted to the computation of mean entropies for the two quantum Markov chains
Guy by and @y, p, given by ([BE)). In the notations of section E] the algebra A, = My(C). Let ¢ be
a state on Ay . For each bounded region I of the vertex set V', the density matrix of the restriction
©[ .4, will be denoted by D}D. The von Neumann entropy of ¢[ 4, is defined to be

(40) S(p) = =Tr(D,log D,)
In [50] the mean entropy for quantum Markov states on trees was defined as follows

(41) s(¢) = lim ——S(pl4,.)

n—oo ’ An‘
We use the same formulae for the quantum Markov chains ¢, p, and @, 4,-

Theorem 5.1. For each j € {1,2}, let ¢, n; be given by (38). The mean entropy of the quantum
Markov chin ¢y, n; coincides with the von Neumann entropy of the state v;;:

(42) $(w;,n;) = S(j;)
where ;; is as in (24). Therefore, one has
S(pun) = ~2(laf toglal + e ogl

and
S(‘pwz,hz) =0

Proof. From (38) the density matrices of ¢ 5, is given as follows

(43) Doy ay, = Misl)® @ D)
xEA[l,n]

One finds

(44) 108 Do, 1y ay, = 108 Mij ()@ + Z log Dfxﬁ

Z‘EA[l’n]
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One has

S (Puyn;lay,) = —Tr (Dso ilAan, IOgD%a"ha‘[*‘An)
= —Qu;h; <ogD g n)
@ —Puwj,hj <10g Mj(wi) ) Z Puojsh <10gD1(/2)
TEA [
25) T (M) @105 My () @) = 3 w5 (log D)
TEA L

—Tr (ij(wl)( Vlog Mjjj(wn)® ) |Aj1n)[j5 (log Dy,;)
= S(po) + (2" = 2)S(1y,)

It follows that the mean entropy of the quantum Markov chains ¢, n; is given by

. S(‘Pw-,h-ﬁA n)
S(ngjJLj) = nh_)n;o’]jx—;‘/\

. S(po) 2ntl 9
= lim <_ ont+l _ 1  9n+l _ 1S(¢jj)

n—oo
= S(¥j;)
Now, from (25) one can see that the density matrix of 1);; is defined by
Dy.. Bi BZ* = BZ*
%] Tr(p] Z p] ® ‘ ’ Z p ® ‘ < ’

i€EA
since p; = [1)(1] = p. It follows that

Dy = p® (mw?mm n \c\2r2><2\)

and
Dy, = q®[2)(2]
Hence we get

(o) = —Tr(Dyss log Dyyy) = —2(|a|2log lal + ¢ log |c|>

and

S(@Wz,hz) = _Tr(Dwzz log Dwzz) =0
That completes the proof. O
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