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JOINT MEASURABILITY IN LINDBLADIAN OPEN QUANTUM
SYSTEMS

JUKKA KIUKAS, PEKKA LAHTI, AND JUHA-PEKKA PELLONPAA

ABSTRACT. We study joint measurability of quantum observables in open systems governed
by a master equation of Lindblad form. We briefly review the historical perspective of open
systems and conceptual aspects of quantum measurements, focusing subsequently on describing
emergent classicality under quantum decoherence. While decoherence in quantum states has
been studied extensively in the past, the measurement side is much less understood — here we

present and extend some recent results on this topic.

1. INTRODUCTION

Incompatibility, the lack of joint measurability, is a key feature of quantum mechanics. It
appeared as the noncommutativity of (the mathematical expressions of) the basic physical quan-
tities of a quantum system already in the very first papers of Heisenberg [I] and Schrédinger
[2] on quantum mechanics, with an intuitive understanding that such quantities cannot be
measured jointly unless a sufficient amount of mutual inaccuracies are allowed in their mea-
surements, inaccuracies expressed in terms of the uncertainty relations [3]. The first part of
this, the noncommutativity and its relation to the lack of joint measurability, was clarified and
made rigorous in the work of von Neumann [4]. The clarification of the second part of this, the
possibility for an approximate joint measurability, had to wait for an extension of the mathe-
matical representation of the notion of a physical quantity, observable, as a selfadjoint operator,
real spectral measure, to a normalized positive operator measure, semispectral measure, as well
as for an appropriate notion of an approximate measurement in quantum mechanics. The iden-
tification of quantum observables as normalized positive operator measures emerged naturally
in an operationally motivated axiomatic reconstructions/reformulations of quantum mechanics
initiated notably by Ludwig [5], Davies and Lewis [6], as well as Ingarden [7]. This extension
made it also clear that a quantum mechanically meaningful notion of an approximate measure-
ment of an observable is to be based on a comparison between the statistics of outcomes of two
measurements (observables), the actually performed one and the targeted one, an idea clearly

expressed by Ludwig [8, pp. 197-8] and worked out, for instance, [9] [10].
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Interaction of a system with another system is the source of information but also influence
(designed or not) on the system. In addition to abrupt measurements, evolution of an open
quantum system, the reduced dynamics, is an instance of such a possible influence. When
an observable is measured on a dynamical quantum system, the effect of the evolution taking
place between a fixed initial time and the time of the measurement can be incorporated into the
observable in the Heisenberg picture, allowing for initially incompatible observables to become
jointly measurable at a later time.

Apart from some simple cases, the reduced dynamics obtained from the unitary evolution
of the total system, the system S and its environment, though uniquely defined, is, however,
typically quite involved and does not easily lend itself to any practical use, in particular, “as
[it] depend[s] on the chosen initial state of [its environment] at a particular instant in the
past. Only with some additional assumptions will there be an autonomous time-homogeneous
evolution in S. One necessary condition is clearly that the state of [the environment] does not
change significantly as a result of the interaction with S.” [I1]. An important instance of such
subsystem dynamics is given by a uniformly continuous semigroup of dynamical maps in which
case the state of S evolves according to the equation derived by Géran Lindblad in 1976 [12] and
since then generally known as the Lindblad or the Gorini, Kossakowski, Lindblad, Sudarshan
(GKLS) equation, due to the parallel independent work of Gorini, Kossakowski, and Sudarshan
[13]. For a study of the chain of events, intuitions and ideas that led to the formulation of these
equations, we refer to [14].

The semigroup dynamics warrants that if some initially incompatible observables turn jointly
measurable at some time, then they will remain so for all subsequent times. Hence one obtains a
unique (possibly infinite) critical time after which incompatibility is irreversibly lost, reflecting
the Markovian character of the evolution. Given the fundamental role of incompatibility within
quantum theory, this feature can be seen as one aspect of “emergent classicality” in open
quantum systems, studied much less than, say, loss of entanglement in quantum states. Of
course, determining the critical times exactly is typically a hard problem; however, as we will
demonstrate below, one may proceed by deriving analytical bounds.

The structure of the paper is the following. We begin by reviewing the relevant mathematical
and conceptual framework of quantum measurement theory and open systems and discussing
general aspects of joint measurability under quantum dynamics. We then focus on the situation
where the dynamics exhibits emergence of classicality, in the sense of driving the system into a

commutative decoherence-free subalgebra in the long-time limit. In particular, we demonstrate
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that under generic assumptions, any pair of observables will become jointly measurable at
some finite critical time before the system becomes commutative, and illustrate this in specific

examples where good analytical bounds on the critical time can be obtained.

2. PRELIMINARIES ON QUANTUM MEASUREMENTS AND CHANNELS

We introduce here the necessary notations and concepts related to quantum measurements,
joint measurability, and quantum channels.

Let H, L(H), T(H) be the (complex separable) Hilbert space and the Banach spaces of
bounded and trace class operators on which the description of a physical systems S is based, with
the notions of states p € S(H), positive trace one operators, and observables E : A — L(H),
normalized positive operator measures with value (measurable) spaces (€2,.4), describing the
measurement outcome statistics E,, with E,(X) = tr [pE(X)], X € A, for the observable E in
the state p. We use 14 or briefly 1 for the identity operator of H.

The notion of compatibility, the joint measurability, of any two observables E; and E,, with
the respective value spaces (£, A;), © = 1,2, can be defined in several equivalent ways, see,
e.g. [15]; for instance, E;, E are jointly measurable exactly when they have a joint observable,
that is, there is an observable G : A} ® Ay — L(H) such that G(X X ) = E;(X) and
G( xY)=Ey(Y) for all X € A4;,Y € A,. Observables E; and E; are called incompatible if
they are not jointly measurable. In the case of projection valued observables E; and E; with
standard Borel value spaces, E; and E, are compatible if and only if they commute, that is,
Ei (X)Ex(Y) = Ex(Y)E(X) for all X, Y, in which case (X,Y) — E;(X)E2(Y) defines their
unique joint observable. In general, the mutual commutativity of E; and E; is not needed for
their compatibility.

In many concrete applications, the value spaces of the observables are the real Borel spaces
(R, B(R)), their subspaces or their Cartesian products. For real projection valued observables
we use the symbols A, B, C, and also identify them with the uniquely associated selfadjoint
operators A, B, C, with, for instance, A = [ aA(da). Occasionally, we refer to such observables
as sharp, and others as unsharp.

To describe the changes experienced by a system, we can use alternatively both the Schrédinger
and the Heisenberg pictures of quantum channels, either as a change of states or as a change of
observables. In the Heisenberg picture, a quantum channel is a normal unital completely posi-
tive linear map A : £L(H) — L(#H). Due to normality, it has the predual map V : T(H) — T (H)
determined by tr[V(p)A] = tr[pA(A)] for all p € T(H) and A € L(H). For any Heisenberg
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channel A, and any observable (measurement) E, we can form a new observable (measurement)
A(E) := A o E, whose operational interpretation is given by the duality: if we measure E on the
state V(p) obtained from a given initial state p by the application of the Schrédinger channel
V, then the outcome distribution Ey(,) coincides with A(E),, that is, the distribution of the
observable A(E) in the initial state p.

3. OPEN QUANTUM SYSTEMS

In this section we review some basic aspects of open quantum systems, to the extent relevant

to the joint measurability problems introduced in the subsequent settings.

3.1. General remarks on subsystem dynamics. In its fundamental formulation, open
quantum system (see e.g. [16] 17, 18]) consists of an object system S with Hilbert space H
coupled to an environment M with Hilbert space I, such that the total system S + M is
assumed closed with evolution governed by some (strongly) continuous unitary representation
Rot— U € U(H®K), with U(H ® K) being the group of unitary operators on ‘H ® K.
However, as well-known, this approach is not very useful in studying the evolution of the object
system. A first step in that direction is to assume that the state of the environment is known
at time ¢ = 0, say, and that S can then independently be prepared in any state p € S (’H)EI If
o is the state of M at ¢t = 0, then, with the given assumption, the state of S at any time ¢ is

simply
(3.1) Vilp) = trx[Ui(p @ 0)UY]

where tri is the partial trace over K. The thus defined map V; is a quantum channel in its
Schrodinger representation. If it would be invertible, then, by the Wigner theorem, it could be
implemented by a unitary or antiunitary operator. In general, this is not the case, that is, as
a rule, V_, # V;~!, in which case the composition rule V_, o V; = V_, |, cannot hold. We recall,
in addition, that the map R™ 3 ¢ — V;, € T(H) is strongly continuous.

Equivalently, in the Heisenberg picture one has the (strongly continuous) map ¢ — Ay,

consisting of the quantum channels, given by

(3.2) A(A) =&, U (A 1)U,)

IThe apparent inconsistency of this assumption with the assumption concerning the evolution of S + M is
easily settled by extending (assuming invertibility) the dynamical semigroup of the total system to a dynamical
group and then applying the Wigner theorem (and the fact that all multipliers of (R,+) are exact) to reach
back the initial assumption. For a full proof, see, e.g., [19] 20].
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where &, : L(H ® K) — L(H) is the conditional expectation on the state o, defined by the
formula tr[(p® 0)Z] = tr[p€,(Z)]. Again, in general, neither the maps A, are invertible nor the
composition rule Ay o Ay = Ay holds.

Vast amount of work has gone to justify and specify further the possible structure of the
subsystem dynamics arising from (3.1)), or, equivalently, (3.2), and in that the work of Géran
Lindblad is of lasting importance. Following Lindblad’s pioneering paper [12] we shall briefly

summarize the prototype example of a uniformly continuous dynamical semigroup.

3.2. Uniformly continuous semigroups. The (strongly continuous) dynamical map ¢ +— V;,
t >0, resp. t — Ay, t > 0, obtained through , resp. (3.2)), is very rarely a semigroup, but
in several cases it can be approximated by such with reasonable accuracy [16, 17, 18, 21]. For
this reason, and due to its powerful mathematical implications, the semigroup dynamics is
often used “phenomenologically”, without considering the precise conditions under which the
approximation might be valid.

Assume now that {A;|t > 0} is a semigroup, that is, Ag = Id, and Ay = Ay o A, for all
t, ' > 0. As well known, it has a densely defined generator and that the generator is a bounded
linear map L : L(H) — L(H) exactly when the map ¢ — A; is uniformly continuous, in which
case L = limy,_,o4 %(Ah —I) and A; = et for all t > 0 [22]. By the complete positivity of
the maps A4, the above equivalence gets a more specific expression: the semigroup is uniformly

continuous exactly when its generator L is of the form
1
(3.3) L(A) =i[H, A] + Z (LTALZ — §{L?‘Ll, A})
!

for some selfadjoint H € £L(H) and countable (L;) C L(H) with Y, Ly L, € L(H) (weakly, if the
sum infinite). Here [, | and { , } are the usual notions for commutator and anticommutator,
respectively. The operators L; are often called Lindblad operators.

In the Schrédinger picture, the generator of the dual semigroup {V; |t > 0} takes the form

(3.4 L) = il + 3 (Lot - 5 (L7110}

The form of the generator (3.3)), resp. (3.4), is known as the GSKL form and the equations

(3.5) CALA) = L(A(A)
(3.6) L) = L)

dt
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are known as the Lindblad equations with the initial conditions Ag(A) = A and Vy(p) = p. For
the progress in the study of the notion of unbounded GKLS generators we refer to [23] 24].

3.3. The case of general decoherence. We will focus mainly on a setting where the effect
of decoherence can be isolated from the overall evolution — this will make it possible to discuss
joint measurability in some detail later. We first recall here that the term “decoherence” is
often used loosely, to mean the overall effect associated with the system being open. When
referring specifically to the damping of the off-diagonal elements of operators in some fixed

basis, pure decoherence can be used [I§]. The starting point is the decoherence-free subalgebra
C={Aec L(H)|AN(AA) = Ai(A)" A (A), Ai(AA™) = Ay(A)A(A)" for all ¢ > 0}

(studied since the 1970s, see e.g. [25]), where A; behaves as if the system was closed, and the
usual aim is to characterise situations where the evolution vanishes asymptotically at ¢ — oo
in a suitable complemented subspace of C, so that the effect of “openness” of the system is
separated from the automorphic part. This setting has been studied by several authors over
the past decades in various levels of generality |26 27, 28| 29] [30]; we give the precise statement
here in the comparatively simple case where C is commutative, which is relevant for our aim.
We further exclude the case where one cannot “project” observables onto the classical system
C, by assuming that C is atomicﬂ and the semigroup has a faithful invariant state. Finally,
in order to make an explicit connection to the Lindblad form, we take the semigroup to be

uniformly continuous. Then the following result holds:

Theorem 1 ([29,30]). Suppose that A; is uniformly continuous, has a faithful invariant state
o € S(H), and the algebra C is atomic and Abelian with a resolution of identity (P, )ner
consisting of minimal projections of C. Denoting H, = ran P,, so that H = ®,c/H, and

C = @,e1Cly,, , the following properties hold:

(a) The Hamiltonian and the Lindblad operators decompose along the direct sum: L; =
Gner L™ and H = @,e; K™, where L™ K™ € L(1,,).
(b) The restriction of A; to each invariant subalgebra P,L(#H)P, has a unique faithful

invariant state o, and 0 = @,¢rtr[oP,]o,. Furthermore, the map I' : L(H) — C given

2That is, any projection of C has a minimal subprojection (in C).

3A state o € S(H) is faithful if ker o = {0}, and invariant if V;(o) = o for all ¢ > 0.
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by T'(A) = ®estr[o, P,AP,]P, is a normal conditional expectationﬁ onto C such that
Ao’ =ToA,; for all t > 0 and tr[oT'(A)] = tr[oc A] for all A € L(H).
(c) kerI'is a weak-* closed *—invariant and A;—invariant subspace of £(H) such that L(H) =

C @ kerl', and w*— limy_,o, Ay(A) =0 for all A € kerT".

Here part (c) expresses the “emergence of classicality” property in this setting — for each
observable E, only the observable I'(E) survives in the limit, and these are all mutually commu-
tative, belonging to the algebra C. Note that here the normality of the conditional expectation

is crucial since it ensures (together with the positivity of I') that I'(E) is indeed an observable.

3.4. The case of pure decoherence. It is useful to write down explicitly the instance of the
above structure in which the decoherence-free subalgebra C is maximal Abelian, that is, equal
to the algebra of diagonal operators ) a,|n)(n| in a fixed basis {|n) | n € I}. In this case
each H,, = C|n) is one-dimensional (and we restrict to a finite-dimensional total Hilbert space
for technical simplicity). From Theorem (I part (a) we then find that each Lindblad operator
L; must be diagonal, that is,

Li=Y ulln)(nl, H=) hun)nl

where u{) € C, h, € R are constants. It follows that L(A) = D x A, where * stands for
the Schur (elementwise) product of matrices in the basis {|n) | n € I}, with the “generator”
D = (d,m) given by

] —
dpm = 1(hp — hy) — 2 Z (Iu,(f)\Q + [ulY? — 2“511)%(7?)'
l

It follows then immediately that the generating semigroup also has the Schur product form
Ai(A) = C(t) x A, where

Cam(t) = €4 = (0u(t) | 0m(2))
where the last form shows explicitly that the multiplier matrix C(t) is positive for all ¢ > 0,

being expressed in terms of scalar products of the vectors

pu(t) = M Viu)) @ - @ Vi) € L(R)®F

4We recall that a conditional expectation T : L(H) — A, where A is a von Neumann subalgebra of £(H), is
a linear positive map such that I'(4) = A and I'(ABA) = AT(B)A for all A, A € A and B € L(H). Moreover,
it follows that I' is a unital idempotent. Existence of normal conditional expectations is a rather tricky matter,
generally relying on the Tomita-Takesaki theory [3I]. In particular, normal conditional expectations do not

generally exist for non-atomic Abelian subalgebras of L(H).
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in the K-fold tensor product of standard coherent states |z) of the harmonic oscillator for
which (z]2') = e~ (2PI+1#'°=222)/2 }10]ds. It seems that this dilation does not in general have a
representation in terms of a unitary evolution in the combined system consisting of the original
system and the dilation space L?*(R)®¥.

Finally, we need to characterise the crucial assumption that the decoherence-free subalgebra

C coincides with the diagonal algebra:
C = span{|n)(n| | n € I}.

Note first that each |n)(n| is clearly unchanged by all A, so that |n)(n| € C for all n in any
case. If A € L(H) satisfies Aj(A*A) = Ay(A)*A(A) then

(n|A*Aln) = Zlcnk ) I(nlAlR)%,

and the second condition in the definition of C gives a similar expression. It follows immediately

that C contains a non-diagonal operator iff |c,(#)|> = 1 for some pair n # k. Therefore, the

2 _ _2tRed
| =e

relevant condition for decoherence is |c, (%) nk < 1 for all n # k, which is equivalent

to

1
Red,, = —5212 ju® —uD|2 <0 for all n # m.
We now observe directly that this is exactly the required decoherence condition
lim At = F,
t—o0
implied by Theorem |1} The central projections of C are then P, = |n)(n|, the faithful invariant

states are of the form
o= Z pnln)(n

where p,, > 0 for all n, and the conditional expectation reads

L(A) =) (nAln)n){nl.

n

4. JOINT MEASURABILITY UNDER SUBSYSTEM DYNAMICS

We now proceed to introduce the measurement aspect to open system dynamics, in the
subsystem setting described in Section [3.1} The operational context is the following: suppose
the system is initialised at time ¢ = 0 in a state p, and we measure an observable E at time
t; then the probability measure for the outcomes is X +— tr[Vi(p)E(X)] = tr[A;(E)p], which is
equivalent to measuring the Heisenberg-evolved observable A;(E) on the initial state p. Joint

measurability of observables in this dynamical setting corresponds to the emergence of a hidden
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variable model from which the joint measurement outcomes can be deduced; this means, for
instance, that Bell inequality violations or quantum steering (involving some coupled system)
is no longer possible using these measurements [32].

There are two conceptually different scenarios: we can either use the other system to im-
plement the measurement on the object system, or regard the other system as an ambient
environment which merely adds noise to the system. We consider briefly these scenarios in
the following two subsections. In both cases, the starting point for joint measurability con-
siderations is the following simple observation that measurement incompatibility cannot be
“created” by the action of a quantum channel. Due to the importance of this fact in the

subsequent development we record it in the following proposition.

Proposition 1. Let A be a quantum channel and E, F jointly measurable observables. Then

A(E) and A(F) are jointly measurable.

Proof. Suppose that a pair of observables E, F are jointly measurable with a joint observable
G, so that E(X) = G(X x Q) and F(Y) = G(Q x Y). Then clearly A(F)(X) = A(G(X x Q))
and A(F)(X) = A(G(£2 x Y)), so A(G) is a joint observable for A(E) and A(F). O

4.1. Measurement interaction. Standard way of implementing a general quantum measure-
ment is to couple the object system to an ancillary pointer system through a unitary interaction
and measuring there; the object system is then manifestly open, and one can describe the actu-
ally measured observable in terms of the reduced subsystem dynamics. We can then ask when
two observables implemented this way are jointly measurable.

To formalise and to illustrate the setting, let S interact with another system M through a

428 where A and B are the selfadjoint operators corre-

unitary coupling of the form U = e
sponding to the sharp observables A and B of S and M, respectively, and assume that the two
systems are initially (prior to the interaction) independent of each other, the total system being
in a product state p ® o (which could be taken to be pure).

If M with U is to model a measurement of S one needs, in addition, a pointer observable
Z, with a value space (=, F), to determine the observable reproduced by its outcome statistics,

that is, to find out the observable E of S for which E,(X) = Z5(X), with ¢ = try[U(p® 0)U"],
for all X and p. A simple computation givesE]

E(X) = /ZeiaBgeiaB (X) A(da), X ez,

SWe recall: 488 = [ [ ¢l A(da) @ B(db) = [ e @ B(db) = [ A(da) ® e**B.
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which shows that the actually measured observable E is a smeared version of the observable A,
smeared with the Markov kernel (X, a) — p(X,a) = tr [¢“*BoeBZ(X)]. Clearly, if Z can be
chosen to be covariant under a — e~*5 that is, with F = B(R), e “PZ(X)e"P = Z(X — a),
then E is just the convolution of A with the initial pointer distribution Z,; E = Z,*A. This model
was used already by von Neumann [4, pp.236-7] to demonstrate the possibility of measuring
(within his newly developed theory of a measurement process) the position @ of a system S
choosing A = @ (for S) and B = P (momentum), Z = @ (for M) and choosing o such that the
initial pointer distribution Z, = Q, approaches a point measure, in which case the measured
S—observable Z, x Q approaches its sharp position observable Q.

On the other hand, if M together with U is to model just an environment of the system then
one aims to determine its influence on S without any use of a pointer. This manifests itself
directly in the change of the measurement statistics of any of its observables: for any p, E, and

X eA,

tr[pE(X)] = tr[V(p)E(X)] = tr [pA(E(X))],
where, with and (3.2),
V(/O) — /ReibApe—ibA Bg(db)
AEX)) = / e PAE(X) e B, (db).

Clearly, if E and A commute with each other, then A(E) = E. Moreover, if E and F are jointly
measurable, then by Proposition [l also A(E) and A(F) are jointly measurable. However, it
may well happen that the blurred observables A(E) and A(F) are compatible even though E
and F were not (see example, below). We note further that if E happens to be covariant
under b — e~®4 then A(E) is a smearing (convolution) of E with the probability measure B,,
A(E) =B, xE.

With the choice A = @ (for S) and B = P (for M) one sees, for instance, that the momentum
P of system S turns unsharp: P — A(P) = P, % P, convolution of the momentum of S with
the momentum distribution of M. On the other hand, the ‘conjugate’ choice A = P (for S)
and B = @ (for M) would mold the position of S to an unsharp one, A(Q) = Q, * Q, blurred
with the position distribution Q, of M. As well known, no such pair (Q, A(P)) or (A(Q),P) is
compatible.

Consider next the case where M consists of two parts, M = M; +M,, with the Hilbert space
K1® K5 and with the initial state ¢ = 01 ® 09, and let S interact with M via the Arthurs-Kelly
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coupling, conveniently written as

i . .
U=U'UU, = e210P1®Q2 ,iPRL18Q2 ,—QOP1®1:y

In this interaction, the momentum P and the position @ of S get changed to P — A(P) =
Pio, * P (due to U;) and Q — A(Q) = Qz,, * Q (due to Us), respectively (with no influence
from the M; — M, coupling).

Such a pair of unsharp position and momentum is not necessarily jointly measurable. In fact,
they are known to be compatible exactly when the convolving propability measures P, ,, and
Q2,,, are Fourier related, that is, Py ,, = Pr and Qq,, = Qr for some T' € S(#) [33]. With an
appropriate choice of the initial states o7 and o, this condition can be met.

It is another well known fact that if one uses M with the Arthurs-Kelly coupling as a
measuring device, with the pointer observable (); ® P, then the measured observable of S
is a biobservable with the two marginal observables Q; ,, * Q and Py ,, * Py, * P. With this
choice of the pointer, the M; — M, coupling now adjusts the convolving probability measures
Qi0, and Py, * Py,, of Q and P such that the resulting unsharp position and momentum
have a joint observable (given by the measurement) for any choice of oy and o9. Eight-port
homodyne detection gives an optical implementation of such an approximate joint measurement
of position and momentum. The study of this joint measurement model goes back to Arthurs

and Kelly [34], for further elaboration and details, see, e.g. [15, Sec. 19.1, 19.4].

Remark 1. In his unfinished manuscript A Neo-Copenhagen Quantum Mechanics, published
in this special volume of OSID, Géran Lindblad writes: “[the] standard picture [of a measure-
ment| must be rejected”, since “[iJt is really a process of copying a part of the information from
the state of [S] to the state of [M], both equally quantum” and does not “describe the outcome
of the measurement as an event with classical, factlike properties like stability and objectiv-
ity”, Lindblad [35]. A part from its limitations, we wish to emphasize that the probability
reproducibility condition E, = Zz, p € S(#H), which we use to define the actually measured
observable is highly useful for an operational definition of the object observables, and this, in
particular, since each object observable admits such a representation, see, e.g., [15, Theorem
10.1]. Clearly, its does not describe the occurence of an actual result, a reason why such mea-
surement schemes are, as Lindblad [ibid.] notes, occasionally called premeasurements, see, e.g.
[36, 137].

4.2. Environmental interaction. Here we ignore the implementation of the measurements,

focusing only on the time evolution of the measurements in the object system, the aim being
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to investigate how joint measurability changes under the dynamics. Obviously, this depends
heavily in the specifics of the dynamics — the purpose of the present section is to illustrate this
with a simple non-Markovian example (adapted from [38]) where joint measurability appears
and disappears periodically. The reader should contrast this behaviour to the case of semi-
group evolution considered in the subsequent section, where incompatibility, once lost, cannot

reappear.

Example 1. Let S and M be two qubit systems, with H = K = C? and |+) = (1,0),

|—) = (0,1), and assume that the evolution t + U; = ¢ of S+ M is given with respect to the
total spin basis {] + +), \/Li(’ +=)+=+)), | —-), \%(] +-) |- +>)} where the matrix
of U, is
coswt  —sinwt
1.
sin wt coswt
In the canonical basis {| ++),|+ —),| — +),| — =)},

2 coswt —V/2sin wt —/2sin wt 0

U 1| v2sinwt coswt + 1 coswt — 1 0
t ==

2 ﬂsinwt coswt — 1 coswt +1 0

2

0 0 0

and the Hamiltonian is H = —\/Liw (P3 ® 09 + 05 ® P3) where P, = 1(1 +0;), i = 1,2, 3, with
o; being the Pauli matrices (also og = 1).
Let 0 = |+) (4] be the fixed state of M. Using (3.2) we determine the change P; — A(P;)

of the basic qubit projections P; under the evolution. By direct calculation, we get

1 1 + - sin(2wt) Llcos(wt) + cos(2wt)] 1<
N(P) = = V2 2 = - 11(t)o
(#) 2 \ Lcos(wt) + cos(2wt)]  1- \/Li [sin(wt) + 1 sin(2wt)] 2 kz:; KD
(:Ck(t))izo = (1 — Si;l\(;g) + Sii%t), cos(wt) + cos(2wt), 0, si;\(;%t) + 4\3/5 sin(2wt))
1 1 —5[+cos@t)]) 1 5 U
A2} = 2\ L[1 + cos(wt)] 1 2 kz_% w(E)o

3 1
(yk(t))k:o = (1, 0, 5[1+cos(wt)], 0))

A(Py) = 1+ cos™(wt) —L [sin(wt) + & sin(2wt)

_\% [sin(wt) + §sin(2wt)] 14 3 [sin*(wt) — 2 cos(wt)]

N[ —
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Without restricting generality, we assume that the shortest period of oscillation is 1, that is,
the angular velocity w = 2m. Clearly, at times t = 0 and ¢t = 1, A; is the identity channel and
the effects Py, P», and P3 are not (even pairwise) compatible. At time ¢ = %, UIL/2 is diagonal
and all effects Ay /o(P1) = %]1, A jo(Po) = %]1, and Aq/2(P3) = 1 are compatible, reflecting (in
view of Proposition (1)) the fact that effects at time ¢ = 1 cannot be obtained from those at
t = % by an application of any quantum channel. Let us then consider the compatibility of
Ay(Py) and Ay(Py) at an arbitrary time t.

Using the compatibility criteria of [39, Theorem 1] (see also [40]) for the qubit effects, Ay(Fy)

and A;(P,) are compatible exactly when the function

f@) = \/% sin?(7rt) [3 + cos(2nt) — 2\/§sin(27rt)} +

+\/% sin?(7t) [3 + cos(27t) + 2v/2 sin(27rt)} — cos(2mt) — 1

is not negative. This happens, e.g., in the closed interval [tq, ts] where t; ~ 0.196 and ¢, ~ 0.804,
see Figure [T}

1.0

FIGURE 1. The function ¢t — f(¢) when ¢ runs from 0 to 1.

5. EMERGENT JOINT MEASURABILITY UNDER SEMIGROUP EVOLUTION

The study of joint measurability in open quantum systems can be seen as a part of the
overall effort at understanding the quantum-classical transition due to decoherence. The basic
intuition is that decoherence introduces noise to the system, leading to observables eventu-

ally becoming “classical” in the sense that initially incompatible sets of observables will be
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jointly measurable when performed at some time ¢ after the start of the evolution. This “emer-
gence” of joint measurability can then be taken as an operationally motivated indicator of the
quantum-classical transition, which goes well beyond the mere study of decoherence rates or
the asymptotic behaviour of the dynamics.

In order to extend the observation in Proposition |1/ to a dynamical setting we need to require
that joint measurability at any given time instant implies joint measurability at all subsequent
times as well. This can be seen as a form of Markovianity in open quantum systems, in the sense
of absence of “revivals” of incompatibility, which are easily seen to occur in the non-Markovian
case [41]. In Example 1] this is clear, as the system is even periodic, returning to the original
measurements after time 27 /w. The general notion of Markovianity has been discussed a lot in
the past decades, and is still an active topic; one of the basic definitions is P-divisibility, which
states that dynamical maps at any two time instants are connected by a positive intermediate
transformation, see e.g. [42]. This notion is also the relevant Markovianity from the perspective
of measurement incompatibility, but we will here restrict to the semigroup case.

More specifically, we will consider the situation of Theorem I} with a commutative decoherence-
free subalgebra. This has the added feature that the limit system is purely classical (which is
not true in general, even when the dynamics exhibits decoherence, see [30]). Given any quan-
tum property in the original system, it is then clear that the limit system will not have this
property. The nontrivial question, then, is whether the property is lost already at some finite
point in time when the system is still non-classical, and find bounds for the this critical time
— this is obviously relevant for practical applications of quantum mechanics in noisy systems.
While the loss of quantum entanglement has been studied extensively in this sense for decades,
much less is known regarding the loss of measurement incompatibility. Nevertheless, it is clear
from the above examples that the problem is tractable at least in specific cases, and we will
show below that one can indeed obtain explicit bounds in a generic finite-dimensional case, and
improved ones in the case of pure decoherence.

The basic starting point for joint measurability considerations is the Markovian property of

joint measurability in the semigroup case:

Proposition 2. Let t — A; be a dynamical semigroup, and E, F observables. If A; (E) and
A4, (F) are jointly measurable for some t; > 0, then A4, (E) and Ay, (F) are jointly measurable
for all t5 > t;.
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Proof. We have Ay, (E) = Ay,—¢,(Ay, (E)) for all t; < t5, and any observable E, and hence any
pair of observables jointly measurable at time ¢; will also be jointly measurable at time ¢, by

Proposition [I} O

Of course, initially incompatible observable will not necessarily become jointly measurable
at some time, or even asymptotically. However, quite often this does happen, and the task
of characterising this in some relevant classes of semigroups is an interesting problem. If H is
finite-dimensional, the problem can in principle be solved numerically, since joint measurability

can be checked at any time point using an appropriate semidefinite program [43].

5.1. Basic examples. We begin with specific cases where the joint measurability problem is

analytically tractable.

Example 2. Consider qubit dephasing [44] of the Lindblad form with a single operator L; =
V/703/2, where v > 0 is a a constant describing the strength of dephasing. This is the simplest
case of pure decoherence discussed in Section [3.4] and — interestingly — has the special prop-
erty of arising from an environmental interaction of the form (3.2|) without any approximation.
Indeed, taking K = L*(R) with initial state o = [¢) (¢)| such that |¢(x)]* = L[(z—Q)*+~%/4] 7",
and the unitary evolution U, = e~"%3®%@/2 one can easily check that the exact reduced dynamics

gives Ai(A) = Cy x A, where

1 eitQ—t'y/Q

Ot: )

e—itQ—t'y/Q 1
which has the semigroup form A, = e with the generator

1 1
L(A) = §Q[03, Al + 17(031403 —A).

In this context, the Hamiltonian o3 ® (/2 has been called shallow-pocket model by several
authors, see e.g. [44] and references therein.

Now consider a binary unbiased qubit observable E = {E,1 — E} so that E = (1 +e- o)
where e € R3, |le|]| < 1, and o = (07, 09,03). The evolved observable is therefore determined

by the effect Ay(A) = (1 + e(t) - o), where
e(t) = (e R(t)eo, e:),

where the rotation matrix

cos 2t sin it
R(t) =
—sin 2t cos
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and the damping factor e acts on the xy-components eq := (e,, ¢,) of the vector e, while the
z-component remains unchanged.

Since initially unbiased observables remain unbiased throughout this evolution, we can use the
basic criterion for joint measurability introduced in [48]: indeed, two unbiased qubit observables

E and F are jointly measurable at time ¢ if and only if
le() +£@)[| + lle(t) — ()] < 2,

which reads

Velle + E)oll2 + (e + £2)2 + yJe2ll(e — £)o|2 + (es — £2)2 < 2.

In particular, the rotation induced by the Hamiltonian is irrelevant for joint measurability,
which only depends on the decoherence rate v and the initial effects. The inequality can be

written in the slightly more transparent form
(eg - £5)%e " — [Heo — fo]|* 4+ 2e0 - fo (1 — ezfz)}€727t +(1-e)1—-f2) =0,

which is quadratic in e, so the general solution can easily be written down. It is particularly
simple if ey - fy = 0 (e.g. for the projections of o; and oy), in which case the observables are
jointly measurable for

1 (1—e)(1—f7)

t>——1In ,
T 2y lleo — foll?

provided that (1 — e2)(1 — f2) < |leg — fy]|* (otherwise they are jointly measurable from the

beginning).
Example 3. Depolarising semigroup with invariant state o reads
Aio(A)=e"A+ (1 — e Mtr[Ao]l.

It is easy to check that the GKLS form is given by the Lindblad operators L = /pr|ow) (]
where 0 = Y, pi|dk) (x| is any convex decomposition of ¢ into pure states, and {|4) } is a basis.
This is one of the few cases where joint measurability results have been derived [47] using

existing fairly sophisticated hidden state models.

Assume that H is finite-dimensional with dimension d. Let {E;,...,E,} be n observables
with arbitrary finite outcome sets €2q,...,€,. Define for all 1 € Qq,...,z, € Q,, a positive
operator

d+n—
n

G({(z1,...,2)}) = d( 1)_ try [PE ({21}) @ - - @ B, ({2 }) Pul.
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where P, is the projection to the symmetric subspace of the n-fold tensor product of H, and
try is the partial trace over all but one tensor factor. It follows that G is a joint observable for
the observables {A;1/4(E1),...,Av1/a(En)} when t = —In((n + d)/(n(d + 1))), and hence by
Proposition [2] it follows that they are jointly measurable for

n—+d
n(d+1)

Furthermore, it was proved in [47] that {A;1/4(E1), ..., A¢1/a(En)} is jointly measurable for any

t>—1In

n if
(3d —1)(d — 1)4-1

t>—1
=TT A ad

5.2. Perturbative approach in the generic case. We now proceed to obtain a rough bound
for the critical joint measurability time in a generic system with the structure given in Theorem
We begin the discussion in a general Hilbert space, but for the concrete result we will have
to restrict to a finite-dimensional case.

We first consider joint measurability in the vicinity of a commutative subalgebra C C L(H).
Let £(H) denote the set of effects, positive unit bounded operators. and let & = E(H) N C.
Obviously, all pairs of E&-—valued observables are jointly measurable, but it is also quite natural
to ask how close (pairs of) observables need to be to the algebra C to be jointly measurable.

To formalise this, we set the following general definition:

Definition 1. Let Uy C E(H) x E(H) be any set with the property that [A, B] = 0 for all
(A, B) € Uy. We call aset U C E(H) x E(H) is a jointly measurable envelope of Uy if Uy C U,
and any pair (E, F) of finite-outcome observables such that (E(z), F(j)) € U for all (i, j) € QexQF

is jointly measurable E]

Remark 2. Note that trivially, any Uj as in the definition is a jointly measurable envelope of
itself, since commutative (discrete) observables are jointly measurable. The interesting question
is how to find jointly measurable envelopes involving non-commutative pairs. We also remark
that the definition could be generalised to include arbitrary many observables (not just pairs) in

a straightforward fashion; however, we will restrict to pairs in this paper, as mentioned above.

We will now apply this concept in the particular case Uy = & x &¢ associated with a
commutative algebra C. In order to find a nontrivial jointly measurable envelope, we assume

that there exists a normal conditional expectation I" : £L(H) — C. Since I' is positive and

For notational simplicity we write here and subsequently, for instance, E(7) instead of E({i}).
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normal, we have, for each observable E, the “projected” observable I'(E) whose range lies in &c.
We now have the pointwise distance ||E(7) — I'(E)(7)|| of the effects from their projections as a

measure of closeness[] and the following result holds:

Proposition 3. Let C C L(#H) be an Abelian von Neumann algebra with a normal conditional
expectation I' : L(H) — C. For any effect A let A\g(A) denote the bottom of the spectrum of
A. Then the set

Uer :={(A,B) € E(H) x E(H) | [A=T(A)[| + [[B = T(B)|| < M(T'(A))Ao(I'(B))}
is a jointly measurable envelope of & x &c.

Proof. If A, B € &, we have A = ['(A) and B = I'(B), and since the right-hand side of
the inequality is always nonnegative (as I'(A), I'(B) € £(H)), it follows that & x & C Uer.
Now let E = (E(7))icq. and F = (F(j));eqs be observables with finite outcome sets such that
(E(7),F(j)) € Uer for each i, j. For each i, j, define

G(i,j) == T(E)A)T(F)(5) + E() = T(E)(D) + F(5) — T(F)(5)-

Now clearly >, G(i,j) = E(i) for all i € Qg and ), G(4,5) = F(j) for all j € QF, so G(i, )
defines an operator measure with margins E and F. Since I'(E)(¢) and I'(F)(j) commute, we

have T(E)())T(F)(5) = Ao(T(E)(3))Ao(T'(F)(j))1, and hence

G(i,5) = Mo(T(E) (1)) A(T(F) (1)1 — [E(@) = T(E)(@)[1 — [[F(7) = T(F)(G)I[T =0
because (E(7), F(j)) € Uer. Therefore, G is a joint observable for the pair (E,F). O

Now consider a semigroup A; as in Theorem [I}, using the notation associated with the decom-
position introduced there. For a given effect A, we have \o(I'(A)) = inf;c; tr[o; P;AP;]. Note
that since each o; is faithful, we have tr[o; P,AP;] > 0 for an i € I, provided that P,AP; # 0,
but even in the case where P,AP; # 0 for all ¢+ € I it may happen that the infimum is zero. In
that case (A, B) € Uer (for any B) only if A, B € &. However, in the finite-dimensional case
(where I is necessarily finite), A\o(I'(A)) > 0 is a generic property.

The general idea is to show that the effects of a pair of observables (A;(E), A;(F)) enter some
jointly measurable envelope of £ x & already at a finite time ¢. In the infinite-dimensional case,
" TIn the relevant case where the conditional expectation comes with a faithful invariant state o, one can

actually regard I' as a Hilbert space projection in the completion of £(#H) with respect to the scalar product

(A, B) — tr[c A*B], in which case T'(A) is indeed the point in C closest to A for any A € L(H).
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we would not expect this as the convergence in part (c¢) of Theorem I} is (only) in the weak-
* topology. Therefore, we assume henceforth that #H is finite-dimensional (which is already

nontrivial). In this case, estimates of the stronger form
(5.1) Ay —To A < Ke ™

where K, v > 0 are independent of time ¢, have been obtained by various methods; see e.g.
references cited in [46], in which they were applied to derive bounds for times at which the
dynamics becomes entanglement-breaking. Before proceeding to our result, we briefly review
this aspect from the point of the view on joint measurability.

Accordingly, we recall that a quantum channel A is entanglement-breaking if (A ® Id)(p) is
separable for any bipartite state p involving an ancillary system, and that any entanglement-

breaking channel in finite-dimensional case is of the form

A(A) = tr[Aoy] Ry

ke

where each oy, is a state, and (Rg)req is a resolution of identity [49]. From our point of view,
such channels are relevant as they are also incompatibility-breaking [47], so that, in particular,
the pair (A(E), A(F)) is jointly measurable for any pair (E,F) of observables. Indeed, we can
obtain any observable of the form A(E) from (Rjy)req by classical postprocessing via Markov
kernel (i, k) — tr[E(i)oy]; this property is known to be equivalent to joint measurability in the
sense of our definition [I5, Theorem 11.1].

In the setting of Theorem [I we immediately observe that the conditional expectation is an
entanglement-breaking channel, which agrees with the fact that the algebra C is commutative,
i.e. does not support any incompatible observables. In particular, for any pair of observables
(E,F), we can write a joint observable for the pair (I'(E), '(F)) as G(i,j) = T'(E(:))T'(F(j)) (as
the range of I' is commutative), which, using the decomposition in Theorem , attains the
explicit form

G(i,j) = Y _ tr[E(i)o]tx[F(j)ox] Py,
kel
which is manifestly a postprocessing of the central resolution of identity (Py) providing a joint
observable for all C—valued observables.

Now, the next question is whether joint measurability could be achieved already at some

finite time for a given pair of observables — this would show that the emergence of classicality,

from the point of view of individual pairs of observables, has a practical relevance.



20 JUKKA KIUKAS, PEKKA LAHTI, AND JUHA-PEKKA PELLONPAA

It makes sense to first consider whether A; might become entanglement-breaking at some
finite time ¢ (as this would obviously imply that it is also incompatibility breaking) for any

initial pair of observables. The following result is known:

Proposition 4 ([46]). Adopt the assumptions of Theorem [1]and assume that H is d-dimensional
(d < 00). Then the following hold:

(a) The semigroup (A;) has a finite entanglement-breaking time if and only if the decoherence-
free algebra consists exactly of multiples of identity (i.e. the index set I has exactly one
element). In this case, if holds, then A; is entanglement-breaking (and hence also
incompatibility breaking) for

1. Xo(o)

t>——1In =,
v Kd?

where o is the unique faithful invariant state.
(b) If the algebra C is nontrivial (I has more than one element), then there is no finite ¢ > 0

such that A; is entanglement-breaking.

This opens up several interesting directions for joint measurability considerations, which we
now proceed to initiate. In particular, while part (a) is also a joint measurability result, part
(b) is not. We will now provide a simple result showing that incompatibility of a generic pair
of finite-outcome observables is indeed broken at some finite time also in this scenario. We call
a finite-outcome observable E regular relative to C if P,E(i)Py # 0 for all k € I and i € Qg (this

is the relevant notion of genericity). In this case, we define A\g = min, ; tr[oy, P,E(2) P] > 0.

Proposition 5. Adopt again the assumptions of Theorem Suppose that H is finite-
dimensional and (j5.1)) holds for A;. Let (E, F) be a pair of finite-outcome observables which are
regular relative to C. Then (A4(E), A;(F)) is jointly measurable for

Proof. The assumption (5.1]) implies that ||A,(E(7)) — T(A¢(E))(i)|| < Ke "[|E(i)|| < Ke™* for
all t > 0 and ¢ € g, and a similar relation holds for F. Therefore, if the inequality in the claim

holds, we have

1A(E(2)) = DA(E) ()] + [[A:(F () = T(A(F) ()| < 2Ke™" < AeAe

< mi}ltr[akPkE(i)Pk] Ilglei}ltr[UkPkF(j)Pk] = M(I'(E)(4) Ao (I'(F)(4))

ke
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for each ¢ and j, which shows that each pair (E(7),F(j)) belongs to the jointly measurable

envelope Ue r, and the result follows. O

Remark 3. It is clear that this result would generalise in a straightforward way to joint

measurability of n—tuples of observables.

This bound is obviously far from optimal in most specific cases, and can indeed be improved
significantly when more information on the structure of the semigroup is available. Since the

aim here is mainly expository, we only consider one class of semigroups and observables.

5.3. The case of pure decoherence. We now proceed to consider the joint measurability
problem in the special case of Section [3.4] where C = span{|n)(n| | n € I} in some fixed basis
{ln)} CH,

For an observable E we then have Ag = min, ; pE(j), where we have denoted pE(j) =
(n|E(4)|n), so that pE is the probability distribution of E on the basis state n € I.

A tractable and interesting setting for joint measurability considerations is now the following
[50]: one of the observables, say, F, is C-valued, so that each effect F(j) is already in the
decoherence-free subalgebra (i.e. diagonal in the basis {|n)}). It then follows that F = I'(F).
Hence, Proposition [3| applies here: Assuming E and F are regular, their joint measurability is
implied by the inequality
o JEO -TEM _

i min, pE(i)

(5.2)

However, this result can be improved by using the simplified matrix structure of the observables.
First of all, instead of considering the distance ||E(i)—T'(E(7))|| between the individual effects, we

use the /-distances of the individual matrix elements, by defining for each n, m the coherence
cohm (E) := Y _ |(n[E(i)|m)].

For n = m this just equals 1, while n # m produces the relevant quantities. The consideration
of the second (diagonal) observable F is more interesting, as joint measurability turns out to
depend crucially on how distinct the probability measures pE are. In fact, the following result

holds:

Proposition 6. [50, Prop. 1] If E and F are jointly measurable, then the following tradeoff

holds for all n, m:

(5.3) cohy,, (E) + d2, (F) < 1,
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where @2, (F) :=1-5_ iV PL(7)P,(7) is the squared Hellinger distance between the probability

distributions pf and pF .

This simple but in some sense remarkable inequality can be seen as an “uncertainty relation”
between the ability of F to distinguish the basis elements, and the ability of E to detect coher-
ences between them. This is, of course, an instance of the fundamental uncertainty principle
between complementary observables in quantum mechanics. In fact, the role of complementar-
ity in the present context can be made more explicit by considering mutually unbiased bases
(which are also maximally coherent observables). This link to complementarity illustrates the
interesting and intricate nature of joint measurability in the neighbourhood of commutative
subalgebras.

We can also improve the generic sufficient condition using the Hellinger distances. In fact:

Proposition 7. [50, Prop. 2] If each matrix M (i) with the matrix elements

o (nlE@)[m)
Mol =1, F)

is positive semidefinite, then E and F are jointly measurable (assuming that d,,,(F) # 1 for all

n#m).

This also reflects the same complementarity principle, in that the above matrix will typi-
cally be positive semidefinite when the off-diagonal is small compared to the diagonal, that is,
coherences (n|E(i)|m) are small relative to 1 — d?, (F) and the diagonal of E is not too small.

We now proceed to the dynamical setting, given by the Schur channels as noted in Section
3.4 The relevant joint measurability conditions therefore involve channels of the form A(A) =
C % A where C' is a positive semidefinite matrix with unit diagonal. In a dynamical setting
C will depend on time, and we can use the conditions to estimate the critical time at which
incompatibility is lost. The point is that initially diagonal observable F will remain invariant
under the channel, and we can use the conditions above for E replaced by A(E) to assess the

effect of the dynamics. In this context the following result is known:

Proposition 8. [50, Theorem 2] Let A be a Schur channel and F a C-valued (i.e. diagonal)
observable. Then the pair (A(E),F) is jointly measurable for all observables E, if and only if

there are positive semidefinite matrices C) such that

Y. cV=c dl=p0)
J
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This characterisation, which has the form of a semidefinite program (SDP), is numerically
much quicker to evaluate than the generic joint measurability SDP. Furthermore, the above
two propositions can be used to derive analytical bounds. This was illustrated in [50] in the
case of the spin-boson model; we summarise the main results here briefly.

The spin-boson model consists of an N—qubit quantum system coupled to an environment

consisting of harmonic oscillators in the continuum limit [I8]; its Hamiltonian is
H= HS + Zwkabk + Z Sz(gkb}; + Ekbk),
k k

where by, are the modes (so [b,b;] = 1), gx the coupling constants, and Hg = wpS, the
system Hamiltonian with S, the total spin in the z—direction. Taking the initial state o of the
environment to be thermal, the resulting subsystem dynamics takes the Schur channel form
A(A) = CIA(1)] * A, where cum[N] = AIP1=ImD? given in the joint oy-eigenbasis {|m)} for the
qubits, with m = (my,...,my) € {0,1}" and |m| =Y, m,. Here \(t) € [0, 1] is given by the
decoherence functional of the environment, depending on the spectral density and temperature
[18]. Tt follows that the dynamics is a semigroup (only) when A(t) = e~ for some constant
a > 0, but the Markovian behaviour of joint measurability (Proposition [2)) already holds when
the dynamics is divisible, that is, A\(¢) is monotone decreasing in ¢.

In order to solve the incompatibility problem, we first eliminate the redundancy related to the
decoherence-free subspaces Dy, := span{|m) | [m| =k}, k = 1,..., N. Clearly, cam[A] = 1 when
n, m belong to the same Dy, and hence these coherences do not decay. Therefore, in particular,
incompatible observables supported inside any of these subspaces never become compatible.
Consequently, an interesting joint measurability problem of the form of Proposition |8 in this
setting involves incoherent observables F which do not distinguish between basis elements inside
any Dy, that is, pf = pf whenever n, m € D, for some k; that is, the restriction of F to Dy
is a trivial observable. It can then be shown that the problem reduces to the consideration of

decoherence matrices of the form

1 DD P ¥\ o
A 1 A
AN
ClAl =
AN\
A 1 A
AT s 1
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This matrix has an extra symmetry, namely with respect to reflection about the counter-
diagonal. It therefore makes sense to restrict to diagonal observables F having the corresponding
covariance property, that is, we take F to have outcome set {0, ..., N}, and pf (k) = pf (N —k)
when |n| = N — |m|. These can be interpreted as unsharp measurements of the label & of the
decoherence-free subspace; for further discussion on the role of symmetry in this context, see
[50]).

After the above reduction, the problem in Proposition [8| can be solved analytically for the
simplest case N = 2. For the general case we restrict to covariant diagonal observables of the

form

Fo(k) = aDy + (1 — a)gl,

where Dy, is the projection onto the decoherence-free subspace Dy, qr = 27 Vtr[Dy] = 27V (1),
and « € [0, 1]. This is natural in the sense that the projections Dy, form the spectral resolution of
the system Hamiltonian Hg; the map o — F, then interpolates between the energy observable
Hg and its trivialisation, which is the classical coin toss distribution. The problem now has
only two parameters, so that joint measurability is characterised by a region in the (), «)-plane.

In the case N = 2 the boundary curve has the analytical form
a=1-42[3+ A\ +2v2(1 -]

For arbitrary N, we can use Propositions [7| and |§| to find analytical bounds for the exact
boundary curve. In fact, the Hellinger distances between the distributions pfe and pfe for

In) € Dy, |m) € Dy are given by

dim(Fa) = — ug(a) — up (@)

where up(a) = /qr(1 — @)(a + g (1 — @) — qx(1 — ). In particular, taking k = 1, k' = 0 gives
the inequality

A<1—a+u(a)+u(a)

as a necessary condition for joint measurability. Furthermore, using the second proposition

together with some theory of Toeplitz matrices, one can show [50] that the inequality
05 (g, /\> > a — 2up(a),

where 05(x,\) = 1+ 2322, \¥ cos(2kz) is the Jacobi Theta function, implies joint measura-
bility of (A:(E), F) for all observables E.
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These results are obviously highly specific to the case at hand, but they demonstrate that

the general methods listed above do produce analytical results for joint measurability problems

even in large open quantum systems.
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