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Abstract

M, (C) denotes the set of n by n complex matrices. Consider
continuous time quantum semigroups P; = et t > 0, where £ :
M, (C) — M,(C) is the infinitesimal generator. If we assume that
L(I) =0, we will call e'~, t > 0 a quantum Markov semigroup. Given
a stationary density matrix p = pg, for the quantum Markov semi-
group P, t > 0, we can define a continuous time stationary quantum
Markov process, denoted by X;, t > 0. Given an a priori Laplacian
operator Ly : M, (C) — M,(C), we will present a natural concept of
entropy for a class of density matrices on M, (C). Given an Hermitian
operator A : C" — C" (which plays the role of an Hamiltonian), we
will study a version of the variational principle of pressure for A. A
density matrix p4 maximizing pressure will be called an equilibrium
density matrix. From p4 we will derive a new infinitesimal generator
L 4. Finally, the continuous time quantum Markov process defined
by the semigroup P; = e'£4, t > 0, and an initial stationary den-
sity matrix, will be called the continuous time equilibrium quantum
Markov process for the Hamiltonian A. It corresponds to the quantum
thermodynamical equilibrium for the action of the Hamiltonian A.
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1 Introduction

We are interested in continuous time stationary quantum Markov process
which corresponds to equilibrium for a quantum bath (interacting with a
quantum system) under the action of a certain given Hamiltonian. Therefore,
our results concern continuous-time quantum channels.

In [5] the authors present a detailed study of a nice version of the de-
tailed balance condition for a continuous-time quantum Markov semigroup
on M,(C), n € N (see also [9], [§] and [16] for related results). In Theorem
4.2 in [5] it is explained that the detailed balance condition for a classical
continuous-time Markov Chain, with values on a finite state space, corre-
sponds to the commutative part of the dynamical evolution of the continuous-
time quantum Markov semigroup. Results of [5] are used here in an essential
way.

On page 75 in Section 9 in [I0], and also on page 114 in Section 5 in [I7],
for a classical continuous-time Markov Chain satisfying the detailed balance
condition, a deviation function (which is a form of entropy) is introduced
and a variational principle (in some sense a form of maximizing pressure)
is considered (see expression 9.18 in page 76 in [10]). We would like to
extend the results obtained for the classical commutative setting to the non-
commutative setting of quantum Markov semigroups satisfying the detailed
balance condition as described in [5].

We will present a natural concept of entropy for a class of density matrices
(see Section B]). We point out that the dynamics of the flow in the set of
matrices is encapsulated on the infinitesimal generator and the entropy we
consider here is at the level of this linear operator. In this sense, this concept
of entropy has no direct dynamical content. Our setting is the quantum
channel version of the classical ones considered in [10] and [17].

After introducing entropy we will study a version of the variational princi-
ple of pressure and its relation to an eigenvalue problem for a certain type of
transfer operator (see Section Bl and expression (82)) in Section[@]). In classical
Thermodynamic Formalism, the Ruelle operator plays this role. The Ru-
elle Theorem describes a relation of equilibrium states with a corresponding
eigenvalue problem (see [I5]). The Ruelle operator is an infinite-dimensional
version of the Perron-Frobenius operator. The transfer operator we consider
here is not exactly an extension of the concept of Ruelle operator. A density
matrix maximizing pressure will be called an equilibrium density matrix. We
will provide examples in Section [3l

Our results are in some sense the quantum analogous of the reasoning
delineated in [2], [13] and [11], which considered the dynamics of continuous-
time dynamics (a flow) in the Skorohod space.



Our definition of entropy is also different from the ones in [3] and [4]
which considered quantum channels in discrete-time dynamics.

Taking into account the concept and the notation described in section 5 in
[5] we will denote by Ly (the Laplacian) the generator of the heat semigroup.
We will choose a special £y (see Definition ) which will play the role of the
a priort Laplacian. Our special choice of £ is the analogous of taking the
normalized counting probability as the a priori probability in the classical
definition of Kolmogorov-Shannon entropy (see discussion in [14]).

From this £y (which is fixed from now on) we will be able to define the
detailed balanced condition (as described in [5]) and the Laplacian-entropy.

Definition 1. Given a density operator p define the Laplacian-entropy (en-
tropy for short) by
hp) = Tr [p"2L5(p)], (1)

where we set Ly by Definition [4]

Our definitions of entropy and pressure are quite natural. They are the
non commutative extension of the concepts considered in the classical setting
of continuous-time Markov chains as described by M. Kac in expressions
(9.16) and (9.18) in Section 9 in [10] and by D. W. Strook in Section 5 in
[17).

Expression (5.12) in [I7] defines the so-called rate function I in the setting
of classical continuous-time Markov Processes taking values on the compact
metric space E. If L is the infinitesimal generator, then (5.12) means

I(v) = inf / L,

u>0 ueC(E

where C'(FE) is the set of real continuous functions defined on E.
Later, for reversible processes, the above formula simplifies to expression
(5.18) in [I7], which claims

dv
- [ oo, o=

In [17] it is used the term symmetric operator but in other contexts, this
would correspond to conditions like reversibility or the detailed balanced
condition.

Under the detailed balanced condition, in the quantum channel context,
one should replace the role of L by the generator of a QMS, which is usually
denoted by £ (the Lindbladian). Probabilities are replaced by densities p
(states). In this case, (5.12) in [I7] corresponds here to

s -1
I(p) = — i Te(p U™ Lo V),



where the infimum is taken over the positive matrices U € M,,.
In [17] (see also [10]) the variational principle is taken as

A(V) = sup (/ Vdv — 1(v)),

prob v

where A\(V') is the main eigenvalue of a certain operator.

Denote D,, = {p > 0:Tr(p) = 1}.

In section Bl we consider an analogous problem: given an Hermitian op-
erator A : C" — C", we consider the variational problem:

Py = sup {h(p) + Tr(Ap) }. 2)
pEDR

A matrix ps maximizing P4 will be called an equilibrium density the
operator for A. We call P(A) the Laplacian-pressure (pressure for short) of
the Hermitian operator A : C" — C".

A connection of P4 of expression (2]) with the eigenvalue of a certain
linear operator is described in expression (32) in Section [ (see also (33)).
In this way we get all elements for establishing a continuous time quantum
channel version of the classical Ruelle operator (see [15], [14], [2], [13]).

Our definition of entropy has a difference of sign when compared with the
setting of [I7], so we wonder if there exists a connection between h(p) and
—1(p). In section [7 we will show this connection in the special case of the
heat-semigroup with the a priori generator L, defined on section [38l We will
show that:

Theorem 2. Given the density matriz p, then
_ -1
h(p) = inf Trip A= Lo(A)).

Following [5], we will present in Section [ the classical Markov Chain
associated with a continuous-time quantum channel and we will provide ex-
amples.

The present work is part of the PhD. thesis of J. Brasil and J. Knorst in
Graduate Program in Math. in UFRGS.

2 An outline of the main prerequisites

Given a linear operator A : C — C, its dual (with respect to the canonical
inner product), is denoted by A*: C — C.

Denote by M, (C) = M, the set of n by n complex matrices with the GNS
inner product < A, B >= Tr (A* B). Given a linear operator T : M,, — M,,,
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its dual with respect to this inner product is denoted by TT : M, — M,,.
That is, for all matrices A, B we get

<T(A),B>=< A, T'(B) > .

We denote by 1 the diagonal matrix with entries % Then, 1 is a density
matrix and also the unity of the C*-algebra M, (C). We denote by &, the
set of invertible density matrices (operators) p : M,, — M,.

We will consider continuous time quantum semigroups (QS) the ones
given by P, = e'£, t > 0, where £ : M,(C) — M,(C) is the infinitesimal
generator (see Definition 5.5.1 and also Section 9.3.2 in [6]). The linear
operator £ should satisfy the conditional complete positivity property (see
section 5 in [6] or section 6 in [I8]). We assume that L£(A*) = (L(A))*,
for all A € M,,(C). Given a selfadjoint matrix A € M,(C), the dynamical
evolution t — e**(A) is called the Heisenberg dynamical evolution. Given a
density matrix p € M, (C), the dynamical evolution ¢ — ¢*£'(p) is called the
Schrodinger dynamical evolution.

If we assume that £(I) = 0, we will call P, = e'£, t > 0, the continuous
time quantum Markov semigroup (QMS) associated to L (see Definition
5.5.2 and also section 7 in [6]). It is known that in this case e'“(1) = 1, for
all t > 0. Continuous time quantum Markov semigroups provide a convenient
mathematical description of the irreversible dynamics of an open quantum
system.

If p = p, is such that £(p) = 0, then for all ¢ > 0, we get e'£'(p) = p and
we say that p is the stationary density matrix for the continuous time
quantum Markov semigroup with infinitesimal generator £. Section 9.4
in [6] presents a discussion on the uniquenes of the stationary matrix p.

We call X;, t > 0, the continuous time quantum Markov process
(QMP) associated to the infinitesimal generator £, the process associated to
the pair (e'*, pz), t > 0. We can ask questions about ergodicity for such
process (see Section 11 in [6]).

Given the (QMP) associated to £ and the stationary density operator p,
take an observable (a self-adjoint matrix) A € M,,. Then, we get that

t — Tr(pe“(A))

describes the time evolution of the expected value of the observable A.

We say that L is irreducible if for every non-zero matrix A > 0, and every
strictly positive ¢ > 0, we have e'*(A) > 0. We will also assume that £ is
irreducible (see Sections 10 and 11 in [6]).

Given o € &, consider the inner product <, >, in the set of matrices
in M, given by < A, B >,=Tr (A*Bo) =< A, Bo > .
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Definition 3. Given o € &, we say that the QMS e'*,t > 0, satisfies the
o-detailed balance condition if L is symmetric with respect to <, >,. That
is, for all matrices A, B € M, we get

< L(A),B>,=< A, L(B) >, .

Given ¢ € &, if the QMS e**,t > 0, satisfies the o-detailed balance
condition, then, ¢ is stationary for the evolution of the semigroup etﬁ,t >0
(see Lemma [I0]).

The explicit form of the infinitesimal generator of a continuous-time quan-
tum Markov semigroups satisfying the detailed balance condition is described
by expression (3.4) in [5] (see our expression (I3)).

Definition 4. We denote Ly the infinitesimal generator satisfying d.b.c.
where we take 0 = 1. Ly will be called the Laplacian (see Section 3 in

[3]).

The semigroup P; = €', ¢t > 0, describes the unperturbed continuous
time quantum channel.

Given the a priori Laplacian operator Ly : M, (C) — M,(C), we will
present a natural concept of entropy for a class of density matrices p on
M,,(C) (see Definition [).

Given a Hermitian operator A : C" — C" (which plays the role of minus
the Hamiltonian), we will consider in Section [ a variational principle of
pressure for A, which is given by Definition

A density matrix p4 maximizing pressure will be called an equilibrium
density matrix for A. This matrix (in fact p114/ 2) will satisfy an eigenvalue
property for a certain linear operator £, to be described in Section [l From
pa we will derive a new infinitesimal generator £ 4. Finally, the continuous-
time quantum Markov Process X;, ¢t > 0, associated to P, = et©4, t >
0, and p4, will be called the continuous-time equilibrium quantum Markov
semigroup for the Hamiltonian A. This new process describes a continuous-
time quantum channel after the perturbation by the selfadjoint operator A.

3 The heat semigroup and entropy of density
operators

In this section the inner product in M, is < A, B >= Tr (A* B).
Denote by e;, 7 =1, ...,n, the canonical base in C", and by

j@j: ‘€i><€j|ICn—>Cn,
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where 7, j = 1,...,n. Note that J;7; = | e; ) (e; .

We denote by J; ; the matrix which is zero in all entries, up to the entry
1,7, where it has the value 1.

We denote by 1 the operator identity I times % The matrix 1 describes
an invertible density operator.

Ly denotes the infinitesimal generator satisfying d.b.c. for o = 1.

One can show that J;,, ,7 = 1,...,n, is an orthonormal basis for £
associated to the eigenvalue 0.

Following section 5 in [5] we call £, (the Laplacian) the generator of the
heat semigroup (the Laplacian)

A Lo(A) = 3 (VS AV 4 [V A V) 3)

ij=1

This operator is negative-semi definite. (see page 1827 in [5] and also (I3])
and (I3]) of next section. Note that Lo(I) = 0.

One can show that £§ = £, and Tr (1 Lo(A)) = 0, for all A € M,

Note that

n

Lhp) = (Vigp. Vil + Vig. p Vii]). (4)
ij=1
o = 1 is invariant for the flow ewg.

Definition 5. Given a density operator p define the Laplacian-entropy
hp) = Tr[p"*LY(p"?)] (5)

This definition is consistent with expression (5.18) on page 113 in [17].
Our main result in this section is the explicit expression for entropy to
be described by Proposition [7l

First, we want to show the following Lemma:
Lemma 6. h(1) =0.
Proof. From ({)

n

Lh0'?) = > (Vig o2 Vi) + Vi, 02 V).

ij=1

Lia ) = (Vi 22 Vil + Vi a2V =122 ) (Vg Vi)

i,j=1 i,j=1



Note that
lei)(eil —lej)(es].

For each pair (7, j) there is a correspondent (j,7). From this follows that

LH?) =122 Jei)(e| —lej)(e;| =0.

ij=1

Then, h(1) = 0.
U

Consider now a general density operator p € &,. We want to estimate

h(p).
Denote p1/2 = Zzszl Crs | €7 ) (€5 |-

For i, j fixed
Vi 02,V = [Vis ( i e e ]). Vi) =
Vi ( ilcm\er><es|)viz— v;jvi,j<milcm|er><es|) _
vm(f:jlcm|er><es|)v;j—|ej><ej| (gn:jlcm|er><es|) -
v;,j<i1cm|er><es|) o) (e ]~ ilcjs|ej><es| -
) {es] Tz:;cm|er><ei|— gcjs|ej><es| _

n
cijle)(eil = > cisle;) el
s=1

On the other hand, for 7, j fixed

n

Vi ;01/2 V:]] = [V;,j ) ( Z Crs | er)(es| ) V:]} =

r,s=1



n
%J(ZCH‘@r)(eS zj Zcrs|er es -

r,s=1 r,s=1
n
ciile (el = (3 erlen)(esl) e e | =
r,s=1

n
cijle) (el =Y ayle) (el
r=1

Finally,
Lo =D (Vi P2 Vil + Vi 0P VD) =
i,j=1
> (sledlel= Y cules) el +
ij=1 s=1
tejglen)(el = Y ele)e]) =
r=1
2 el = (D eleded+ D ale)e]) =
j=1 ij=1 s=1 r=1
2 el =0 (Denleel+ D asle)el).
j=1 j=1  s=1 r=1
Then,
P Lh(p?) =
Z Cuv | €u)(ey] 2 Z ciil—
u,v=1 j=1
n Zcuv\eu (ey| (Z chs\ej es\+zzcm|€r €; )Z
u,v=1 s= 7j=1 r=1
D culea)(en] 2 Z ¢ I —
u,v=1 j=1
n Y cwled (D anlenl) +n Y cnled (D e lel) =
u,v=1 s=1 u,v=1 j=1



n

Zcuv‘eu €v| QZC]][—Q'NI Zcuv|eu (icvs<€s|):
s=1

u,v=1 u,v=1

QZ% > cwleadien] —20 3 Y awenleiel
u,v=1 u,v=1 s=1
The diagonal of pis p11, P22y .-, Pun and Ej:l cjj = ZFl \/Aj, where \;,
j = 1,...,d, are the eigenvalues of p. Note that sup(Z?:1 V)% = n and

inf(37 /A)? = 1.

Therefore, for fixed n and a given p

h<p) [ 1/2£T 1/2 =2 Z CJJ Z Cyu — 27’1, Z chvcvs =

v=1 s=1

2(Y i) —2n e =2(2VN) —2m <0
j=1 s=1 j=1

Note h(p) can be very negative if n is large. We get the following propo-
sition by looking at this last inequality:

Proposition 7. The entropy h depends only on {\;} the eigenvalues of p
and

hp) = 2Tr(p'/?)” — n—2<Z\F>

Note that as )7 ; A; = 1, the maximal value of h(p) is zero, and this

happens when all elgenvalues \j = 1 are equal to —. The maximal value of
entropy is attained by the den51ty matrix 1.

Remark 1. For fized A we denote 0; j(A) = [VZ],A] and 0T (A) =V, Al
i.j is a version of the momentum operator + Z—x acting on the set L? of

functions for the Lebesgue probability on the circle. Indeed, denote by D the

operator g — D(g) = %g’. For fized a : [0,1) — R, take the multiplication

operator g — a g acting on functions g. Then, the operator

1
g — D(ag) —aD(g) = ;a’g,

describes multiplication by %a’ = %%.
We point out that Z T corresponds to second derivative (Lapla-

cian). On the other hand Z 82 jal ; corresponds to minus second derivative
(minus Laplacian,).
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4 The general setting for detailed balanced
condition

Before we begin the study of the quantum case we will state results for the
detailed balanced condition when the continuous time Markov Chain takes
values on {1,2.., k}. Denote by § = (s, ..., §;) the initial invariant probability
for the line sum zero matrix W = (W, ;)i j=1,.. -

The detailed balance condition for W is: for all 4,5 =1, ..., k

5iWij = 5;Wii.
Consider the inner product in R¥

k
< X,Y >s= Zﬁjl‘jyj.
j=1

It is easy to see that W satisfies the detailed balance condition, if and
only if, W is self-adjoint for the inner product < .,. >,.

The above is the classical (commutative) setting for presenting the de-
tailed balance condition. We are interested in presenting the non-commutative
version of the concept.

We will be interested here in the C*-Algebra A = M,, of complex n by n
matrices. The inner product in M, is < A, B >= Tr [A* B]. Following the
notation of [5] the associated Hilbert space will be denoted by b 4.

We will fix from now on an element o : C* — C" in &,. A hypothesis
that can be helpful for ergodic properties is to assume that all eigenvalues of
o are simple.

Now, we present some preliminary definitions and properties taken from
[5].

Once we fix the Hamiltonian H we fix the density state o via 0 = e~
in some sense we are considering a ‘“normalized” Hamiltonian). In fact,
o= % and h = H + log Tr(e ).

The linear transformation, A, : M, — M,, is given by A — A,(A) =
o Ao~!. Note that A, () = 0 and A, (1) = 1.

Assume each eigenvalue of ¢ is simple.

AJY M, — M,, is given by B — A,(B) =0~ ! Bo.

Note that (A,(A))* = AJ1(A*).

K : M,, — M, is positive preserving, if K(A) > 0, in the case A > 0.

A, is positive but not positive preserving.

h
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We say that IC : M,, — M, is self-adjointness preserving, if (C(A))* =
IC(A*).
Remember that by definition KT : M, — M, is the one such that for all
A, B
Tr[A*K(B)] =< A, K(B) >=< K'(A), B >=Tr[(K'(A))* B].

K : M, — M, is self-adjoint if K = K.
A, is self-adjoint.
Note that if A,(E) = e "E, then A,(E*) = e"E*.
Assume that n; € C*, 7 = 1,2,...,n, is an orthonormal basis for h =
—log o,
h(n;) = Ajng, VJ. (6)
Then, n; € C", 5 =1,2,...,n, is also an orthonormal basis for o.
h = —log o plays the role of the Hamiltonian.
Then, we get that n; € C", j = 1,2,...,n, is an orthonormal basis for o,

a(n;) = e My, Vi (7)
As o :C" - C"is in &, we get that

n

deh=1 (8)

j=1
For a = (aq, ag), where ay, as € {1,2,...,n}, denote
Way,00 = Wo = )\al - )\042- (9)

If o = 1, then, all wy, 4, =0.
For each pair a € {1,2,...,n}?, denote

Fa: |77041><n042|'

Note that
F(*al,ag) = F(a27al)' (10)
Moreover,
Ag(F,) = e e [ (11)
Indeed,

As(Fo) = 0 [Nay ) Nas | ot =en | Mo ) N |(7_1 =
s ) 1y | = e

This shows that:
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Lemma 8. The operators Fy = | 1oy ){Nay |, a1, a0 € {1,2,....,n}, describe a
natural orthonormal basis of A,. The corresponding eigenvalues are e~ 1+ ez

Note that if 7 represents the normalized trace and o = (aq, az) is such
that a; # as, then,
T7(F,) =0

and, for a, & € {1,2,...,n}>
T(F; F&) == 504,64 = 504175415@275{2.

Now we denote the different F,, o € {1,2,...,n}% by Vi, k = 1,...,n?
(in order to use the same notation as in [5]). In this identification, we also
denote for each k = 1,...,n?, the value wy = Ao, — Aoy, for the corresponding

Q= (Aaw )\Clll)'
Then, the family Vi, ..., V2 represent the different eigenmatrices (an or-
thonormal basis) for A, associated to the eigenvalues e™*' ..., e”*»2  where

wp €R, k=1,...,n% 1 and o are eigenmatrices associated to the eigenvalue
1. The matrices Vi do not have to be self-adjoint, but from (I0) we get

WV, Ve b ={V", ., VST

Therefore, if wy, is in the above list, there exists a j such that w; = —wy,.
Given the Hamiltonian h = —logo, the modular automorphism oy :
M, — M,, t >0, is defined by

A — o (A) =e"™Ae ™ < The Heisenberg point of view.

A Quantum Markov Semigroup (QMS) is a continuous one-parameter
semigroup of linear transformations P, : M,, — M,,, t > 0, such that for each
t >0, P, is completely positive and Py(1) = 1.

It is natural to focus on quantum Markov semigroups that commute with
the modular operator A, associated to their invariant states o.

Consider a QMS P, : M,, — M,,, t > 0, of the form

_ L
Pt_e )

for some linear operator L : M,, — M,,.

The operator £ acts on observables (self-adjoint matrices). Note that
L(1) = 0. The dual operator LT acts on density matrices.

A state o is invariant if Tr [0 L(A)] = 0, for all A € M,,.

In terms of the possible inner products described on Defnition 2.2 in [5]
we will choose s = 1.
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Remember that given o we consider the inner product <, >, =<, >; in
M,,, where
<A, B>,=Tr[cA"B].

From [5] we get:

Proposition 9. Given the density operator o, the the QMS Py : M,, — M,
t >0, of the form P, = e'*, satisfies the o- detailed balance condition, if and

only if,
LoA,=A,oL. (12)

If P, = et*, satisfies the o-detailed balanced condition, then, for all t > 0,
ProA, =A, 0P
Moreover, for any ¢,t and matrix A we get that
(a0 Py)(A) = (Pyoap)(A).

It follows from (I2) that V3, ..., V,2 is an orthonormal basis for £ associ-

ated to the eigenvalues e™"', ..., e "2 where v; €R, j =1,...,n”%

Lemma 10. o is a stationary density matrixz for the semigroup with infinites-
imal generator L.

Proof. Note that
Vg o Vil = [ma)Cng Lol ) (ol = Tn) (o i) (g o
= e M) (mi | =¥ ;) (|
= (In:)(mi | =) {mj )
and
Vg o Vigl = L) {njlolng ) Cni | — ol g ) ([ ) (]
= e M) (| = e¥n;)(n;l
= e ([m) (| = [ ) (my 1) -
Using expression (I5) we get

£1() =232 () (| = [y (1)

-9 Ze’AJﬁZe*Ai/?\mﬂm\ —Zeﬂi/zzeﬂm\ﬁjﬂﬁﬂ
j i i J

= 0.
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Remember that for each pair i,j € {1,2,...,n}, we denote

Vig = Ini){n;l,

where 7;, i € {1,2,...,n}, is the orthonormal basis of eigenvectors for h =
—log o associated to the eigenvalues \; (according to (€])). As we mention
before w; ; =\, — A, 1,7 € {1,2,...,n}.

Theorem 11. If P, = e'*, satisfies the o-detailed balanced condition, then
L 1s of the form

Ao L) = 32 e (VA Vg + VATV, (1)

1,59
i,7=1

where V; j = |0 )(n; | and w; ; = X\, — X;, 1,5 € {1,2,...,n}, are real numbers
such that (@), ®) and @) are true (which also means A,(V; ;) = e NtV ;).

Note that given o € &, the eigenvetors |n;) and eigenvalues N, j €
{1,2,....,n}, are determined. Therefore, if Py = €'* satisfies the o-detailed
balanced condition, then, L is uniquely determined.

Remark 2. Conversely, given o in &, and V;, j = 1,2, ...,n?, such that,
1. AV; = e iV,
2.{V;,j=1,2,...,n%*} = {Vj*,j =1,2,...,n%},
then,

A= L(A Ze*%/? (VF A Vi + [V ALV, (14)

is the infinitesimal generator of a QMS e, t > 0, which satifies de d.b.c.
for the given o. Therefore, o is stationary for etﬁ, t>0.
The dual operator £ satisfies

n

p— Lp) =Y e (Vi p, Vil + Vg Vi) (15)

i.j=1

Remark 3. If P, = e'*, satisfies the detailed balanced condition for the
o =1, then from ([I2) we get that V,; =T, ;, i,j = 1,...,n. This is the case
when L = L.
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5 The Pressure problem

Definition 12. Given an Hermitian operator A : C* — C", D,, = {p > 0:
Tr(p) = 1}, consider

Palp) = hip) + Tr(Ap) (16)
and
Py = seug) Pa(p). (17)

A matrix py maximizing P, is called an equilibrium density operator for

A.

Question: Is there £ such that p, is stationary for £7? The converse in
Theorem 3.1 in [5] may be useful.

The expression of entropy we found in Proposition [7l suggests us to look
at the matrices of the form & = p/2, where p is a density. In order to study
the problem of who maximizes P4, we then define

E,={£20:8 €Dy}, (18)
the set of square roots of density operators and
Pa(€) = huja(€) + Tr(AL?), (19)

where hy5(€) := 2Tr(£)? —2n = h(£?) by Proposition[ll Notice that p4(§) =
Pa(€?).

Proposition 13. If £ mazimizes the functional p,, then there ezists a K
satisfying

2k = ATr(E)] + AL + EA. (20)

Proof. We will use Lagrange Multipliers. Let g : M™ — C, g(¢) = Tr(¢?) —1.
The maximal £ then satisfies, for all h € M,,(C) and some k € R,

{DpA<5><h> = Dy (¢)(h) 1)
9(€%) =0,
with Dp4(€)(h) = 4Tr(€)Tr(h) + Tr(A{&, h}) and Dg(€)(h) = 2Tr(hE).

Taking h = | e; )(e; | we have
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2k&i5 = ATr(£)d;; + {A, E}ij-

Since the above is true for every i, j, it corresponds to the coordinate
equations of the matrix equation

2rE = 4Tr(§)1 + AL + EA. (22)

U
Note that if £ = p114/ ?, then it follows from (20)

1
rpa = 2Te(plf) ol + 5 (Apa+ i *Ail?). (23)
Indeed,

2kpa = 266§ = 4Tr(§) £ + AEE + EAL = 4Tr(§) €+ pa + SAS. (24)
Proposition 14. If ¢ mazimizes p,, then the following statements are true
1. Tr(A€) = (k — 20) THE);
2. Pa(pa) = Pa(§?) = pa(§) =k — 2n;

Proof. In (2I)) take h =1 and h = &, respectively. O

Remark 4. The problem of finding the mazimizing density p = &2 for a
general Hermitian A can be reduced to the study of the diagonal case. In
fact, since A is hermaitian, it is diagonalizable. We have UAU* = A, the
later a diagonal matriz, for some unitary matriz U. Multiplying on the left
by U and on the right by U* in the above matriz equation gives us

2k ULU* = ATH(E)UU* + UAU* UEU* + UEU* UAU

< 2kn =4Tr(n) + An +nA,

where n == UEU*. We arrive at a particular version of (22) on which the
matrix is diagonal.

Theorem 15. If A = Diag(ay,...,a,), the & that mazimizes p, is also

diagonal, with
it = ¢

R — Q;

17



where k is given implicitly on the data ay, ..., a, and c is such that Tr(£?) = 1.
Consequently, the density that mazrimizes the pressure Py 1is

1

(k—a1)?

1 (k—a2)?
Tr(pa)

PA =

_ 1
(k—an)?

Proof. For A diagonal, the expression (22]) becomes
2/‘9&3’ = 4Tr(§)5m~ + fij(ai + aj). (25)
If we take © = j in the expression above,

ki = 2Tr(€) + Ea; = (k — ;)& = 2Tr(€) (26)

We know that Tr(¢) > 0, because Tr(§) = 0 leads to £ = 0. Then &; # 0
and k > q; for all i. So,

L &
k—a; 2Tr(€)

(27)

and

n

Zn—lm:%' (28)

=1

We need to find k to completely characterize the maximal £. Suppose
that a; = max; a;. Notice that f(z) = > 1", x_la_, for z # a; has a vertical
asymptote at aj, lim,_,+ f(z) = oo, and it decreases to lim, . f(z) = 0.
By the intermediate value theorem, we have a k > a; s.t. f(k) = 1/2.

Alternatively, one can find it as one of the roots of the following polyno-

mial, which is the expression (27)) rewritten.

%det(ml —A) — Zdet </~€I — A+ (a; —k+ 1)|ei><ei|) = 0. (29)

i=1

There is just one root that is bigger than all a;, therefore it is .

Finally we prove the elements out of the diagonal are null. For i # j, the
expression (28)) gives us 2k&;; = &;;(a; + a;), or equivalently,

& (26 — (a; + a;)) = 0.

18



We know that k > a;,Vi. Thus 2k > a; + a;. This leaves us with §; = 0.

To conclude the pressure problem, we write

c
= Di T R S : 30
3 iag(&in, - &un)y € P (30)
where ¢ is the constant that makes Tr(£?) = 1, i.e.,
~1/2
(S
-\~ (k- )2 '
i=1
This way, given aq, ..., a,, we find k, then ¢ and finally &.
U

Corollary 16. If A is diagonalizable, with UAU* diagonal, then the maxi-
mazing density pa for Pa is such that UpU* is diagonal.

Proof. If A was not diagonal at first, we proceed as in Remark [4 and use
the last theorem to find a maximal n = U&U* which is diagonal. Then
n? = UEU* = Up,U* is diagonal. O

Remark 5. Using (27), we know that if A = ayI then &; = &1 for all i.
Since A is diagonal and Tr(£?) =3, &2 = n&t) =1, it follows that & = ﬁ]
s the only & that mazimizes py.

Example 1. Let

A:

o = O
O O =
o OO

What is the equilibrium density pa, i.e., the density that mazimizes P4 ? Let’s
diagonalize A.

L [t -1 o0 -1 0 0
U=—|[1 1 o, vavr=|(0 1 0
V2 0 0 V2 0 0 2

Now we apply Theorem [I3l « satifies

1 N 1 N 11
k+1 KkK—1 k—2 2
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and k > —1,1,2. We get k &~ 6.902. Thus, the maximizing density for UAU*

is
1
1 (6.902+1)2

PUAU* = (6.902—1)2

Tr (pyav+) 1
6.002-2)

0.186
= 0.332
0.482

Finally,
pa=U'pyav-U

0.259 0.073 0
=(0.073 0259 O
0 0 0482

Notice that
P(pa) = h(pa) + Tr(Apa)

= 2Tr(p'{*)? = 2n + Te(UAU*UpsU*)
= 2Tr(UpaU*)V?)? — 20 + Te(UAU*Up,U*)
= 2(v/0.186 + v0.332 + v/0.482)* — 6 + (—1-0.186 + 1 - 0.332 + 2 - 0.482)
~ 0.902 =~ xk — 6.

in accordance with Proposition [I4l

6 The pressure P, as an eigenvalue problem

Consider the linear operator £4
1
€ £4(6) = 2TH(E)] + (A€ + £4). (31)
Suppose p4 is an equilibrium density operator for the selfadjoint matrix
A.
1/2

From (20)) we get that £ = p/~ is an eigenmatrix for the linear operator
£4 associated to the eigenvalue k, that is

La(p?) = rp? (32)

From item 2. in Theorem [[4] we get that Pa(pa) = k — 2n.
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In this way, the equilibrium density operator is related to an eigenvalue
problem in a similar fashion as in classical Thermodynamic Formalism.
The equilibrium matrix p,4 satisfies

1
Kpa = 2Tr(p114/2) pil/z + 3 (Apa+ pi/zA/)il/z)a (33)

but this is not exactly a linear relation.

7 A connection between h(p) and I(v)

We will present a connection between the concepts of h(p) and —1(p).

Recall that 1 = Id/n satisfies the detailed balance condition, which is the
quantum equivalent of reversibility.

We are going to establish a connection of the Laplacian-entropy of Defini-
tion Bl with the one in (5.18) of [I7]. The notion of Radon-Nikodym derivative
is not clear in the quantum setting, but we can consider a natural analogy
in our reasoning and we write Z—Z = A, if

Tr(vU) = Tr(pAU).

This corresponds of writing A in the form A = y~'v. When looking at (5.18),

L is simmetric in L?(), and our operator L, satisfies d.b.c. for 1. Therefore,

here we will address the computation of the corresponding expression %.

Then, it is natural to consider A = 17'v = nv. Therefore, (5.18) in our
setting corresponds to

I(v)=— /(nu)l/zﬁo((m/)l/Q) di

= —nTr(1 2L (V%))
= —Tr(v'/2Lo(vV?)),
and then, —h(v) come up.

Remark 6. Recall that for an A=), an| k){1],

Lo(A) = > (VHIA Vi) + Vi, AIVE), for Vij = |i)(§

ij=1

= Z ViAVi; — Vi Vij A + Vi AV — AV Vi

ij=1
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=23 VAV, — > 1)) (A - ZAI (713

ij=1 ij=1 ij=1

—22%% an J|A—HZA|

2,7=1

ij=1

—2Z|J (i]A]i)(j| —2nA

i,7=1

=2 Z at ) (|l R) (L) (5] = 2nA

4,5,k 0=1

=2) aulj){jl—2nA

ij=1

=2Zaii2\j><]’| —2nA
=1 j=1
=2Tr(A)I — 2nA.

The next step is to write the entropy as an infimum. We will show that:

Theorem 17. Given the density matriz p

h(p) = inf Tr(p A™' Lo(A)).

A>0
For the proof, we will need the following result:

Lemma 18. In the space M, of matrices n X n, is true that

inf Tr(BU) Tr(UB™") = Tr(U)*.

B>0

Proof. Let B > 0 be a general positive matrix. Let |i) be the orthonormal
basis of eigenvectors of B. Then, we can write B = Y " b;|i)(i], and in
this basis, U can be written as U = > 7, | wjx | j)(k|. Thus,

BU =" b |i)(il]5) (k] = bauge | i)(k
ik

ijk
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— Tr(BU) Zbu“

UBT =3 kIl |—Z“b—f|j><z’|

ijk 1J
Uis
— Tr(UB™! ﬂ.

Therefore,

1 < (b b
J J ¢
(UB TI' BU Z: b_ UiiUjj = 2 Z (b_z + b_]) WUiiUjj

ij=1

Z i UiiUj5 = <Z U”> = Tl"

ij=1
Notice that we used the fact that z + 1/z > 2, for all x > 0. By now, we

have the lower bound Tr(U)?. To finish, notice that B = Id achieves this
bound, so we conclude that

: —1y _ 2
llgI;fOTr(BU) Te(UB™) =Tr(U)".

Now we proceed to prove the theorem.
Proof. Using Remark [6, we have
ATL(A) = 2471 Tr(A) — 20l
= Tr(pA™'Lo(A)) = 2 Tr(pA~).Tx(A) — 2n Ta(p)
= 2Tr(pA ") Tr(A) — 2n.

Writing A in the form A = Bp'/?, it will not change the infimum, which
will be now taken over B > (. This means

=9 ; 1/2 -1 1/2y _
i&fOQTr(pA DTr(A) —2n 2gif0Tr(p B )Tr(Bp/'*) —2n

= 2Tr(p"/?)? — 2n = h(p).

As the infimum was computed by Lemma [I8 we proved the claim. O
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8 From quantum to classical

Definition 19. Given o and an infinitesimal generator L of the form (I3),
we say that the matriz Q) is the matrixz associated to L, if Q) is n X n real
matriz with entries Q; ; = Tr[F;,LF;;], where F;; = |n;)(n; .

This matrix is line sum zero with positive values outside the diagonal
(see [5]). The matrix QT the transpose of @, has a stationay eigenvector
probability = (0,1)™ associated to the eigenvalue 0.

Lemma 20. Given I, k, the entry Qux = Tr[Fi; LFy k] is given by

n

lek = 2 e_wk’l/Q — 25[,k Z G_wi’l/Q. (34)

i=1
Proof. Indeed, when, A = Vj . = | ) (i | we get
VislA Vil = [n ) {me | [AL T} (1] =

[ Y | (LY Come | L ) Cmg | = T ) Oy | Lo ) (e |) =
O [ 5 )5 | — Gk [ 15 (e |
Moreover, when A = Vi, = | nx ) (i |

Vi AlVig = [l Y ni |, AT [} (| =

Clog e T ) | = Lo ) Cne ) g Y1) i ) (my | =
Oige | 15 ) (05 | — O [ 1 ) (|-
Then, when A = Vi, = | e ) {n |

e 2 (V5IA, Vig) + [V

Z‘J‘aA] ‘/;J) =
e Wi/ (205l 1 ) (i | = G [ ) Come | = G L )i 1)
= /2 (28,4 m; )y | — 265 [ e ) e |),

and finally

LAY = 7 e (VAL Vi) + Vi

0,50

AlViy) =

ij=1

DD e (20 my ) (ny | = 285 [ Y] ) =

i=1 j=1
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i=1

2 Zew’“’fﬂMj)(??j | —2 Zeiwi’k/zmkxm‘
=1

Therefore, when A =V} = | ng ) (1 |, given {

=1

[ Y | LAY =2 ) Cm | e gy ) (g =2 ) Cme [ e+ P ) (e |

J=1

Z )l (g =2 3 e ) e |
=1

n

— 9% wkl/2|nl><m|_25l7kZe—wi,l/2|nl><m|.

i=1

From this,
Que = 2e "2 =25, Y e/ (35)

i=1

2 —wy, l/2 2 Z *wi,l/2 — 2 — 2 Zznzl 6()‘l7>"b)/2 lfl et ]{j

Notice that:

ZQlk =Qu+ Z Qux

k: kL

w”/2 226 wll/2_'_2 Z e —wg,/2

k: k£l

= -9 il e Wil/2 4 9 ki e WkI/2 —
1= =1

Note that the expression (B4]) for the matrix ) depends on the eigenvalues
e~ i € {1,2..,n}, and not the specific eigenfunctions n;, i € {1,2..,n}, of
0. This means that many density matrices o can determine the same matrix

Q

Theorem 4.2 in [5] claims:
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Theorem 21. Assume that L is of the form (I3) for o. The matriz Q, given
by Qi; = Tr [Fi;LF;;] is line sum zero. The invariant probability for the
classical continuous time Markov chain with infinitesimal generator Q) is

T = (01,09, ...,00) = (Tr[oFy 1), TrloFyyl, .. Tr[0 F, ]). (36)
The classical detailed balance condition

UiQi,k = Uka,i (37)

1s satisfied.
Consider the Chapman-Kolmogorov linear differential equation on 7(75) =

(pl(t)> pQ(t)’ e pn(t)) SR

%pl(t) = Z(Pk(t)Qk,l = pe(t)Qu)- (38)

k=1

This is equivalent to

7t) =€ (7(0) (39)

The occupation time probability in {1,2..,n} of the continuous time Markov
Chain is described by 7 (t).

7(75) satisfies [B8), if and only if, the quantum continuous time evolution
p(t) in A satisfies

pi(t)
t —— [ 1. 40
- k=1 TT(Fk,k) e 0)
Remember that from ()
o= e M m){ml- (41)

Then, from (36]), given j

o = Trlo [y ) (ny |1 =T [ 3o e me ) (e [y )y || = e (42)

Expression (B87) means for k # [

6—>\k 6Ak/2_>\l/2 — 6_)%/2_>\l/2 — 6_)\1 6)\1/2—)%/2. (43)

From (33)) and (B0]) we get
TQ = (01,09, ....,0,)Q = (0,0, ..., 0). (44)

26



Example 2. Let

% 0 0
c=(0 5 0
00 1
Then
log2 0 0
h=—log o= 0 log3d O ,
0 0 logb

so A\ =log2, Ay =log3 and A3 = log6. The Q matrix given by the expres-
sion (34) has entries

1/2
QlQ — 26(10g2—10g3)/2 — 2 (g) — 2@

3 V3
2\ 1/2 1
-9 (log2—log6)/2 _ 92(Z S J—
Q13 e 6 V3

(2
Qﬂ”(‘ﬁ‘ﬁ)

1/2
QQI _ 2€(log3flog2)/2 -9 (§> — 2@
2 V2
1/2
Q23 — 26(10g3—10g6)/2 — 2 (%) — 2@
6 V6
1
Qa2 = 2(— % 7)
V6

1/2
Q31 _ 2€(log6710g2)/2 -9 (

~//~

Wl N o

~—— —
I
DO
>

1/2
Q3 o 26(10g6 log3)/2 -9 — 2\/§
Q33 = 2(—V3 - V?2)
Thus
V2 1 V2 1
V3 V3 V3 V3
Q=2| B _v_vi
V2 V2 Ve V6
VB VB BB

(\]
Ny



We should have that ¢ = (%, é, %) is the invariant vector. In fact,

1L (V241 V3 V3
_ —VBV2-VBHVRVB VB
6

0.

Lo V2 (1+v3) V2
Q(UQ)z—Q\/g— 372 +?
VBB VBV VE

6

0.

L1 1 (V2+3)

§(UQ)3—2\/§+3\/§— 6

VBHVI- VI VB
6

0.

Example 3. Let

O =

1

8
13

The eigenvalues of o are 5, 5 and % Then h = —log o has eigenvalues

S NI= O
=S| — O ool .

8
A = log8, Ay = logg and A3 = log2. So, the Q) matriz given by the
expression (34) has entries
Quz = 2eM88710E )2 = 9(3)1/2 = 2/3,

8

1/2
Q13 _ 2e(log8flog2)/2 —9 (5) — 4.

Q11=—2<\/§+2).

1/2
Q21 _ 2€(log%710g8)/2 -9 (%) — l
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1/2
le _ 26(10g2—1og8)/2 -9 (i) =1.

(log 2—log 8)/2 3 2

4
(33 = — (1 + \/§> -
Thus
—-2(V3+2)  2V3 4
0| 2 s 4
a V3 V3 V3
1 V3 —(1+V3)
We should have that ¢ = (é, %, %) is the invariant vector. In fact,
1 3 1
“ (9 4) 22 4=
Q)1 =3 ( V3- ) * 8\/_ 2
VA1 VB,
- Tt
R V3 3v3  2V3
e T R R

(5@)3=%+§—%(1+\/§):

Related results are described in (3) and (4) in [12].
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