
HYPERGROUP STRUCTURES OF OPEN QUANTUM
RANDOM WALKS ON DISTANCE SETS

YUSUKE SAWADA

Abstract. Wildberger has introduced the method to construct a
hermitian discrete hypergroup from a random walk on a graph. We
will apply his method to an open quantum random walk (OQRW)
on a distance set, and show that any discrete hypergroup which
is not necessary hermitian is realized by an OQRW on a distance
set. We will investigate distributions of OQRWs on distance sets
in the view point of hypergroups.

1. Introduction

A discrete hypergroup is a probability theoretic extension of a dis-
crete group and defined by a ∗-algebra whose involution corresponds
to the inverse map. If the involution is trivial then the discrete hyper-
group is said to be hermitian. A hermitian discrete hypergroup is the
extension of a discrete group whose inverse map is the identity map.
We also have the theory of general (continuous) hypergroups, however
we will treat only discrete hypergroups in this paper.

In [16] and [17], Wildberger has introduced the method to construct
a hermitian (discrete) hypergroup from a random walk on a special
pointed graph (Γ, v0). Here, a random walker leaves from the fixed
vertex v0 (called the base point), and jumps a distance which is not nec-
essary 1 in each step. If such a random walk on a pointed graph (Γ, v0)
constructs a hermitian hypergroup in his method, then we simply say
that the pointed graph (Γ, v0) produces the hermitian hypergroup. Any
pointed graph does not always produce hermitian hypergroups, and it
is known that any pointed distance regular graph produces a hermit-
ian hypergroup whose structure is independent of the choice of the
base point (see [13]). We can apply any pointed graph to Wildberger’s
method and obtain a hermitian hypergroup, whose product may fail
the accosiativity, called a pre-hypergroup.

In [10], when a pointed graph (Γ, v0) satisfies a symmetry condition
(S) which is weaker than the distance regularity, it has been shown
that a distance distribution of random walks on Γ can be computed
by non-associative algebraic structure of the pre-hypergroup derived
from Γ. We can regard that the concept of random walk on a pointed
graph with the condition (S) is included in the one of pre-hypergroup
in the view point of distance distribution, as Figure 1.1. Any example
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2 Y. SAWADA

of a pointed graph satisfying the condition (S) and not producing a
hermitian hypergroup, has not been found yet.

The concept of open quantum random walk (OQRW) has been intro-
duced by Attal-Petruccione-Sabot-Sinayskiy in [3] and [4] as quantum
Markov chains on graphs based on the non-unitary dynamics. Any
classical Markov chain is recovered by OQRW. In [2], Attal-Guillotin-
Plantard-Sabot have established the central limit theorem for OQRW.
In [8], an OQRW is associated with a quantum Markov chain in the
sense of [1], and investigated the irreducibility and reducibility.

We shall give an outline of this paper as follows:
In Section 2, we will recall the concept of discrete hypergroup, Wild-

berger’s construction, and the relationship between a distance distri-
bution of a random walk on a pointed graph Γ equipped with the sym-
metry condition (S) and the structures of the pre-hypergroup derived
from Γ.

In Section 3, influenced by OQRW in [3] and [4], we will introduce
a concept of open quantum random walk (OQRW) on distance set as
a quantum analogy of a time evolution of a distance between the base
point and a random vertex given by a random walk on a pointed graph.
A distance set is {0, 1, . . . , N} for some N ∈ N or N∪ {0}. An OQRW
M on distance set D will be defined as a family of maps, which acts
on positive trace class operators, parametrized by elements in D, and
each element in M can be regarded as an OQRW in the sense of [4].

In Section 4, we will apply the idea of Wildberger’s construction
to an OQRW M on a distance set and give a method to construct a
hypergroup (which is not necessarily hermitian) from M. In this con-
struction too, any OQRW on a distance set does not always produce a
hypergroup. An arbitrary hypergroup H will be realized by an OQRW
MH on a distance set, like the recovery of Markov chains by OQRWs.
We can also obtain OQRW on a distance set from a pre-hypergroup by
the method.

In Section 5, it will be shown that if an OQRWM on a distance set
has a hypergroup-like structure, then each distribution ofM described
by the structure. This is a quantum analogy of the result in [10],
and implies that a distribution of the OQRW MH on the distance
set derived from a hypergroup H can be computed by the hypergroup
structure. In this sense, we can regard that the concept of hypergroup
is included in the one of OQRW on distance set as Figure 1.1. The
hypergroup-like structure of MH corresponds to the associativity of
H. Thus, we can not obtain the above result for the OQRW on the
distance set derived from a pre-hypergroup which is not a hypergroup.

In the future, it is hoped to investigate the limit theorem for OQRWs
on distance sets and some connections with quantum information the-
ory in [12].
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At the end of this section, we prepare some notations used in this
paper as follows: let N and C denote the set of all integers greater
than 0 and the set of all complex numbers, respectively. Also, we put
N0 = N ∪ {0}.

For a set S, we denote by CS the free vector space of S over C and
by |S| the cardinality of S.

Let H be a Hilbert space. We denote by B(H) the algebra consisting
of all bounded linear operators on H, and by B1(H) the Banach space
consisting of all trace class operators on H with the trace norm ‖ · ‖1.
Also, we define

B1(H)+,1 = {X ∈ B1(H) | X ≥ 0, Tr(X) = 1},
where Tr(X) is the canonical trace of X. The identity operator and the
zero map on H are denoted by 1 and O, respectively. For two vectors
ξ, η ∈ H, the operator |ξ〉〈η| is the one rank operator defined by

|ξ〉〈η| (ζ) = 〈η, ζ〉ξ
for each ζ ∈ H.

pre-hypergroupshermitian hypergroups

random walks on
pointed graphs with (S)

random walks on pointed
distance regular graphs

hypergroups

open quantum random walks on distance sets

?

Figure 1.1

2. Hypergroups and Wildberger’s construction

In this section, we will recall Wildberger’s method to construct a
hermitian hypergroup from a random walk on a pointed graph, and
a description of a distance distribution of the random walk by the
associated (pre-)hypergroup structure.

The concept of hypergroup is the probability theoretic extension of
the one of topological group, and introduced by Dunkl [9], Jewett [11]
and Spector [15]. In this paper, we only treat discrete hypergroups.
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We refer the reader to [14] for the general theory of discrete hyper-
groups (also, see [5] for the theory of general hypergroups). We give
the definition of discrete hypergroup as follows:

Definition 2.1. Suppose H = {xi}i∈I(H) is a countable set whose ele-
ments are parametrized by elements in I(H), where I(H) is {0, . . . , N}
for some N ∈ N or N0 = N ∪ {0}. If a binary operation ◦ and a map
∗ on the free vector space CH satisfy the following properties then the
triple (H, ◦, ∗) is called a discrete hypergroup.

(1) The restriction ∗|H maps onto H and the triple (CH, ◦, ∗) is a
∗-algebra with the unit x0 ∈ H.

(2) For each i, j ∈ I(H), there exist m ∈ I(H) and q0
i,j, . . . , q

m
i,j ≥ 0

with
∑m

k=0 q
k
i,j = 1 such that

xi ◦ xj =
m∑
k=0

qki,jxk.

(3) For all i, j ∈ I(H), we have q0
i,j 6= 0 if and only if xi = x∗j .

A hypergroup (H, ◦, ∗) is said to be hermitian if the restriction ∗|H
is the identity map on H. A discrete pre-hypergroup is a hermitian
discrete hypergroup (H, ◦, ∗) such that the algebra (CH, ◦) may fail
the associativity.

We call the numbers {qki,j}i,j,k∈I(H) the structure constants of a hy-
pergroup (or a pre-hypergroup) (H, ◦, ∗).

In this paper, a discrete hypergroup (or a discrete pre-hypergroup)
(H, ◦, ∗) is simply called a hypergroup (or a pre-hypergroup, respec-
tively) and denoted by H.

Suppose H = {xi}i∈I(H) is a hypergroup (or a pre-hypergroup) and
{qki,j}i,j,k∈I(H) are the structure constants ofH. For a tuple (k1, . . . , kn) ∈
I(H)n with n ≥ 2, we have

((· · · ((xk1 ◦ xk2) ◦ xk3) ◦ · · · ) ◦ xkn−1) ◦ xkn =
∑

m∈I(H)

qmk1,··· ,knxm

for some qmk1,··· ,kn ≥ 0 with
∑

m∈I(H) q
m
k1,··· ,kn = 1. Here, the left hand

side of the above equation means the n − 1 times products from the
left step by step when H is a pre-hypergroup. The numbers

{qmk1,...,kn | m ∈ N0, n ≥ 2, k1, . . . , kn ∈ I(H)}

is called the multi-structure constants of H.

Remark 2.2. If a hypergroup (H, ◦, ∗) is hermitian then the algebra
(CH, ◦) is commutative.

The concept of isomorphism between hypergroups are defined as fol-
lows:
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Definition 2.3. For two hypergroups H and H ′, a map Φ : H → H ′

is called a homomorphism from H to H ′ if Φ can be extended to a
∗-homomorphism from CH to CH ′. When Φ is bijective it is called an
isomorphism from H onto H ′.

We provide some notations and basic assumption with respect to
graphs as the following. A pointed graph is a pair (Γ, v0) of a graph Γ
with a vertex set V and a vertex v0 ∈ V called a base point. For each
v, w ∈ V , we denote by d(v, w) the length of the shortest path from v
to w, called the distance between v and w. We define a set I(Γ, v0) of
distances between vertices by

I(Γ, v0) = {n ∈ N0 | d(v, v0) = n for some v ∈ V },
and a sphere Sn(v) of radius n ∈ I(Γ, v0) centered at v ∈ V by

Sn(v) = {w ∈ V | d(v, w) = n}.
In this paper, assume that any graph Γ is simple, connected, locally
finite and has at most countable vertices, and any pointed graph (Γ, v0)
satisfies Sn(v) 6= ∅ for all vertex v and n ∈ I(Γ, v0).

Now, we shall recall the construction of a hermitian hypergroup from
a random walk on a pointed graph, introduced by Wildberger in [16]
and [17] (see also [13]). Here, a random walk on a pointed graph (Γ, v0)
means a random walk on Γ leaving from the vertex v0, that a random
walker jumps a distance which is not necessary 1 in each step.

Let (Γ, v0) be a pointed graph and put H(Γ, v0) = {xi}i∈I(Γ,v0) with
dummy symbols xi for each i ∈ I(Γ, v0). We define a product on the
free vector space CH(Γ, v0) by

xi ◦ xj =
∑

k∈I(Γ,v0)

pki,jxk

for each i, j ∈ I(Γ, v0), where

(2.1) pki,j =
1

|Si(v0)|
∑

v∈Si(v0)

|Sj(v) ∩ Sk(v0)|
|Sj(v)|

.

The sequance (pki,j)k∈I(Γ,v0) is the distribution of distances between the
base point v0 and a random vertex w ∈ Sj(v) after a jump to a random
vertex v ∈ Si(v0). We also define an involution on CH(Γ, v0) by x∗i = xi
for each i ∈ I(Γ, v0). Then H(Γ, v0) forms a pre-hypergroup with
the structure constants {pki,j}i,jk∈I(Γ,v0). If H(Γ, v0) forms a hermitian
hypergroup in the above construction, then we say that the pointed
graph (Γ, v0) produces the hermitian hypergroup H(Γ, v0).

All pointed graphs do not always produce hermitian hypergroups.
By [13, Proposition 3.2], to check that H(Γ, v0) forms a hermitian
hypergroup, it is enough to show that CH(Γ, v0) satisfies the com-
mutativity and the associativity. A distance regular graph is a graph
equipped with a good symmetry with respect to distances, see [7] for
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the definition. It is known that any distance regular graph produces a
hermitian hypergroup whose structure is independent of the choice of
a base point, see [13, Theorem 3.3] for the proof.

Example 2.4. We denote by C4 the Cayley graph Cay(Z/4Z, {1, 3})
drawn as Figure 2.1. We have I(C4, 0) = {0, 1, 2} and the pointed graph
(C4, 0) produces a hermitian hypergroup H(Cay(Z/4Z, {1, 3}), 0) with
the following structure:

x1 ◦ x1 =
1

2
x0 +

1

2
x2; x1 ◦ x2 = x2 ◦ x1 = x1; x2 ◦ x2 = x0.

◦◦

◦◦

0

Figure 2.1

Example 2.5. We consider the Cayley graph Cay(Z, {±1}) drawn as
Figure 2.2, with a base point 0. Then we have I(Cay(Z, {±1}), 0) =
N0 and the pointed graph (Cay(Z, {±1}), 0) produces the hermitian
hypergroup H(Cay(Z, {±1}), 0) with the structure given by

xi ◦ xj =
1

2
x|i−j| +

1

2
xi+j

for each i, j ∈ N0.

◦◦◦◦ ◦ ◦ ◦
0

Figure 2.2

In general, let Fn be the n-free group with the generator A =
{a1, a2, . . . , an}. The Cayley graph Cay(Fn, A ∪ A−1) is distance regu-
lar, and hence it produces a hermitian hypergroup (see [13, Corollary
3.8] for the structure constants).

We can find many examples of non-distance regular graphs producing
hypergroups in [13, Section 4].

We need only the first 2 steps of a random walk on a pointed graph
(Γ, v0) in Wildberger’s construction. However, a distance distribution
given by steps of an arbitrary number of times is described by a product
on the pre-hypergroup H(Γ, v0) if the pointed graph (Γ, v0) satisfies a
symmetry condition as follows:

Theorem 2.6 ([10, Theorem 4.5]). Let H(Γ, v0) = {xi}i∈I(Γ,v0) be the
pre-hypergroup derived from a pointed graph (Γ, v0) satisfying the fol-
lowing symmetry condition:

(S) the function |Si(·)| is a constant on the vertex set, and the func-
tion |Si(·) ∩ Sj(v0)| is a constant on Sk(v0) for each i, j, k ∈
I(Γ, v0).
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For each k1, . . . , kn ∈ I(Γ, v0), we denote by pmk1,...,kn the coefficient of
xm in the following element:

(2.2)
∑

v1∈Sk1
(v0)

∑
v2∈Sk2

(v1)

· · ·
∑

vn∈Skn (vn−1)

1∏n
j=1 |Skj(vj−1)|

xd(vn,v0).

Then pmk1,...,kn coincides with the multi-structure constant qmk1,...,kn of
H(Γ, v0).

The sequence (pmk1,...,kn)m∈I(Γ,v0) is the conditional probability that
the distance between v0 and a vertex which the random walker reaches

is m, under the n-times jumps v0
k1−→ · k2−→ · · · kn−→ · . The previous

theorem enable us to compute a distribution by the (non-associative)
algebraic structure.

Remark 2.7.

(1) In the case when n = 2, i = k1, j = k2, k = m, the coefficient of
xm in (2.2) coincides with (2.1), and hence the number pmk1,k2 is
well-defined.

(2) The condition (S) is weaker than the distance regularity, and
it is unclear whether any pointed graph with (S) produces a
hermitian hypergroup. We refer the reader to [10, Example
4.6] for an example of a pointed graph (Γ, v0) with (S) such
that Γ is not distance regular.

Suppose a pointed graph (Γ, v0) produces a hermitian hypergroup
H(Γ, v0) and {pki,j}i,j,k∈I(Γ,v0) is the structure constants of H(Γ, v0). A

family PH(Γ,v0) = {Pk}k∈I(Γ,v0) of transition matrices Pk = (pjk,i)i,j∈I(Γ,v0)

satisfies that

(2.3) PiPj =
∑

k∈I(Γ,v0)

pki,jPk,

and hence Pi and Pj commute, for all i, j ∈ I(Γ, v0). Also, the family
PH(Γ,v0) is linear independent. In other words, we have an algebraic
isomorphism between CH(Γ, v0) and the commutative matrix algebra
with the basis PH(Γ,v0). Each matrix Pk can be regarded as bounded
operators on the Hilbert space `2(I(Γ, v0)) consisting of all square sum-
mable sequences on I(Γ, v0) by

(Pk(ξ))n =
∑

l∈I(Γ,v0)

pnk,lξl

for each ξ ∈ `2(I(Γ, v0)), see [10, Theorem 5.3] for the norm estimation.
The action can be regarded as to multiply the matrix Pk by a row vector
in `2(I(Γ, v0)) from the left. By Theorem 2.6 and (2.3), we have the
following corollary.

Corollary 2.8. ([10, Corollary 5.7]) Suppose a pointed graph (Γ, v0)
satisfies the condition (S) and produces a hermitian hypergroup H(Γ, v0).
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Let PH(Γ,v0) be the family of the transition matrices associated with
H(Γ, v0). We have

Pkn · · ·Pk1 =
∑

m∈I(Γ,v0)

pmkn,...,k1Pm

for all m ∈ N and k1, . . . , kn ∈ I(Γ, v0).

The above corollary implies that the vector (Pkn · · ·Pk1)p(0) coin-
cides with the distribution (pik1,...,kn)i∈I(Γ,v0) for the initial distribution

p(0) = (1, 0, 0, . . .) ∈ `2(I(Γ, v0)), like computations of distributions by
a transition matrix in a Markov chain.

By the commutativity of the hypergroup H(Γ, v0), we have

pmkn,...,k1 = pmσ(kn),...,σ(k1)

for every permutation σ on {k1, k2, . . . , kn}.

3. open quantum random walks on distance sets

An open quantum random walk (OQRW) has been introduced in [3]
and [4]. In this section, we will introduce a concept of open quantum
random walk on distance set as a family of OQRW. This is a quantum
analogy of a time evolution of a distance between the base point and
a random vertex given by a random walk on a pointed graph in the
previous section.

Suppose D is the set {0, . . . , N} for some N ∈ N or N0. The term
“distance set” usually means a family of distances between pairs of
points in a given point set, however in this paper we call D a distance
set too. For a hypergroup H and a pointed graph (Γ, v0), the sets I(H)
and I(Γ, v0) are called the distance sets associated with H and (Γ, v0),
respectively.

Let D be a distance set, K a Hilbert space with an orthonormal basis
{|n〉}n∈D parametrized by elements in D, and H a separable Hilbert
space. Suppose {Bi,j;k}i,j,k∈D is a family of bounded operators on H
satisfying

(3.1)
∑
i∈D

B∗i,j;kBi,j;k = 1

for each j, k ∈ D. Here, the above convergence is with respect to the
strong operator topology in B(H) when D = N0. The Hilbert space
K is the space of distances (or positions in a broad sense), the Hilbert
space H means the space of degrees of freedom, and the operator Bi,j;k

describes the effect of passing from j to i by a jump with distance k.
For i, j, k ∈ D, we define an operator

Mi,j;k = Bi,j;k ⊗ |i〉〈j|
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on H⊗K. By [4, Lemma 2.1, 2.2], it turns out that a series

Mk(X) =
∑
i,j∈D

Mi,j;kXM
∗
i,j;k

converges to a positive trace class operator with respect to the trace
norm for each positive operator X ∈ B1(H⊗K) and k ∈ D. The map
Mk can be extended to a map on B1(H ⊗ K). The extension is also
denoted by Mk.

Definition 3.1. The family M = {Mk}k∈D of the maps Mk on
B1(H ⊗ K) is called an open quantum random walk (OQRW) on a
distance set D.

A quantum walker jumps between vertices in a graph in OQRWs in
[3] and [4], while a quantum walker jumps between natural numbers
whose distance is not necessary 1 in our OQRWs on distance sets.
We can regard an OQRW M = {Mk}k∈D on a distance set D as a
family of OQRWs in [3] and [4]. Thus, it is often possible to apply
each component Mk to an existing result on OQRWs as the following
proposition:

Proposition 3.2. ([4, Lemma 2.4, Proposition 2.3]) We define the
isometry Uj : H 3 ξ 7→ ξ ⊗ |j〉 ∈ H ⊗ K for each j ∈ D. For ρ ∈
B1(H⊗K)+,1, the positive operator ρj = U∗j ρUj ∈ B1(H) satisfies

(1⊗ |i〉〈j|)ρ(1⊗ |j〉〈i|) = ρj ⊗ |i〉〈i| , Tr(ρj) = Tr(ρ(1⊗ |j〉〈j|)).

IfM = {Mk}k∈D is an OQRW on D then each series
∑

j∈D Bi,j;kρjB
∗
i,j;k

converges to a positive trace class operator with respect to the trace
norm on B1(H), and satisfies∑
i∈D

Tr

(∑
j∈D

Bi,j;kρjB
∗
i,j;k

)
= 1, Mk(ρ) =

∑
i∈D

∑
j∈D

Bi,j;kρjB
∗
i,j;k⊗|i〉〈i|

for each k ∈ D, where the second convergence is in the trace norm on
B1(H ⊗ K). Thus, we have Mk(X) ∈ B1(H ⊗ K)+,1 for each X ∈
B1(H⊗K)+,1.

In [4], the operator ρj in the above proposition is denoted by 〈j| ρ |j〉.
If a state ρ ∈ B1(H⊗K)+,1 has the form

ρ =
∑
i∈D

ρi ⊗ |i〉〈i|

for some positive operators ρi ∈ B1(H) with
∑

i∈D Tr(ρi) = 1 then a
measurement along the basis {|n〉}n∈D gives |i〉 with the probability
Tr(ρi). We define a distribution d(ρ) of ρ by

d(ρ) = (Tr(ρi))i∈D.
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For an OQRW M = {Mk}k∈D on a distance set D, we have

Mk(ρ) =
∑
i,j∈D

Bi,j;kρjB
∗
i,j;k ⊗ |i〉〈i|

for all k ∈ D by [4, Corollary 2.5].
We will consider a dynamical system given byM with an initial state

ρ(0) =
∑

i∈D ρ
(0)
i ⊗|i〉〈i| ∈ B1(H⊗K)+,1. For a tuple k = (k1, . . . , kn) ∈

Dn, we define a state ρ(n;k) and operators ρ
(n;k)
i by

ρ(n;k) =Mkn ◦ · · · ◦Mk1(ρ
(0)) =

∑
i∈D

ρ
(n;k)
i ⊗ |i〉〈i| ,

and write p(0) = d(ρ(0)) and p(n;k) = d(ρ(n;k)). The probability which

a measurement gives |i〉 is p
(n;k)
i after n jumps (k1, . . . , kn) (cf. the

distribution (pmk1,...,kn)m∈I(Γ,v0) defined in Theorem 2.6).
Recall that the family PH(Γ,v0) is linear independent when a pointed

graph (Γ, v0) produces a hypergroup H(Γ, v0). We shall investigate the
linear independence of an OQRW on a distance set, on the Banach
space L(B1(H⊗K)) consisting of all bounded maps on B1(H⊗K) as
follows:

Proposition 3.3. If an open quantum random walk M = {Mk}k∈D
on a distance set D satisfies either of the following two conditions then
the family {Mk}k∈D is linear independent on L(B1(H⊗K)).

(1) There exist j0 ∈ D and ξ0 ∈ H such that the family {Bi,j0;kξ0}k∈D
is linear independent on H for all i ∈ D.

(2) There exist j0 ∈ D and a family {Uk}k∈D of isometry operators Uk
on H such that

Bi,j0,k =

{
Uk (i = k)

O (i 6= k).

Proof. Let {αk}k∈D0 be a family of complex numbers satisfies that∑
k∈D0

αkMk = O on B1(H⊗K), where D0 is an arbitrary finite subset
of D.

Assume the condition (1). We have

0 =

(∑
k∈D0

αkMk(|ξ0〉〈ξ0| ⊗ |j0〉〈j0|)

)(∑
l∈D0

Bl,j0;lξ0 ⊗ |l〉

)
=
∑
i∈D0

∑
k∈D0

αkBi,j0;k |ξ0〉〈ξ0|B∗i,j0;kBi,j0;iξ0 ⊗ |i〉

=
∑
i∈D0

∑
k∈D0

αk〈ξ0, B
∗
i,j0;kBi,j0;iξ0〉 Bi,j0;kξ0 ⊗ |i〉

Fix an arbitrary i ∈ D0. By the above equation, we have∑
k∈D0

αk〈ξ0, B
∗
i,j0;kBi,j0;iξ0〉 Bi,j0;kξ0 = 0.
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The linear independence of {Bi,j0;kξ0}k∈D implies that Bi,j0;iξ0 6= 0
and αk〈ξ0, B

∗
i,j0;kBi,j0;iξ0〉 = 0 for all k ∈ D0, and hence we have

αi〈ξ0, B
∗
i,j0;iBi,j0;iξ0〉 = 0 equivalently αi = 0.

Assume the condition (2). For an arbitrary operator ρ ∈ B1(H)+,1,
we have

0 =
∑
k∈D0

αkMk(ρ⊗ |j0〉〈j0|) =
∑
k∈D0

αkUkρU
∗
k ⊗ |k〉〈k| ,

and hence each trace of αkUkρU
∗
k is 0. This implies that αk = 0 for all

k ∈ D0. 2

4. Realization of hypergroups

In [4, Section 6], any Markov chain is recovered by an open quantum
random walk. In this section, we shall apply Wildberger’s method in
Section 2 to an OQRW on a distance set. Any not necessarily hermitian
hypergroup will be realized by an OQRW on a distance set in a method
influenced by [4, Section 6].

Let M = {Mk}k∈D be an OQRW on a distance set D and ρ(0) =∑
i∈D ρ

(0)
i ⊗ |i〉〈i| ∈ B1(H ⊗ K)+,1 an initial state. We define a non-

negative number
p̃mk,l = Tr(ρ(2;(l,k))

m )

for each k, l,m ∈ D. It is clear that (p̃mk,l)m∈D is a probability measure
on D. We assume that a set {m ∈ D | p̃mk,l 6= 0} is finite for all k, l ∈ D
and define a product ◦ on the free vector space CHM with a basis
HM = {zi}i∈D by

zi ◦ zj =
∑
k∈D

p̃ki,jzk

for each i, j ∈ D. If a triple (HM, ◦, ∗) forms a hypergroup for some
involution ∗ on CHM then we say that the OQRW M on D with the
initial state ρ(0) produces a hypergroup HM.

Remark 4.1. As was the case with Wildberger’s construction, the above
product on CHM does not always satisfy the associativity. Also, a pro-
duced hypergroup by an OQRW with an initial state is not commuta-
tive and unital in general.

Theorem 4.2. For any hypergroup H = {xi}i∈I(H), there is an OQRW

M on a distance set with an initial state ρ(0) producing a hypergroup
HM whose structure constants coincide with the ones of H, and hence
HM is isomorphic to H.

Proof. Let {qki,j}i,j,k∈I(H) be the structure constants of H. Suppose D
is the distance set I(H) associated with H and K is a separable Hilbert
space with an orthonormal basis {|n〉}n∈D. Take an arbitrary isometry
operator Ui,j;k on a Hilbert space H for i, j, k ∈ D and an arbitrary

operator ρ
(0)
0 ∈ B1(H)+,1.
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We define an operator Bi,j;k ∈ B(H) for each i, j, k ∈ D and an initial
state ρ(0) ∈ B1(H⊗K)+,1 by

Bi,j;k =
√
qik,jUi,j;k, ρ(0) = ρ

(0)
0 ⊗ |0〉〈0| .

Then it is clear that the family {Bi,j;k}i,j,k∈D satisfies (3.1). LetMH =
{Mk}k∈D be the OQRW on D associated with the family {Bi,j;k}i,j,k∈D.
Since x0 is the unit of the algebra CH, we have

ρ(1;(l)) =Ml(ρ
(0)) =

∑
i∈D

Bi,0;lρ
(0)
0 B∗i,0;l ⊗ |i〉〈i| = Ul,0;lρ

(0)
0 U∗l,0;l ⊗ |l〉〈l| ,

and hence

ρ(2;(l,k)) =Mk ◦Ml(ρ
(0)) =

∑
i∈D

∑
j∈D

Bi,j;kρ
(1;(l))
j B∗i,j;k ⊗ |i〉〈i|

=
∑
i∈D

Bi,l;kρ
(1;(l))
l B∗i,l;k ⊗ |i〉〈i| =

∑
i∈D

qik,lUi,l;kUl,0;lρ
(0)
0 U∗l,0;lU

∗
i,l;k ⊗ |i〉〈i| .

Thus, we have p̃mk,l = Tr(ρ
2;(l,k)
m ) = qmk,l for all l, k,m ∈ D.

By an involution ∗ on CHM induced from the one on CH via a
bijection : zi 7→ xi, the triple (CHM, ◦, ∗) forms a hypergroup which is
isomorphic to the hypergroup H. 2

Remark 4.3. For a hypergroup H, the OQRW MH on I(H) defined
in the proof of the previous theorem is not unique and depends on
the choice of isometry operators Ui,j;k’s, however we simply call MH

the OQRW on I(H) derived from H. Since the family {Bi,j;k}i,j,k∈I(H)

satisfies the condition (2) in Proposition 3.3, the family MH is linear
independent on L(B1(H)).

We can also obtain an OQRW on a distance set from a given pre-
hypergroup by the same way, and it satisfies the condition (2) in Propo-
sition 3.3.

Let (Γ, v0) be a pointed graph. In the following two examples, we
shall construct an OQRW on the distance set I(Γ, v0) under the idea
that a quantum walker jumps between vertices in Γ from v0 and a
measured distance is one between a base point and a vertex at which
the walker arrives. Here, we shall need to consider the structure of the
graph. Then it is a little natural to put as

(4.1) Bi,0;k =

{
1 (i = k)

O (i 6= k)

for all i, k ∈ I(Γ, v0), as a special case of the condition (2) in Proposition
3.3.

Example 4.4. Suppose a quantum walker jumps between vertices in
the Cayley graph C4 in Example 2.4 from 0. Let D = I(C4, 0) =
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{0, 1, 2}, H = C2 and K = C3. We define an OQRW on D by

Bi,j;k =



B ((i, j, k) = (0, 1, 1))

C ((i, j, k) = (2, 1, 1))

1 ((i, j, k) = (1, 2, 1), (1, 1, 2), (0, 2, 2))

1 (j = 0, i = k or k = 0, i = j)

O (otherwise)

for some matrices B,C acting on H with B∗B + C∗C = 1.

For an initial state ρ(0) = ρ
(0)
0 ⊗ |0〉〈0|, we have

ρ(2;(k,l)) =


Bρ

(0)
0 B∗ ⊗ |0〉〈0|+ Cρ

(0)
0 C∗ ⊗ |2〉〈2| ((k, l) = (1, 1)),

ρ
(0)
0 ⊗ |0〉〈0| ((k, l) = (0, 0), (2, 2)),

ρ
(0)
0 ⊗ |1〉〈1| ((k, l) = (0, 1), (1, 0), (1, 2), (2, 1)),

ρ
(0)
0 ⊗ |2〉〈2| ((k, l) = (0, 2), (2, 0)).

We put

B =
1√
3

(
1 1
0 1

)
, C =

1√
3

(
1 0
−1 1

)
, ρ

(0)
0 =

(
x 0
0 1− x

)
for some 0 ≤ x ≤ 1. For example, we have

p̃0
1,1 = Tr(Bρ

(0)
0 B∗) =

1

3
(2− x), p̃2

1,1 = Tr(Cρ
(0)
0 C∗) =

1

3
(1 + x).

the numbers {p̃ki,j}i,j,k∈D are the structure constants of the hermitian
hypergroup HM = {z0, z1, z2} with the following structure:

z1 ◦ z1 =
1

3
(2− x)z0 +

1

3
(1 + x)z2; z1 ◦ z2 = z1; z2 ◦ z2 = z0.

Example 4.5. Suppose a quantum walker jumps between vertices in
the Cayley graph Cay(Z, {±1}) in Example 2.5 from 0. Put D =
I(Cay(Z, {±1}), 0) = N0. Let H be a separable Hilbert space and
K a Hilbert space with an orthonormal basis {|n〉}∞n=0. We define an
OQRW on D by

Bi,j;k =


Bk (i = j + k, j 6= 0, k 6= 0)

Ck (i = |j − k|, j 6= 0, k 6= 0)

1 (i = k, j = 0 or i = j, k = 0)

O (otherwise)

for some family {Bk, Ck}∞k=1 of bounded operators on H satisfying
B∗kBk + C∗kCk = 1 for all k ∈ N.

For an initial state ρ(0) = ρ
(0)
0 ⊗ |0〉〈0|, we have

ρ(2;(k,l)) =

{
Blρ

(0)
0 B∗l ⊗ |k + l〉〈k + l|+ Clρ

(0)
0 C∗l ⊗ ||k − l|〉〈|k − l|| (k 6= 0),

ρ
(0)
0 ⊗ |l〉〈l| (k = 0),
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and hence

p̃mk,l =


Tr(Blρ

(0)
0 B∗l ) (m = k + l, k 6= 0),

Tr(Clρ
(0)
0 C∗l ) (m = |k − l|, k 6= 0),

1 (m = l, k = 0 or m = k, l = 0),

0 (othewise).

The OQRWM on N0 with the initial state ρ(0) produces a hypergroup
if and only if

Tr(Biρ
(0)
0 B∗i ) = Tr(Ciρ

(0)
0 C∗i ) =

1

2
for all i ∈ N. Indeed, we can check that if there exist non-negative
numbers {pk, qk}∞k=1 with pk + qk = 1 for all k ∈ N and a hypergroup
H = {xi}∞i=0 has a product structure

xi ◦ xj = pjx|i−j| + qjxi+j

for each i, j ∈ N, then pk = qk = 1
2

holds for all k ∈ N.

5. Hypergroup structures of OQRWs

Recall that each distance distribution of a random walk on a pointed
graph (Γ, v0) equipped with the symmetry condition (S) in Theorem
2.6, can be described by the structure of the pre-hypergroup H(Γ, v0).
In addition, if (Γ, v0) produces a hypergroupH(Γ, v0) then each product
of transition matrices associated with H(Γ, v0) can be decomposable as

(5.1) Pkn · · ·Pk1 =
∑

m∈I(Γ,v0)

qmkn,...,k1Pm,

where qmkn,...,k1 ’s are the multi-structure constants of H(Γ, v0).
In this section, for an OQRWM on a distance set, we will show that

an analogous result of (5.1) holds if and only if M has a property like
(pre-)hypergroups. As a consequence, we can also compute a distri-
bution of such an OQRW M on a distance set by a (non-associative)
algebraic structure.

Let D be a distance set and {Qk
i,j}i,j,k∈D a family of numbers Qk

i,j ≥ 0

such that Qk
i,j = 0 for all but finitely many k ∈ D and

∑
k∈DQ

k
i,j = 1

for each i, j ∈ D. We define a product on the free vector space CA of
a family A = {Zi}i∈D of dummy symbols Zi, by

Zi ◦ Zj =
∑
k∈D

Qk
i,jZk

for each i, j ∈ D. In general, this product is not always associa-
tive, commutative and unital. We also call the family {Qk

i,j}i,j,k∈D
the structure constants of the (non-associative) algebra CA. For each
k1, . . . , kn ∈ D, a distribution (Qm

k1,...,kn
)m∈D on D is defined by

(((Zk1 ◦ Zk2) ◦ Zk3) ◦ · · · ) ◦ Zkn−1) ◦ Zkn =
∑
m∈D

Qm
k1,...,kn

Zm,
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as the multi-structure constants of a pre-hypergroup.

Theorem 5.1. Let M = {Mk}k∈D be an OQRW on a distance set D
and {Qk

i,j}i,j,k∈D the above numbers. The family {Bi,j;k}i,j,k∈D satisfies

(5.2)
∑
m∈D

B∗m,j;lB
∗
i,m;kBi,m;kBm,j;l =

∑
m∈D

Qm
k,lB

∗
i,j;mBi,j;m

for all i, j,m, k, l ∈ D if and only if

p(2;(k1,k2)) = d

(∑
m∈D

Qm
k2,k1
Mm(ρ)

)

for all k1, k2 ∈ D and a state ρ ∈ B1(H⊗K)+,1. Then we have

p(n;k) = d

(∑
m∈D

Qm
kn,··· ,k1Mm(ρ)

)

for any tuple k = (k1, . . . , kn) ∈ Dn and a state ρ ∈ B1(H⊗K)+,1.

Proof. First, since B∗i,j;kBi,j;k ≤ 1 for all i, j, k ∈ D, the series of the
left hand side of (5.2) converges to a positive bounded operator in the
σ-strong operator topology.

For k1, k2 ∈ D and ρ ∈ B1(H⊗K)+,1, we have

ρ(2;(k1,k2)) =Mk2 ◦Mk1(ρ)(5.3)

=
∑
i∈D

∑
j,m∈D

Bi,j;k2Bj,m;k1ρmB
∗
j,m;k1

B∗i,j;k2 ⊗ |i〉〈i| .

where the operators ρj ∈ B1(H) is in Proposition 3.2. Note that the
choices of ρj’s depend on only ρ. Fix i ∈ D. We have

Tr

( ∑
j,m∈D

Bi,j;k2Bj,m;k1ρmB
∗
j,m;k1

B∗i,j;k2

)
(5.4)

=
∑
m∈D

Tr

(
ρm

(∑
j∈D

B∗j,m;k1
B∗i,j;k2Bi,j;k2Bj,m;k1

))
,

∑
m∈D

∑
j∈D

Qm
k2,k1

Tr(Bi,j;mρjB
∗
i,j;m)(5.5)

=
∑
j∈D

∑
m∈D

Qj
k2,k1

Tr(Bi,m;jρmB
∗
i,m;j)

=
∑
m∈D

Tr

(
ρm
∑
j∈D

Qj
k2,k1

B∗i,m;jBi,m;j

)
.
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Thus, if the family {Bi,j;k}i,j,k∈D satisfies (5.2) then the equations (5.4)
and (5.5) imply that

Tr

( ∑
j,m∈D

Bi,j;k2Bj,m;k1ρmB
∗
j,m;k1

B∗i,j;k2

)
=
∑
m∈D

∑
j∈D

Qm
k2,k1

Tr(Bi,j;mρjB
∗
i,j;m),

and hence the distribution p(2;(k1,k2)) of Mk2 ◦Mk1(ρ) and the one of∑
m∈DQ

m
k2,k1
Mm(ρ) coincide by (5.3).

Conversely, suppose the distribution p(2;(k1,k2)) of Mk2 ◦ Mk1(ρ) is
the one of

∑
m∈DQ

m
k2,k1
Mm(ρ) for all k1, k2 ∈ D and ρ ∈ B1(H⊗K)+,1.

For each m ∈ D and an arbitrary operator ρ′ ∈ B1(H)+,1, we put
ρ = ρ′ ⊗ |m〉〈m|. Then we have

Tr

(
ρ′
∑
j∈D

B∗j,m;k1
B∗i,j;k2Bi,j;k2Bj,m;k1

)
= Tr

(
ρ′
∑
j∈D

Qj
k2,k1

B∗i,m;jBi,m;j

)
.

By the correspondence between density matrices and normal states on
the von Neumann algebra B(H) in [6, Theorem 2.4.21], the equation
(5.2) holds.

We shall show the second assertion by induction on n under the
condition (5.2). For n = 2, we have shown it. Assume that the distri-
bution p(n;(k1,...,kn−1)) ofMkn−1 ◦ · · · ◦Mk1(ρ) coincides with the one of∑

m∈D q
m
kn−1,··· ,k1Mm(ρ). By the induction hypothesis, the i-coefficient

of the distribution p(n;k) of

Mkn ◦ · · · ◦Mk2(Mk1(ρ)) =Mkn ◦ · · · ◦Mk2(ρ
(1;(k1)))

coincides with∑
m∈D

Qm
kn,...,k2

Tr

(∑
j∈D

Bi,j;mρ
(1;(k1))
j B∗i,j;m

)

=
∑
l,m∈D

Qm
kn,...,k2

Tr

(
ρl
∑
j∈D

B∗j,l;k1B
∗
i,j;mBi,j;mBj,l;k1

)

=
∑
l,m∈D

Qm
kn,...,k2

Tr

(
ρl
∑
j∈D

Qj
m,k1

B∗i,l;jBi,l;j

)
=
∑
j,l∈D

∑
m∈D

Qm
kn,...,k2

Qj
m,k1

Tr
(
Bi,l;jρlB

∗
i,l;j

)
.

We have Qj
kn,...,k1

=
∑

m∈DQ
m
kn,...,k2

Qj
m,k1

by the definition of Qm
k1,...,kn

’s,
and hence the above equals to∑

j,l∈D

Qj
kn,...,k1

Tr
(
Bi,l;jρlB

∗
i,l;j

)
=
∑
m∈D

∑
j∈D

Qm
kn,...,k1

Tr
(
Bi,j;mρlB

∗
i,j;m

)
which is the i-coefficient of the distribution of

∑
m∈DQ

m
kn,··· ,k1Mm(ρ).

By induction, we have shown the second assertion. 2
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Remark 5.2. If an OQRW M on a distance set D satisfies (5.2) for
some {Qk

i,j}i,j,k∈D and (4.1) for all i, k ∈ D then each Bi,j,k is a scalar
multiplication of an isometry operator.

Let {Qk
i,j}i,j,k∈D be structure constants of an arbitrary (non-associative)

algebra CA. As the OQRW on I(H) derived from a hypergroup H, we
define an OQRW on D by

Bi,j;k =
√
Qi
k,jUi,j;k

for an arbitrary isometry operator Ui,j;k. Then the equation (5.2) means
the associativity of CA, and hence we have the following corollary:

Corollary 5.3. LetMH = {Mk}k∈I(H) be the OQRW on I(H) derived
from a hypergroup H. For any state ρ ∈ B1(H ⊗ K)+,1 and tuple
k = (k1, . . . , kn) ∈ I(H)n with n ≥ 2, we have

p(n;k) = d

 ∑
m∈I(H)

qmkn,··· ,k1Mm(ρ)

 ,

where qmkn,··· ,k1 is the multi-structure constant of H.

As the special case of the previous corollary, we have the following
corollary:

Corollary 5.4. Suppose a pointed graph (Γ, v0) produces a hermit-
ian hypergroup H(Γ, v0). Let {Pk}k∈I(Γ,v0) be the probability transition
matrices associated with H(Γ, v0), andMH(Γ,v0) the OQRW on the dis-
tance set I(Γ, v0) derived from H(Γ, v0).

For a tuple k = (k1, . . . , kn) ∈ I(Γ, v0)n with n ≥ 2 and an initial

state ρ(0) =
∑

i∈I(Γ,v0) ρ
(0)
i ⊗ |i〉〈i| ∈ B1(H⊗K)+,1, we have

p(n;k) = (Pkn · · ·Pk1)p(0),

where we regard the raw vector (Pkn · · ·Pk1)p(0) as a column vector.

Proof. Let qmkn,...,k1 ’s be the multi-structure constants of H(Γ, v0). By

the equation (2.3), the i-coefficient of the (column) vector (Pkn · · ·Pk1)p(0)

coincides with ∑
j∈I(Γ,v0)

∑
m∈I(Γ,v0)

qmkn,...,k1p
i
m,jTr(ρj)

which is equal to the i-coefficient of the distribution of∑
m∈I(Γ,v0)

qmkn,··· ,k1Mm(ρ).

By Corollary 5.3, this completes the proof. 2
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Corollary 5.4 is an analogy of [4, Proposition 6.1], in OQRWs on
distance sets. If (Γ, v0) satisfies the condition (S) in Theorem 2.6 and
produces a hermitian hypergroup then we have pmkn,...,k1 = qmkn,...,k1 , and

hence the proof of Corollary 5.4 implies that the i-coefficient of p(n;k)

coincides with ∑
j,m∈I(Γ,v0)

pmkn,...,k1p
(0)
j pim,i

for an initial state ρ(0) =
∑

i∈D ρ
(0)
i ⊗ |i〉〈i| ∈ B1(H ⊗ K)+,1. In par-

ticular, if we put ρ(0) = ρ
(0)
0 ⊗ |0〉〈0| for some ρ

(0)
0 ∈ B1(H)+,1 then we

have

p(n;k) = (pikn,...,k1)i∈I(Γ,v0).

In the following two examples, we shall give examples of an OQRW
on a distance set, whose Bi,j;k’s are not scalar multiplications of some
isometry operators and satisfy the condition (5.2)

Example 5.5. Let D be a distance set and H be a separable Hilbert
space. Suppose {Ai}i∈D is a family of bounded operators Ai on H
satisfying ∑

i∈D

A∗iAi = 1

in the strong operator topology and mutually commuting.
In the case when D = {0, 1, . . . , N−1} for some N ∈ N and dimH =

n for some n ∈ N, let Ai’s be arbitrary commuting square matrices of
order n and {λi,j}nj=1 eigenvalues of Ai such that

∑N−1
i=0 |λi,j|2 = 1

for all j = 1, . . . , n. Then {Ai}N−1
i=0 satisfies

∑N−1
i=0 A∗iAi = 1 by the

simultaneous diagonalization. We can choose Ai’s as matrices which
are not scalar multiplications of unitary matrices. For example, when
n = 2, N = 1 the matrices

A0 =
1

2
√

6

(√
3 +
√

2
√

3−
√

2√
3−
√

2
√

3 +
√

2

)
,(5.6)

A1 =
1

2
√

6

(
2 +
√

3 −2 +
√

3

−2 +
√

3 2 +
√

3

)
.(5.7)

commute and satisfy A∗0A0 + A∗1A1 = 1.
Let {Qk

i,j}i,j,k∈D be structure constants of an arbitrary (non-associative)
algebra CA. An OQRW M = {Mk}k∈D on D defined by

Bi,j;k = Ai

for each i, j, k ∈ D satisfies (5.1). However, all Mk’s coincide, and
hence the family {Mk}k∈D is not linear independent.

For an initial state ρ(0) =
∑

i∈D ρ
(0)
i ⊗ |i〉〈i| ∈ B1(H ⊗ K)+,1 and

k ∈ D, put ρ(1) =Mk(ρ
(0)). Theorem 5.1 implies that

p(n;k) = d(Mkn ◦ · · · ◦Mk1(ρ
(0))) = d(Mk(ρ

(0))) = p(1)
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for all k = (k1, . . . , kn) ∈ Dn. This means that the distribution p(1) is
stationary.

Example 5.6. Let N = 1 and A0, A1 the operators in Example 5.5. If
we define OQRW M = {Mk}k∈D on the distance set D = {0, 1} by

B0,j;0 = A0, B1,j;0 = A1, Bi,j;1 =
1√
2
1

for each i, j ∈ D then we can check that the family {Bi,j;k}i,j,k∈D sat-
isfies the condition (5.2) with

Q0
0,0 = Q0

0,1 = 1, Q1
0,0 = Q1

0,1 = Q0
1,0 = Q0

1,1 = 0, Q1
1,0 = Q1

1,1 = 1.

The above numbers {Qk
i,j}i,j,k∈D is the structures constants of the left

zero semigroup LO2 of order two.
For a state ρ = ρ0 ⊗ |0〉〈0|+ ρ1 ⊗ |1〉〈1|, we have

Mk(ρ) =

{
A0(ρ0 + ρ1)A∗0 ⊗ |0〉〈0|+ A1(ρ0 + ρ1)A∗1 ⊗ |1〉〈1| (k = 0)
1
2
(ρ0 + ρ1)⊗ |0〉〈0|+ 1

2
(ρ0 + ρ1)⊗ |1〉〈1| (k = 1).

If A0 and A1 are the matrices defined as (5.6) and (5.7) then the family
{Bi,j;k}i,j,k=0,1,2 satisfies the condition (1) in Proposition 3.3.
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