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High precision membranes are used in many current space applications. This paper
presents a fully nonlinear membrane theory with forward and inverse analyses of high
precision membrane structures. The fully nonlinear membrane theory is derived from
Jaumann strains and stresses, exact coordinate transformations, the concept of local
relative displacements, and orthogonal virtual rotations. In this theory, energy and New-
tonian formulations are fully correlated, and every structural term can be interpreted in
terms of vectors. Fully nonlinear ordinary differential equations (ODEs) governing the
large static deformations of known axisymmetric membranes under known axisymmet-
ric loading (i.e., forward problems) are presented as first-order ODEs, and a method for
obtaining numerically exact solutions using the multiple shooting procedure is shown. A
method for obtaining the undeformed geometry of any axisymmetric membrane with a
known inflated geometry and a known internal pressure (i.e., inverse problems) is also de-
rived. Numerical results from forward analysis are verified using results in the literature,
and results from inverse analysis are verified using known exact solutions and solutions
from the forward analysis. Results show that the membrane theory and the proposed
numerical methods for solving nonlinear forward and inverse membrane problems are
accurate.

Keywords: Nonlinear membrane theory; numerically exact analysis.

1. Introduction

As the cargo space of a launch vehicle is limited, large spacecraft structures
must be designed to be stowed during launch and deployed once on orbit.
Moreover, as the launch expenditure of a NASA space mission always consti-
tutes a significant fraction of the total cost, inexpensive launch vehicles with
small payload masses are always desirable. Hence, instead of using previous
electromechanical types of deploying systems, recent efforts of NASA has con-
centrated on the use of inflatable/deployable structures for space applications.!
Inflatable/deployable membranes have been used in space as parabolic antennas,
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radiators, solar concentrators, sun shields, habitats, radio-frequency structures,
optical communication systems, radars, lightweight radiometers, telescopes, etc.
Large balloons are also membrane structures that have been used for many scientific
missions.

Materials for membrane structures are usually required to have (1) low
weight (<0.2 kg/m?), (2) high tensile strength, (3) high tear strength, (4) low
Helium permeability, (5) appropriate thermal properties, (6) low crease sensi-
tivity, (7) seam strength greater than or equal to 80% of the parent material
strength, and (8) no significant losses in tensile or peal strength at low temper-
ature (e.g., —30°C).2-® Materials for current scientific membrane structures include
reinforced films and coated fabrics. The reinforced films are generally polyethy-
lene, polyester (e.g., Mylar), and nylon; and the coated fabrics are typically nylon
or polyester fabric coated with silicone, polyethylene, polyurethane, polyester, or
nylon.? The majority of these materials are being developed by racing yacht sails,
packaging, geomembrane, parachute, and textile industries. The advantages of
membrane structures include small stowed volume, light weight, low cost, and good
thermal and damping properties.*®> However, there are difficulties in the design of
large scientific membranes.®

A few factors need to be considered in designing large membrane structures,
which include construction of smooth membrane surfaces using gores and seam
tapes, minimum folding requirement for stowage, deployability, accuracy of the de-
ployed shape, positive principle stresses to prevent wrinkling, large principle stresses
to provide enough global bending stiffness, small principle stresses to prevent ma-
terial creeping and change of the deployed shape, and easy manufacturing. These
are complex, stringent, and somewhat conflicting design requirements. Hence, there
are unique issues that need to be solved in order to assess and satisfy these design
requirements.

1.1. Modeling issues

Membranes are two-dimensional (2D) analogy of cables, and they have thin thick-
ness and negligible bending stiffness. Hence, membranes support loads mainly by
in-plane stretching and, sometimes, shearing. Since stretching is the main load path,
thickness change due to Poisson’s effect can be significant. For a material with a
Poisson ratio close to 0.5 (e.g., rubber), the material stiffness matrix is singular if
the thickness change due to Poisson’s effect is neglected. Moreover, membranes are
usually designed for undergoing large displacements and rotations but not for small
or even large strains during regular operations.? Large rotations cause geomet-
ric nonlinearities and make some strain and stress measures nonobjective.” Hence,
choosing an appropriate strain measure that excludes rigid-body displacements and
rotations becomes the major factor in deriving a fully nonlinear membrane theory.

Wrinkling is a local buckling phenomenon of 2D structures with negligible
bending stiffness. A membrane theory without accounting for bending stiffness
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predicts that wrinkling will happen when the smallest in-plane principal stress de-
creases from positive to negative. On the other hand, a membrane theory accounting
for bending stiffness predicts that wrinkling will happen only when the local tan-
gent stiffness decreases from positive to negative, which usually corresponds to a
negative but small principal stress. Furthermore, only a membrane theory with
bending stiffness can be used for post-buckling analyses to predict the bifurcated
deformation shapes after wrinkling. Although rolling rather than folding is usu-
ally preferred in packing inflatable structures,’ folding is necessary in many cases.
Unfortunately, folding may create permanent folding lines in crease sensitive mem-
branes, and such folding lines cause surface distortion of the inflated membranes.?
To study the influences of folding lines requires the use of a membrane theory that
accounts for bending stiffness.

Although the inflated shape of a membrane can be designed by varying the
distribution of membrane thickness, research shows that temperature change may
degrade prediction accuracy much more severely than thickness variations.?

Hence, a membrane theory for analyzing scientific membranes should account
for geometric nonlinearities due to large rotations, thickness change due to Poisson’s
effect, bending stiffness, and thermal influences.

1.2. Analysis issues

Analysis of scientific membrane structures is required with an accuracy beyond the
customary tolerances of conventional structural engineering. For example, a shape
prediction tolerance of 0.1 mm for a radio-frequency membrane reflector having
a diameter of a few meters may be taken as the required accuracy of analytical
solutions. %10

As membrane materials are usually viscoelastic, membrane structures are
designed to have small principle stresses in order to reduce the possibility of creep.
However, a membrane with small stresses is vulnerable to wrinkling when the struc-
ture is subjected to external localized disturbing loads. Because of the nonlineari-
ties and multiple loading and unloading paths, the wrinkles may stay even after the
disturbing loads are released. On the other hand, because the magnitudes of inter-
nal stresses determine the global bending stiffnesses of a membrane, the principle
stresses should be designed to be positive and as large as creep concerns will allow.

Although creep is less of a problem for membranes because the internal pres-
sure gradient can be adjusted and hence creep can be viewed as a change in the
initial shape. Nonuniform creep due to nonuniform stresses may cause the deployed
shape to deviate from the required one even after makeup gas is replenished.
Hence, it is better to design a membrane to have uniform internal stresses after
deployment.

The change of deployed shape and redistribution of loads and load carrying
capabilities of a membrane after wrinkling need to be understood in order to design
accurate and durable membranes, which requires complex stability and bifurcation
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analyses. Moreover, because membranes may experience strain values as large as
14% before burst? and membrane materials may be viscoelastic, their material
properties may depend on strains and/or strain rates and need to be obtained
experimentally before design analysis.

Although an initially flat membrane can be inflated to approximate the geometry
of a parabolic antenna, the inflation pressure required is so high that the makeup
gas needed to replenish possible loss of gas due to meteoroid damage is also high and
hence heavy.!! Hence, it is better to use an initially curved membrane to design an
accurate deployed shape with a low inflation pressure. However, the design problem
becomes how to find an unknown undeformed membrane geometry with unknown
thickness distribution that will result in the required deployed shape with a known
inflation pressure, which is a challenging nonlinear inverse problem.

In the past, space systems experienced high failure rates during deployment but
usually performed well after deployment.! With inflatable structures, the stake is
even higher because their load carrying ability is commensurable with their state of
deployment. To prevent deployment failure, simulation of the transient dynamics
of inflatable structures is needed, which requires advanced modeling and analysis
techniques.

The above discussions show that designing scientific membranes is challeng-
ing because of geometric nonlinearities, accuracy requirement, viscoelastic material
properties, creep, wrinkling, inverse design problems, and transient deployment
dynamics. However, an accurate nonlinear membrane theory plays the key role in
solving these problems.

1.3. Objective

The objective is to derive a fully nonlinear membrane theory that can be used for
accurate nonlinear analysis of precision membranes. Moreover, because rotation-
ally symmetric membranes are popular in scientific applications, nonlinear ODSs
governing their static deformations under axisymmetric loading will be listed and
a numerical method for investigating their load-deflection characteristics will be
derived and numerically verified. Furthermore, a method for computing the un-
known undeformed membrane geometry that is needed for manufacturing from the
known/required inflated geometry and the known/designed inflation pressure will
be derived and numerically verified.

2. Fully Nonlinear Membrane Theory

Membranes as well as plates and shells are 2D (two-dimensional) structures. An
initially curved membrane is a thin shell with negligible bending and twisting stiff-
nesses. Hence, we first treat a membrane as a doubly-curved shell in deriving a
fully nonlinear membrane theory for general use, and then we apply assumptions
to obtain governing equations for simplified types of membranes, especially for thin
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Fig. 1. The undeformed and deformed geometries of a differential reference surface and the three
coordinate systems used.

axisymmetric membranes. The two major tasks in deriving a nonlinear 2D struc-
tural theory are (1) how to describe the cross section warping, and (2) how to
describe the reference surface deformation. Different approximations of the cross
section warping result in different shear deformation theories, and different ap-
proximations of the reference surface deformation result in different geometrically
nonlinear theories. As membranes have very thin thickness, the strain energy due to
cross section warping is negligible. Next we present geometrically exact descriptions
of the undeformed and deformed geometries of an initially curved surface.

2.1. Surface analysis
2.1.1. Coordinate systems and curvatures

Two coordinate systems are required in order to describe the deformation of an
initially curved 2D structures: one describes the undeformed reference surface and
the other describes the deformed reference surface. Figure 1 shows an infinitesimal
area of the reference surface of a 2D structure before and after deformation. The zyz
is an orthogonal curvilinear coordinate system with the r and y being curvilinear
axes on the undeformed reference surface and the z being a rectilinear axis, and
the £n¢ is an orthogonal curvilinear coordinate system with the £ and n being
curvilinear axes on the deformed reference surface and the ¢ being a rectilinear axis.
An inertial rectangular coordinate system abc is also used, for reference purpose,
in the calculation of initial curvatures. We let j;, j2, and j3 denote the unit vectors
along the axes z, y, and z; iy, is, and i3 denote the unit vectors along the axes £,
7, and (; and i,, ip, and i, denote the unit vectors along the axes a, b, and c.

To obtain initial curvatures, the undeformed position vector P of point A is
presented as!?:

P= Pl(xw y)ia + Pz((lf, y)ib + P3(.'E, y)ic - (1)
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Taking first- and second-order derivatives of Eq. (1) with respect to z and y yields
] oP . . .
h = == = Pigia + Pacip + Paele,
Oz
. _OP . . .
jo = 6_y = Plyla + szlb + nglc y (2)
js =31 X j2

= (Poy P3y — P3z Pay)ia + (P3z Piy — P12 Pay)ip + (P Poy — Pog Pry)ic,

and

o 0 K K]
PUmsh _ (k9] (s, (9= |- 0 |,

[ K k& 0

: )
o 0 Bk
O} kg G}, [KY= [k 0 |,

B B o]

where ( )e = 8()/0z, ( )y = 8()/0y, {i12s} = {ir,i2, j3}7, and [K}] and [KJ] are
initial curvature matrices. k9 and k9 are curvatures of bending with respect to the
axes y and —z, respectively. k3, and k3, are curvatures of twisting with respect to
the axes —z and y, respectively. kJ is the spiral curvature of the y axis with respect
to the z axis; and k¢ is the spiral curvature of the z axis with respect to the z axis.
The initial curvatures can be derived using Eq. (3). For example,

k(l) = —% -j3

= _Pla:m(PZIPBy - P3zP2y) - P2zz(P31:P1y - Pla:PSy)
- P3:c:c(P1zP2y - P21:P1y) - (4)

In Fig. 1, u, v, and w are the displacements of point A with respect to the axes z,
y, and z, respectively. The axes £ and 7} represent the convected configurations of the
axes z and y, respectively; and v (= Y61 + 762) is the in-plane shear deformation.
We let i; and i; denote the unit vectors along the axes é and 7), respectively. We
note that the axes £ and 7 coincide with the axes £ and 7 only if the in-plane shear
deformation +g is zero. Letting D = AA’ = uj; + vj2 + wjs and using Eq. (3), we
obtain

A'B' = -D +dzj; +D+Q]2dx=d:cj1 + Q—Qdaz
oz ox

=[(1+uz— ng + wk?)jl + (vg + ukg + wkgl)jQ
+ (wg — ukd — vkQ,)jsldz (5)
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D oD
= dy = dyjs + —d
oy W dyjz + oy W
= [(uy — vk + wko)i1 + (1 + vy + uk] + wkd)is
+ (wy — ukgy — vk§)jsldy.

A'C'=-D+dyjs +D+

Hence, the axial strains along the axes é and 7}, e; and es, are given by:

A'B' —dx
a=—F—
= [(1 + uy — vk? + wk?)? + (v + ukd + wkd;)?
+ (wy — uk} — vk *)? - 1, 6)
. A'C' - dy
2 = ————
dy
= [(uy — vk + wk)? + (1 + vy + ukf + wk))®
+ (wy — ukgy — vk)?]M/% - 1. (7)
The unit vectors along the f and 7 directions are given by:
. A'B’ P PO P
= T tends = T11j1 + T12j2 + T13is, (8)
. A'C P PO P
iy = O+ edy = To1j1 + Toojo + Taajs, 9)
where
R 1+ u, — vk +wkd . vy + ukd + wkd;
Ty = , Tia= ,
14+e 146
N wy —uk? —vkd, Uy — vk§ + wkd,
Tia=2"""%a Ly "7 W 10
13 1+ e 21 T+e (10)
R 1+ v, + uk§ +wk§ - wy — uky — vk
Ty = 7 y Tpy3= —F——=
+ ez 1+ e2

It follows from Fig. 1 and Eqgs. (8) and (9) that
Y6 = Ye1 + Y62 = sin'l(ii i) = sin‘l(f‘nf’m +T1aT20 + Tmfzs) . (11a)

Hence, ¢ can be represented in terms of u, v, and w. Moreover, one can use the
symmetry of Jaumann shear strains to prove that?

(1 +e1) sin 61 = (1 +€2) sin 762 (11b)
Then, the unique expressions of v¢; and g2 can be determined from Egs. (11a) and
(11b). The unit vector normal to the deformed reference surface, i3, is given by:
ii X ii

i3 = ———= = T31j1 + Ta2j2 + Ta3j3, (12)
!li X lil
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where

TioTos — TiTas _ T13Th; — ThaTos

Ty = ———=, Tgp=—"1———"—
Ry Ry

Ti1Tee — T12T:
Tys = 111 22R0 12121 (13)
Ry = [(T12Tos — ThaTae)? + (TysTor — T11Th3)? + (T11 T — Ti2T51)2)1/?

= | cos | -

Using Fig. 1 and Egs. (8), (9), and (12), we obtain the following transformation
which relates the undeformed coordinate system zyz to the deformed coordinate

system &n¢:
Tu T Tis
{i103} = [T{jrs}, [T =[] |Tx Too Tos|, (14a)
T3; T30 Ts3
where
{i12s} = [[Hija3}

cos Y61 sinvgy O

[[] = |sinv2 cosve2 O
0 0 1 (14b)
cos g2 — Sin ¥e1 0
1
= — sin g2 COS Y61 0
COS g
0 0 COS Y6

{i123} = {i1,i2,13}7, and {ijs5} = {i;,15,13}7. Moreover, using Egs. (14a) and (3)
and the following identities

o _ 8 oy 0

oz T oy VT o T T W (15)
?-ij_ -1 = _% 14 [T]_l = [T]T
oy F oy 7’
we obtain
o{i .
229} _ (r) i)
0 k?s —k)l 6[T] (16)
[Kil]=|—ks 0 —ke1| = e [T)T + [TIK(T)T,

kl k61 0
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Othizs} _ [Ka]{i123},

oy

0 ki —ke 17)
= |-k 0~k | = Ey gy

ke2 k2 O

where K] and [K>]| are called deformed curvature matrices in this work and

ki = —5— i3 = ~TimaTam — Tork@y + Tozk + Tosk?,
_ 0O 0 0 0
ke = o i3 = —~TomyTam + T11ks — Tiokgy — Tizky ,
_ 0Oy 0 0 0
1= _a_x -1z = _T2m:T3m + T11k61 _T12k1 - Tl3k5 L]
5 (18)
keo = 9 i3 = _TlmyT3m - Tzlkg + T22k22 + T23k2 )
oy
_ O 0 0 0
ks = 3 2= TimzTom — Ta1kgy + Ta2ky + Tasks
L= Oz . 0 0 0
k1 = —‘5?; ‘1 = _T2myT1m - T31k'2 + T32k’62 + T33k4 :

Here, i; = iy x i3, Is = i3 x i, i3 = i} X iz, and Eq. (14a) are used. Hereafter,
unless otherwise stated, repeated subscript indices imply summations. We note
that the k; in Eq. (18) are functions needed for exact description of £ and 7, but
they are not real curvatures because the deformed dz (dy) is not along the i; (iz)
direction because vg;1 # 0(v62 # 0). If ¥61 = Y62 = 0, the curvatures are normalized
(but not real) curvatures because the differentiations in Eq. (18) are taken with
respect to the undeformed lengths dr and dy, instead of the deformed lengths
(1 4 e1)dz and (1 + ez)dy. Only if 761 = 762 = €1 = e2 = 0, k; represent real
curvatures.

2.1.2. Variations of global strains

To derive the governing equations using the extended Hamilton’s principle, we
need to have the variations of the global strains ej, e2, ¥61, Y62, and k;. Taking
variations of Egs. (6) and (7) and using Eq. (10), we obtain the variations of e; and
€9 as:

deq = T110t11 + T120t12 + Tisbtis, (19)

deg = T215t21 + T225t22 + T235t23 , (20)
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where
St11 = 6(1 + ug — vkg + wkY) = duy — kJ6v + kJow,
8t12 = 8(vg + ukd + wkgy) = dvg + kQ6u + kO, dw
dt13 = 6(wy — uky — vkg;) = Sw, — kdu — k§;6v,
6tar = 8(uy — vk] + wky) = duy — kv + kQyow,
Staz = (1 + vy + uk§ + wkJ) = vy + kJSu + k5w,

Otas = 6(wy — uky — vk3) = Swy — kydu — kv .

(21)

Moreover, taking variations of Egs. (8) and (9) and using Eq. (10)
yields

. 1 . . . .
iy = (J10t11 + j2otio + jadt13 — ijdey), (22a)
1+e;

8iy

=1 (J16t21 + J2btas + jabtas — is8ez). (22b)
-+ €2

Taking the variation of sin v¢ = i; - i5 (see Eq. (11a)) and using Egs. (22), (8), (9)
(19), and (20), we obtain

’

_ (Tgl —sin ’ys’fn)(stu + (T22 — sin ’76T12)6t12 + (T23 — sin 76T13)6t13
cos 16(1 +e1)

076

(Tn1 — sin ~6T51)8tay + (Th2 — sin v6T29)8t22 + (T13 — sin Y6T3)6ta3

+ cos v5(1 + e2)

(23)

Taking the variation of Eq. (11b) and using the fact that §vs = 6ve1 + 662, We
obtain

(1 + e2) cos Ye2076 — sin Yg10€1 + sin ygades
(L4 e1) cos Y61 + (1 + e2) cos Ye2

Ove1 = ’ (243)

{1+ e1) cos ve1076 + sin Ye10€; — sin Ygades
(14 e1) cos ve1 + (1 + e2) cos Vg2

Y62 = (24b)

where dv¢ is shown in Eq. (23).

To obtain the variations of curvatures (i.e., &k;), the concept of orthogonal
virtual rotations is needed. Because the variations of the unit vectors iy are due to
the virtual rotations of the observed membrane element, we have

0 803 —06-
5{i123} = [(59]{i123}, [69] = -—(593 0 591 s (25)
60, —66; 0
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where 60y, 86>, and 603 are the virtual rigid-body rotations of the observed mem-
brane element with respect to the axes €, 17, and (, respectively. We note that 66; are
differential rotations and hence they are vector quantities. Moreover, 6; are along
three perpendicular directions and hence they are mutually independent. Taking
the variations of curvatures defined in Eq. (18) and using Egs. (16), (17), and (25),

one can obtain that!2

—0ke1 5 66, 3oy
5’61 = EB- 502 - [Kl] 502 i (268.)
oks 803 893
—oks 5 661 80y
Okez § = 7 60y 3 —[Ka){ 662 b . (26b)
6k4 603 603

Using Eqgs. (25), (14b), and (22) and the fact that i3 -i; = i3-i, = 0, we obtain that

56 = Gip - i3 = —TOL §i, . iy — — 102 i . i
COS Y6 COS Ye

COS Y61

= —— (T30t T30t T336t
c0876(1_{_62)( 31001 + T320t22 + T336ta3)

sin Y62

— 2202 (Ty16ty + Thadtia + Taabts) 27
o 'Ys(l+€1)( 310t11 + T320t12 + Ta3dt13) (27)
50y = —6iy - i3 = oL G, iy — 12 G5, iy
CoS g COoS 76

sin 761
= —(T310t2) + T320t0n + T336t
o0s 6(1 + €2) (T310t21 + T320t22 + T336t23)

COS Y62
cos (1 +€1)

Using Egs. (25), (14b), and (22), we obtain that

(T316t4, + T326t12 + T335t13) . (28)

Lo o o 1 R
805 = 5 ((511 -ip — dig - 11) = 5 (5’)’62 - 5’761) + 2 cos 16 (511 ‘15 — 615 . li)

1
=3 (662 — 0%1)

+ (Toy — sin v6T11)8t11 + (Thg — sin v6T12)8ti2 + (Toz — sin 16713)dt13
2 cos v6(1 + €1)

_ (Fu1 — sin 6T) 0tz + (Th2 — sin y6Ta)8tas + (Tis — sin 16Th3)tas
2 cos 16(1 + e2) )

(29)
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Hence, de;, dez, 646, 661, 0762, 001, 062, and 463 can be represented in terms of
du, 0v, dw, dug, 0vs, Swg, Suy, dvy, and dw,. Moreover, the variations of curvatures
dk; can be represented in terms of dJu, dv, dw, duz, vz, Sws, Suy, duy, dwy, dusy,
OVzzs OWaz, OUyy, OVyy, SWyy, GUsy, SUsy, and dwsyy.

2.2. Jaumann strains and stresses

Although membranes have thin thickness, it is necessary to account for bend-
ing stiffness in order to study wrinkling problems and shape control of inflatable
membranes. For the modeling of highly flexible structures, Jaumann strains and
stresses are appropriate and convenient measures because they are objective, work-
conjugate, and fully nonlinear.” Moreover, because Jaumann strains are corotated
engineering strains, material properties obtained from experiments using small en-
gineering strains and stresses can be directly applied.

Next we derive the fully nonlinear expressions of Jaumann strains by using the
polar decomposition theory and the concept of local relative displacements.

2.2.1. Polar decomposition

For an arbitrary point ¢ on a differential membrane element that has dimensions
dz x dy x h (h = thickness) and crosses the reference surface at point A shown in
Fig. 1, because transverse shear warping is assumed to be negligible, the undeformed
position vector Pg and the deformed position vector P, are given by:

Pg = zji + yi2 + 2is, (30a)

P, = (z+ w)j + (y + v)j2 + wiz + 2(1 + e3)is (30b)

where e3 is the extensional strain along the thickness direction and is assumed to be
independent of z. Because x and y are local curvilinear axes starting from point A,

z=y=0. (31)

Taking derivatives of Eq. {30a) and using Egs. (3) and (31), we derive a gradient
tensor [Y] as:

1+ Zk? Zkg2 0

]: zkd  1+2k3 Of, (32)
0 0 1

[Y/} = [Yfmn]

. 9Pg
Jm oz,

where z,(n = 1,2,3) denote z, y, and z, respectively. Similarly, taking derivatives
of Eq. (30b) and using Egs. (3), (16), (17), (14a), (31), and (10), we obtain the
deformation gradient tensor [Y] as:
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1Y) = ¥onn] = [im- 52

é1Ti1 + 2(k1Ti1 + ka1 To1) + zescTa1  &2T21 + 3(ke2Tun + k2T ) + ze3y T3 é3T
= | &1Ti2 + 2(k1 Thz + ke To2) + zeasTa2 €212z + 2(keaTiz + k2To2) + ze3yTa2  é3T3a | »
é1Tis + 2(k1Th3 + ke1T23) + zeazTas 2023 + 2(ke2Tia + k2T2s) + zesyTaz  é3T3a
(33)
where 2= (1+e3)2,é;1 =1+¢€y, é2 =1+e2, and é3 = 1 + e3. It can be shown by
using the polar decomposition theory that!3
T
Yl=[T]"[U], (34)

where [U] is the so-called right stretch tensor and should be a symmetric matrix,
and [T} accounts for the corotation from the system zyz to the system £n¢ as shown
by Eq. (14a). Jaumann strain tensor |B] is defined to be

[B] = U] -1}, (35)
where [I] is a 3 x 3 identity matrix. It follows from Eqs. (34), (15), (33), and (14a)
and the orthogonality of i; that

€1 cos y61 + 2k1 €z sin g+ Zkgz O
U] =[T[Y] = | é1 sin v61 + 2ke1 éacosve2+2k2 O ]

2€3z z€3y €3

(36)

To determine principal strain directions of [B], one needs to determine the eigen-
values A of [U] by solving

U] = Al]|=0. (37)

Equation (36) indicates that the eigenvalues \; will vary with z. However, because
the membrane thickness h is usually small, one can choose the reference point
{z = 0) for computing principal strain directions. The eigenvalues of [U],—¢ can be
obtained to be

€1 cos Y1 + €2 cos Ye2 £ /(€1 cOs Y61 + €2 cOS Y62)2 — 4€1€2 cOS 76
2 k]
Az =1+es. (38)

A Ag =

The corresponding eigenvectors are:
{Cl} = {CthZl’O}T’ {CZ} = {—C2l7cll7o}T7 {C3} = {01 07 l}T’ (39)

where Ci; and Cs; can be obtained from Eq. (36) (with z = 0) as functions of e,
€2, 61, and ye2. If 61 = 62 = 0, eigenvalues of [U] .~ are 1 +e1, 1+ €2, and 1 +e3,
and Cy; = 1 and Cy; = 0. In other words, the axes £, , and ( are the principal
strain axes. Pai and Palazotto!® showed that, if {C;} are normalized such that

[CI[C) =111, (40a)
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then
A 0 0
{iza} = [C1"{iras}, [UI=[CI| 0 X O [[C)7, (40b)
0 0 A

where [C] = [{C1}H{C2}{C3}], {ijs3} = {i115i5}7, and i; are base vectors along the
principal strain directions.

Equations (11b) and (36) show that [U],=¢ is symmetric. For strains at z # 0,
[U] is symmetric only if ks1 = ke2 and es, = e3y = 0. kg1 = ke2 is true if the
deformed reference surface is smooth. However, es; and es, may not be zero and
approximations due to computation may make kg1 # kg2, and hence the [U] in
Eq. (36) is usually asymmetric. The transformation matrix [T] in Eq. (14a) is
derived only for points on the reference surface (i.e., z = 0), but it is used in
Eq. (36) for all points. Hence, the [U] in Eq. (36) is not really the right stretch
tensor for points at 2z # 0 because of the nonuniform distribution of ez and the
local rotations due to twistings (i.e., Zke1, Zke2). Consequently, instead of using
Eq. (35), Jaumann strains By, are modified as:

(B = 5 [[0]+ 017 - ] - 177 (41)

Substituting Egs. (32) and (36) into Eq. (41) yields the Jaumann strains of a doubly-
curved membrane as:

Bi; = (14 e1) cos ye1 — 1 + 2ky — 2k9, Bao = (1 4+ e2) cos ye2 — 1 + 2ka — 2k3,

Bz = = [(1+ 1) sin ye1 + (1 + e2) sin 62 + 2ke — 2k3], (42)

1

2
1 1

B3z =e3, Biz= 5 €322, B2z = 3 €%

where kg = k¢ + k2 and k9 = k3, +kJ,. As membranes usually have thin thickness,

the z is small. Hence, we replace 2 with z, neglect es; z and ez, z, and rewrite Eq. (42)

as:

{B} = {S]{w} ) B33 = €3, (43)
where
Bll 1 0 0 2 0 O
{B} = 322 R [Sl =10 1 0 0 =z 0 y
2B12 0 01 0 0 =z (44)

{¥} = {(1+e1) cos y61 — 1, (1 +e2) cos 62 — 1, (1 +e1) sin ve1
+(1+e2) sinve2, k1 — kY, k2 — k3, ke — kg}T .
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2.2.2. Concept of local relative displacements
Next we show that Jaumann strains can be easily derived using the concept of local
relative displacements.!* The local displacement vector u, of an arbitrary point on
a differential membrane element, has the form
u = ugig, (45)

where

ui(z,y, 2,t) = u3 (2, y,t) + 2[62(2, y,t) - 63(z, )],

us(z, 9, 2,t) = u3(z, 4, t) — 2[61(z, 3,t) — 6 (2, y)], (46)

uz(z,y, 2, t) = ud(z,y,t) + zes.

Here, ul are the displacements {with respect to the system £7¢) of the reference
point A’ shown in Fig. 1, #; and 5 are the rotation angles of the observed membrane
element with respect to the £ and 5 axes, respectively, and 69 and 69 are the
corresponding initial rotation angles. Because the £7( is a local coordinate system
attached to the observed membrane element, and the £ — 1 plane is tangent to the
deformed reference surface, we have

ou)  Oul
W=u=u}=60"=6)=0, = 02—&; 6y3=0. 47)
It follows from Fig. 1 and Egs. (3), (16), and {17) that
_6ug =sin —6u1 = sin
1te)dz 08 Aienay o
0
%=(1+€1)COS’761—1, ou3 =(1+ez) cos 62— 1,
oz By (48)
%g. 6-‘1 = k0 % - — kO % = k0 600 = k0
or 8z o=k dy 2 8z %L 5y "o
96, oy . . 06 96 aoz_
6m—~5-;'13—k1, By ka2, e ke1 , ke .

Taking the derivatives of Egs. (45) and (46) and using Eqs. (47) and (48), we obtain

L O P PRI L S S
9z oz T ar 2T ar BT My "M TR

=[(L+e€1) cos y61 — 1 + k1 — zk‘f]il + [(1 + e1) sin 61 + Zke1 — zkgl]iz
+ ze3;i3, (49)

Ju R .
a—y = [(1 -+ 62) sin vg2 + 2k62 — zkgz]il + [(1 + 62) cos Y2 — 1 + 2ko — Zkg]lg

+ zegyig s (50)

Ou .
-a—z- = €e313. (51)
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In terms of the local relative displacements shown in Egs. (45) and (46), Jaumann
strains can be simply defined as!4:

1/ 0u |, Ou
an—-i('asc—m'ln-’-—ax—n'lm), m,n—1,2,3. (52)

Substituting Egs. (49)-(51) into Eq. (52) yields the same Jaumann strains shown
in Eq. (42).

2.2.3. Constitutive equation

For isotropic materials the constitutive equation that relates Jaumann stresses Jpp
to Jaumann strains By, is given by:

Ju 1—v v v 0 Bi
Jo2 E v l-v v 0 By
Ja3 B (1+v)(1-2v) v v 1-v 0 Bss [’ (53)
Jio 0 0 0o L _22” 2B,

where E is Young’s modulus and v is Poisson’s ratio. We note that, for a material
with v = 0.5 (e.g., rubber), numerical singularity exists in the constitutive equation.
However, because the thickness of a membrane is usually thin and hence B33 (= e3)
is mainly due to Poisson’s effect, one can assume that J33 = 0 to obtain that

v

v
= B .
€= ——7 11+y—1B22 (54a)
Consequently, we have
Ji E 1L v 0 Bn
Jag p = T2 v 1 0 By ¢ . (54b)
_ 1-
J12 00 “1 2By,

Membrane materials can be anisotropic. For example, Mylar has been reported
to be orthotropic.!’ If the membrane is made of layers of orthotropic materials,
one can obtain the transformed stiffness matrix [Q(¥] for the ith lamina from its
principal stiffness matrix [Q(¥] and its ply angle (measured with respect to the axis
z) by using tensor transformation and assuming JS(? = 0. Then, the constitutive
equation for the ith lamina is given by:

{J} = [QW){B}, (55a)
where
JY 00 QY QY
(=079 0, 1Q91=(0Y Q9 o8 |. (55b)
Jo 3 50 AW
12 16 26 66



Fully Nonlinear Modeling and Anadlysis of Precision Membrenes 35

Moreover, stress resultants are defined as:

(Np) Ea
N I3
Ne | _ J@ s
Ve (=] o =199,
M, 230 (56)
)y,
@S QY] 2[QW]
= dz =
) /z_z[c:zwnsq] i /z[z[c‘z@] 210w |

where Egs. (43) and (44) were used and [Q] is a 6 x 6 matrix. Here M;, Ms, and
Mjg represent the moment intensities acting on the edges of a differential membrane
element, N; and N, are the in-plane extension force intensities, and Ng is the
in-plane shear force intensity.

2.3. Governing equations

To derive governing equations we use the extended Hamilton’s principle, which
states that®s

t
/ (6T — 8T + §Wye)dt = 0, (57)
0

where ¢t is the time, 4T is the variation of kinetic energy, dII is the variation of
elastic energy, and W, is the variation of nonconservative work.

Deformations of membranes are mainly caused by rigid-body displacements and
rotations and in-plane stretching, and the in-plane shear strain ¢ (= Y61 + 7Y62) is
usually small. Hence, the influence of g on the deformed geometry can be neglected
without significant loss of accuracy in accounting for geometric nonlinearities. Sub-
stituting 61 = Y62 = ¥6 = 0 into Eqs. (14a) and (14b) yields

C=1], Tu=T, Tei=Teu, i1=ij, i2=1is. (58)
Substituting 61 = Y62 = 76 = 0 and Eq. (58) into Egs. (19), (20), (27), and (28)
yields

de1 = Ti10(uy — vk + wk?) + T126(vy + ukl + wkd;)
+ Ti36(ws — ukd — vkd), (59a)

ez = Ta18(uy — vkS 4+ wkdy) + Toad(vy + uky + wk3)
+ To36(wy — ukldy — vk3), (59b)
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~(1 + €2)601 + Ta1(Suy — k§6v + kgydw) + Taz(dvy + kQ6u + kJ6w)
+ T33(8wy — kQyu — k3dv) =0, (60a)

(1 + €1)d82 + T31(8uz — kgov + kY6w) + Taz(bvy + k36u + kO, 6w)
+ Ta3(dwy — k6u — kQ,6v) = 0. (60b)
Using Eq. (58) and taking the variations of i; (= ij) and iz (= i) in Egs. (8) and
(9), we obtain
6iy = j16Th1 + j20T12 + j3dT13

= [(Suz — k30v + kYSw)is + (Svg + k2du + kD 6w)js + (6w, — k06u — k8, 6v)js]
1 (561
X —
1+e; 1+e;

i, (61a)

0ip = j10T01 + j20T02 + j30T03

= [(Juy — k§0v + kgy0w)is + (Svy + k§8u + k3Sw)jz + (Swy, — ky0u — k96v)js)
1 (562
_ i 1
14 e9 1+€212 (6 b)

Using Egs. (612) and (61b) and considering ;1 and g2 being small, we obtain
that

X

6’)’61 = Jii . i2

=3 ie [T21(8ug — kv + kw) + Too(dvs + kQ0u + k2, 6w)
1
+ Toz(dwy, — kYdu — kg, 0v)], (62a)

6’)’62 = 5i§ . il

= - jeg [T11 (Suy — k260 + kQ0w) + Tra(dvy + k26u + K26w)
+ T13(0wy — kgpdu — k36v)] . (62b)

Moreover, when ~g, 761 and g2 are small, the Jaumann strains in Eq. (44) reduce
to

B =¢ +Z(k1 _k(l))7 Bay =62+Z(k2—kg),
2B12 = Y61 + Y62 + (ke — k) .

It follows from Egs. (30a) and (30b) that the displacement vector D of an
arbitrary point on the differential membrane element is:

(63)

D:Pq‘PQ:Ujl + vj2 + wiz + Ziz — zj3. (64)
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Taking the variation of Eq. (64) and using Eq. (25) yields
0D = j10u + jobv + jadw + 2(11602 —12061) . (65a)
Taking time derivatives of D and using Eq. (14a) yields

D = iij1 + 2 + Wiz + 2(Taud1 + Tz + Taajs) - (65b)

Using Eqgs. (65a), (65b), and (14a), we obtain the variation of kinetic energy as:

6T=—//p]5-6Dd:vdydz
zJA

=— / (Aubu + Aybv + Aydw + Ag, 68; + Ag,80)dxdy , (66)
A

where A is the area of the undeformed reference surface, p is the mass density per
unit volume, and

Ay=mii+ LTy, Ay=mi+ LT3, Aw=mw+ LTss,

Ag, = ~I1(iiTo1 + 8Tas + wTas) — Io(Ts1To1 + T32Ton + T33T3),

Ag, = (T + iT12 + 6Tis) + L(T31T11 + Ts2T12 + TasThs)
{m,, L} = [ p{1,2 5?}dz,

(67)

where m represents the mass per unit area and 2 = (1 + e3)z. If p is symmetric
with respect to the middle reference surface, I; = 0. Moreover, we also assume
that the membrane thickness h is small and hence the rotary inertia density I» is
negligible. Substituting I) = Is = 0 into Eq. (66) yields

0T = — / (miidu + midv + mwdw)dzdy . (68)
A

If the membrane is only subjected to a normal pressure p along the ¢ axis, the
nonconservative work is given by:

Wy = / p(1 + e1)dz(1 + e2)dyis - 6(ujs + vj2 + wjs)
A
= / p(T516u + T396v + T336’UJ)(1 +e3)(1 + eg)dzdy
A

= / (p19u + p2dv + p3dw)dzdy , (69)
A

where Eq. (14a) is used and the actual deformed area (1 + e1)dz(1 + e2)dy is used
to calculate the actual load. Moreover,

n=p(l+e)l+e)Tz, p2=p(l+e)(l+e)Ts2,

(70)
p3 = p(l + 81)(1 + 62)T33 .
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Because the elastic energy II is due to relative displacements among material
particles, 011 is the virtual work done by the internal forces f; through the virtual
relative displacement du. Hence, we have

ST = / [fl “ipd (2‘_‘_ dz, 'in) +f5-i,6 (_B_u dzy - in)
vo 3$1 81:2

4 f3-ind (—‘91 dzs - in)], (71a)
81‘3

where dz, = dz, dzo = dy, dzz = dz, dV° = dzdydz, and f; is the force vector
acting on the convected area of dz,,dz, (i # m # n). Because Jaumann stresses are
defined as'3:

f1 - s _ fa-i2 _ f1 - i _ fo -1
27 dridrs’ % dzedrs  dzydrs

= Joy, (71b)

substituting Eqs. (71b) and (52) into Eq. (71a) and using By = Bgg = Jaz = 0
yields

oIl = / /(J115311 + J200Bog + 2J126312)dzdydz . (72)
AJz

Substituting Eq. (63) into Eq. (72), using Egs. (26a) and (26b), and integrating by
parts we obtain that

8 = / /[J11(561 + 20ky) + Jao(be + 20ka) + J12(8v61 + Ov62 + 26ks)]|drdydz
AJz
= / (N1de1 + Nades + Nebve1r + Nedvee + M10ky + Mabkg + Medke)dzdy
A
= / (N15e1 + Naodes + Ngdygr + Nedvea + ©1061 + ©2602 + 93503)d$dy
A

+ / [~ M2861 + Med6s]¥=y da + / [— Mgb6; + M168:)2=X dy, (73)
T Yy

where X and Y denote the integration limits of the curvilinear coordinates x and
y, respectively, and

©1 = Me; + Moy + Miks + Mgk ,
62 = "Mlz - M6y + M2k4 + M6k5 s (743.)
O3 = Mikgy — Makea + Mgko — Mgk -
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Moreover, it follows from Eqgs. (63), (44) and (56) that

4 Nl A 4 61 )
N2 €2
Ng = Y6
4 > = - 74b
LA m” (74b)
M, ky — K3
( Ms ) L ke — KkJ |

Substituting Eqgs. (59a), (59b), (62a), and (62b) into Eq. (73) and adding the
integrals of Q2> x Eq. (60&) and @ x Eq. (60b), we obtain

o= [ {5 @ rswo. + {M 5

N,
+ { 114\-76 Ng,Qz} [T}{suvw}, + {1 —

QTR (o)

N, Qz} (YK {buvw}
+[61 — Q2(1 + €2)]66; + [0 + Q1 (1 + €1)]062 + 63603}dzdy

+ /{—M2591 + Mgd0 }’F:Yd:l‘ + /[—.’\45591 + A11592};z§dy, (75)
z ¥y

where {vvw} = {u v w}T. It is shown later that the introduced Q; and Q. are
transverse shear force intensities.

Substituting Egs. (68), (69), (75), and (74a) into Eq. (57), integrating by parts,
and using Egs. (60a) and (60b) for the boundary terms —Mgb#; and Mgdfs in
Eq. (75), we obtain

OlFu} (1] O{Fp}"T]
/A { (T - {Fa}T[T][Kf]T + ——‘g-y——— _ {Fﬂ}T[T][Kg]T) {Suvw}

+({Re}" — {Ir} 1) {ouvw} + ({Qa}” +{Qs}"){86}

T
+ (—a{’;ﬁ'}T +{Ma}T K1 + Q% + {Ma}T[Kﬂ) {60}}My

_ /x [{FB}T[T]{JUWH[(M‘*T31>I+ M (Task‘l’—Tazkg)] Su

1+e 14+e
MgT3, Mg
+K1+e1)z+ l+e (T33k51+T31k5)]6
MeT: M, =Y
+ [( 6 33) -8 (T32k61 + Tslko)] ow — M266, dx (76)
1+e; z 1 +e y=0
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g

{Fa}T[T]{éuvw} +

du

MeT3, Mg 0 0
T —_
( 1 + €92 >y + 1+ €9 ( 33k62 T32k4)

MgT: M
+ ( 6 32) + % (Tyskl + T31k29)
L v 1+

v
1+ e9 €9

M¢Tss Mg o o
- T Tark
+ (1+e2)y 1+e2( 32k + Tarkey)

r=X
dw + M, (592] dx

=0

(:t,y):(0,0),(X,Y)
) (T310u + Ta26v + T335w)] =0,
(z,y):(X,O),(O,Y)

[( Mg n Ms
[\1+e1 1+e

where

{0} = {61,62,605}7,
{Ir} = {mii,m6, mé}T, {Rp} = {p1,p2,ps}7,

_ Nﬁ T B N6 T
{Fa} = {Nl, ﬁ_e_I’Ql} , {Fp}= {m; ,N2»Q2} , (77)
{Mo} = {—Me, M,0}T, (Mg} ={-M, Ms,0}7,
{Qa} =1{0,-Q1(1 + 1), Ne}T, {Qs} ={Q2(1+e€2),0,—Ne}T.

Setting the coefficients of du, dv, dw, 861, 662, and 665 in Eq. (76) equal to zero,
we obtain the equations of motion as:

5z (TITLRY) ~ (KT {Fa} + 57 (017 {Fa) — (KSYTVT{Ea} + {Re} = {Ir)
(78)

a{gia} + [KI]T{MQ} + 6{3513} + [KQ]T{Mﬁ} + {Qa} + {QB} _ {0} . (79)

The boundary conditions are to specify:

Along z =0, X:
[ MgT3: ] 0 _ 0
bu=0 or Fu-j;1+ MeT3, _+_(T33k62 T32k4)M6
_1+62_y 1+ ey
. [MeTse] | (Tsah§ + Tk} Mo
dov=0 F,- ’
v or aJ2+_1+e2_y+ TTes
[ ] 0 1 T5 k) M,
w=0 or Fa‘j3+ MegT33 _(T32k2+ 31 62) 6
L1-{-62_1/ 1+e

60 =0 or M.
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Along y=0,Y:
| MgT3s; ] Taak® — 9\ M,
éu=0 or Fg-j1+ 6131 +( 33k} — T32ks) Me
L1+e], 1+e
[ M, ] 0 EOV M,
dv=0 or FB'j2+ 6132 +(T33k61 + T 5) 6’
_1+61_z 14+e
" MeTas ] Tar kO 4 Taok? )M,
dw=0 or Fg-jz+ 6- 33 _( 31k7 + Tsokg1) 6’
L1+61dz 14¢
86, =0 or M,.
At (z,y) = (0,0),(0,Y),(X,0),(X,Y):
MG Ms
= +
du=0 or [1+e1 _ 1+62}T31,
Mg Mg
= T:
bv=0 or [1+e1+1+62] 32, (80)
M6 MG
dw=0 or [1+61+1+62]T33’
where
N,
Fo = Mt + 72 + Quis,
N 1 (81a)
6 . . ]
Fg= Tte, i1 + Noip + Qais.
We also define
M, = _Mﬁil +M1i2,
Mg = —Moi; + Meiz,
8 213 612 (81b)

IF = miij; + mije + mijs,
RFr = puj1 + p2jz2 + pajs.-
Using Egs. (16) and (17) and the identity [T}7 = [T]™!, we rewrite Eq. (78) as:
HF, o{F,
i (2 s i+ 2 4 (T (Ro}) + (e} = 1) 82

Using Egs. (81a), (81b), (16), and (17), we put Egs. (82) and (79) in the following
vector forms:

oF, OJFg

e P ARy =1Ip, 83

oz + By +RF F (83)
Bx"+%+(l+el)il x Fq + (1 +eg)iz x Fg=0. (84)

Equations (83) and (84) state the balance of forces and moments on a differential
membrane element, which can be directly obtained using the stress resultants in
Eq. (74b) and a vector approach with Newton’s second law. Although we started
with the energy formulation (see Eq. (57)), the results are fully correlated with
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the Newtonian formulation and every structural term is interpretable in terms of
vectors. This shows that the equations obtained are intrinsic.

One can see from Eq. (81a) that ()1 and Q- are along the iz-direction and hence
represent the transverse shear force intensities. However, it is assumed that there
are no transverse shear strains in this membrane theory and hence @, and Q3 are
not directly related to displacement variables (see Eq. (74b)). Hence, @; and Q2
need to be obtained from the first two equations of Eq. (79) as:

1
Q1 = e (Myz + Mgy — Maks — Mgks),

. ! (85a)
Q2 = T—:é-g— (sz + Mgy + Meka + Miks).

The third equation of Eq. (79) is a statement of the balance of internal moments
with respect to the ¢ axis, which is given by:
Ng — Ng + Makgo — Mykey + Mgk, — Mgko = 0. (85b)

Hence, only the three equations in Eq. (82) and the boundary conditions in Eq. (80)
need to be solved in the nonlinear analysis of doubly-curved membranes. Equation
(82) can be rewritten as:

N1z + Neay k1Q1 — ksNe1 + keaQ2 — kaNo 21 mii

Ne1z + Noy ¢+  ke1Q1+ksN1 +kaQa+ksNe2  +[T) p2 ¢ =[T){ mv },

Q1z + Q2y —k1N1 — ke1Ng1 — k2 Ne2 — ka2 No P3 mi
(86)

where Ng; = Ng/(1 + e1) and Ngz = Ng/(1 + e2).

2.3.1. Without bending stiffness

If 46 is small and the membrane thickness h is so thin that the change of strain
values with z is negligible, the strains in Eq. (63) can be approximated as:

Bin=e1, B =e2, 2Bi2= " +"%:2- (87)
Substituting Eq. (87) into Egs. (72) and (73) reveals that M;, M2, and Mg should

disappear from the governing equations. Hence, Eq. (85b) becomes a null statement
of N¢ = Ng, and Eq. (85a) becomes

Q1=Q2=0. (88)
Substituting Eq. (88) into Eq. (86) yields

N1z + Nezy —k5Ne1 — kqNo p1 mi
Ng1z + Noy » + ksN1 + kaNe +[T]4 p2 p =[T]§ md
0 —k1 N1 — kg1 Ng1 — ke2Ne2 — k2 N2 p3 mw

(89)
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These are the only three governing equations, and the boundary conditions in
Eq. (80) reduce to:

Along £ =0, X:
du=0 or NI+ NI,
bv=0 or Ni1Ti2 + Nei1T,
dw=0 or N;Tis+ NgiTos.
Alongy=0,Y:

du=0 or NeTi + NoTn,
Sv=0 or NgTi2+ NoTy, (90)
ow=0 or N62T13 +N2T23 .

We note that, if £ and/or y are curvilinear, the magnitude of the differential
area drdy may change with = and/or y. This area effect is not accounted for in
using integration by parts in Egs. (73) and (76) because it can be done only if the
explicit expressions of z and y are known. Next we show how to account for this

area effect in using Egs. (85a) and (86) to obtain the fully nonlinear theory of thin
circular plates.

2.3.2. Circular plate theory

Figure 2 shows a general axisymmetric membrane described by an orthogonal
curvilinear coordinate system zyz, where z denotes the meridian (also called the

Fig. 2. The two coordinate systems used in describing the undeformed geometry of an axisym-
metric membrane.
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generator) and y denotes the circumference. For a circular plate, if the z is chosen
to coincide with r, we have

dr=dr, dy=rdf. (91a)

Then, one can follow Egs. (1)-(4) to show that all initial curvatures are zero except
that

K=l (91b)

T

It is clear from Eq. (91a) that, if df and dr are fixed, the differential area dzdy
changes with r. To account for this area effect caused by curvilinear coordinates,
one just need to do the following changes for the spatial derivatives of a stress
resultant:
dNirdfdr 1

_ 0
s dr rdfdr Nir + Nikg, (92)
dNyrdfdr 1 o
My =48 rdoar ~ 1ok

Hence, the fully nonlinear circular plate theory can be obtained from Egs. (86),
(85a), and (92) as:

Nir + N1k§ + Neook$ k1Q1 — ks Ne1 + ke2Q2 — kg N2 21
Neir + Ne1k§ + Nogk p + < ke1Q1 + ks N1 + k2Q2 + k4 Ne2 +[T]4 p2
Q1r + Q1§ + Q20k3 —k1 N1 — kg1 Ne1 — ke2Ne2 — k2 N2 P3
mit
—m e msh, (93)
mw
where
Q1= 1 j o (My, + M1k + Mgok§ — Moks — Mgks) , o0

1
Q2 = g7 (Maok + Mo + Mokj + Moky + Miks).

The boundary conditions are the same as those in Eq. (80) except that dz and dy
need to be replaced with dr and rdf, respectively. Similarly, dz and dy need to be
replaced with dr and rdf in the nonlinear expressions of e1, ea, Y61, Y62, k1, k2, and
ke (= ke1 + ke2) shown in Egs. (6), (7), (11a), (11b), and (18).

2.3.3. Accounting for ve

We point out here that the governing equations (83) and (84) are valid and can be
derived using the vector approach only if v is negligibly small. If v is not small,
substituting Eqs. (43) and (44) into Eq. (72) yields

ol = / (N1de1 + Nades + Ne16ve1 + Neadvez + Midky + Mabks + Medke)dzdy
A
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where
Ny = Ny cos 61 + Ne sin 61,
N = N3 cos 62 + Ng sin 762 ,
Ne1 = (1+ €3)(Ne cos 61 — Ny sin ve1) ,
Ne2 = (1 + ea)(Ng cos Y62 — N2 sin 62) -

Then, one can follow the same procedures to derive the governing equations.
However, Egs. (19), (20), (24a), and (24b) need to be used for de;, dea, 6761, and
dv62- The derivation is straightforward, but the governing equations obtained are
complicated by ~¢. However, if finite elements are used to discretize the system, g
does not complicate the formulation too much.6

Large scientific inflatable membranes are usually constructed from specially-
shaped flat gores using a doubler material at the seams or other methods,
which leads to structural models that defy closed-form solutions. Moreover, as
materials for scientific membrane structures may exhibit nonlinear viscoelastic
response,’” the [Q] in Eq. (56) may become functions of strains and strain
rates. Hence, the finite element method is more appropriate for analyzing real
membrane structures. Furthermore, nonlinear finite element equations can be easily
solved using an arc-length iteration method, and they can be used to deter-
mine bifurcation points when wrinkling starts and to study bifurcated equilibrium
paths.

3. Axisymmetric Membranes Under Axisymmetric Loading

Rotationally symmetric membranes are popular in scientific applications because
they are easy to manufacture and it is easy to predict and control their inflated
shapes. Next we derive the fully nonlinear governing equations of axisymmetric
membranes subjected to axisymmetric loading.

From the undeformed geometry of the axisymmetric membrane shown in
Fig. 2 and the coordinate systems and unit vectors shown in Fig. 1 we obtain
that

P = ai, + r sin 0 + r cos 6i.,

dr = Vda? + dr? = 2da/1+712, dy=rdd,

P +1 .
1= 3_ = ———— (iy + 14 sin O, + 7, cos #i.),

or /1412 (95)
oP . . e
= cos B, — sin i, ,
§s = 1 X s = *1

3 = .]1 .]2 \/1—4-—1-02_
where P is the position vector of point A, r is a function of a, r, = 9r/0a, and
the + is determined by the sign of da/dz. Substituting Eq. (95) into Eq. (3) we

J2=5‘17

(—Talq + sin Hip + cos bi.),
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obtain
+Ta

B - K0 +1 KO +r,
i ey A ey Ay

ke =k22 =k3=0.
(96a)

Since z and 6 are two curvilinear Lagrangian coordinates to be used,
one needs to account for the area effect by making the following
replacements:

dNirdfdx 1

dz rdfdz
dNirdfdzr 1 1

= =Ny

rdf rddz T
The same replacements need to be done for all other spatial derivatives of stress
resultants in the governing equations.

For a specific membrane geometry, one can use Eq. (96a) to derive initial
curvatures. For example, if it is a parabolic membrane with the apex at the origin
of abc and the focus at a = a, then

Niz —

= Niz + N1kY,
(96b)

le —

9 _ 24 —4a®
r“=4ad, ra=-—, Tag= —5—
r

97a
0 4a? 0 2a (972)

1
k:——————, kzO:_'__—' ) k:: .
IS T maa M mrae
If it is a spherical membrane with the center at the origin of abc and the radius is
R, then

_ 2
R2:a2+r2’ Te = ay Taa:_Rg,s
r T
— (97b)
1 - -r
0 _ 1.0 — — 0 _ .
kl_k2_R7 k4 rR

Under axisymmetric loading, displacements only happen on the zz plane, and
the convected axes £ and # are always perpendicular to each other. Hence, we have

=0, ?_(_) — ﬂ_). =0,
oy rof
ket =ke2 =ks =0,
iy = iy = To1j1 + Tooj2 + T23j3 = j2, (98a)

i; = 11 = Tjs + Thi2je + Tiajs = Tiij1 + Thsjs
iz = iy x ip = —Thgj1 + Tz

Moreover, because ij = i; and i; = ig,

Y61 = Y62 = Y6 = B12 =0,

(98b)
Bii=e1+2(ky —k9), Bay =ep+ z(ko —k3).
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Equation (98b) indicates that there is no in-plane shear straining in axisymmetric
membranes undergoing axisymmetric deformations, and hence z and y are the
principle strain axes. Moreover, because of Eq. (98b), one can see from Eq. (73)
that Ng should disappear from the governing equations. Substituting Eqgs. (96a),
(98a), and (98b) into Egs. (14a), (10), (16), (17), and (70) yields

T 0 Tis 1+ ug + wkf Ky
_ _ uz + wkj _ wr —uky
[T] = 0 1 0 5 T11 = '————“"‘1+ e 5 Tl3 1 + e1 ’ (993)
~Ti3 0 Tn
0 -k 0 k4 0
Ki=|0o 0 o, [Kil=|—=ke 0 ke, (99b)
kit O 0 0 ko 0
= —p(l + 61)(1 + 62)T13 , pp=0, p3= p(l +e)(1+ 62)T11 . (99¢)

3.1. Forward analysis without bending stiffness

Under static axisymmetric loading and without bending stiffness, because of
Egs. (96a), (98a), (98b), and (99a)—(99c), the second equation of (89) becomes
a null statement of 0 = 0 and the other two equations become

N1y — ks No = miTy, + mwTs, (1008)
—ky N1 — ka2N2 + p(1 + e1)(1 + e2) = —miiTig + mwTh; . (100b)
Accounting for the area effect by using Eq. (96b) in Eq. (100a) yields
N,
% = Noky — leg +mitTy, + mwTis. (101&)
Post-multiplying Eq. (16) by [T] and using Egs. (99a) and (99b), we obtain that
dTy
d;_ =Tiz(k; — KY), (101b)
dT;
-d—;é = Tn(kg — kl) . (].OIC)
Moreover, it follows from Eq. (99a) that
du _ (1+e)T1 — wkd —1, (1014)
dz
dw 0
—d—; = (1 + 61)T13 + ’U.kl . (1016)

Substituting Egs. (96a), (98a), and (99a) into Egs. (7) and (18) we obtain that
e = uk§ +wkd, ko =Tikd —Tiakd, ka=Tisks +Tinky. (102a)
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Because ¢ = 0 and the bending stiffnesses are neglected, it follows from Eq. (74b)
that

€ = &M s N2 = Q2161 + QQQCQ . (102b)

Qn

Furthermore, we obtain from Eq. (100b) that
_ p(1 +e1)(1 + eg) — kaNo + miiTiz — mwTy
= N, }
Substituting Egs. (102a)-(102c¢) into Eqgs. (101a)-(101e) yields five equations in
terms of Ny, T11, Ti3, u, and w. In other words, Egs. (101a)-(101e) are the five
governing differential equations. However, it is a fourth-order system because it
follows from Eq. (90) that the boundary conditions are to specify:

u or N1T11

ky

{102¢)

(103)
w or N: 1T13
at x =0 and z = L, where L is the arc length of the meridian. Because i, is a unit
vector, the constraint equation needed is:

TH+Th=1. (104)

Equations (101a)-(10le) (or Egs. (101a), (101c)—(101e) with Ty; = ++/1 — T5)
will be used to obtain numerically exact solutions by using a multiple shooting
method.!®

One can see from Eq. (96a) that, at r = 0, k9, k3, k2, and k4 may become
singular and it is impossible to compute ey, N3, and &; using Egs. (102b) and
(102c) because ep, k2, and k4 cannot be computed using Eq. (102a). However,
because of the axisymmetric geometry, we have

Tu=1, Ti3=0, kKV=k3, ke=k,

(105a)
ki=k}, e1=ex, N1=Ny, Ny;=0.

at r = 0, where k4 = kY is obtained from Eq. (102a) by using T}; =1 and T13 = 0.
Note that ks and k4 do not represent actual curvatures and they are functions used
for exact description of £ and 7, as explained right after Eq. (18). Substituting
Eq. (105a) into Egs. (102b) and (102¢) yields

Y ~ =

= N =(Qu+0n)er, k= . (105b)
Qu + Q12 2N

We note that Ny = N, in Eqgs. (105a) and (105b) results in Qu = Q. In

other words, if an initially axisymmetric membrane is not manufactured to have

Q11 = Q22, the membrane will not have an axisymmetric shape under axisymmetric
loading.

p(l+e1)? — mi
€1

If a spherical membrane undergoes uniform expansion with respect to its center,
we have

u = T13 = O, T11 =1. (106&)
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Because of symmetry, we have

N1=N2, k1=k2, k?Zkg, wz=N1,=0. (106b)

Moreover, substituting Eq. (106a) into Eqs. (99a) and (102a) yields
el-——wkg’zeg:wkg:%, (106¢)
ko=kK9, ka=1kd. (106d)

Equation (106d) is due to the fact that ke and k4 are defined with respect to the
undeformed length dr and are not the actual deformed curvatures, as explained
right after Eq. (18). Equations (106a)-(106d) satisfy exactly the governing equa-
tions (101a)-(101e) and make them to be 0 = 0. Substituting Eqgs. (106b)-(106d)
into Eqgs. (102b) and (102c) yields the nonlinear function of p in terms of w as:
_ 2(Qu1 + Qu2)w + R?mw

p= &+ w) . (107)
If w/R is small and the pressure is static, one can replace R + w with R and then
p is proportional to w.

3.2. Forward analysis with bending stiffness

If bending stiffnesses are to be included in the analysis of axisymmetric membranes
under axisymmetric loading, the strains shown in Eq. (63) need to be used, instead
of Eq. (87). However, the surface analysis shown in Egs. (95)-(99c) are still valid.
Although Egq. (74b) show that Ng and Mg may be nonzero due to elastic couplings,
Eq. (73) shows that Ng and Mjg should not appear in the governing equations
because ks = Y61 = Y62 = O (see Eqs. (98a) and (98b)). However, M; and M,
should be included. Moreover, substituting Eq. (98a) into Eq. (85a) yields Q2 = 0
and

dM,

dz
where M, is replaced with M;, + M;kJ to account for the area effect, as shown in
Eq. (96b). The first and third equations of (86) become

= (1+e1)Q1 + Maks — Mikq, (108a)

ny
(—idjl = k4No — k10, — ngl + miiTy, + mwTs, (108b)
dQl 0 .. ..
71:— = k1N1 4+ kaN> —p(l + 61)(1 + 62) - k4Q1 —miiTs + miwTy,, (1080)

where Ny, and Q1. are replaced with Ny, + Nikd and Q1. + Q1k§, respectively,
to account for the area effect. Moreover, Egs. {101b)—(101e) are still valid and are
repeated here as:

= Tia(ky — k?), (108d)
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dT1 3

o =Tu(k — k1), (108e)
du 0
E = (1 + el)Tll - wkl -1, (108f)
dw 0
I =(14¢€1)T13 + uky. (108g)

Moreover, Eq. (102a) is also valid and is repeated here as:
e2 = ukl + wk3, kg = Tik3 — Tizky, ka=Tiskd+TikS.  (109a)
Because v = ke = k3 = 0, it follows from Eq. (74b) that
Quer + Qua(ks — k9) = Ny — Quoes — Qus(ka — k9),
Qaier + Qua(kr — k9) = My — Quzey — Qus(ka — K9) .
Using Cramer’s rule we obtain that

K9 + (M1 — Qazea — Qus(ka — k9)]Q11 — [N1 — Qr2ea — Q15(kz — k9)1Qa1 ’

k1 = A =
Q11Q44 - %4
o = [N1 — Qu2ez — Qus(ka — k2)]Qua — [M1 — Quoez — Qus (ko — k)1 Q14
Q11Qu — Q%

(109b)

Moreover, we obtain from Eq. (74b) that

No = Qarer + Qazez + Qaa(ky — k) + Qos(kz — k9),

(109c)

My = Qsie1 + Qs2e2 + Qsalk — k) + Qss(ka — k3) .
Substituting Eqgs. (109a)-(109¢) into Egs. (108a)—(108g) yields seven equations in
terms of My, N1, Q1, T11, Ti3, u, and w. In other words, Egs. (108a)-(108g) (or
Egs. (108a)-(108c), (108e)-(108g) with Ty; = ++/1 — T%) are the governing dif-
ferential equations. We need the constraint equation (104) because the system is of
sixth-order, as shown by the following boundary conditions: to specify
u or NTy—-QiTi3
w or NTiz3+Q:1Th (110)
Tn(i.e.,Bg) or M1
atz=0and x = L.
Because of the axisymmetric geometry, the singularities at r = 0 can be dissolved
because, at 7 = 0,
Tu=1, Tws=0, k{=k3, ki=ke, ki=k§, e =ez,

(111a)
N1=N2, M1:M2, M1z=N1z=Q1=O.
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Using Eq. (111a) in Eq. (109b) we obtain

€1 = — -NI(Q:M + 6?45) - 1\{1(@14:%- Q15~) ~
(Q11 + Q12)(Qua + Qus) — (Qr4 + Q15)(Qa1 + Qu2)’

- - - _ (111b)
ky = k9 4 — ~1\41(?11 + ?12) - 1\11(Q41 + Q42~) _
(@ + Q12)(Qa4 + Qa5) — (Q1a + Q15)(Qa1 + Qu2)
Using Eq. {111a) in Eq. (109¢) we obtain
No = (Qa1 + Q)er + (Qoa + Qas) (ky — k9),
(111c)

My = (Qs1 + Qs2)er + (Qsa + Qs5)(ky — £9) .

If the material is isotropic, it follows from Eq. (98b) that the elastic energy II
is given by:

1 /2 [ Bn ’ Ju
= EL‘/;h/2 {322} {J22}d$dyd2
T T
= l €1 ~ €1 k1 - k‘ll _ kl — ktl:' ll_s.
(e efep il o) g

[lelfzﬂ E 11/]

(112)

Here the first term is due to in-plane stretching and the second term is due to
bending.

3.3. Eigenvalue analysis

To derive linear natural frequencies and mode shapes of vibration with respect to
a deformed static equilibrium configuration we assume

u=uUu+uU, w=w+w, (113)

where @ and @ denote large static displacements, and i and @ denote small dy-
namic displacements. If the dynamic displacements are assumed to be harmonic at
a natural frequency w, we have

2

i=-wll, w=-w’

W. (114)
Substituting Egs. (113) and (114) into Egs. (101a)—(101e) and (102a)-(102c) and
using Taylor’s expansions yields the following first-order expansions:

dNi < - o o . .

El = Nokg + Noky — N1k — miwTy) — miw?Ths, (115a)

dT N - -
d—;l = Ty3(ky — k) + Thaky, (115b)
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dls - S
d—;s =T (k] — k1) — Tuiks, (115c)
di o
T (1+e1)Tn +é T — wky, (115d)
di e
5 =4+ 1)T13 + é1Th3 + uky (115e)
% =0, (115f)

and

€y = ﬁkg + le?g , ];32 = Tllkg - T]gkg y ];74 = Tlgk‘g + T]lkg s (1163.)

N1 — Q1262

11

€ = , No= Q61 + Q2 (116b)

- &1 + 6o + 8189 + 8182) — koNo — ko N w2y — ki V-
by = p(€1 + €2 + €162 + E1€2) k21_\’2 kaNy + mww=Ty; — k1N, . (1160)
M
where Eq. (115f) is based on the fact that the natural frequency w is the same
for every point on the membrane. At r = 0, it follows from Egs. (113), (114), and

(105b) that

M

f1==——=—, Np=Ny,

' Qu + Q12 o (117)
~ p(él + élél) + (m1bw2/2) — k1N
ki = N, .

Substituting Egs. (116a)-(116c) (or Eq. (117)) into Egs. (115a)—(115f)
yields six equations in terms of Ny, Tu, Tlg, 4, w, and w. Because
(Tyy + T1)? + (Tis + Th3)® = 1 and T4 + T3 = 1, the linear expansion
of Ty; is Ty = —T13T13/T11. Hence, only Egs. (115a), (115¢)-(115f) need to
be solved in the multiple shooting process.

3.4. Inverse analysis

In the design of regular structures (e.g., building and aircraft structures), the de-
formed shape is usually not specified but is put as an inequality constraint in the
design optimization process. Hence, the final design can be obtained by trying
different undeformed shapes and dimensions to satisfy all equality and inequality
constraints, which is not really an inverse problem. On the other hand, a precision
membrane is usually required to have a precise inflated (or deformed) shape with a




Fully Nonlinear Modeling and Analysis of Precision Membranes 53

Fig. 3. The generators of the undeformed and deformed shapes of an axisymmetric membrane.

known inflation pressure, but the undeformed shape is unknown. Hence, the design
of a precision membrane is a fully inverse problem. Next we show how to solve such
a fully inverse problem.

Figure 3 shows how the deformed shape of an axisymmetric membrane is re-
lated to its unknown undeformed shape. Because of numerical difficulties in using
coordinates a or ¢ (= r) as the independent variable, we will use the curvilinear
coordinate £ as the independent variable. Because

(1+e)dz=dE, (1+e2)dy=dn, (118)

it follows from Figs. 2 and 3 and the definitions of k¥, k3, ki1, and k2 shown in
Eg. (18) that

Oa da d0a

o _ “ -~ = —— = _
ki = 37 k1 oz (1+e1) %’ (119)
kg = SlI;a N k2 = Sllza (1 + 62) . (120)

Moreover, because N; represents the tension force per unit of dy and N, represents
the tension force per unit of dr, we obtain from Eq. (118) that

N =N1(1+62), N2:N2(1+61), (121)

where N represents the tension force per unit of dr and N represents the tension
force per unit of d¢. From the free-body diagram of the bottom part of the deformed
membrane cutting by a plane parallel to the ¢ axis (see Fig. 3), because the internal
pressure is balanced by the membrane force N 1, we obtain the following equilibrium
equation:

pé?n = Ny27é sin é. (122)
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On the other hand, Eq. (100b) is an equilibrium equation for a differential mem-
brane element at any location. Substituting Eqgs. (119)-(121) into Eq. (100b) and
assuming static deformation (i.e., &4 = @ = 0) yields
o0& sin &
=—N+——N>. 1
p BE 1+ 2 (123)

Because the pressure and the deformed shape are assumed to be known and hence

4(£), and &(€) are known, N1(£) and N2(€) can be solved from Egs. (122) and

(123) as

2sin &’
(124)

It follows from Egs. (121) and (56) that
]\:71(1 +e3) = 6:21161 + 6:21262 ) (125)
No(1+e1) = Qroe1 + Qaze2.
Hence, e1(£) and eg(£) can be obtained from Eq. (125) to be
_ N1Q22 — No(Qr2 — V1)
311092 — (O12 — N1)( Q12 — N2)’
QuQ?z - (Q12A ~1)(@?1? 2) (126)
ey = NoQ11 — N1(Q12 — N2)
Q11Q22 — (Q12 — N1)(Q12 — No)

Because the circumferential strain e; at r = é should be constant due to symmetry,

we have
é
=--1. 127
eg = - (127)
Hence, ¢(£) can be obtained to be
é
= . 128
1+eo (128)
Moreover, it follows from Eq. (118) that
g
== 1,
€1 dz (129)
Hence, (&) can be obtained by performing the following integration:
¢
= d€ .
T /0 oo 3 (130)

It follows from Fig. 3 and Eq. (118) that

da = £+/dz? — ch—i’{l— dc da:— \/1— (1+61 )d_f’ (131)
1+61
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where the sign is determined by the sign of sin & Hence, a(£) can be obtained by
performing the following integration:

[y @ o

where a(0) = 0 is assumed. After a(§), c(§), and z(£) are obtained from Egs. (132),
(128), and (130}, one can easily obtain the undeformed geometry for manufacturing
use. We note that it is more convenient to obtain the dc/df in Eq. (132) by numerical
differentiation.

4. Numerical Results

Large static deformation analysis, linear eigenvalue analysis, and nonlinear inverse
analysis of several different membranes are performed and discussed in this section.
For all cases we consider axisymmetric membranes made of Kapton film that has

E =5.51581 GPa (800 kpsi), v =0.3, p=1390kg/m?,

(133)
h = 0.0127 mm (0.0005 in) .

4.1. Forward analysis

Inclusion of bending stiffness in membrane analysis results in difficulties in solution
convergence in the multiple shooting process because M; and @ have very small
values. Figure 4(a) shows the undeformed (broken line) and deformed (solid and
dotted lines) shapes of an axisymmetric parabolic membrane (see Eq. (97a)) having
a/L =20,0 <z <L =15mand h = 15 mm, being subjected to an internal
pressure of 500 Pa, and having a fixed rim at z = L. The boundary conditions for
Egs. (108a)-(108c), (108e)—(108g) are

Q1=Ti3=u=0atz=0, My=u=w=0atz=0L. (134)

Although Fig. 4(a) shows that the bending stiffness does not cause dramatic change
of the deformed geometry, but Fig. 4(b) shows that N; and N; are significantly
changed by the bending stiffness. Moreover, Figs. 4(c) and 4(d) show that M;,
Mo, and Q; are also significant. However the elastic energy ratio R, (= bending
strain energy/total strain energy) is obtained using Eq. (112) to be 10.6% for this
thick thickness case. If a/L = 20, p = 500 Pa, and h =15,10,5,3 mm, R, is com-
puted to be 10.60%, 5.08%, 1.30%, 0.40%, respectively. We note that R, decreases
significantly when h decreases, and it becomes more difficult to obtain a convergent
solution when R, < 1.0%. If @/L = 10, h = 10 mm, and p = 500, 400, 300, 200, 100,
10, 1 Pa, R, is computed to be 2.69%, 2.79%, 2.91%, 3.06%, 3.25%, 3.47%, 3.50%,
respectively. We note that R, increases slightly when p decreases. If A = 10 mm,
p= 200 Pa, and @/L = 20, 15, 10, 5, 1, R, is computed to be 6.03%, 4.39%, 3.06%,
2.13%, 1.41%, respectively. In other words, R, decreases when & decreases. Hence
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Fig. 4. The deformation of an axisymmetric parabolic shell with @ = 20L, h = 15 mm, and p =
500 Pa: (a) deformed geometries with (—) and without (- - -) bending stiffness (NBS = no bending

stiffness), (b) distributions of N1 and Ng, (c) distributions of M; and Mo, and (d) distribution
of Ql .
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Fig. 5. The deformation of a circular membrane having R = 1.5 m and a fixed outer rim and
being under different pressures: (a) deformed geometries and (b) distributions of N; and Na.
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the bending effect is negligible especially when h and/or @ are small. Because we
consider only membranes made of the thin Kapton film shown in Eq. (133), bending
stiffiness will be neglected in all following cases and Egs. (101a), (101c)—(101e) will
be used in the forward analysis.

4.1.1. Circular membrane

For a circular membrane having a radius R = 1.5 m and a fixed outer rim, Fig. 5

shows the deformed shapes and the distributions of N; and N, corresponding to

different pressures. The corresponding boundary conditions are:
Tis=u=0atz=0, u=w=0atz=R. (135)

The multiple shooting solution is obtained using 21 shooting points. For p =
0.322 Pa, w(0) is obtained to be 18.6573 mm, which agrees well with the
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R | ®— Ry
0.08]\ ot/ 15} 12 T
\ £ ~Te
< 008 Z 10 AT
-~ . : o 8 ‘ RN
- 004 L/ = : TSN
0.02 RN I zZ o4 e\
p % 5 i + ‘%
)Y — ') =2 H Ny
002 i R 0
45 1 05 0 05 1 15 ) 05 1 15
c(m) x(m)
(a) (b)
. 140
08 H * -—
: 120
ost- A s -
! =100 \
04 if ] 7 M\
— : H H r -4 W05 -
E 03 A i 4 . 80 s Bl t
- \ : : / = \
02 $o-fort = 60
9 RN A o H \
N N el :
01 i i : H : 205 05 1 15
45 -1 05 o0 05 1 15 x(m)

c(m)

(c) (d)
Fig. 6. The deformation of axisymmetric membranes whose undeformed shapes are parabolic:
(a) deformed and undeformed geometries with p = 1 Pa and different a/L, (b) distributions of N;
and N2 with p = 1 Pa and different a/L, (c) deformed and undeformed geometries with p = 100 Pa
and /L = 0.5, and (d) distributions of Ny and N2 with p = 100 Pa and a/L = 0.5.



58 P. F. Pai & L. G. Young

MSC/NASTRAN solution, 18.6589 mm, using 50 membrane elements and the
solution, 18.6610 mm, using a different formulation and an integration method.® We
note that MSC/NASTRAN uses Green strains and second Piola—Kirchhoff stresses.

4.1.2. Paraboloidal membrane

Figure 6(a) shows the undeformed (broken line) and deformed (solid line) shapes of
axisymmetric membranes having parabolic undeformed shapes with different focus
lengths (i.e., @), 0 <z < L = 1.5 m, and a fixed rim at z = L, and being subjected
to an internal pressure of 1.0 Pa. The boundary conditions are given by:

Tizs=u=0atz=0, u=w=0atz=1L. (136)

We note that, under the same pressure, the deformation w(0) increases with
@ and hence the deformed geometry deviates more from a paraboloidal surface.
Figure 6(b) shows the distributions of the internal force intensities N; (along &)
and N, (along n). We note that N3 > Na, N3 = N2 around the apex, and the area
where N is close to Na increases when a decreases. However, Figs. 6(c) and 6(d)
show that N» can be larger than Nj if @ is small and/or p is large.

4.1.3. Toroidal membrane

We consider a toroidal membrane whose undeformed cross-sectional radius is R
(= 3/m m) and the center of the cross section is at ¢ = Cy = 10 m, as shown in
Fig. 7(a). It follows from Fig. 7(a) that

R?=a?+ (r — Cp)?, a=Rsin(a—g), 7‘=C0+Rcos(a—z),

T
=24 <zg<L= )
«a R+2’ 0<z<L=3m

We note that the meridian of the toroidal membrane starts from the point (a,c) =
(0,Co + R). It follows from Eqs. (137) and (96a) that
a R2 1 r—Cp —a
= — =—— — K==, = kK =—. (138
Co—1" Taa (Co—T)S, 1 R’ 2 Rr 4 Rr ( )
Figures 7(b) and 7(c) show the deformed geometry of the right cross section
and the distributions of N; and N2 when p = 3000 Pa. The RMS of the deviation
of the deformed cross section from a fitted circle 0.2% of R, and this ratio increases
with p. In other words, when p increases, the deformed cross section deviates more
from a circle.

(137)

Ta

4.2. Eigenvalue analysis

To understand how pressurization changes the natural frequencies of a membrane
structure we consider a parabolic membrane having L = 1.5 m and @ = 6L and
perform eigenvalue analysis using the method shown in Sec. 3.3. Figure 8(a) shows




Fully Nonlinear Modeling and Analysis of Precision Membranes 59

0.5

a{m)
o

3

———

x{m)

(c)
Fig. 7. The deformation of a toroidal membrane with Cg = 10 m, L = Rm = 3 m, and p =

3000 Pa: (a) the undeformed geometry, (b) deformed and undeformed geometries of the cross
section, and (c) distributions of Ny and Nj.
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Fig. 8. Linear natural frequencies and mode shapes of a pressurized parabolic membrane with

L =1.5mand a = 6L: (a) the first five natural frequencies, and (b) the third mode shape when
p = 60 Pa.
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the influence of the internal pressure p on the first five natural frequencies. It
is apparent that natural frequencies increase about quadratically with p and the
increment rate is high when p is small. Figure 8(b) shows the third linear mode
shape when p = 60 Pa. As the derivation is for axisymmetric deformation, only
axisymmetric vibration modes can be obtained here. To obtain nonaxisymmetric
modes one needs to solve the equations derived in Sec. 2.3 using the finite element
method or other methods.

In the formulations shown in Sec. 3.3 the change of p due to the small displace-
ments % and @ was neglected and it was assumed that p = § + p =~ p. However,
it is necessary to include p in the calculation of low-order natural frequencies
(especially the first-mode frequency) of some types of membranes. For example,
if a pressurized spherical membrane undergoes the breathing-mode vibration (i.e.,
the first axisymmetric mode) and the gas inside the membrane is assumed to be
an ideal gas, one can use p(R + w)%47/3 = p(R + w + w)34n/3 to derive the linear
approximation of p as p = (1 — 3@W/(R + w)). Hence, one can use Eq. (107) to
derive the first axisymmetric-mode frequency w; to be

= \/%2 nI D). (139)

If § is not included, w; = \/(2((211 + Q12) — 26(R + w))/(mR?), which is erro-
neous. However, p is negligible for high-frequency modes because of their wavy
shapes (e.g., Fig. 8(b)).

4.3. Inverse analysis
4.3.1. Spherical membrane

To verify the inverse analysis method shown in Sec. 3.4 we consider a deformed
spherical membrane whose deformed radius is R (= 3/7 m) and whose material is
shown in Eq. (133). It follows from Fig. 3 that

. s . P o6 1

d=R(l-cos &, é=Rsind, & 5 % B
If p = 10000 Pa, the undeformed geometry (broken line) obtained from the de-
formed geometry (solid line) is shown in Fig. 9(a). The exact solution of w(Rxw) can
be obtained from Eq. (107) with @ = 0 to be

0<€£<3m. (140)

pR?

w(Rr) = a(Rr) — a(Rr) = m .

(141)

The inverse solution of w(R) is 0.04553136 m, which is less than the exact solution
(141) by 0.067%. Figure 9(a) shows also that the obtained undeformed geometry
fits perfectly with a circle (dots). Moreover, Fig. 9(b) shows that Ny = Ny, as it
should be. Furthermore, we use the obtained undeformed geometry and the forward
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Fig. 9. The inverse analysis of a known deformed spherical membrane with L = Rx = 3 m and
p = 10000 Pa: (a) deformed (—), inverse undeformed (---), and circle-fitted undeformed (:--)
geometries, and (b) distributions of Ny and Nj.
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analysis method to compute the deformed geometry, and the obtained deformed
geometry overlaps with the initial deformed geometry. This verifies the proposed
inverse analysis method.

4.3.2. Paraboloidal membrane

Because of their broad applications in communication, axisymmetric membranes
having a deformed paraboloidal surface are important membranes. Next we consider
an axisymmetric membrane whose deformed shape is parabolic and is given by:

&% = 4aa. (142)

From Fig. 3 we obtain

A\ 2
df = \/d&2 + da? = 1+(da) dé. (143)

dé
It follows from Egs. (142) and (143) and integration that £ and ¢ are related as:

f:%\/4+§5+&log(é+&\/4+§2§)—510g(2‘_1)- (144)

Because £ is the known spatial coordinate, é(€) can be obtained from Eq. (144)
using a nonlinear root solver and then 4(£) can be obtained from Eq. (142). More-
over, it follows from Fig. 3 and Egs. (142) and (143) that
. dé 2a .. da é dé 4a®
cos G=— =

& Vzre YT & Vaa+e

&~ @+
(145)

Figure 10(a) shows the deformed (solid line) and undeformed (broken line)
shapes of an axisymmetric membrane having a parabolic deformed shape and a
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Fig. 10. The inverse analysis of a known deformed parabolic membrane with L = 1.5 m, a = 10L,
and p = 200 Pa: (a) deformed (—) and inverse undeformed (- - -) geometries, and (b) distributions
of N3 and N,.

focus length @ = 15 m, 0 < £ < L(= 1.5 m), and being subjected to an internal
pressure of 200 Pa. Figure 10(b) shows the distributions of the internal force in-
tensities NV (along £) and N2 (along n). We note that N2 > N; and they become
equal at £ = 0. Substituting Eq. (145) into Eq. (124) yields

A2

1\71=’§’\/4a2+é2, N2=§( 4d2+62+\74a§ﬁ>' (146)
It is apparent that Ny < N, except that Ny = Ny at é =0 (i.e., the apex). However,
Fig. 10(a) shows that the rim diameter at £ = L needs to be increased in order
to have the deformed geometry is parabolic, but it results in Ny > Nj. On the
other hand, Fig. 6(b) shows that, if the rim diameter at x = L is fixed, it results
in Na < N; but the deformed geometry is nonparabolic. Hence, one can reduce the
increase of the rim diameter at £ = L in Fig. 10(a) to make N3 close to N; and
keep them almost constant at every location. Of course, the deformed geometry
will deviate a little from being a paraboloidal surface.

4.3.3. Cylindrical membrane

Figure 11(a) shows a known deformed circular cylindrical tube with two spher-
ical ends subjected to an internal pressure p = 2000 Pa. If L; = 2.5 m and
R: = Ry = 2 m, Figs. 11(b) and (11c) show the obtained undeformed geome-
try and the distributions of e; and ez, respectively. The undeformed geometry has
a sudden change at the junction of the circular tube and the spherical end because
the spherical end has a smaller ez. If the deformed geometry and p are fixed, M
and Ng are also fixed. Hence, increase of e; requires decrease of Q~,-j, as shown in
Eq. (125). In other words, the thickness h of the spherical ends needs to be re-
duced because Q11, Qa2, and Q12 are proportional to k as shown in Eq. (56). From
the geometry shown in Fig. 11(a) and Eq. (124) one can show that 84/3¢ = 0,
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£

(c)
Fig. 11. The inverse analysis of a known deformed circular cylindrical tube with two spherical
ends, Ly = 2.5 m, Ry = R2 = 2 m, and p = 2000 Pa: (a) the circular cylindrical membrane,
(b) deformed and undeformed geometries, and (c) distributions of e; and e3.

é/sin & = Ry, and Ng = 2N1 pR; for the cylindrical tube; and 8&/9¢ = 1/Ra,,
c/ sin & = Ry, and Np = N1 = pRy/2 for the spherical ends. Replacing N and
N1 with pRa/2, Q,_7 with qQ,J, and e, with the circumferential strain es. of the
cylindrical tube in Eq. (126) yields

q(Q12 — Qu1 + 2Qu2e2:)pRy (1 + eac)p” RS

q2(Q11Qn - Q%2)62c + 5 1

=0,
(147)

which can be solved for the g (= hnew/Poriginal) required to match e, at the junction.
Figure 12(a) shows that, if the thickness of the spherical ends is reduced to be
hpew = 0.005451 mm (i.e., ¢ = 0.4292 from Eq. (147)), the undeformed geometry
is smooth at the junction.

Replacing N, and N; with pR3/2 and e, with the circumferential strain ey of
the cylindrical tube in Eq. (126) yields

RI(1+e2)p® | Ra(Qu1 — Q2 — 2Q12e2c)p
4 + 2

+(Q% — Qu@an)es. =0,
(148)
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Fig. 12. The inverse analysis of a known deformed circular cylindrical tube with two spherical
ends, Ly = 2.5 m, Ry = 2 m, and p = 2000 Pa: (a) deformed and undeformed geometries if
Rz = 2 m and the thickness of the spherical ends is reduced to 0.005451 mm, and (b) deformed
and undeformed geometries if the radius of the spherical ends is increased to R2 = 4.6597 m.

which can be solved for the R, required to match eq at the junction without chang-
ing the thickness of the spherical ends. Figure 12(b) shows that, if R is increased to
4.6597 m, the undeformed geometry does not have a sudden change at the junction.

5. Concluding Remarks

A fully nonlinear membrane theory is derived by treating membranes as shells and
using Jaumann strains and stresses and new concepts of local relative displacements
and orthogonal virtual rotations. Fully nonlinear governing equations for different
membranes are listed, especially the ones for axisymmetric membranes subjected to
axisymmetric loading. The membrane theory is used to obtain numerically exact de-
formed shapes of several axisymmetric membranes subjected to internal pressures.
Numerical results show also that bending stiffness is negligible for thin membranes,
and natural frequencies of pressurized membranes increase with the internal pres-
sure. Moreover, an inverse solution method for computing the undeformed geometry
of a membrane with a known/designed deformed geometry and a known inflation
pressure is presented and numerical results are obtained and verified.
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