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Abstract

In this article the concept of yu— monotonic property of interval valued function
in higher dimension is introduced. Expansion of interval valued function in higher
dimension is developed using this property. Generalized Hukuhara differentiability is
used to derive the theoretical results. Several examples are provided to justify the
theoretical developments.
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1 Introduction

Importance of the study of uncertainty theory from theoretical point of view has been in-
creased in recent years due to its application in several issues of image processing, control
theory, decision making, dynamic economy, optimization theory etc. Due to the increasing
in complexity of environment, change of climate and inherent nature of human thought,
crisp values are insufficient to make real life decision making problems. In these uncertain
environments, parameters of the mathematical models are accepted as uncertain, which are
usually considered in linguistic sense or in probabilistic sense. However, it is not always
convenient to build appropriate membership function and probability distribution function
to handle the linguistic parameters and probabilistic parameters respectively. To avoid this
difficulty, in recent times, the uncertain parameters are considered as intervals, where the
upper and lower bounds of the parameters are estimated from the historical data. In that
case, the functions involved in the model have bounded parameters and known as inter-
val valued functions. Interval analysis plays an important role to handle these functions.
Calculus of set valued function is based on generalized Hukuhara difference(gH-difference)
which is explored in Refs.[1-7]. Since the interval valued function is a particular case of
set valued function, so gH difference (©4p) is defined for two intervals and used in uncer-
tainty theory including interval analysis, fuzzy set theory, interval optimization, interval
differential equations etc.(see Refs. [8-14]). So far, calculus of interval valued function
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is widely studied and applied in different types of mathematical models, but expansion
of interval valued function remains an untouched area of research. The present contribu-
tion has addressed this gap to some extent. Rall [15] developed interval version of mean
value theorem and Taylor’s theorem using interval inclusion property and Gateaux type
derivative. In this article, generalized Hukuhara difference is used to study the expansion
of interval valued functions from R™ to the set of intervals with the help of x monotonic
property.

An interval valued function f may be treated either as the image extension of a real valued
function f : R” — R, represented by f(A) = {f(x): xz € A, A is a closed interval vector}
or as a function from R" to the set of intervals, whose parameters are intervals and argu-
ments are real. For example, image extension of a real valued function f(x1,x2) = 221432
over an interval vector (X1, Xs) = ([1,3],]0,2]) is f(X1,X2) = 2[1,3] + 3[0,2], where as
an example of the second category interval function may be f (z1,72) = [1,4]22 + [0, 1]z2.
Several numerical algorithms are designed using the concept of image extension of real
valued functions to compute the rigorous bounds of approximate errors while solving sys-
tem of equations, determining the bounds for exact value of integrals, and other scientific
computations. For the existing literature in this area the readers may see Refs.[15-20].
This article has focused on the second type interval valued functions ( f from R™ to the set
of closed intervals), whose arguments are real variables and parameters are intervals.

Contribution of the paper is explored in different sections. Some notations and prelim-
inaries on interval analysis are discussed in Section 2. pu— monotonic property of interval
valued function of single variable is developed in the existing theory of interval analysis
[21]. Using this concept, p— monotonicity of interval valued function over R™ is introduced
in Section 3 and calculus of interval valued function over R™ is revisited. In Section 4, ex-
pansion of interval valued functions in higher dimension is developed using the concept of
previous section. Numerical examples are provided for the justification of the theoretical
developments.

2 Some notations and preliminaries

Let I(R) be the set of all closed intervals on the real line R. a € I(R) is the closed
interval of the form [a, @] where a < @. Spread of the interval @ is denoted by pu(a), where
pu(a) = @ — a. For two points a; and ag,(not necessarily a1 < ag), @ can be written as
a = [a1 V az] = [min{ay,as},max{a1,as}]. Any real number x can be expressed as a
degenerate interval denoted by &, # = [z, 2] or z.I, where I = [1,1]. 0 = [0,0] = 0.1
denotes the null interval.

Algebraic operation between two intervals a, b is defined as @ ® b = {a xbla € a,b € I;},
where x € {+,—, -, /}. Additive inverse in (I(R),®,®) may not exist, that is, @ © a is not
necessarily 0 according to this approach. To overcome this difficulty, the gH difference



between two intervals is defined by L. Stefanini [14]. For a,b € I(R),
IASH| b= [min{g—b,a—g} ,max{g—@,a—g}] .

This is the most generalized concept of interval difference used in interval calculus so far.
As per this difference, for the intervals a,b and ¢, ©gpa =06y @ = (—1) ©® @ and

a=bme
ngHlA):é@ or (1)
a®(-1)é=bh

Product of an interval with a real number, product of an interval vector with a real vector
and product of a real matrix with an interval vector are defined as follows which are used
throughout the article.

[ab, ab] if a >0

1. ForaeR, b=[bb € I(R),ab=14 — .~
[ab,ab] if a <0

2. For P = (p17 p2, -, pn)T S Rn a‘nd q = (th qA27 Ty qAn)T S (I(R))nu quA =
Z?:l Didi-

3. For areal matrix A = (a;;)nxm € R™™ and an interval vector § = (41, G2, -+ , ¢n)T €
u®y )
ATq= (Y angi, Yimyandi -5 iy Gimdi)

An interval valued function f : R” — I(R) can be expressed in the form f(z) = | f (@), f(2)],
where f(z) < f(z),V z €R", f,f:R" = R.

Spread of f(x) is denoted by pp(w) 2 flz) - f(z).

Some existing results on gH-differentiability( which are based on gH-difference) are pro-
vided in this section for the interval valued function f on R and R”. Limit and continuity of
an interval valued function are understood in the sense of metric structure of gH difference
using Hausdorff distance between intervals as discussed in Ref. [14].

Definition 1 (Stefanini and Bede [14]). Generalized Hukuhara derivative of f: (t1,t2) C
R — I(R) at zg € (t1,t2) is defined as f'(xo) = limp_g w.

Definition 2 (R Osuna-Gémez et. al[22]). For an interval valued function f : R" — I(R),
if limp, 0 h% (f(:nl,:ng, ki + hiy ) OgH f(x)) exists, then we say that the partial

9f(x)

derivative of f with respect to x; exists and the limiting value is denoted by ot



Definition 3 (S. Markov [21]). f: Q C R — I(R) is said to be p-increasing in Q0 if uf(x)
1)

is increasing in €2, that is, ,uf(:n <

< ,uf(xg) for z1,xo € Q, satisfying x1 < xa, otherwise f

is called p-decreasing in Q. f s said to be monotonic in ) if it is either p-increasing or
u-decreasing in €.

Oguf(x) = 00,m f(z) = (1) f(z). So u(eng)(a:) = pj(z). Hence, f:R = I(R) is p-
increasing implies ©ypy f is also p-increasing. An interval valued function may be neither
p-increasing nor p-decreasing in R. (Example f(z) = [1,3]2z%, 7 € R).

3 Calculus of f:R" — | (R) using p monotonic property

p-monotonic property of an interval valued function plays an important role while de-
veloping calculus of interval valued function in higher dimension. In the light of u-
monotonic property of interval valued function in single variable in [21], we first focus
on pg-monotonicity in higher dimension.

Consider f : R" — I(R), f(:z:) = [i(x),f(:p)], i,f : R® — R. Denote A, = {1,2,--- ,n}
and (l‘ : Zhl) =S (:El,:EQ, ey T+ hi, ﬂj‘n) Q C R"™.

Definition 4 (Component-wise g-monotonic property). f : R — I(R) is said to be

o p—increasing in Q with respect to it component if ,uf(a:) < uf(x . ih;) whenever
x; < x; + hy,
Va,(x :ih;) € Q,

o p—decreasing in Q with respect to i component if ,u];(:n)) > ,uf(:n : ih;) whenever
x; < x; + hi, Vo, (x 2 ih;) € Q,

e -monotonic with respect to x; if it is either p-increasing or p-decreasing with respect
to it" component,

e strictly u—increasing (decreasing) in Q with respect to it" component if u f(x) < (>
),uf(x : th;) whenever x; < x; + h;, Yz, (x :ih;) € Q, (In a similar way other strictly
i monotonic properties can be defined.)

e non p-monotonic with respect to ith component if either f s p-increasing with respect
to it component when x; + h; < x;, hi < 0 and p-decreasing with respect to it"
component when x; < x; + h;i, h; > 0, or p-decreasing with respect to it component
when z; + hi < x;, hi < 0 and p-increasing with respect to it component when
x; < x; +h;, hy > 0.



Using this definition it is easy to show that if u i is differentiable at z (that is f and f

are differentiable at x), then fis p-increasing or p-decreasing at = with respect to it

.. Ougp(z) op ()
component if BJ; — >0 or 8{7: :
1 1

< 0 respectively.

Note 1. From Definition 2, one may note that existence of partial derivative of an interval
valued function at a point may not guarantee the existence of partial derivatives of the lower
and upper bound functions at that point.

Consider f(x1,x2) = ax1 & bxd for a,b € I(R), where u(a) > 0. Therefore fx1,20) =
azy +bx3 if 1 >0
ary +bx% if g < 0
— ar, +bx2 ifz1 >0
Flap,mg) =41 " 2 f e
ary +bxs; if x1 <0

One can easily check that %01’0) = a, where as 8%(31’0) and 8{9(9(0);0) do not exist.

Theorem 3.1. Let Q be an open set in R™, f: Q — I(R) be f(z) = [f(z), F(x)].

1. If 9f(x) and f (z) 9f(x)

Ry “gu exist, then =5~ exists and agif) — [ /=), a?(m)].

0

2. Suppose ag—g) exists.

(a) If f is non pu—monotonic with respect to it component in nbd(x) and if the lateral
partial derivatives of f and f respectively with respect to ; i.e. %(I)) , (%(x))
= - +

oz, O
and <%§f)) , <%§f)) exist , then <%§f)) — (3{1(6?)) ; (%i?) _ (%ﬂ(gf))
hold and ' ) ! ! -

o () (52) () (%) )
). (5}, (52 )

(b) If f is p—monotonic with respect to it component in nbd(x) then

of(=) of o _ _
of(z) _ émf ) gif—)} if f is p-increasing
o [6555:?’ agg(cf)} if fis p-decreasing



Proof. 1.

o . .
T iy L (G ih0) 2 F(0)
_ J}Eloh%(u(x ihi), F(x : ihi)] Sgn [£(2), F(x)])
- [(m Z LY. (g T =T
hi—0 h; hi—0 h;
[0f(z)  OF(x) . Of(x) f(x) .
= [ oz, V oz, ] ( Since oz, and oz, exist.)
Hence 659(5) exists.

2. (a) Suppose f is non p-monotonic with respect to " component. Then f is p-
increasing
(u-decreasing) when z; + h; < x;, h; < 0 and p-decreasing (p-increasing) when
x; < x; + h;, h; > 0.
That is, ,uf(x sthy) < (>) ,uf(x) whenever z; + h; < z;, h; < 0 and

,uf(x sthy) < (>) ,uf(x) whenever z; < x; + h;, h; > 0. Hence

flz ihy) — f(z) < (=) f(z :ihy) — f(x) whenever z; + h; < x;, hy <0

and
flx:ihy) — f(x) < (>) f(x :ih;) — f(z) whenever z; < ; + h;, h; > 0.
Therefore
f: Zh;l)' A < (z)f(a: i Zh;l) — /@) whenever z; + h; < x;, h; <0 (2)
fCE Zh;l) — /@) < (E)i(a7 : Zh;l) —[@) whenever x; < x; + h;, h; > 0 (3)
Since ﬁg) exists, so
of(x) _

ox;  h; ;>o hi (f(a: Hiha) S f(x)) (f(x Hihi) Ogn f($)> (4)

h—>0 h

0
190y & o)
[ i(a:.z'hn—f(x)v py 200 =T
hi—0~ hi hi—0~ hi

) v (%) ]



of@) _
8:Ei
(659(5)) , (8;(;:)) if f is p increasing whenever x; + h; < x;, h; <0
_ a . (5)
(85_9(5)) , (%S)) if f is u decreasing whenever x; + h; < x;, h; <0
Similarly from (3), it is easy to verify that
0f (z)
8332-
. 1 /2 ) P
— lim - (f(x L ihy) Sgi f(x))
(8gif))+7 (%S))Jr if f is 1 decreasing whenever x; < x; + h;, h; >0
(agif))Jr, (agg))Jr if f is p increasing whenever x; < z; + h;, h; >0
(6)

Since f is non p monotonic with respect to z; and %g(f_) exist, from (5) and (6),

(5)_- (), i (32), - () ot

Combining (4), (5) and (6),

= [ (52) - (50) ) (57) - (57) )]
LG5 (5) e C50). (52

(b) If f is p-increasing with respect to i component in nbd(x) then
,uf(az) < ,u];(aj :th;) for x; < x; + h;. Hence

hi o hz

Q

Similarly, if f is p-decreasing with respect to i*" component then

Te:ih) ~F@) _ f@:ib) -~ f(z)
hi - hi




Since f is p monotonic and agg) exists, so

im — (f(x zihi) Syn f(x) )

(limhi_m ﬂx#)z_ﬂx)) , (limh_,o WH if fis pu— increasing in nbd(x)

B { =<limhi_>0 W) , (limhi_)() i@#ﬁ—i@))] if fis u— decreasing in nbd(x)

8%9(;)’ agg(ﬂf) if fis u— increasing in 2

- 8;9(5)7 6%5) if fis u— decreasing in

Hence the theorem follows. O

Gradient of interval valued function at a point x € R™ is an interval vector and is denoted

by

0f(@) 0f(@) | 0f(w)r
0x1 ' Oxzs ' Oxn,

Following result is from Ref. [22], the gH- differentiability of f over R".

Vi) 2 (

Definition 5 (R Osuna-Gémez et. al[22]). If all the partial derivatives of f: R™ = I(R)
exist and continuous in the neighbourhood of x € R™, then f is gH -differentiable at x.

Following this definition, in the light of calculus of real valued function of several variables,
the gH differentiability of f : R" — I (R) may be restated in terms of interval valued error
function. For a gH differentiable function f : R — I(R), partial derivatives of f exists
and there exists an interval valued error function

E, : R™ — I(R), satisfying ||}llinl(no]@gc(h) = 0 such that
—>

W(f(x0); h) Sgu Z ( Za{i(g@) = (|h||E(h)) hold. Using gH-difference (1), this concept

can be stated in followmg form. R
An interval valued function f : R” — I(R) is gH differentiable at z € R™ if V f(z) € (I(R))"
exists and there exists an interval valued error function E,(h) € I(R), h € R™ such that

a(f(x)ih) =) (hﬁéi@) ® (IR Ex (h) (7)

i=1 v

or

B(f(@)sh) & (<) (BBl ( aﬁ) )

i=1



hold for ||h|| < ¢ for some § > 0 with ||}Li||1110Ex(h) = (0. This form will be useful to study
%
the differentiability of composite interval valued function in next theorem:.
Theorem 3.2. Suppose f: R" — I(R), denoted by f(m) = f(ml,xg, e Xy), 1S an interval
valued gH differentiable function at xg and u: R™ — R™ denoted by u(t) = (ul(tl, to, - ytm) uo(ti,ta, - - ,tm,
is differentiable at ‘a’ with Jacobian matriz Du(a) of order n x m. If xo = u(a) then the
composite function G £ fou: R™ — I(R) is gH differentiable at a, and VG (a) =
Du(a)™"'V f(z0).

Proof. Since g = u(a), the composition function ® := fowu : R™ — I(R) is defined in the
neighbourhood of a. For sufficiently small ||A]|,

f (u(a+ 1) S f (u(a))
f(xo + U) @gH f(:Eo), where v = u(a + h) — @0
w(f(xo)ﬂ)) (9)

W (é(a); h) = G(a+h) &gy Gla)

Since f is gH-differentiable, from (7) and (8) there exists an error function E,,(h) such
that

o2 “of
i f(ao)v) = (Z 0 )) ® ol o 0 (10)
i=1
or
o - —~ Of(x
B (o)) & (1)l By (0) = (Z w2 )> (1)
i=1 !
hold for [jv|| < ¢’ with &' > 0 where ”lhmOExO( v) = 0. Using Taylor’s expansion for u at a,
v||—
v=u(a+ h) —xg = Du(a)h + ||h||Es(h) (12)
for ||h|| < 6 with 6 >0 where lim E (h) = 0.

([Pl =

Ignoring the error term, v ~ Du(a)h. From (10) and (11),

0 a0)50) ~ (Dul@h) TV fz) © [ Bz, (0) (13)
0 (a0)i0) © (DI Bro(0) ~ (Dl ) (1)



hold. From (12), ||| — 0 implies [jv|| — 0. ||||h|||| remains bounded as ||h|| — 0 since
[o]l < [Du(a)h]| + |[R]|| Ea(R)]

< Al (M + | Eq(h)]]) where M £ Vu(a)

i=1
Gul .
For h € R™, Du(a Zh V i=1,2,--- ,n. Therefore
nx1
vi%Zhja?gt( )Vz Sl M.

I
—_

J
From (9), (13) and (14),

i (Glayn) = |32 [ Son,2uted ) 220

im1 = 875]' al‘l
or
@ (Glayh) @ (-Dm B 1, 2le) ) OFtro)
ot; Ox
i=1 \j=1 g

hold where E(h) = |||Z||||E (v) and E(h) — 0 as ||| — 0. Hence G is gH differentiable at
a and from the above expression, VG (a) = Du(a)TV f(zo). O

Corollary 3.3. In particular form =1 (i.e. foru:R — R™), the composite functz’onﬁ =
fou:R — I(R) is gH differentiable at a, and §'(a) = Du(a)TV f(zo) = 321, ug(a)%;o)
where Du(a) = (uj(a) uh(a) - ul (a))T.

n

Proof of this result is straight forward from the above theorem.

Note 2. From Corollary 3.3, one may observe that the expression for g'(a) and g'(a) may

not coincide with either the expression Du(a)"'V f(zq) or Du(a)”V f(zo) in general. Under
certain restrictions this condition may hold, which is discussed below.

1. If f is p increasing (decreasing) with respect to x; at xo ¥ i and w; is monoton-
ically increasing (decreasing) at a ¥V i, then g'(a) = Du(a)'V f(z¢) and g'(a) =
Du(a)TV f(z).

2. If f is p decreasing (increasing) with respect to x; at xo ¥V i and u; is monoton-
ically increasing (decreasing) at a ¥V i, then g'(a) = Du(a)'V f(z¢) and g'(a) =
Du(a)TVi(xo).

10



The basic idea in Theorem 3.1 can be extended to study the higher order partial derivative
of interval valued function.

Proposition 1. 1. If the partial derivatives of agif) and 8;9(;;)

df(x)

then the partial derivative of =

i) _ [P4@) @)
8a;j8xi_ axjaxz axﬁxz '

exist with respect to x;,

also exists with respect to x; and

.
2. If % exists and 6f (x) is pr monotonic with respect to xj, then the partial derivatives

agzg) also exist with respect to x; and
f(x) o2 2 ' ng wi
P2f@) _ [ang(ax)za 696{&(921] if % ) is p increasing with respect to x;

Ox;0x; — 2 9?2 . .
e {gxf ém)ﬂ axfg;] if =5 of (x is p decreasing with respect to x;

Proof. The proof of this proposition directly follows from proof of Theorem 3.1. O
The Hessian of f(z) is an n x n interval matrix denoted by V2f(z) whose (i§)*" component

: : 9*f(x)
is an interval D0z,

Example 1. f(xy,22) = [1,2]zeb2%2. Then
| when xq1 > 0,29 >0
2x3e?®2 x3e™]  when x1 < 0,29 >0
] when 1 < 0,20 <0
r3e?¥2 203e™2]  when x1 > 0,22 <0

flar,22) =

Consider f(x1, 1) = [223e%2, 23¢22] for z1 < 0,29 < 0. ,uf(:z:l,:ng) =zl —9gdet2, f

is p decreasing with respect to x1 and p increasing with respect to xa.

Therefore % = [3z3e?®2 6x2e”2], gg [223e%2 223 e272].

8‘9—3{1 and 3—52, both are u decreasing with respect to x1 and p increasing with respect to xo.
2 £ 2 £ 2 £

Therefore gmg = [12z1€2, 62122, g—aé = [2x3e®2, dae?®2], 8?51£2 = [62%e22 6x7e™?] =

*f

Oxox1 *

; P o1 07 1 1y _ ([-12e71, —6e7?]  [6e2,6e7]
Hence Hessian of f at (—1, —1) becomes V= f(—1, 1)_< (Ge-2, 6] Coe14e-2) )

11



4 Expansion of interval valued function

4.1 Expansion of interval valued function over R

A f(n—1) F(n—1)
From Definition 1, one may conclude that f is n times gH differentiable at x if }lLin%) ! (m+h)f9 #t (2)
—

exists. The limiting value is called the n*" order gH derivative of f at x and denoted by
fr(x).
Proposition 2. Suppose g : R — R is a real valued differentiable function and f R —

I(R) be first order gH differentiable and p monotonic function. Then (gf) 1s gH differen-
tiable and (gf) (z) = [(9f)'(x) V (9f) (2)]-

Proof. A A
@ﬁhﬁ:g%@ﬁ@+hi%H@ﬁu)
i @AW+ h), F(x + h)] em 9(x)[f (), F(2)]
h—0 h

Since g is differentiable, for sufficiently small h, g(z + h) and g(z) are of same sign.

(97 (z) = Jim g(@+h)f(x +hh) —9@)f(@) g+ h)f( +hh) — g(x)f ()

Since f is gH differentiable and p-monotonic and g is differentiable, gf and gf are differ-
entiable. Hence

o 9 W@+ B) — g(a)f(x)
h—0 h

~ lim 9($+h}1‘9($)£(m)+%gnlog(x+h) -

=g (2)f (=) + g(2)f'(z) = (9)'(x)

g(x+h)f(x+hh)—g(x)f(x) = (gF)'(2).

In a similar way, it is easy to verify that limj_,q
Hence (9f)'(z) = [(9./)(z) V (¢f)' (2)]. O

Chalco et. al. [2] justified that the concept of gH difference is same as Markov difference(©,y),
introduced by S. Markov [23] in case of compact set of intervals. Therefore Theorem 7 and
Theorem 9 from Ref. [21] can be restated in terms of gH difference as in Theorem 4.1
and Theorem 4.2 below. Theorem 4.1 is same as Theorem 7 of Ref. [21] and Theorem
4.2 is same as Theorem 9 of Ref. [21], obtained by replacing Markov difference with gH
difference. Hence the proofs are omitted. These two results are used for the theoretical
developments in future part of this article.

12



Theorem 4.1 (S. Markov [21]). Suppose f,§: Q@ C R — I(R) are p-monotonic and gH
differentiable in 2.

(i) If f and § are equally p-monotonic (both are p-increasing or u-decreasing) then ( fo
9) = f/@ ’and(f@QHg)—f’SgHg,

(ii) Iff andg are dzﬁerently - monotomc(one is p-increasing and the other is u-decreasing)
then (f ® §) = ' ©gr (©gud) and (f ©gr §) = ' @ (S4ud).

Theorem 4.2 (S. Markov [21]). If f : R — I(R) is continuous in A, where A = o, 8] and
gH differentiable in (o, B),then f(8) Sgur f(a) C f'(A)(B — a),where f'(A) = Ugen f(€).

Theorem 4.3 (Expansign theorem of single variable interval valued function). Let f:
R — I(R) be such that f', f",---, f" exist and p—monotonic over A, where A = [a, z].
Moreover consider an interval valued function ® : A — I(R) as

d(t) = S di(t), where di(t) = a;(t) fOD(t) with a;(t) = % such that ¢; is p

monotonic for each i. Then for any z € (a,x],

R A o x—a)? x—a)" 1,
f@) ey { @) 0 - af @ o T @ o0 B i ]

_ (15)
(.Z' - a’)n(l — e)n ! rn
C U@E[Ql} (n — 1)| f (CL + e(x - (l))
Proof. In explicit form, ®(¢) can be written as
R . o x—t)? r—t
b= it ea-nf0e T rme o T pow g
Here f, f’, e ,f”‘l, f” exist and g monotonic over A. «;(t) is differentiable in A, so using

Proposition 2, ¢;(t) is differentiable for each i. Hence differentiability of ® in nbd(a) follows
from Theorem 4.1. Here two possible cases may arise.

Case 1. Suppose for each 4, ¢;(t) are equally u— monotonic in A. Assume that each ¢;(t)
is p1 increasing. In particular let n be even and n = 2. From (16),

&(t) = f(t) @ (z — t)f'(t). From Proposition 2 and Theorem 4.1,

/

o'(t) = [f'(t), 1 O] @ [(x — ) f"(t) = £/(t), (x — t)F (£) — F (t)]
< ), (z —t)f ()]

Sy

I
—
—~
H
\_/\_/
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Let n be odd and n = 3. From (16), ®(t) = f(t) @ (x — t) f'(t) & %f”(t).
From Proposition 2 and Theorem 4.1,

/

(1) = [£/(1), [ @] @ [(x = ) f"(&) = ['#), (x = )] (&) = T (1))

T — €T — 2— =!I
o [ O 00 — @ -0, ST 0 - @ - 070
IUNCE
e i

In general, '(t) = %]3(”) (t).
Similar result can be derived if all ¢;(t) are equally p decreasing.
Case-2 Assume that ¢;(t)s are differently 1 monotonic. In that case for at least two

consecutive (bAi(t)s, one is u decreasing and another is p increasing. Let n = 2 and <;§1 (t) is
w increasing and ¢9(t) is pu decreasing. Then from Proposition 2 and Theorem 4.1,

(t) = [f' (1), /()] Ognr {egﬂux ~t)F' (&)~ F(t), (x — ) f"(t) - f(t)}}
= [f'(), £/ ()] Ogr [f'(t) — (& = O)f"(t), F (t) — (x — )F (t)]
= [z = t)F"(t), (x — t) /()]

Let n = 3 and qbl( ), b3 (t) are p increasing and (Jgg(t) is p decreasing. Then using Propo-
sition 2 and Theorem

4.
() = [£'(0). /(1)) Sgn {Squllz = )F'(1) = F ¢

/

(1), (@ = ") - £ 0]}

x —1)° T — — —n

o | S5O0 - -0, L D2500) — (@ - 1)7 ]
NG

- ( (3 i)l)! (3)(t)

In general, one can write, <i>’( t) = (I(Tf (: ,1) fn )(t). From Theorem 4.2,

A A B ~ N - e)n—l(x — a)n rn _
d(z) Ogn ®(a) C (z —a) Uea ¥'(t) = Uee[o,l] TR ffla+0(x—a)) (17)
That is,
A ~ ~ x—a2w x—a”_lA
f@) ey { i@ e - af @ o TS e e L i ]

Tz —a)*(1 — n—1
C Uee[o,l]( (Zl(_ll)!e) f"(a+0(x —a))
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Hence the theorem. O

Corollary 4.4. Suppose there exists k > 0 and M > 0, such that for n sufficiently large,
~ —a)"(1— n—1 ~ ~
If™)(z)|| < kM™ ¥ = € nbd(a). Then (%) Usejoa] ["(a +0(z —a)) — 0 as

n — Q.
rz—a)"(1— n—1 An z—alm(1— n—1 n
Proof. ||(¥=22 0o —) fr(¢)]| < B2 ™ —kM™ holds for any & € nbd(a).
0 640

1 =0
This implies (%)JE"(&) — 0 as n — oo for each & € nbd(a) and hence

((ﬂc—a)”(l—g)“1
(n—1)!

lim,,— 00 % =0 and lim, (1 — )" ! = {

) Uoeo,1] f”(a+9(x—a)) —0asn— oo. n

If the condition of Corollary 4.4 is satisfied in Theorem 4.3 for sufficiently large n, then

A ~ 1 .’L’—CLzA// x—a”_lA ~
fo)eun { i w-af@e o @ e B2 o] 50
Hence
N N ~ x—a)? z—a)" .
fa) = fw o @ -af @e “gf @e o T w0y

) _ 2)], if x>0
Example 2. Consider the expansion of f(z) = el=12 = [exp(—a), exp(22)]; Z_f v
[exp(22), exp(—2)], if x <0
about a = 1.

Forx >0, py, = exp(2z) — exp(—x). u}(m) = 2exp(2z) +exp(—z) >0 V =z.

Therefore f(x) is p-increasing and also differentiable and f'(z) = [f(a;),?l(a:)] = [~ exp(—x),2exp(22)].
,u’f,(x) = 22exp(2z) —exp(—z) >0 for x>0.

Therefore f'(x) is p-increasing and also differentiable and f"(z) = [exp(—z), 4 exp(2z)].
Proceeding in a similar way f)(z) = [(—=1)" exp(—z), 2" exp(2z)] which is pu—increasing
vV n.

For & € [1,a], || /™ (€)]| < 2" exp(2w). Now lim, 0 ST = 0. Hence || (€)]| — 0 as
n — oo. Therefore all conditions of Theorem 4.3 and Corollary 4.4 hold at a = 1. Hence
expansion of f(x) in (18) about a =1 becomes

lexp(—2), exp(22)] ~ [exp(~1), exp(2)] & (z — 1)[— exp(—1), 2exp(2)] &

4.2 Expansion of interval valued function over R”

Theorem 4.5 (Expansion theorem of n variable for interval valued function). Let f 10 C
R™ — I(R) be gH differentiable up to order s on open conver subset Q0 of R™ and f and

15



all the partial derivatives off up to order s are component-wise p-monotonic over €) .
Moreover for any § € [0, 1] if there exists an interval valued function ¥ : [0,1] — I(R) as

B(0) = S0y Gi(0), where Gi(0) = S 9600, 9(0) = FQ0) with 2(6) = a+to, v =
x —a fora,x € Q,te€(0,1] such that Q/JZ is ;. momnotonic for each i. Then

F@) ©r f(@ea(Zag;j)(mi— ) 2,2%&% ~a)(z; —a) | &

=1 i,j=1

1 - 0°~1f(a)
®--- ((sl)! Z m(wzl —ail)...(xis—l aisl))

i1,i2,...is=1

n

1 8sf c
C UCEL.S{G,CE} Z (S _ 1)| 8:1;21(8‘)'1;28 (:1;21 - all)(xzs - aiS)?

11,02,...,0s=1
(19)
where L.S{a,x} is the line segment joining a and x.

Proof. f:Q — I(R) and ~ : [0,1] — Q. Since Q is a convex subset of R", for a,b € Q,
a+ t(b — a) with t € [0,1] must belongs to Q. ¢ : [0,1] — I(R) is defined by §(t) =
F (@), y2(t), - - n(t)), where v;(t) = a; +t(b; —a;), Vi=1,2,--- ,n, t €[0,1]. By Corol-
lary 3.3, g is differentiable. Since f gH differentiable up to order s so § is also differentiable
up to order s. Hence \i/( t) exists. Therefore

J(t) = S0 A — s () 200 — (1)) T0. Hence () = T V2(f(1(1)) 0.
By induction, g( )( t) = Zn ; i ﬂ(xﬂ —ai1) - (T — ais)

1,92, i =1 010242045
From the assumptions of the theorem, ¥ satisfies all the condition of Theorem 4.3. Using

the expression of Theorem 4.3 about ‘0’,

2 t(s—l) s
N N N (Y o ~(s—1) 5(8)
9(t) Sgn {9(0) @5 (0)® 55" 0)® - @ o (0)} C Ugelo,1) DL (9),

In particular for t=1,

1
s—1 ~(s
( )(0)} - UGE[O,l]Wg( )(6).

Na)y

(1) Ogn {g(O) ©§0)®55"(0) @@ % _1 1)

N 7 A ¢ N n  9f(a ~ n 82 f(a

§(1) = f(2),9(0) = (a), §'(0) = Xiy 2 (rima), §(0) = i js g (ri— i) (—a5),
etc..

(19) follows after substituting these values in (21). O
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Corollary 4.6. Suppose there exist k > 0 and M > 0, such that for sufficiently large n,
H%H < kMY ce L.S{a,x}. Then

n

N Z ((s —1 1)!)8:138;{(5:)131'5 (zi = an)-..(vis —aia) = 0 as s — o0

11,82,..,05=1

0°f(c s f(c)

85525 | | 61‘11 0z |}

1.0

Proof. For any ¢ € L.S {a,x}, H%H = max{| R
From Corollary 4.4,

1 - 0% f(e .
(571) X goroh(on —ou)(o—ou) >0 s 50

Therefore U( s_ll)!) S m(azil — a31)... (T — ais) = 0 as s — oco. O

11,82,...,0s=1 Ox;1...0%;s

01,82, is=1

Following result holds as a consequence of (19) and Corollary 4.6.

f(@zf@)@(ijag;j‘)(wi— ) Q.Zaxlax] ey - a) | @

=1 i,j=1

1 - 0 f(a
3 f(a)

ol o T

(zi1 — @) (Tis—1 — Qis—1)

U1,02,0y0s=
(22)

Example 3. Consider f(z1,1) = [-2, 3]z el 1272

[—2$1€2x2,3$162w2] ,  ifx1>0,29 >0

[3:1:1629”2, —2$162x2] , o ifx1 <0,20 >0

[3x1e7%2, —2z1e7%2], ifx; < 0,23 <0

[—2z1€772, 3x1e” 2] if x1 > 0,29 <0

Consider the quadratic expansion of f(xl,xg) = [—2xle2m2,3x162x2] , x1 > 0,29 > 0 about

= (27 2)
,uf(azl,a:g) = 3z1€%*2 4 221e?*2. From the derivative of ,uf(a:l,a:g) it can be easily verified
that

f(il?hib"z) = [i(xl,mj(fﬂhivz] =

(i) f is p-increasing with respect to z1 and o both,
(ii) 5_9{1 is | -increasing with respect to xo and , g—é s p-increasing with respect to 1
and x9 both.

Using (22), quadratic expansion of f(x1,x2) about (2,2) becomes

Fla1,m2) ~ [—4e*,6e] @ { (21 — 2)[2¢*,3eY]) © (2 — 2)[-8¢*, 12¢']}

- {(azl — 2)(zo — 2)[—4e?, 6et) @ M[—me‘*, 2464]}
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5

Conclusion and future scope

In this article calculus of interval valued function is discussed using p-monotonic property
and composite mapping of interval valued function and real valued function is studied.
Expansions of interval valued function over R and R™ are developed using composite map-
ping and gH diffentiability. This expansion can provide a powerful tool for developing
algorithms for solution of system of equation, least mean square problems with interval
parameters, which may be considered as the future scope of the present contribution.
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