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The extremal problems on the inertia of weighted bicyclic graphﬂ
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Abstract: Let G, be a weighted graph. The number of the positive, negative and zero eigenvalues in the spectrum
of G, are called positive inertia index, negative inertia index and nullity of G,,, and denoted by i1 (Gy), i—(Gy),
10(Gw), respectively. In this paper, sharp lower bound on the positive (resp. negative) inertia index of weighted
bicyclic graphs of order n with pendant vertices is obtained. Moreover, all the weighted bicyclic graphs of order

n with at most two positive, two negative and at least n — 4 zero eigenvalues are identified, respectively.
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1. Introduction

In this paper, we only consider simple weighted graphs on positive weight set. Let G, be a weighted graph
with vertex set {v1,vs,...,v,}, edge set E(G) # 0 and W(G,) = {w; > 0,5 =1,2,...,|E(G)|}. The function
w: E(G) = W(G,) is called a weight function of G,,. It is obvious that each weighted graph corresponds to a
weight function. The adjacency matriz of G, on n vertices is defined as the matrix A(G,,) = (a;;) such that a;; =
w(vvy) if vv; € E(G) and 0 otherwise. The eigenvalues A1, A, ..., A\, of A(G,,) are said to be the eigenvalues
of the weighted graph G,,. The inertia of G,, is defined to be the triple In(Gy) = (i+(Guw),i—(Gw),i0(Gw)),
where i1 (Gy),i—(Gy) and i9(Gy) are the numbers of the positive, negative and zero eigenvalues of A(G,)
including multiplicities, respectively. i1 (G,) and i_(Gy) are called the positive, negative index of inertia (for
short, positive, negative indez) of G, respectively. The number io(G,,) is called the nullity of G,,. Obviously,
i+ (Gw) +i-(Gy) +i0(Gyw) = n.

An induced subgraph of G, is an induced subgraph of G having the same weights with those of G,,. For an
induced weighted subgraph H,, of the weighted graph G, let G,, — H,, be the subgraph obtained from G, by
deleting all vertices of H,, and all incident edges. We define that the union of G}, and G2, denoted by G |J G2, is
the graph with vertex-set V(GL)|JV(G?), edge-set E(GL)|J E(G?) and the weight of each edge is not changed.
A bicyclic graph is a simple connected graph in which the number of edges equals the number of vertices plus
1. A weighted path and a weighted cycle of order n are denoted by P}, C7}, respectively. An isolated vertex is
sometime denoted by K;.

The study of eigenvalues of graph has been received a lot of attention due to its applications in chemitry (see
[2,[7, 10, [15] for details). As we know, if G is a bipartite graph, then i, (G) = i_(G) = a(G) = %D(G), where a(Q)
is the matching number of G, otherwise, i1 (G),i—(G) and io(G) do dot have this relationship. Gregory et al. [§]
studied the subadditivity of the positive, negative indices of inertia and developed certain properties of Hermitian
rank which were used to characterize the biclique decomposition number. Gregory et al. [9] investigated the
inertia of a partial join of two graphs and established a few relations between inertia and biclique decompositions
of partial joins of graphs. Daugherty [3] characterized the inertia of unicyclic graphs in terms of matching number

and obtained a linear-time algorithm for computing it. Yu et al. [19] investigated the minimal positive index of

*Financially supported by the National Natural Science Foundation of China (Grant Nos. 11271149, 11371062), the Program
for New Century Excellent Talents in University (Grant No. NCET-13-0817) and the Special Fund for Basic Scientific Research of
Central Colleges (Grant No. CCNU13F020)).

fCorresponding author.

Email addresses: 750861119@Qqq.com (S.B. Deng), Iscmath@mail.ccnu.edu.cn (S.C. Li), 928046810@Qqq.com (F.F. Song)


http://arxiv.org/abs/1311.3049v1

inertia among all unweighted bicyclic graphs of order n with pendants, and characterized the bicyclic graphs with
positive index 1 or 2. Very recently, it is interesting to see that Marina et al. [I] studied the inertia set of a signed
graph in algebraic approach.

The nullity of unweighted graphs has been studied well in the literature. Tan and Liu [I8] gave the nullity set
of unicyclic graphs and characterized the unicyclic graphs with maximum nullity. In addition, Nath and Sarma
[I7] presented another version of characterization of an acyclic or unicyclic graph to be singular. One of the
present authors [I3] investigated the nullity of graphs with pendant vertices. Fan and Qian [6] characterized the
bipartite graphs with the second largest nullity and the regular bipartite graphs with the third largest nullity. Fan
and Wang [0 characterized the unicyclic signed graphs of order n with nullity n—2,n—3,n—4, n—5, respectively.

Our paper is motivated directly by [4} [T}, 13 [16]. On the one hand, Fan et al. [4] studied the nullity of signed
bicyclic graph (which is, in fact, the bicyclic graph with edge weight 1 or —1); Li [I3] and Hu [II] studied the
nullity of unweighted bicyclic graph. On the other hand, Yu et al. [I9] characterized all n-vertex unweighted
bicyclic graphs with positive index 1 or 2. It is natural and interesting for us to consider the extremal problems
on the inertia of weighted bicyclic graphs, which may generalize corresponding results of [4] [11] [13, [19].

This paper is organized as follows: in Section 2, some preliminaries are introduced. In Section 3, we present
the lower bound for the positive, negative index of n-vertex weighted bicyclic graphs with pendants. In Section
4, we characterize all n-vertex weighted bicyclic graphs without pendant twins having one or two positive (resp.
negative) eigenvalues. In Section 5, we characterize all n-vertex weighted bicyclic graphs without pendant twins
of rank 2,3, 4.

2. Preliminaries

In this section, we list some lemmas which will be used to prove our main results. Suppose M, N are two
Hermitian matrices of order n, if there exists an invertible matrix @) of order n such that QM Q* = N, Q* denotes

the conjugate transpose of @), then we say that M is congruent to N, denoted by M = N.

Lemma 2.1 ([12]). Let M, N be two Hermitian matrices of order n such that M = N, then i, (M) = i1 (N),i_ (M)
’L_(N) and ’LQ(M) = Zo(N)

It is easy to obtain the following result.

Lemma 2.2. Let G, = GLUG?U...UG!, be a weighted graph, where Gi, (i = 1,2,...,t) are connected
¢

components of Gy Then i1 (Gy) =S it(GL),i-(Gy) = Sb_, i-(GL) and ig(Gyw) = Sr_, io(GL).

Let M be a Hermitian matrix. We denoted three types of elementary congruence matrix operations (ECMOs)

on M as follows:
1. interchanging ith and jth rows of M, while interchanging ith and jth columns of M;
2. multiplying ith row of M by a non-zero number k, while multiplying ith column of M by k;

3. adding ith row of M multiplied by a non-zero number & to jth row, while adding ith column of M multiplied
by k to jth column.

By Lemma 2.1, the ECMOs do not change the inertia of a Hermitian matrix.

Lemma 2.3 ([19]). Let M be an n x n Hermitian matriz and N be the Hermitian matriz obtained by bordering

Nz(]‘fy>,
ya

M as followings:



where y s a column vector, y* denotes the conjugate transpose of y and a is a real number. Then i, (N) —1 <
i (M) < iy (N),io (M) =1 < i_ (M) <i_(N).

By Lemma 2.3 we can get the following result immediately:
Lemma 2.4 ([I4]). Let H,, be an induced subgraph of G. Then iy (Hy) < i4(Gyw) and i—(Hy) < i_(Gyw).
Lemma 2.5 ([I4]). Let C be a weighted cycle of order n. Then
il ifn=1 (mod 4); nol ifn=1 (mod 4);

, ifn=2 (mod4); i_(Cl)=<¢ 2 ifn=2 (mod 4);

o=l ifn=3 (mod 4). AL fn=3 (mod 4).

i+(Cy) =

w3
NENSNT)

Furthermore, if n =0 (mod 4), let CI} = v1va ... v,01 be a weighted cycle of order n, w(viviz1) = a; (1 <i < n)

and let v,41 = v1. Then

-1, if 12 a2i-1 =12, a2s;

, otherwise.

i (Cn) =i(C]) = {

[SIEERNT]

Lemma 2.6 ([14]). Let G, be a graph containing a pendant vertex v with its unique neighbor w. Then iy (Gy) =
it (Gy—u—v)+1 andi_(Gy) =i_(Gy —u—v)+ 1.

The following result is an immediate consequence of Lemma 2.6.

Lemma 2.7. Let P} be a weighted path of order n. Then

P, o —";1, if n are odd;
Z+(Pw):Z—(Pw): n . .
5 if n are even;

Let u,v be two pendant vertices of a weighted graph G,,, u, v are called a pendant twin if they have the same

neighborhood in G,,. The following result is an immediate consequence of Lemma 2.6 since i4 (K1) =i_ (K1) = 0.

Lemma 2.8. If u,v is a pendant twin in a weighted graph G, then i1 (Gy) = i1(Gy —v) = i1 (Gy — u) and
1—(Gy) =1 (G —v) = i_(Gy — u).

Let Sfu be a weighted star of order k£ with center v and non-central vertices vy,...,vx—1. We can get the

following two lemmas by Lemmas 2.4 and 2.6.

Lemma 2.9. Let G% be a weighted graph of order n — k such that u € V(GY). Let GL, be the graph obtained
from GO and S* by inserting an edge between u and the center v of SF. Let G? = G, — {vvy,vv, ..., vvp_1} +
{uvr, uve, . .., uvk_1} where w(uv;) = w(vv;). Then iy (GL) > i (G2) and i_(GL) > i_(G2).

Lemma 2.10. Let G be a weighted graph of order n —1 —t and uy,us € V(Go). Assume that G, is the graph
obtained from GO, SLHL and SLFL by identifying uy with the center of SLL, ua with the center of SLFL respectively.
Let G2, be the graph obtained from GO, SLFHH1 by identifying uy with the center of Siyir1. Then iy (GL) > i, (G2)
and i_(GL) >i_(G?).

Lemma 2.11. Let G} and G% be two weighted graphs with u € V(G1) and v € V(Gz). Let PL(l > 3) be a
weighted path with two end-vertices vy, v;. Let S', be a weighted star of order | and have the same weight set with
PL(1 >3). Let G, be the graph obtained from G |JG? | P., by identifying v with vy and v with v;, respectively.
Let G be the graph obtained from GL |JG? by identifying u, v with the center of SL. Then i, (G',) > i, (G")
and i (G,,) = i-(Gy).



Proof. In view of Lemma 2.6, we have
i+(G) = 1+1i4(Gy, —u) + i1 (G, —v).
Note that (G} — u) J(G? —v) |J P! is an induced subgraph of G/,. In light of Lemma 2.3, it follows that
i1 (G =) +i4 (G —u) + iy (P < iy (GY).

By Lemma 2.7, i, (PL1) > 1 (I > 3), therefore i (G2,) > i (G2). Similarly, i_(G’)) > i_(G"), as desired. O
3. The minimal positive (negative) index of inertia of weighted bicyclic graphs

Let G be a bicyclic graph. The base of G, denoted by x(G), is the unique bicyclic subgraph of G containing no
pendant vertices. Thus G can be obtained from x(G) by attaching trees to some vertices of x(G). Let CP(p > 3)
and C?(q > 3) be two vertex-disjoint cycles of length p,q and P, = vqva...v; (I > 1) be a path of length I — 1.
Assume that v € V(C?) and u € V(C?). Let oo(p,l, q) be the graph obtained from C?,C? and P, by identifying
v with v1, u with v;. Let Ppia, Piyo, Pyyo be three paths with min{p, !, ¢} > 0 and at most one of p,l, ¢ is 0. Let
6(p, !, q) be the graph obtained from P49, P2 and Pyyo by identifying the three initial vertices and terminal
vertices. The weighted graphs oo(p,l, ), and 8(p,l, q), are depicted in Fig. 1, where the number on each edge
denotes its weight. In what follows in our context, we always assume that the weight for each edge of co(p,l, ¢)w

(resp. 8(p,l,q)w) are as shown in Fig. 1.
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Figure 1: Weighted graphs oco(p, 1, q)., and 08(p, 1, q)..

As we know, the connected bicyclic graphs can be partitioned into two classes: one class of bicyclic graphs
contain co(p, [, q) as its basis and the other class of bicyclic graphs contain 6(p,l, q) as its basis. We call bicyclic
graph G an oo-graph if G contains some co(p,l, q) as its basis and a 6-graph if G contains some (p, 1, q) as its
basis. We denote by # (resp. %,) the set of all weighted bicyclic graphs (resp. weighted bicyclic graphs with
pendants) of order n. Let x(G.) be the base of G,,, by Lemma 2.6, there is no correlation between the inertia
index of G,, and the weighted set of G,, — x(G.). Hence, in order to determine In(G,,), it suffices to consider
the weight of x(G,,) in what follows.

Theorem 3.1. Let G, € B, and contain co(p,l,q) as its base. Then

= if p,q are odd;
i+(G’w) > pla 17 pruq are eveny

—, otherwise.
This bound is sharp.

Proof. For a weighted oco-graph, let u be the common vertex of C? and C? in co(p,1,q). Let G* be the bicyclic
graph obtained by attaching n —p — g+ 1(n > p + ¢) pendants to u (see Fig. 2) and let G, denote the weighted
graph with G* as its underlying graph.



Figure 2: Graphs G* and G**.

Let .71 (n) be the set of all n-vertex weighted bicyclic graphs whose underlying graph is obtained from co(p, 1, ¢)
by attaching n — p — ¢+ 1 (n > p 4 ¢) pendants to a vertex, different from u of C? or C1.

Let . (n) be the set of all n-vertex weighted bicyclic graphs whose underlying graph is obtained from oco(p, 2, q)
by attaching n —p — ¢ (n > p+ g + 1) pendants to the vertex u of C? or C1.

In view of Lemma 2.6, we have
P (Gh) = 1+ iy (PR 4 (PIY), (3.1)
First we are to show that i + (G3,) < i1 (Gy) for any Gy, € 1 (n)|J H2(n). In fact, if G, € F1(n), without

loss of generality, we suppose all the pendant vertices are attached at CP. Then by Lemma 2.6, we have

i+(Gw) =

1+ p_;l"'iJr(ngl)v if p is odd;
p_;2 +i+(C3) or, iy (PI71), if pis even.

iy (PI—1), if p is odd;
= 1+i (P )+ ,+( 4 ) e (3.2)
i+ (CL) or, i (P37, if pis even.

By Lemma 2.4, i1 (C4) > i, (P271). Hence, in view of (3.1) and (3.2) we have i (G}) < iy (Gy).
If G, € F(n), without loss of generality, we suppose all the pendant vertices are attached at C?. Then by

Lemma 2.6 we have

p=1 4 if o .
el 4 (09), £ pis odd;
i+(Guw) 1+{ 2 +i(C) npo

p_;2 +1i4(C2) or iy (Gl,), if pis even.
i+(Ch), if p is odd;

3.3
i+ (CL) or iy (G.,), if pis even, (8:3)

= 1+i+(P51)+{

where G, is a graph obtained by attaching a pendant vertex to a vertex of C9. Note that iy (C%) > i, (P471)
and iy (G,) > i, (P471) from Lemma 2.4. Hence, in view of (3.1) and (3.3) we have i, (G%) < i1 (Gy).
From Lemmas 2.9, 2.10 and 2.11, G7, attains the minimal positive index among all n-vertex weighted bicyclic

graphs with pendant vertices containing two edge disjoint weighted cycles C? and Cg,. (|
Similarly, we can have the following theorem:

Theorem 3.2. Let G, € B, and contain co(p,l,q) as its base. Then

pT'HZ, if p,q are odd;
i (Gy) > P4 —1, ifp,q are even;
ptrg—1

otherwise.

2 )

This bound is sharp.

By Theorems 3.1 and 3.2, it follows that



Theorem 3.3. Let G, be a weighted co-graph of order n with pendant vertices, then i1 (Gy) > 3, i—(Gy) > 3
and i9(Gy) <n — 6.

Theorem 3.4. Let Gy, € B, and contain 0(p,l,q) as its base (n > p+q+1+3). If plg # 0, then

1—|—%q+l, isp+q+1is even;
i+(Gw) 2 %q-”a

1+ ’&‘12&, otherwise.

if p,q,l are odd;

This bound is sharp.

Proof. Let u,v be two vertices in 6(p,[,q) (see Fig. 1) and #(n)(n > p+ ¢+ 1 + 3) be the set of all n-vertex
weighted bicyclic graphs with n — p — ¢ — [ — 2 pendant vertices attached to a vertex, different from v and v of
0(p,1,q). Let G** be the bicyclic graph with n —p—qg—1—2(n > p+ g+ + 3) pendant vertices attached to
v in O(p,l, q) and let G denote the weighted graph with G** as its underlying graph, where G** is depicted in
Fig. 2. We will verify that iy (G) < i4(Gy) for any G, € S5(n).

For any G,, € .3(n), without loss of generality, assume that n —p — ¢ — I — 2 pendant vertices are attached

to a vertex of P42 —u —v in G,. By Lemma 2.6, we have

. 1+ 5+ iy (PLratl) it 1 is even:
’L+(Gw) = 1—|—p__1—|—i (Cl+q+2) 0T1+w+i (Pq)+- (Pl) i1 is odd
2 + w ) D) +\Lw 14(L7,), UL PISO .

Py I+q+1 . . )

Gy = PR TR, if p is even;

14+ 250 i (P9) +iy(PL), ifpisodd.

Note that i, (C2F+2) >, (P2) + iy (P.) + 1 from Lemma 2.3, hence we have i, (G%*) < iy (Gy).
By Lemmas 2.9, 2.10 and 2.11, G} attains the minimal positive index among all n-vertex weighted bicyclic

graphs with pendant vertices containing 0(p, 1, q) as its base, n > p+q+ 1+ 3. [l
Similarly, we can have the following theorem:
Theorem 3.5. Let Gy, € B, and contain 0(p,l,q) as its base (n > p+q+1+3). If plg # 0, then

1—|—%q+l, isp+q+1 is even;
i(Gy) > { pgH

ptati+1
1+ 55—,

if p,q,l are odd;

3

otherwise.

This bound is sharp.

Next we consider the special case that one of p, [, q is zero, Without loss of generality, we may assume [ = 0.

By a similar discussion as in the proof of Theorem 3.3, we can get the following result.
Theorem 3.6. Let Gy, € %, and contain 6(p,0,q) as its base (n >p+q+1+3). Then

14 &te if p+ q is even;
i+(Gw) =i_(Gy) > 2
+(Gw) ( >_{ 1+%, otherwise.
This bound is sharp.
By Theorems 3.5 and 3.6 we have

Theorem 3.7. Let G, be a weighted 0-graph of order n with pendant vertices. Then i (Gy) > 2, i—(Gy) > 2
and i9(Gy) <n —4.



4. Characterization of weighted bicyclic graphs with small positive (negative) indices

In this section we characterize the extremal weighted bicyclic graphs with positive (resp. negative) indices 1, 2.

Theorem 4.1. Let Gy, € B. Then it (Gy) = 1 if and only if G, is one of the following graphs: the weighted
graph 6(1,1,1),, with weighted condition cias = aica and azby = a1ba; the weighted graph 6(1,0,1),, with weighted

condition ascy = aicCs.

Proof. By Theorems 3.3 and 3.7, it suffices to consider the case that the weighted bicyclic graphs of order n
without pendant vertices. If Gy, is a oo-graph, it contains P2 |J P2 as an induced subgraph, hence i, (G.,) >
it (P2|JP2) = 2. Then we just need to consider the case that G, is a 6-graph. Without loss of generality, we
assume that [ < p <gq.

If I = 0, then we have p + ¢ + 1 < 3, otherwise it contains P} as an induced subgraph and by Lemma 2.7,
it (P}) = 2. Noted that p + ¢ > 2, then the underlying graph of G,, must be 6(1,0,1). Applying ECMOs to
A(Gy,) yields i4(Gy) = 1 if and only if the weight of G,, satisfies asci = ayca.

If I > 0, then we have p+ ¢+ 2 < 4, otherwise it contains CX as an induced subgraph and i, (C¥) > 3, where
k > 5. Noted that p + ¢ > 2, then the underlying graph of G,, must be 6(1,1,1). Applying ECMOs to A(G,,)
yields iy (G,,) = 1 if and only if the weight of G, satisfies asc; = ajce and asb; = abs. O

Similarly, we have the following theorem:

Theorem 4.2. Let G, € B. Then i_(Gy) =1 if and only if G, is the weighted graph 6(1,1,1),, with weighted

condition ciaz = a1z and azb; = a1bs.

Table 1: The weighted condition for each G,, € #\ %, satistying i (G,) = 2.

weighted graph G, | weighted conditions of G,, || weighted graph G | weighted conditions of G,
00(3,1,3)w 6(1,1,1), asby # aibs, or asey # ajco
00(3,2,3) 4 4ayazbibs — agzbac? > 0 0(1,0,1) ascy # aics
00(3,1,4) bibs = boby 6(1,0,2), a1by > cics
00(4,1,4) ai1a3 = asay4, b1bz = boby 6(2,0,2), asbico = arasce + ascics

Theorem 4.3. Let G, € B\Byp, then i (Gw) = 2 if and only if Gy = 00(3,1,3)w,00(3,2,3)w,00(3,1,4).w,
00(4,1,4)4,0(1,1,1)4,6(1,0,1),60(1,0,2),, or6(2,0,2), and the corresponding weighted conditions are as shown

in Table 1, where the empty cell means there is no correlation between the inertia index of G, and its weight set.

Proof. We distinguish the following two possible cases to prove our results.
Case 1 G, is a weighted oco-graph.

Note that if G,, contains PS as an induced subgraph, then i;(G,,) > 3. Hence, it suffices to consider that
p+l+qg—4<5ie,p+l+¢q<9. Notethat p+1+¢q>7 hence 7<p+1+q<09.
If p4+1+4+q =7, then G, must be 00(3,1,3),,. Applying the ECMOs to A(G,,), we have i (G,,) = 2 and the

positive index of G, is independent of its weights.



Il

If p4+ 14 g =38, then Gy, = 0(3,2,3),, or, 00(3,1,4),,. Applying the ECMOs to A(G,,), if Gy
then we have i, (G,,) = 2 if and only if the weight of G,, satisfies 4ajazb1bs — asbac? > 0; if G,
then we have iy (G,,) = 2 if and only if the weight of G,, satisfies b1bs = baby.

Ifp+l+q =29, then Gy = 00(3,3,3)w,00(3,2,4)w,wo0(3,1,5) or, co(4,1,4),,. Applying the ECMOs to
A(Gy), if Gy =2 00(4,1,4),, then we have iy (G,,) = 2 if and only if the weight of G,, satisfies aja3 = azayq and
b1bz = baby; if Gy =2 00(3,3,3) 4w, 00(3,2,4),, or 00(3,1,5),, then G,, contains H,, as its induced subgraph, where
the underlying graph of H,, is depicted in Fig. 3. By Lemma 2.6, i;(G,,) = i+ (Hy) > 3.

(3,2,3)uw,
(37 174)w7

g 8

1%

Figure 3: The underlying graph of H,,.

Case 2 G, is a weighted 6-graph. In this case, we assume, without loss of generality, that [ < p < q. By
Lemmas 2.5 and 2.7, we have i (PS) = 3 and i, (C*) > 3, k > 5. Hence, it suffices to consider that G, does not
contain PS or C* as an induced subgraph, k > 5.

First consider [ > 0. In this subcase, we have p+ ¢+ 2 < 4, otherwise G, contains C¥ as an induced subgraph
with k > 5. Hence, iy (Gy) > i+ (CK) > 3. It is routine to check that p + ¢ > 2, hence p + ¢ = 2, which implies
the underlying graph of G,, must be 6(1,1,1). Applying the ECMOs to A(Gy,) yields i4(G,,) = 2 if and only if
the weight of G, satisfies asb; # a1bs or, ascy # aics.

Now consider [ = 0. In this subcase, we have p+ ¢+ 1 < 5; otherwise G, contains PS as an induced subgraph.
Note that p+ ¢ > 2, hence 2 < p+q < 4.

If p+q = 2, then G, = 6(1,0,1),,. Applying ECMOs to A(G,,) yields i.(G,) = 2 if and only if the
weight of G, satisfies asc; # aice. If p+ ¢ = 3, then G, = 6(1,0,2),,. Applying ECMOs to A(G,,) yields
1+(Gw) = 2 if and only if the weight of G,, satisfies a1by > c1e5. I p+q = 4, Gy = 0(1,0,3),, or, 6(2,0,2),.
If G, = 6(2,0,2),, then applying ECMOs to A(G,,) yields i4(G,,) = 2 if and only if the weight of G,, satisfies
asbica — ajaszca — aseiez = 0. If G, =2 6(1,0,3),, then applying ECMOs to A(G,,) yields i+ (G,) = 3 and the
positive index of G, is independent of the weights. O

Table 2: The weighted condition for each G, € %, but no pendant twins and satisfying i; (Gy) = 2.

weighted graph G,, | weighted conditions of GG,, || weighted graph G,, | weighted conditions of G,,
GL,G3 GS.GT GY GY, G0 aica = ascy
va ai1bs = azb; G%,Jl airaz = asby
Gﬁ,, G3 a1bs = ashy, a1co = asey

In what follows, we shall characterize all weighted bicyclic graphs with pendants having two positive eigenval-

ues.

Theorem 4.4. Let Gy, € B, but no pendant twins. Then i (Gy) = 2 if and only if G, = G G2,...,GL0
or, GL' and the corresponding weighted conditions are as shown in Table 2, where the underlying graphs of
GL.G% ... GO G are depicted in Fig. / and the empty cell in Table 2 means there is no correlation between

the inertia index of G, and its weight set.
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Figure 4: Graphs G',G?,..., G
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Figure 5: Graphs G'2,G'3,..., G36.

Proof. By Lemmas 2.5, 2.6 and applying the ECMOs, it is routine to check that i, (G%) = 2,4 =1,...,11, and
the weight condition for G°, is listed in Table 2. Furthermore, i, (G%) > 3 holds for any weighted condition,
j =12,...,36. Here the underlying graphs of G ... Gl are depicted in Fig. 4, while those of G12,... G35 are
depicted in Fig. 5.

Let H = G — x(G) and denote by v(H) the number of vertices of H in what follows. Note that if i4 (G,,) = 2,
by Theorem 3.3, G,, must be a weighted #-graph and by Lemma 2.4, we have i1 (x(Gy)) < 2. Hence, in view of
Theorems 4.1 and 4.3, we have x(G) € {0(1,1,1),6(1,0,1),6(1,0,2),60(2,0,2)}.

First, we characterize all graphs G,, with 6(1,1, 1) as its base satisfying i1 (G, ) = 2 according to the following

two possible cases.

Case 1. H is a collection of isolated vertices.



If v(H) = 1, G, must be G, or G2. By Lemmas 2.5 and 2.6, we have i (G2) = 2 if and only if the weight
of G, satisfies a1by = agby. It is routine to check that iy (GL) = 2.

If v(H) = 2, Gy, must be G2, G2 or, G123, but i (G1?) =i, (GL3) = 3.

If v(H) > 3, then by Lemma 2.4 i, (G,,) > 3 since G, contains G2 or, G? as an induced subgraph.

Case 2. H has a P, as an induced subgraph.

If H = P, G, must be G2 or G5. By Lemma 2.6, i, (G4) =i, (G5) =1+ i, (G.,), where G, is 0(1,1,1),.
By applying ECMOs on A(G.,), we have i (G%) = i (G2) = 2 if and only if the weight of G,, satisfies the
condition that asb; = a1bs and asc; = aica.

If H contains the union of P, and an isolated vertex as an induced subgraph, then by Lemma 2.4, i1 (G,,) > 3
since it contain one of G%’s (i = 14,...,19) as an induced subgraph.

If H contains a P3 as an induced subgraph, then by Lemma 2.4, i, (Gy) = 1 + i (G.,) > 3, where G/, is GL,
or G2 and iy (GL) =2,i,(G?) > 2.

Next we characterize all graphs G,, with 6(1,0, 1) as its base satisfying i (G,,) = 2 according to the following

four possible cases.
Case 1. H is a collection of isolated vertices.
If v(H) = 1, G, must be GS or GT.
If v(H) = 2, G, must be G5, G2° or G2!, but i (G?) =i (G2!) = 3.
If v(H) > 3, then by Lemma 2.4, iy (G,,) > 3 since G,, contains G2° or G2! as an induced subgraph.

Case 2. H is P,. In this subcase, the underlying graph of G, must be G, or G° by calculation we have
i+ (G2) =i, (GL) = 2 if and only if the weight of G and GL¥ satisfies the condition that azc; = ajcs.

Case 3. H contains the union of P, and an isolated vertex as an induced subgraph. By Lemma 2.4, i; (Gy,) > 3

since it contains one of G%’s (i = 22,...,27) as an induced subgraph.

Case 4. H contains a P; as an induced subgraph. By Lemma 2.4, i4 (G,,) > 3 since G,, contains G2 or G%?
as an induced subgraph.
Now we characterize all graphs G, with (1,0, 2) as its base satisfying i (G,,) = 2 according to the following

two possible cases.
Case 1. H is a collection of isolated vertices.

If v(H) = 1, Gy, must be GLL G20 or G3. Note that i, (G3V) = i (G3!) = 3, and by Lemmas 2.5 and 2.6,
i+ (GLY) = 2 if and only if the weight of GL! satisfies ajaz = azb;.
If v(H) > 2, then by Lemma 2.4, iy (G,,) > 3 since G,, contains G3° or G3! as an induced subgraph.

Case 2. H contains a P, as a induced subgraph, G,, must be G52, G33 or G2}, but each of them have more
than 2 positive eigenvalues.
At last, we consider graphs G, with 6(2,0,2) as its base satisfying i4(G,) = 2. In fact, in this case, Gy,

contains G35 or G35 as an induced subgraph. O
Similarly, we can have the following theorems.

Theorem 4.5. Let G, € B\Bp, then i_(Gy) =2 if and only if G, is one of the following graphs: the weighted
graph 0o(4, 1,4),, with weighted condition ayias = asag and bibs = baby; the weighted graph 6(1,1,1),, with weighted
condition asby # a1by or ascy # aice; the weighted graph 6(1,0,1),,; the weighted graph 6(1,0,2),, with weighted
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condition a1by < cics; the weighted graph 6(2,0,2),, with weighted condition asbics — ajazcs — ascicg = 0; the
weighted graph 0(1,1,2),, with weighted condition a1by = a2b;.

Theorem 4.6. Let Gy, € B, but no pendant twins, then i_(G,,) = 2 if and only if G, is one of the following
graphs: the weighted graph GL,G3 GS  G8 ; the weighted graph G2, G5 ) with weighted condition azby = a1by and
ascy = aice; the weighted graph va with weighted condition a1bs = asby; the weighted graph G%,Jl with weighted

condition ajasz = asby.
5. Weighted bicyclic graphs with rank 2,3,4

The rank of a weighted bicyclic graph G,, is the rank of its adjacency matrix A(G,,), denoted by 7(G,,). Then
it is easy to see that 7(Gy) = i1(Gy) +i—(Gy). In this section, we’ll characterize the weighted bicyclic graphs
with rank 2, 3,4, respectively.

Theorem 5.1. Let G, € B, then r(Gy) = 2 if and only if G, =2 0(1,1,1),, with weighted condition aice = ascy

and albg = agbl.

Proof. Let G, be a weighted bicyclic graph, i1 (Gy) > 1 and i_(Gy) > 1 since G contains P, as an induced
subgraph. Then r(G,,) = 2 if and only if i (G,,) = i—(Gy) = 1. By Theorems 4.1 and 4.2 we know G, must be
6(1,1,1),, with weighted condition ajca = ase; and agby = a1bs. O

Theorem 5.2. Let G, € B, then r(Gyw) = 3 if and only if G, = 6(1,0, 1), with weighted condition asc1 = aica.

Proof. Let G,, be a weighted bicyclic graph, since i4(Gy) > 1 and i_(G,,) > 1, then r(G,,) = 3 if and only if
i+(Gy) = 1,i_(Gy) = 2 or i1 (Gy) = 2,i_(Gw) = 1. Note that either iy (G,) or i_(G,) equals 1, hence by
Theorems 4.1 and 4.2 we know G,, must be 6(1,0, 1),, with weighted condition asc; = ajco. O

Theorem 5.3. Let G, € B\B), then r(Gy) = 4 if and only if G, is one of the following graphs: the weighted
graph co(4,1,4),, satisfying a1as = asas and bibs = baoby; the weighted graph 6(1,1,1),, satisfying asby # a1bs
or ascy # aice; the weighted graph 0(1,0,1),, satisfying asc1 # ajca; the weighted graph 6(1,0,2), satisfying

a1by = cic3; the weighted graph 0(2,0,2),, satisfying asbics — ajasca — ascics = 0.

Proof. If G, be a weighted bicyclic graph, it is easy to know that iy (G,) > 1 and i_(Gy) > 1. Then r(G,,) = 4 if
and only if (i1 (Gy),i—(Gyw)) = (1,3) or (i+(Gw),i—(Gw)) = (3,1) or (i+(Gy),i-(Gw)) = (2,2). If one of i (Gy,)
and i_(Gy) equals 1, then G,, must be 6(1,1,1),, or (1,0, 1),, by Theorems 4.1 and 4.2 we know 7(G,,) < 4.
Hence, it suffices to consider that (i1 (Gy),7—(Gw)) = (2,2). By Theorems 4.3 and 4.5, (i4+(Gy),i—(Gw)) =
(2,2) if and only if G,, is one of the graphs described in Theorem 5.3. O

Similarly, we can have the following theorem:

Theorem 5.4. Let G, € 9By but no pedant twins n(n > 4), if r(Gw) = 4 if and only if G, is one of the following
graphs: the weighted graphs GL, G2 GS  G8 : the weighted graph G2, satisfying the weighted condition a1by = asby;
the weighted graph G2, G satisfying the weighted condition asb; = aibe and azcy = aica; the weighted graph Gl

satisfying the weighted condition ajas = azb;.
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