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Abstract

In this paper, we study the structure of the permutability graphs of subgroups,
and the permutability graphs of non-normal subgroups of the following groups:
the dihedral groups D,,, the generalized quaternion groups @, the quasi-dihedral
groups (QDon» and the modular groups Mp~». Further, we investigate the num-
ber of edges, degrees of the vertices, independence number, dominating number,
clique number, chromatic number, weakly perfectness, Eulerianness, Hamiltonicity

of these graphs.
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1 Introduction

One can study the properties of an algebraic structure by associating a suitable graph
with it and by using of the tools of graph theory. In recent years this has been a topic
of interest among algebraic graph theorists and they have contributed significantly; in

particular, when the algebraic structure is a group (see, for example [1], [2], [3], [13]).
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M. Bianchi, A. Gillio and L. Verardi in [4], defined a graph corresponding to a group
G, called the permutability graph of non-normal subgroups of G having all the proper
non-normal subgroups of G as its vertices and two vertices H and K are adjacent if
HK = HK; equivalently H K is a subgroup of G. We denote this graph by I'y(G). They
focused on finding the number of connected components and the diameter of this graph.
Further results on these graphs can be found in [5], [7].

In [10], the authors considered the general setting as follows: For a group G, the
permutability graph of subgroups of G, denoted by I'(G), is a graph with vertex set con-
sists of all the proper subgroups of G and two vertices in I'(G) are adjacent if the two
corresponding subgroups permute in G. There in we have studied the planarity of these
graphs. Further properties of these graphs like bipartiteness, completeness and freeness
of these graphs from some class of graphs were investigated in [11].

The aim of this paper is to study the structure and properties of the permutability
graphs of subgroups, and the permutability graphs of non-normal subgroups of finite
non-abelian groups. Especially, we consider the dihedral groups D,, the generalized
quaternion groups (), the quasi-dihedral groups ()Ds» and the modular groups M.
Even though the subgroup structure of these groups are well known, we particulary
focus on how much information about the subgroup permutability of these groups can be
expressed in terms of the graph theoretic properties of their corresponding permutability
graphs.

The rest of this paper is arranged as follows: In Section 2, we introduce some basic
definitions and notations that we will use in this article. In Section 3, for a given group
G, we present some basic results which gives the relationship between I'y(G) and I'(G).
In Section 4, we consider the dihedral groups D,, and study the structure and properties
of I'n(D,) and I'(D,). In particular, we give the degrees of the vertices, number of
edges, independence number, dominating number, chromatic number, clique number,
weakly perfectness, Eulerianness of these two graphs. Also we investigate Hamiltonicity
of I'nv(D,) and I'(D,,) for some values of n. In Sections 5, 6 and 7 we investigate the

same for the generalized quaternion groups (), the quasi-dihedral groups ) Dy» and the
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modular groups M,» respectively. In the last section, we conclude with some problems

of further research.

2 Preliminaries and Notations

For a simple graph GG, we denote its vertex set and edge set by V(G) and E(G) respec-
tively. A graph is complete if all the vertices are adjacent with each other. A complete
graph on n vertices is denoted by K,. An independent set is a set of vertices in G of
which no two are adjacent. An independent set is maximal if it is not a proper subset
of any independent set of G. The independence number a(G) of G is the cardinality of a
largest maximal independent set in GG. A set D of vertices in G is a dominating set in G if
every vertex in (G is contained in or is adjacent to a vertex in D. The dominating number
7(G) of G is the cardinality of a smallest dominating set in G. A clique is a set of vertices
in G such that any two are adjacent. The cliqgue number w(G) of G is the cardinality of
a largest clique in G. The chromatic number x(G) of G is the smallest number of colours
needed to colour the vertices of G such that no two adjacent vertices gets the same colour.
A graph G is said to be weakly perfect if w(G) = x(G). The degq(v) of a vertex v of a
graph G is the number of edges incident with v. A graph G is said to be r-partite if the
vertex of GG can be partitioned into r sets such that no two vertices in each partition are
adjacent. G is complete r-partite if every vertex in each partition is adjacent with all the
vertices in the remaining partition.

A walk joining two vertices vy and v, in G is an alternating sequence of vertices and
edges vy, €1, V1, €2, ... Un_1, €y, U, beginning and ending with vertices such that each
edge e; is incident with v;_; and v;. A walk is a path if all its vertices are distinct. We
denote a path joining two vertices u and v in G simply, as (u =)vg—v1 —ve—- - - — vV, (= V)
with the understanding that there is an edge joining v; _; and v;, for each 7, 1 <7 <n. A
walk is called closed if its initial and terminal vertices coincides. A closed walk in which
all the vertices are distinct is a cycle. G is said to be connected if any distinct two vertices

are joined by a path. A component of a graph G is a maximal connected subgraph of G.
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A number of component of a graph G is denoted by ¢(G).

Let G1 = (Vi1, Ey) and Gy = (Vs, E5) be two simple graphs. Their union G U Gy is
a graph with vertex set V3 U V5 and edge set E; U E,. Their join G; 4+ G is a graph
consist of G; U Gy together with all the lines joining points of V; to points of V5. For any
connected graph G, we write nG for the graph with n components each isomorphic to G.
A graph G is said to be Fulerian, if it contains a closed trail which contains every edge
of G exactly once; equivalently, GG is Eulerian if and only if every vertex in G has even
degree. A graph is said to be Hamiltonian, if it contains a cycle having all the vertices of
the graph. A split graph is a graph in which the vertices can be partitioned into a clique
and an independent set. For basic graph theory terminology, we refer to [14].

We recall the following theorem which will be use in the sequel.

Theorem 2.1. ([14, Proposition 7.2.3]) If a graph G is Hamiltonian, then ¢(G —S5) < |S|

for every non-empty subset S of V(G).

For any positive integer n, 7(n) denotes the number of divisors of n and o(n) denotes

the sum of all divisors of n. A positive integer n is said to be deficient if o(n) < 2n.

Note 2.1. In some of the results of this paper, we will use the following basic facts which

can be found in any basic number theory book; for instance, see [9]: Let n = p{*p3? ... pp*
k

be a integer, where p;’s are distinct primes and «; > 1. Then 7(n) = H(ai + 1).

i=1
Moreover,

(i) 7(n) is even if and only if oy is odd for somei € {1,2,...,k}.

(ii) 7(n) is odd if and only if o; is even for everyi € {1,2,...,k}.
(iii) If n is odd, then o(n) is odd (even) if and only if T(n) is odd (even).
(iv) If n =2% «a > 1, then o(n) is odd.

(v) If n =2%, with n’ = p3®...pp* is odd and o > 1, then o(n) is odd (even) if and

only if T(n') is odd (even).
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3 Some basic results

Recall that a group in which all the subgroups are normal is known as a Dedekind group.
For the characterization of Dedekind groups the reader can refer to [12, Theorem 5.3.7,
p.143]. For a given group G, we can define I'y(G) only when G is other than a Dedekind
group; and we can define I'(G) only when G is other than the trivial group or a group of
prime order. Also note that |[V(I['(G)| = |L(G)| — 2, where L(G) denotes the subgroup
lattice of G.

Since any normal subgroup of a group permutes with every other subgroups, so we

have the following result.

Theorem 3.1. Let G be a finite non-simple group with r proper normal subgroups. Then

K, +Tn(G), if r#|L(G)| -2
I(G) =

K,, otherwise.

Corollary 3.1. Let G be a finite non-simple group with r proper normal subgroups. If

r # |L(G)| — 2, then the following holds:

. |L(G)| — 3, if H is normal in G,
(i) degr(c)(H) = :
r+degr, () (H), otherwise.

(i) [E@(G)] = |ETN(G))]+ % (2|L(G)| =7 =5).
(iii) a(I'(G)) = a(I'n(G)).

(iv) w(I(G)) = r+w(l'n(G)).

(v) x(T(G)) =7+ x(Tn(G)).

(vi) Y(G) = 1.

Proof. We prove part (ii) and the remaining parts of the result are immediate consequence

of the previous theorem. Note that the proper number of non-normal subgroups of G is
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|L(G)| —r — 2. So by Theorem 3.1,
@) = (3) + 7112 7 = 2]+ [ETN(E)],

which leads to the result by simplification. O

4 Dihedral groups

The dihedral group of order 2n (n > 3) is defined by
D, = {a,b|a” =b*>=1,ab=ba").

The subgroups of D,, are listed below:
(i) cyclic groups Hj := (a*) of order r, where r is a divisor of n;
(ii) cyclic groups H} := (ba’~') of order 2, where i = 1,2,...,n;

(iii) dihedral groups H := (a+,ba’"') of order 2r, where 7 is a divisor of n, r # 1,n and

i=1,2,...,

23

The proper normal subgroups of D,, are the subgroups H{, r # 1 listed in (i), when n is
odd; the subgroups H{, r # 1 listed in (i) and HZ%, 1 = 1,2 of index 2, when n is even.
Thus

|L(D,)| = 7(n) + o(n), (4.1)

and so

[VIT(Dy)| = 7(n) +0(n) =2,

o(n)—1, ifnisodd;
V(N (Dn)| = (4.2)

o(n) —3, otherwise.

The following details about the permutability of subgroups of D, were given by

Tarnauceanu in [8, p. 2513-2516]. We will use these to prove some of our results in
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this paper. Consider the subgroups H; and H;, where r and s are the divisor of n,
i€{l,2,....%}, 7€{L,2,...,2}. Then
HYH; = H:H] if and only if a9 € (a™7), that is

n

2i — j). (4.3)

7 5]

For a fixed divisor r of n, and i € {1,2,...,2}, let o] denotes the number of solutions
of (4.3). The value of z] is described explicitly in the following cases:

Case 1. If n is odd, then

0 =Y [T,Ss] Y (T’18> (4.4)

s|n s|n
and so .
DY ar=gn), (4.5)
rln =1
1
where ¢ is the function defined by g(k) = k Z ) for all Kk € IN. Then g is a
r, s
rlk,slk ~

multiplicative function and

oy _ (200 +1)p*2 — (2a + 3)p*t +p+ 1

for any prime p and o € N. If n = pi"p3?...p.*, where p;’s are distinct primes and

a; > 1, then by (4.6)

k o;+2 o;+1
(20; + 1)p; it2 _ (20 + 3)pf" ™ 4+ p; + 1
gm)=]] :

. 1)2
=1 <pl 1)

(4.7)

Case 2. Let n be even.

subcase 2a. If n = 2% o > 2, then

x =2""? —2u+2a —3 (4.8)



Permutability Graphs of Non-abelian Groups 8

for every r = 2%, where 0 < u < a — 1 and so

> Z ! 1)20%3 4 9. (4.9)

rln =1

subcase 2b. If n = 2°n/, with 7’ is odd, a > 1, then for any divisor r of n with r = 287"

where § < a and 7’'|n/

/

(207 — 1)a7 if B=aq;

7 )

(2072 — 2B + 2o — 3)27, if B < a,

where 27 is given by (4.4) and so

sz = 1)2°%3 4+ 9]g(n’) (4.11)

rln =1

In addition to these cases, for any integer n > 3, it is easy to see that

x} = o(n) (4.12)
and for each i € {1,2,...,n}

x; = 7(n). (4.13)
If n is even, then for each 7 = 1,2

z? = a(n) (4.14)

4.1 Properties of I'y(D,,)

In the following result, we describe the degrees of the vertices of I'y(G).
Theorem 4.1. Let n > 3 be an integer.

(i) If n is odd, then degr . (p,\(H]) = x] — 2, for each divisor r of n, r # n, i =

1,2,..., 2, where x¥ is given by (4.4).

o
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n

(ii) Let n be even. Then degr (p,\(H]) = xi — 4, for each divisor r of n, v # n, 3,
i=1,2,...,%, where xj is given by (4.8) if n = 2%, a > 2; 7 is gwen by (4.10) if

n = 20" with n’ is odd, o > 1.

Proof. One can observe that for each divisor r of n and 7 € {1,2,..., 2}, the number of

dihedral subgroups of D,, permutes with H] is x]. So if n is odd, then degp . (p,\(H])

z; — [{H, HT' }| = 2] — 2, where z] is given by (4.4). If n is even, then degr(p,\(H])

O

xf — |{H], H{‘,HI%, H2%}| = x] — 4, where z] is given by (4.8) and (4.10).

Corollary 4.1. Let n > 3 be an wnteger and g denotes the arithmetic function given

by (4.7).

(i) If n is odd, then
B x(D)] = 5{9(n) — 30(n) +2).

(ii) If n=2% a > 2, then

|E(Cn(D,))] = 2*(4a — 11) + 14.

(iii) If n = 2%/, with n’ is odd, o > 1, then

B (D) = 3 {0~ 124 + 9lg(n') — To(n) + 12},

Proof. (i): If n is odd, then by Theorem 4.1(i) and by using (4.5), (4.12), we have

BOND)) =5 3 dearyo,(H)
HeT' N (Dn)
= X Y62
.-
= I - 2) ~ (af 2]
rln =1

:%[Zix;’—zzi1—(a<n)—2)}

rln =1 rln =1
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—sz —20(n) — (a(n) — 2)]

rln =1

[g(n) —30(n) + 2]

l\D

| —

(ii)-(iii): By Theorem 4.1(ii) and by using (4.12) and (4.14), we have

BOxD =5 3 dogryn, (1)

HeT §(Dr)

:% Z i(x:—ll)

rln =1

TEN, Y

ZZw—él ZZw—él

rln =1 r="2 =1

=AY S (o) 4) — 2(o(n) — 4]

r|n i=1 r‘n i=1

_ %[Z N ") —do(n) — (o(n) — 4) — 2(o(n) — 4)]

rln =1

sz — 7o(n) + 12]. (4.15)

rln =1

Now to complete the proof it remains to consider the following cases:

Case a. If n = 2% a > 2, then (4.15) reduces to the result after simplification, by using
(4.9) and o(n) = 2°T! — 1.

Case b. If n = 2%/, with n’ is odd and o > 1, then (4.15) reduces to the result after

simplification, by using (4.11). O
In the following result, we determine the values of n for which I'y(D,,) is Eulerian.
Corollary 4.2. Let n > 3 be an integer.

(i) If n is odd with n = p*p3® ... pe*, where p;’s are distinct primes and a; > 1, then

I'n(Dy) is Eulerian if and only if oy is odd for some i € {1,2,...,k}.

(ii) If n =2, a > 2, then I'n(D,,) is non-Eulerian.
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(ili) Ifn = 2%, withn' = p*p3? ... py* is odd, where p;’s are distinct primes and o > 1,

then U'n(D,,) is Eulerian if and only if o; is odd for some i € {1,2,... k}.

Proof. (i): By Theorem 4.1(i), degr(p,)(H]) is even if and only if Z 8] is even. Since
s

s|n
n is odd, ) is odd for each divisor r» and s of n. So it follows that Z I, 5] is even
S
s|n
only when 7(n) is even; this is true only when «; is odd, for some i € {1,2,... k}.

(ii): By Theorem 4.1(ii), degp  (p,)(H]) is odd, for every a and so I'y(D,,) is non-Eulerian.
(iii): By Theorem 4.1(ii), degr (p,)(H;) is even if and only if z7 is even; that is when zl

is even, where 7 is given by (4.4). But for each divisor ' of n/, [T;’,S 1 is always odd. So

x7'is even if and only if 7(n’) is even; that is only when a; is odd, for some i. O

Now we make further investigation to know more about the structure of I'y(D,,). If
n is odd, then for each divisor r of n, r # n, let A? = {H] [i=1,2,...,%}. It is easy
to see that A? is a maximal independent set in I'y(D,). Also these sets are mutually
disjoint and
Tn(D,) = | A2
h
Also note that the number of such A? is 7(n) — 1.
Let n = 2°n’ be even, with n/ is odd and a > 1. Then for every divisor r of n with 2 is
evenandr # 3, let A7 = {H; [i=1,2,...,5:}and By := {H | i = 5-+1,5:+2,..., 2 }.
For every divisor 7 of n with % is odd and r # n, let Cf := {H] | i =1,2,...,%}. Here

each of A?, BS and C¢ forms a maximal independent set in I'y(D,,). Also these three

class of sets are mutually disjoint and

InDy)= (J cu |J (AuB).

rln rln
r#n zZ
n Z: odd e
= T is even

The number of divisors 7 of n such that r # § with 2 is even is ar(n’) — 1. Each of
these divisors gives rise to two partition namely, AS and B¢ in V(I'y(D,)). The number

of divisors r of n such that r # n with 2 is odd is 7(n') — 1. Each of these divisors
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gives rise to exactly one partition namely, C¢ in V(I'y(D,)). Thus in total, we have

2(ar(n’) = 1) +7(n') — 1 = (2a + 1)7(n') — 3 partitions of V(I'y(Dy)).

Theorem 4.2. Let n > 3 be an integer. Then I'n(D,,) is (1(n) — 1)-partite if n is odd;
((2ac + 1)7(n') — 3)-partite if n = 2°n', with n' is odd, « > 1. But I'y(D,,) is not a

complete partite graph for any n.

Proof. Partiteness of I'y(D,,) follows from the above discussions. Now we prove the last
part of the theorem. Let n = p{"p3?...ph*, where p;’s are distinct primes and «; > 1.
Case 1. nisodd. If £k =1 and oy = 1, then by Theorem 4.3, I'y(D,,) is not complete
partite graph. Otherwise, let H{ € A; and H € A,, where r is a divisor of n, r # n.
Here H| does not permutes with H} and so I'y(D,,) is not a complete partite graph.

Case 2. n is even. Let H € A, and Hy, » € Ajyn. Here Hi does not permute with
2

H21+% and so I'y(D,,) is not a complete partite graph. O

Theorem 4.3. Let n > 3 be an integer. Then I'x(D,,) is totally disconnected if and only

if n is an odd prime.

Proof. Let n = p{'p5*...py*, where p;’s are distinct primes and a; > 1.

Case 1. k= 1.

subcase 1. n is odd. If @y = 1, then no H} permutes with any Hjl, for every 1,5 €
{1,2,...,p}, i # j and so ['n(D,) & K,. If > 1, then H}, H} permutes. So I'x(D,)

contains an edge.

1

subcase 2. n is even. Then H{ and H|, »
2

permutes. Therefore I'y(D,,) contains an
edge.

Case 2. k > 2. If nis odd, then H”"' and H""® permutes and so I'y(D,) contains an
edge. If n is even, then H7, H11+% permutes and so I'y(D,,) contains an edge. Combaining

all the cases together gives the result. O

Theorem 4.4. Let n > 3 be an integer.

. n, ifn is odd,
(i) a(T'n(Dy)) =
5, if n is even.
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(ii) v(Cn(Dy)) = p, where p is the smallest prime factor of n.

T(n) —1, if n is odd;
(iif) w('n(Dn)) = x(T'n(Dn)) =
(2a+ 1)7(n') =3, if n =20 with n’ is odd.

In particular, T'n(D,,) is weakly perfect.

Proof. (i): As explained earlier, V(I'y(D,,)) is the disjoint union of maximal independent
sets. If n is odd, the maximal independent set A$ in Iy (D,,) has the maximal cardinality
with |A¢| = n. If n is even, the maximal independent sets A§ and Bf in I'y(D,,) both
attains the maximal cardinality with |A| = & = |Bf|.

(ii): Note that w(I'y(D,)) < x(I'n(D,,)), for every n.

Case 1. n is odd. Then A := {H] | r|n, r # n} is a clique set in I'y(D,). So
w('n(Dy)) > |A] = 7(n) — 1. By Theorem 4.2, I'y(D,,) is a 7(n) — 1 partite graph. So
X(Tn(Dy)) <7(n)—1. Thus 7(n) —1 < w('n(Dn)) < x(I'n(Dy)) < 7(n)—1. Therefore,
w(n(Dn)) = x(Tn(Dn)) = 7(n) — L.

Case 2. n = 2%p3? ... p.*, where p;’s are distinct primes and «, a; > 1.

Then Let A := {HT, Hi n | 7 is a divisor of n with 2 is even, r # n, 2*7'p5? .. pp*}U
{H{ | ris a divisor of n with 2 is odd and r # n} forms a clique set in 'y (D,,).

In this case, w(I'n(D,)) > |A| = (2a + 1)7(n') — 3. By Theorem 4.2, I'y(D,,)
is a (2a + 1)7(n’) — 3 partite graph and so x(I'n(D,)) < (2« + 1)7(n') — 3. Thus
2a+1)7(n')—3 <w('n(Dy)) < x(Tn(Dy)) < (2a+1)7(n')—3. Therefore, w(I'y (D)) =
X(Tn(Dy)) = 2a+ 1)7(n') — 3.

Weakly perfectness of I'y(D,,) follows by the above two cases.

(iii): By Theorem 4.2, I'y(D,,) is a partite graph and every partition of V(I'n(D,,)) is
an maximal independent set. Among these maximal independent sets, Ay is a maximal
independent set in I'y(D,,) with minimum cardinality, where d is the largest divisor of
n. It is well known that in a graph any maximal independent set is a dominating set.
Consequently, A, is an independent dominating set of I'y(D,,) with minimum cardinality,
where d is the largest divisor of n.

If n = 2" p5*...pL* is even, where p;’s are distinct primes and o, a; > 1, then
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d =2°"1ps? ... pg* is the largest divisor of n and so | A4 = 2. Hence v(T'n(D,)) < 2.
Suppose ¥(I'y(D,,)) = 1, then there exists a subgroup in D,,, which permutes with every
other subgroups of D,,, which is not possible, since by Theorem 4.2, I'y(D,,) is a partite
graph with every partition has at least two vertices. So v(I'ny(D,,)) = 2.

Let n = pl'p5? ... pp* be odd, where p;’s are distinct primes and «; > 1. With out loss

a1—1 a2 (78

of generality we assume that p; < ps < ... <pg. Then d = pi" " p5*...p,* is the largest
divisor of n and so |A4| = p1. Thus v(I'n(D,,)) < p;. We show that, A, is a dominating
set with minimal cardinality. Now for any i € {1,2,...,2}, we consider A;—{H}. Then

no vertex in Ay — {H?} permutes with H}. Tt follows that p; — 1 < v(I'n(D,,)) < p1.

Therefore, v(I'n (D)) = p1. O
In the next result, we give the structure of I'y(D,,) for some values of n.

Theorem 4.5. Let n > 3 be an integer.

(i) If n =2, a > 2, then

l12

In(Dn) = 2(I'n(D2) + K>) (4.16)

Vs

with Ty (Dy2) = 2K,

(ii) If n = p®, where p is a prime, p > 2, a > 1, then

Pw(Dy) = p(Ty (D) + K1) (4.17)
with FN(Dp) = Fp.

(iii) If n = 2p, where p is a prime, p > 2, then

T'n(D,) = pK;. (4.18)
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(iv) If n = pq, where p,q are distinct primes, 2 < p < q, then

Ty(D,) = O O G, (4.19)

i=1j=1

where for each i =1,2,...,p, j =1,2,...,q, G;; is the complete graph with vertex

set {u;, v, w;;}.

Proof. (i): If a = 2, then H}, i = 1,2, 3,4 are the only non-normal subgroups of D,,. Also
H} and H},, permutes with each other for each i € {1,2}; no two remaining subgroups
permutes. It follows that, 'y (D,) = 2K5. Now we consider aw > 2. For each i = 1,2,
let G; denotes the subgraph of I'y(D,,) induced by the proper non-normal subgroups in
Hfa_l. Clearly I'y(D,,) = G; U G,. Since for each i = 1,2 Hfa_l 2~ Dya-1, S0 we have

2&71

I'v(H

7

) 2 T'y(Daacr ). (4.20)

For each i = 1,2, H*~ and H?,” permutes in D, and they are normal in H?""'; but

are not normal in D,,. So by using (4.20), for each i = 1,2 we have

2a71

G =T'n(H,

(2

)+ Ky 2 'y(Dga-1) + K.

Here no vertex of G is adjacent with any vertex of Go. Thus I'y(D,,) is the disjoint union

of G; and G,.

(ii): If « = 1, then H}, i =1,2,...,p are the only non-normal subgroups of D,,. No two

distinct subgroups of this type permutes. Therefore, I'y(D,) = K,. Now we consider

a > 1. For each i = 1,2,...,p, let G; denotes the subgraph of I'y(D,,) induced by

the proper non-normal subgroups in HY “ Clearly I'y(D,,) = Ogi. Since for each
i=1

a—1

i=1,2,....,p, H® = Dpa-1, so we have

a—1

Dn(HP" ) 2 Ty(Dyacr). (4.21)

a—1

Here H? i =1,2,...,p permutes with all its proper subgroups. Further no Hf"l
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permutes with any HJ‘?‘_1 and its subgroups for all ¢, 7 = 1,2,...,p, i« # j. So by

using (4.21), for each i = 1,2,...,p, we have
G = Tn(HY ) + Ky 2 Tn(Dyer) + K.

So I'y(D,,) is the disjoint union of G;’s.

(iii): If n = 2p, then H?, i =1,...,p and H}, i = 1,2,...,2p are the only non-normal
subgroups of D,. Also for each i € {1,...,p}, H}, H},, are subgroups of H}; they
permutes with each other; no H? permutes with H JQ for every i # j. It follows that
In(D,) = pKs;.

(iv): f n=pq, 2 <p<gq,then H,i=1,...,p, H}, j=1,...,q and H, k=1,...,pq
are the only non-normal subgroups of D,,. Here for each i € {1,...,p},j € {1,...,q}, H}
permutes with H ;7 ; no two subgroups of the form H permutes with each other. For each
i€ {l,...,p}, j € {1,...,q}, by Chinese Remainder Theorem, there exist a positive
integer, say m,; such that m;; = ¢ mod p and m;; = j mod ¢. It follows that, H}nij
is the unique proper subgroup of H! and HJ’-’ for every © = 1,2,...,p, j = 1,2,...,q.
So for each i € {1,...,p}, j € {1,...,q}, H{, H, H,}% permutes with each other and
hence they form the complete graph, say G;; as a subgraph of I'y(D,,) with vertex set
{H], H7, H,%W} Thus I'y(D,,) is the union of these G;;’s. O

Example 4.1. In Figure 1, we ezhibit the structure of I'n(Di5) described in Theo-
rem 4.5(iv).

Theorem 4.6. If n > 3 is a deficient number, then I'n(D,,) is non-Hamiltonian.

Proof. Let S = V(I'y(D,))—.A;. Since n is an deficient number, we have |S| = o(n)—(n+
1) <n=|A| =c(T'n(D,)—S) and so by Theorem 2.1, I'y(D,,) is non-Hamiltonian. [

Corollary 4.3. Let p, q be two distinct primes. If n is one of the following: n = 2%,
a>2,n=pa>1ln=2pp>2 orn=npq2<p<q, then I'n(D,) is

non-Hamiltonian.

Proof. If n is one of the following: n = 2% a > 2, n=p* a > 1, orn =2p, p > 2,
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W15 &

Figure 1: The graph I'y(Ds5)

then by (4.16), (4.17), and (4.18), respectively I'n(D,,) is disconnected and hence I'(D,,)
is non-Hamiltonian.
If n = pq, then n is a deficient number and so by Theorem 4.6, I'y(D,,) is non-

Hamiltonian. O

Theorem 4.7. Ifn = 2% « > 2, then each component of ' y(D,,) contains a Hamiltonian

path.

Proof. We shall prove this result by induction on «. If @ = 2, then by Theorem 4.5(i),
I'n(D,) = 2K5. Here each component contains a Hamiltonian path. Hence the result is
true for a = 2. We assume that the result is true for any positive integer m < a. Now we
consider o > 2. By Therorem 4.5(i), I'y(D,,) has two components, say G; and Gs each
isomorphic to I'y(Daa-1) + K;. Let us consider any one of these components, say G;. By
induction hypothesis and by Therorem 4.5(i), I'y(Dga-1) has two components and each
contains a Hamiltonian path, say P and P’ respectively. Also let u and v be the vertices
of K5. Then we have a Hamiltonian path, u — P — v — P’ in G;. This completes the

proof. O
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4.2 Properties of I'(D,,)
Now we start to investigate the structure and properties of I'(D,,).

Theorem 4.8. Let n > 3 be an integer. ThenI'(D,) = K, +T'n(D,), wherer = 7(n)+1

if n is even; v = 71(n) — 1 if n is odd.

Proof. Since the number of normal subgroups of D,, is 7(n) 4+ 1 if n is even; 7(n) — 1 if
n is odd, so the proof follows by Theorems 3.1 and 4.2. O
Corollary 4.4. Let n > 3 be an integer.
(i) degr(p,)(H;) = 1(n) + o(n) — 3, for every divisor v of n, r # 1.
(ii) degp(p,(H]) = 7(n) + ] — 3, for every divisor v of n, r #n, i =1,2,...,%, where
xl is given by (4.4) if n is odd; x% is given by (4.8) if n = 2%, « > 2; xl is given by

(4.10) if n = 2*n/, with n’ is odd and o > 1.

Proof. (i): For each divisor 7 of n, r # 1, the subgroup Hj is normal in D, for any n. So
by Corollary 3.1(i) and (4.1), degpp,,(Hpy) = 7(n) +o(n) — 3.
(ii): Follows by Theorem 4.1, Corollary 3.1(i) and (4.1). O

Corollary 4.5. Let n > 3 be an wnteger and g denotes the arithmetic function given

by (4.7).

(i) If n is odd, then

[BI(D)| = 5{g(n) — 5o(n) + (n)[r(n) + 20(n) 5] + 6}.
(ii) If n=2% a > 2, then
|E(T(D,))| = %{2““(604 —7)+a* —ba+ 14},

(iii) If n = 2%/, with n’ is odd, o > 1, then

BI(D)| = {0~ 127 + Olg(n') — 50(n) + 7(0) + 6 + () [r(n) + 20(n) — 6]},
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Proof. Follows by Corollaries 4.1, 3.1(ii), (4.1) and from the fact that the number of

normal subgroups of D,, is 7(n) + 1 if n is even; 7(n) — 1 if n is odd. O
Corollary 4.6. Let n > 3 be an integer.

(i) If n is odd, then I'(D,,) is non-Eulerian.

(ii) If n=2% «a > 2, then I'(D,,) is Eulerian if and only if o is odd.

(ili) If n = 2%0/, with n’ = p{*p3?...py* is odd, where p;’s are distinct primes and
a,; > 1, then T'(D,,) is Eulerian if and only if a is odd and «; is even for every

ie{1,2,... k).

Proof. (i): By Corollary 4.4(ii) and (4.13), degF(Dn)(H}) is odd, for each i = 1,2,...,n.
So I'(D,,) is non-Eulerian.

(ii): By Corollary 4.4(i), degp(p,) (Hy) is even if and only if either 7(n) is odd and o(n)
is even or 7(n) is even and o(n) is odd. By Note 2.1, it follows that degpp, ,(Hp) is even
if and only if « is odd. Also by Corollary 4.4(ii), deg(H]) is even if and only if either
7(n) is odd and ! is even or 7(n) is even and z! is odd. By (4.8) 2z is odd. Further
7(n) is even only when « is odd. Thus deg(H) is even only when « is odd. Combining
all these, we get the result.

(iii): By Corollary 4.4(i), degr(p,) (Hp) is even if and only if either 7(n) is odd and o(n)
is even or 7(n) is even and o(n) is odd. By Note 2.1, we have 7(n) is even and o(n) is
odd. It follows that degpp,(Hg) is even if and only if « is odd and «; is even for every
i €{1,2,...,k}. Also by Corollary 4.4(ii), degr(p, ) (H]) is even if and only if either 7(n)
is odd and zf is even or 7(n) is even and zf is odd. By the above argument, we have
7(n) is even and so we must have z! is odd. By (4.10), =} is odd if and only if o(n') is

odd. Now, by Note 2.1, it follows that degpp, \(H]) is even if and only if «; is even for

every i € {1,2,...,k}. Proof follows by combining the above facts. O
Corollary 4.7. Let n > 3 be an integer.
n, if n is odd,

(i) a(T'(Dy)) =
5, if n is even
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2(1(n) — 1), if n is odd;

7(n) + Qo+ D7(n') — 2, if n =20, with n' is odd.

In particular, T'(D,,) is weakly perfect.

Proof. (i): Proof follows by Corollary 3.1 and Theorem 4.4.
(ii): Since the number of proper normal subgroups of D,, is 7(n) — 1 if n is odd; 7(n) + 1

if n is even, so the proof follows by Theorem 4.4 and Corollary 3.1. O

Theorem 4.9. Let n > 3 be an integer. Then I'(D,,) is a split graph if and only if n is

an odd prime.

Proof. By Theorem 4.2, I'y(D,,) is a partite graph, so by definition of split graph and by

Theorem 4.3, T'(D,,) is a split graph if and only if n is an odd prime. U
In the following result, we describe the structure of I'(D,,) for some values of n.
Corollary 4.8. Let n > 3 be an integer.

(i) If n = 2% and a > 2, then I'(D,,) = Kqio + I'n(Dy), where T'n(D,,) is given by
(4.16).

(ii) If n = p* where p is a prime, p > 2, o > 1, then I'(D,) = K, + I'y(D,), where
In(Dy,) is given by (4.17).

(iii) If n = 2p, where p is a prime, p > 2, then I'(D,,) = K5 + I'n(D,,), where I'y(D,,)

is given by (4.18).

(iv) If n = pq, where p, q are distinct primes, 2 < p < q, then I'(D,) = K3 + I'y(D,),
where I'y(Dy,) is given by (4.19).

Proof. Follows from Theorems 4.8 and 4.5. O

Theorem 4.10. Let n > 3 be an integer. If T7(n) + o(n) < 2(n + 1), then I'(D,,) is

non-Hamiltonian.

Proof. Let S =V (I'(D,))—.A;. Since 7(n)+o(n) < 2(n+1),s0 |S| =7(n)+o(n)—(n+
2) <n=|A|=cI(D,) —S). Thus by Theorem 2.1, I'(D,,) is non-Hamiltonian. O
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Lemma 4.1. Let G, r = 1,2,...,m be vertex disjoint graphs and H be a graph with
n vertices. Suppose that G,., r = 1,2,...,m and H have Hamiltonian paths. Let G =
H+ U G,. Then G is Hamiltonian if and only if m < n.

r=1

Proof. For each r =1,2,...,m, let P, be a Hamiltonian path in G, and let P : v; — vy —
-+ — 1, be a Hamiltonian path in H. If m < n, then v; — P, —v9g — Py —v3 — -+ —
Um—1 — P — U — Ups1 - - - — U, — P —v1 is a Hamiltonian cycle in G. If m > n, we take

S =V(H). Then ¢(G — S) > |S| and so by Theorem 2.1, G is non-Hamiltonian. O
Theorem 4.11.

(i) If n = p®, where p is prime, o > 1, then I'(D,,) is Hamiltonian if and only if p = 2

and o > 2.

(ii) If n = pq, where p, q are distinct primes, p < q, then U'(D,,) is Hamiltonian if and

only if p=2 and q < 5.

Proof. (i): We need to consider the following cases:

Case a. p = 2. By Corollary 4.8(i), I'(D,,) = H + CJ G,, where H = K,.» and
G, 2 T'(Dz) + Ky. Now by Theorem 4.7 and Lemma 4.1,r:F1(Dn) is Hamiltonian.

Case b. p > 2. Let S =V(I'(D,,)) — A;. Then |S| =7(n)+o(n)—(n+2) <n=|A =
c(I'(D,,) — 5). So by Theorem 2.1, I'(D,,) is non-Hamiltonian.

(ii): We give the proof in the following cases:

Case a. p = 2. Then by Corollary 4.8(iii), I'(D,,) = H + LqJ G,, where H = K5 and for
eachr=1,2,...,q, G, = K3. Then by Lemma 4.1, F(Dngzlls Hamiltonian if and only if
q<5.

Case b. p>3and ¢ > 5. Let S =V(['(D,)) — A;. Then |S|=7(n)+0o(n)—(n+4) <
n = |A| = ¢(T'(D,) — S). So by Theorem 2.1, T'(D,,) is non-Hamiltonian. O

5 Quaternion groups

For any integer n > 1, the quaternion group of order 4n, is defined by

Qn = {a,bla® =b* = 1,b* = a™,ab = ba™ ).
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The subgroups of @), are listed below:
(i) cyclic groups Hy, = (a+), of order r, where  is a divisor of 2n;
(i) cyclic groups H;; = (a'b) of order 4, where i = 1,...,n;

cee . n ; . « . .
(ili) quaternion groups H;, = (ar,a'b) of order 4r, where r is a divisor of n, i = 1,. ..,

23

The proper normal subgroups of @,, are the subgroups H{, r # 1 listed in (i), when n is
odd; the subgroups Hg, r # 1 listed in (i) and H; », i = 1,2 of index 2, when n is even.
Thus

[L(@n)] = 7(2n) + a(n), (5.1)

and so

VI(@n) = 7(2n) + o(n) -2,

o(n)—1, ifnis odd;

o(n) —3, otherwise.

It is well known that Z(Q,,) = (a") is the unique minimal subgroup of @,, and

Qo
Z(Qn)

For each positive divisors r,s of n and 7 € {1,2...,2}, j € {1,2..., %}, consider the

subgroups H;, and H;,, of @Q),.

Hl’r H's
i and Js

Z(Qn) Z(@n)

H;, and H; 4 permutes if and only if permutes.

But
Hir n i/ —1
— = (pr yx' =~ H)
Zan | >
and
Hjs n '—1
2 =~ qjs’yx] %’H‘%
ZQn | )=

where z = a(a™), y =b(a™),i=qr+7,j=q¢s+j,0<i <rand 0 < j < s for some
qi, g2 € 7.

Thus H;, and H; s permutes if and only if H; and H; permutes.
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In view of these together with the necessary and sufficient condition for the per-
mutability of dihedral subgroups discussed in Section 4, we have the following:

H;, permutes with H; if and only if 220"~ € (x4, that is,

n /

2 — 7). (5.2)

[r 5]

Let r be a fixed positive divisor of n and 7 € {1,2,...,%2}. Suppose that i = ¢'r + 7,
where 0 <4 < r, ¢ € Z. Then it is easy to see that zJ,, the number of solution of (5.2)
is equal to ], the number of solution of (4.3).

In view of these facts, we have the following result.
Theorem 5.1. Let n > 3 be an integer. Then I'y(Q,) = T'n(Dy).

Theorem 5.2. Letn > 1 be an integer. ThenI'(Q,) = K,+In(D,,), where r = 7(2n)+1

if n is even; v = 7(2n) — 1 if n is odd.

Proof. Since the number of normal subgroups of @, is 7(2n) + 1 if n is even; 7(2n) — 1

if n is odd, so the proof follows by Theorems 3.1, 5.1 and 4.2. O
Corollary 5.1. Let n > 1 be an integer.
(i) degrg,)(Hor) = 7(2n) +o(n) — 3, for every divisor r of 2n, r # 2n.

(i) degrg,)(Hir) = 7(2n) + 2" — 3, for every divisor v of n, r # n, i € {1,2,..., %},

where x} is given by (4.4) if n is odd; where x} is given by (4.8) if n =2% a > 1;

al is given by (4.10) if n = 2%n/, with n' is odd and o > 1.

)

Proof. Follows by Theorems 5.1, 4.1, Corollary 3.1 and (5.1). O

Corollary 5.2. Let n > 1 be an integer and g denotes the arithmetic function given

by (4.7).
(i) If n is odd, then

|E(T(Qn))| = %{g(n) —b50(n)+6+7(2n)(7(2n) + 20(n) — 5)}
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(ii) If n =2%, a > 2, then

\EGXQQH::%{T*%&x—5)+a2—3a+l0}

(iii) If n = 2%/, with n’ is odd, o > 1, then

|E(T(Q,))] = %{[(a—1)20‘+3+9]g(n')—5a(n)+7‘(2n)+6+7‘(2n)[7(2n)+20(n) —6]}.

Proof. Follows by Theorem 5.1, Corollary 4.1, (5.1) and from the fact that the number

of normal subgroups of @, is 7(2n) + 1 if n is even; 7(2n) — 1 if n is odd. O
Now we characterize the values of n for which I'(Q),,) is Eulerian.
Corollary 5.3. Let n > 1 be an integer.
(i) If n is odd, then I'(Q,) is non-FEulerian.
(ii) If n =2% a > 2, then I'(Q,) is Eulerian if and only if « is even.

(iii) If n = 2%/, with n' is odd, n' = p{*ps*...pL*, where p;’s are distinct primes and
a, o; > 1, then T'(Q,,) is Eulerian if and only if a is even and «; is even, for every

ie{1,2,... k).

Proof. (i): By Corollary 5.1(ii), degp(g,)(H;1) is odd. So proof follows.

(ii): By Corollary 5.1(i), degp g, (Ho,-) is even if and only if either 7(2n) is odd and o(n)
is even or 7(2n) is even and o(n) is odd. By Note 2.1, o(n) is odd, so we must have 7(2n)
is even. By Note 2.1, 7(2n) is even if and only if « is even. Now by Corollary 5.1(ii),
degr(q,)(Hi,) is even if and only if 2] is odd. By the above argument 7(2n) is even and
by (4.8), zI is odd. So the proof follows.

(iii). By Corollary 5.1(i), degrq,(Ho,) is even if and only if either 7(2n) is even and
o(n) is odd or 7(2n) is odd and o(n) is even. Now we haver to consider following two
cases.

Case a. « is odd. By Note 2.1, there is no such n exist.
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Case b. «a is even. By Note 2.1, 7(2n) is even, so we must have o(n) is odd. But o(n) is
odd if and only if o(n’) is odd, by Note 2.1, o(n’) is odd if and only if «; is even for every
i € {1,2,...,k}. Now by Corollary 5.1(ii), degrq,)(H:) is even if and only if either
7(2n) is even and ! is odd or 7(2n) is odd and z] is even. But by the above argument
7(2n) is even, so we must have 27 is odd. By (4.10) 2] is odd if and only if o(n’) is odd.

Thus by Note 2.1, 27 is odd if and only if «; is even for every ¢ € {1,2,..., k}. O

Corollary 5.4. Let n > 1 be an integer.

n, if nois odd,
(i) a(I(@n)) =

n : .
5, if m is even

7(2n) 4+ 7(n) — 2, if n is odd;
(i) w(T(@n)) = x(T'(Qn)) =
7(2n) + 2a+ )7(n') — 2, if n =2, with n’ is odd.

In particular, T'(Q,) is weakly perfect.

Proof. (i): Proof follows by Theorems 5.1, 4.4 and Corollary 3.1.
(ii): Since the number of proper normal subgroups of @, is 7(2n) —1 if n is odd; 7(2n) +1

if n is even, so the proof follows from Theorems 5.1, 4.4 and Corollary 3.1. O
In the next result, we describe the structure of I'(Q),,) for some values of n.
Theorem 5.3. Let n > 1 be an integer.

(i) If n=2%, a>1, then

Ky, if a=1;
Koi3+Tn(D,), otherwise.
where I'y(Dy,) is given by (4.16).

(ii) If n = p®, where p is a prime, p > 2, a > 1, then ['(Q,) = Kaay1 + I'n(D,,), where
Cn(D,) given by (4.17).
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(i) If n = 2p, where p is a prime, p > 2, then I'(Q,) = K; + I'n(D,,), where I'y(D,,)

given by (4.18).

(iv) If n = pq, where p, q are primes, 2 < p < q, then I'(Q,) = K; + I'n(D,), where
Cn(Dy) given by (4.19).

Proof. If n =2, then @, is dedekind with 4 proper subgroups and so I'(Q),,) = Kj. The

proofs of the remaining cases follows by Theorems 5.1, 5.2 and 4.5. O

Theorem 5.4. Let n > 1 be an integer. If 7(2n) + o(n) < 2(n + 1), then I'(Q,) is

non-Hamiltonian.

Proof. Let S = V(I'(Qn)) — Ai. Since 7(2n) + o(n) < 2(n + 1), we have |S| = 7(2n) +
on)—n+2<n=|A|=cI(Qn) —S). Soby Theorem 2.1, I'(Q,,) is non-Hamiltonian.
U

Theorem 5.5.

(i) If n = p®, where p is a prime, o > 1, then I'(Q,) is Hamiltonian if and only if

eitherp=2anda>1orp=3 and a = 1.

(ii) If n = pq, where p, q are distinct primes, then T'(Q,,) is Hamiltonian if and only if

eitherp=2 and q <7 orp=3 and q = 5.

Proof. (i): Proof is divided into two cases.
Case a. p = 2. By Theorem 5.3(i), ['(D,,) = H + G, where H = K, 3 and G = I'y(D,,).
Now by Theorem 4.7 and Lemma 4.1, T'(Q,,) is Hamiltonian.
Case b. p > 2.
If @ =1, then by Theorem 5.3(ii), I'(Q,) = H + CJ G, where H = K3 and for each
r=1,2,...,p, G, = K;. So by Lemma 4.1, I'(Q,,) isrﬁlamiltonian if and only if p = 3.
If « > 2, we take S = V(I'(Q,)) —A;. Then |S|=7(2n)+0(n)—n+2<n=|A=
c(I'(@Qn) — S). So by Theorem 2.1, I'(Q,,) is non-Hamiltonian.

(ii): We deal with the following cases:



Permutability Graphs of Non-abelian Groups 27

Case a. p = 2. Then by Theorem 5.3(iii), ['(Q,) = H + O G, where H = K7 and for
eachr =1,2,...,q, G, 2 K3. So by Lemma 4.1, T(Qn)rTs1 Hamiltonian if and only if
q<T.
Case b. 2 < p < ¢. By Theorem 5.3(iv), I'(Q,) = H + I'ny(D,,), where H = K; and
Cn(D,) = LpJ O Gij, foreachi=1,2,...,pand j =1,2,...,q G;; = K3 with vertex set
{u;, vy, wij}?.:}je:tlthe vertex set of H be {N; | i=1,2,...,k}.

Ifp =3, q =05, then I'y(D;5) is shown in Figure 1. It is easy to see that, w1 —v; —wq; —
Ug—Wap —Vg— Wiz — N1 —wWaz— v3—wi3— No— Wag —V4—wW1a— N3 —Was—U5— W35 — Uz — W32 —
Ny — w33 — Ns— w3y — Ng — w3 — N7 — w5 — up — wyy is a spanning cycle in I'(Q,,).

If p>3and ¢ > 7, wetake S =V(I'(Q,)) — Ai. Then |S| =7(2n)+0o(n) —n+2<
n=|A| = c¢(T'(Q,) — S). So by Theorem 2.1, T'(Q,,) is non-Hamiltonian. O

6 Quasi-dihedral groups

For any positive integer a > 3, the quasi-dihedral group of order 2%, is defined by
QDyo = (a,b | a® = =1,bab"' = a> 1.

The proper subgroups of ) Dya are listed below:

a—1

(i) cyclic groups Hj = (), where r is a divisor of 27!, r # 1;

(i) the dihedral group H® > = (a2, b) = Dsya—z and the dihedral subgroups H! of

a—2 . . . _ _ . a—2
H?*™" where r is a divisor of 2472 r #2972 i =1,2,..., 2 —;

r ’

(iii) the quaternion group Hjga-3 = (a?, ab) = Qqa-s and the quaternion subgroups H;

2(173

of Hy9a-3, where 7 is a divisor of 2473, r #4273 i =1,2,..., .
) T

The only proper normal subgroups are listed in (i) together with HZ ™, Hyg0-3,1=1,2
of index 2. Thus
|L(QDga)| = o+ 3.2°7% — 1, (6.1)
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and so

[V(T(QD22))| = o +3(2°7% — 1),

V(Tn(QDa))| = 3.2073 — 4.

6.1 Properties of I'y(QDs.)

First we describe the structure of 'y (Q Daa).

Theorem 6.1. Let o > 3 be an integer. Then
ICN(QDge) = (Ko + I'y(Daa—2)) U (K 4+ I'y(Daa-3)), (6.2)

where I'y(Daa) is given by (4.16).

Proof. The only non-normal subgroups of () Daa other than (a) are the dihedral subgroups
of H fa_Q and quaternion subgroups of Hjsa-3. Here no non-normal subgroup of H lza_Q
permutes with any non-normal subgroup of Hjsa-s. So I'y(QD2e) is the disjoint union
of G1 U Gy, where Gy is the subgraph of I'y(QDs«) induced by the dihedral subgroups
of H*?; and G is the subgraph of T ~N(@Dsa) induced by the quaternion subgroups of
Hj ya-3. Here H12Q73, H:)?MS are normal subgroups of H12Q72, but are not normal in QDsa.
Also Hyga-1, Hyga-1 are normal subgroups of Hjsa-3, but are not normal in QQDsa. In

view of these, it is easy to see that
Gi = Ko+ Dy (HY ) 2 Ky + Ty (Dgo-2),
and by Theorem 5.1,
Go = Ky +I'n(Hyg0-3) = Ky + I'n(Qoa-3) = Ky + I'y(Dga-3).

Hence the proof. 0

Next, we give the degrees of the vertices of I'y(QDaa).

Theorem 6.2. Let o > 3 be an integer.
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(i) degr(pye)(H]) = 2} — 2, for every divisor v of 2072, r #2°7%, i =1,2,...,

where x} is given by (4.8).

(il) degr(@pye)(Hir) = f =2, for every divisor v of 2°7°, r #2°7°, i =1,2,...,
where x} is given by (4.8).

Proof. For every divisor r of 2072y #£ 2972 2073 § = 1,2, ..., 222

by Theorems 6.1

and 4.1, we have degr (op,.)(H;) = degr(p,, ,)(H]) +2 =] —4+2,=1a] — 2, where

T
Z;

is given in (4.8).

For r =273, i = 1,2, we have degr (op,.)(H]) = 2} — [{H], H2 7’} = a7 — 2, where

3

is given in (4.8).
We can use the similar argument to prove the part (i) of this result, in view of

Theorem 5.1. O

Corollary 6.1. Let a > 3 be an integer. Then

|E(Tn(QDge))| = 2°73(12a — 49) + 14.

Proof. By Theorem 6.1,

|[E(TN(QDse))| = [E(K; + Py (Dye2))| + | E(Ky + T'y(Daa-s))

= 2V (T (Dyes))| + 1+ BT (Dyocs))
+2|V(I'n(Dgo-3))| + 1 4+ |E(T'n(Dga-3))|. (6.3)
Now by applying Corollary 4.1 and (4.2), in (6.3), the result follows. O
Corollary 6.2. Let a > 3 be an integer.
(i) a(Tn(QDsa)) = 3.27%,
(i) w(Tn(QDse)) = 2(x = 2).
(iii) X(Pn(Q@Doe)) = 2(er = 2).

(iv) Tw(QDao) is weakly perfect.
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(v) Y(I'n(QDax)) =2
(vi) Tn(QDgo) is non-Eulerian.
(vii) T'n(QDso) is non-Hamiltonian.

Proof. (i): Using Theorem 6.1,

A(Tn(QDga)) = a(Ky + Ty(Dsa-z)) + a( Kz + Dy (Dga-s))

= a(Ty(Dga2)) + (T y(Dgacs)).

So the proof follows by Theorem 4.4(i).

(ii): Using Theorem 6.1,

W(CN(QD2e)) = max{w(Ky + I'n(Daa—2)), w(Ks + I'y(Daga-3)) }

= max{2 + w(I'y(Daa-2)),2 + w(T'n(Daa-3))}.

So the proof follows by Theorem 4.4(ii).

(iii): Using Theorem 6.1,

X(Tn(@Dse)) = max {x (K3 + [y (Dye-2)), X(K + Ty (Daes)) }

= max {2+ X(I'n(D20-2)), 2 + x(I'n(Dae-2)) }

So the proof follows by Theorem 4.4(iii).
(iv): Follows from (ii) and (iii).
(v): Follows from Theorem 6.1.

(vi)-(vii): Since by Theorem 6.1, I'y(Q D2o) is disconnected, so the proof follows. O

6.2 Properties of ['(QDs.)

In the following result we describe the structure of I'(Q) Dao )

Theorem 6.3. Let a > 3 be an integer. Then I'(QDsa) = Koy1 + In(QDsa), where
LN (QDqe) is given by (6.1)
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Proof. Since the number of proper normal subgroups of () Dy« is a+1. So by Theorems 3.1
and 6.1, the proof follows. O

Corollary 6.3. Let a > 3 be an integer.
(1) degr(gpye)(Hp) = a+3.2°7% — 4, for every divisor v of 247, r # 1.

(2) degF(QDQa)(H%Q_Q) =a+3207%—4= degF(QDga)(HZQQ_S)‘

(3) degr(gpye)(Hf) = ad-aj =1, for every divisor r of 2072, r #2772, i =1,2,.. .,

7

where x} is given by (4.8).

(4) degr(gp,.)(Hir) = a+a]—1, for every divisorr of 2073, r £2973 1 =1,2,...,

where x} is given by (4.8).

Proof. Follows by Corollary 3.1, Theorem 6.2 and (6.1) and from the fact that H2*~ and

-3 .
H2*™" are normal in QDja. O

Corollary 6.4. Let a > 3 be an integer. Then
1
|BE(T(QD3))| = 5{2@—2(18a —43) + a® — Ta + 20}
Proof. Follows by Corollaries 6.1, 3.1, (6.1) and from the fact that the number of proper

normal subgroups of QQDsa is o + 1. O
Corollary 6.5. Let a > 3 be an integer.
(i) a(T(QDy)) = 3.2474.
(i) w(D(QD)) = 3(a—1).
(iif) x(P(QD2e)) = 3(ar = 1).
(iv) T(QDso) is weakly perfect.
(v) T(QDso) is non-Eulerian.

(vi) T(QDso) is Hamiltonian.
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Proof. (i)-(iii): Follows by the part (iii), (iv), and (v) of Corollary 3.1 and by parts (i),
(i), (iii) of Corollary 6.2.

(iv): Follows by (ii) and (iii).

(v): By Corollary 6.3(ii), if  is odd, then degpgp,.)(H]) is odd for every divisor r of
272 and by Corollary 6.3(i), if « is even, then deg(H}) is odd for every divisor r of 2271,
So the proof follows.

(vi): By Theorems 6.1 and 6.3, ['(QDs) = H + G1 U Gy, where H = K., Gi =
Ky + Tn(Dga—2) and Gy = Ky + I'y(Dga-3). Now, by Corollary 4.7, G; and G5 contains

a Hamiltonian path. So by Lemma 4.1, I'(Q) D« ) is Hamiltonian. O

7 Modular groups
For any integer o > 2 and any prime p, the modular group My« of order p® is defined by

a—1

Myo = (a,b| @ =0 =1,bab~" = a" 1),

If p* = 8, then Mg = D, and its corresponding permutability graphs are given by
Theorem 4.5(i) and Corollary 4.8(i). If p* # 8, then the subgroup lattice of M. is
isomorphic to that of Zj.—1 x Z, and it is shown in [6, p. 210, Figure 4]. Also if
p* # 8, then the only proper normal subgroups of M,. are <a”a_2), (a't’) and (a*,b),

i=1,2,...,p°3%j=0,1,....,p—1land k=1,2,...,p* 2. Hence

4, if p* =8§;
| L(Mpe)| =
(a—1)(p+1)+2, otherwise.
and so
8, if p*=28§;
[V(IT(Mpe))| =

(¢ —1)(p+1), otherwise.
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4, if p* =3§;
[V(Tn (Mpe))| =
p, otherwise.
It is well known that if p* # 8, then any two subgroups of M, permutes with each other.

Combining all these facts together, we have the following result.

Theorem 7.1. Let o > 3 be an integer.

2Ky, if p* =8

12

(i) Tn(Mpe)
K,

p,  Otherwise.

- Ky+2K,, af p*=8;
(i) T(Mye) =

K(a—1)(p+1), otherwise.
Since I'y(Mpe) and I'(M,e) are complete graphs if p* # 8, so one can easily obtain

the other properties of these graphs.

8 Conclusions

In this paper, we have studied the structure and some properties of permutability graphs
of subgroups and permutability graph of non-normal subgroups of the groups D,,, @,,
)Dsa and M,e. In particular, we showed that the structure of I'(D,,), I'n(Q), I'(Qn),
I'n(QDga) and I'(QDsa) depends on the structure of I'y(D,,). In this sequel, in Theo-
rems 6.1 and 6.3, we explicitly described structure of I'y(QDsa) and I'(QDsa) respec-
tively. For the values of n other than that mentioned in Theorem 4.5, the structure of
the graph I'y(D,,) becomes complicated and so further investigation of the structure of
In(D,,) is essential to study the further properties of these remaining graphs.

Also, in Theorems 4.6, 4.10, 4.11, 5.4, 5.5 and in Corollary 4.3, we have discussed the

Hamiltonicity of I'y(D,,), I'(D,), ['(Q,) for some values of n. Now we pose the following:

Problem 8.1. Determine the values of n, for which I'y(D,,), I'(D,), I'(Q,) are Hamil-

tonian.
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