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Abstract

In this paper, we deal with the signed bad number and the neg-
ative decision number of graphs. We show that two upper bounds
concerning these two parameters for bipartite graphs in papers [Dis-
crete Math. Algorithms Appl. 1 (2011), 33–41] and [Australas. J.
Combin. 41 (2008), 263–272] are not true as they stand. We correct
them by presenting more general bounds for triangle-free graphs by
using the classic theorem of Mantel from the extremal graph theory
and characterize all triangle-free graphs attaining these bounds.
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1 Introduction

Throughout this paper, let G be a finite graph with vertex set V (G)
and edge set E(G). We use [4] as a reference for terminology and notation
which are not defined here. The open neighborhood of a vertex v is denoted
by N(v), and the closed neighborhood of v is N [v] = N(v)∪{v}. The corona
of two graphs G1 and G2 is the graph G = G1 ◦G2 formed from one copy
of G1 and |V (G1)| copies of G2 where the ith vertex of G1 is adjacent to
every vertex in the ith copy of G2.

Let S ⊆ V (G). For a real-valued function f : V (G) → R we de-
fine f(S) =

∑

v∈S f(v). Also, f(V (G)) is the weight of f . A signed
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bad function (bad function), abbreviated SBF (BF), of G is a function
f : V (G) → {−1, 1} such that f(N [v]) ≤ 1 (f(N(v)) ≤ 1), for every
v ∈ V (G). The signed bad number (negative decision number) is βs(G) =
max{f(V )|f is a SBF of G} (βD(G) = max{f(V )|f is a BF of G}). In-
deed, the negative decision number can be considered as the total version
of the signed bad number. These two graph parameters have been studied
in [1] and [3], respectively.

In 2011, Ghameshlou et al. [1] gave the following upper bound on βs(G)
of a bipartite graph G.

Theorem 1.1. ([1]) If G is a bipartite graph of order n, then

βs(G) ≤ n+ 2− 2⌈
√
n+ 2⌉.

In 2008, Wang [3] exhibited the following upper bound on βD(G) of a
bipartite graph G.

Theorem 1.2. ([3]) If G is a bipartite graph of order n, then

βD(G) ≤ n+ 3−
√
4n+ 9.

The above inequalities are not true as they stand. For example P3 and
the bistar G = P2 ◦K3 with βs(P3) = 1 and βs(G) = 4 are two counterex-
amples to Theorem 1.1 (we will show that this theorem is true for n 6= 3, 8.
Indeed, Part (i) of Theorem 2.2 is a generalization and improvement of it,
simultaneously). But an infinite family of counterexamples to Theorem 1.2
can be obtained as follows:
For any positive integer p, let G be a bipartite graph formed from G′ =
Kp,p ◦ Kp+1 by joining two new vertices to each pendant vertex of G′.
Then n = 6p2 + 8p. It is easy to see that f(u) = −1 and f(v) = 1 for all
u ∈ V (Kp,p) and v ∈ V (G) \ V (Kp,p), respectively, defines a maximum BF
of G with weight βD(G) = 6p2 + 4p > n+ 3−

√
4n+ 9.

In this paper, we correct the theorems by exhibiting more general results
for triangle-free graphs by using the classic theorem of Mantel from the
extremal graph theory. Moreover, we characterize all triangle-free graphs
attaining the upper bounds.

2 Main Theorem

We need the following useful lemma.

Lemma 2.1. ([2]) (Mantel’s Theorem) If G is a triangle-free graph of order

n, then
|E(G)| ≤ ⌊n2/4⌋

with equality if and only if G is isomorphic to K⌊n

2
⌋,⌈n

2
⌉.
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Let Λ be the family of all graphs formed from Kp,p ◦ Kp+2 by adding
some new edges with end points in the vertices of the copies of Kp+2 such
that no triangle is induced and ∆(G[V (G)\V (Kp,p)]) ≤ 1, for some positive
integer p.

Let Ω be the family of all graphs formed from Kp,p ◦Kp+1 by adding
some new edges with end points in the copies of the Kp+1 such that no tri-
angle is induced and ∆(G[V (G) \ V (Kp,p)]) ≤ 2, for some positive integer
p.
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For convenience, we make use of the following notation. Let G be a graph
and f : V (G) −→ {−1, 1} be a SBF or BF of G. Define V+ = {v ∈ V (G) |
f(v) = 1} and V− = {v ∈ V (G) | f(v) = −1}. Let [V+, V−] be the set of
edges having one end point in V+ and the other in V−.

We are now in a position to present the main theorem of the paper.

Theorem 2.2. If G is a triangle-free graph of order n, then

(i) If δ(G) ≥ 1, then βs(G) ≤ n+ 6− 2
√
9 + 2n.

(ii) If δ(G) ≥ 2, then βD(G) ≤ n+ 4− 2
√
4 + 2n.

Furthermore, the first inequality holds with equality if and only if G ∈ Λ
and the second one holds with equality if and only if G ∈ Ω.

Proof. (i) Let f be a maximum SBF of G. It follows that, every vertex in
V+ has at least one neighbor in V−. Also, |N(v) ∩ V+| ≤ |N(v) ∩ V−| + 2
for all v ∈ V−. Furthermore, by Lemma 2.1 we have

|V+| ≤ |[V−, V+]| =
∑

v∈V
−

|N(v) ∩ V+| ≤
∑

v∈V
−

(|N(v) ∩ V−|+ 2)

= 2|E(G[V−])|+ 2|V−| ≤ |V−|2/2 + 2|V−|.
(1)

Therefore,
|V−|2 + 6|V−| − 2n ≥ 0.
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Solving the above inequality for |V−| we obtain

(n− βs(G))/2 = |V−| ≥ −3 +
√
9 + 2n,

implying the desired upper bound.
Let G ∈ Λ. We define f : V (G) → {−1, 1} by,

f(v) =

{

−1 ; v ∈ V (Kp,p)
1 ; otherwise.

It is easy to check that f is a SBF of G with weight f(V (G)) = βs(G) =
n+ 6− 2

√
9 + 2n.

Now let G be a graph for which the equality holds and f be a maximum
SBF of G. By the inequality (1), every vertex in V+ must have exactly one
neighbor in V−. Also, 2|E(G[V−])| = |V−|2/2 along with Lemma 2.1 implies
that G[V−] = K|V

−
|/2,|V

−
|/2. Moreover, |N(v) ∩ V+| = |N(v) ∩ V−|+ 2 for

all v ∈ V− implies that every vertex in V− is adjacent to exactly |V−|/2+2
vertices in V+. Suppose to the contrary that, there exists a vertex v of the
subgraph H induced by V (G) \ V (K|V

−
|/2,|V

−
|/2) with degH(v) ≥ 2. Then

f(N [v]) ≥ 2, a contradiction.
(ii) The proof is almost along the lines of (i). Let f be a maximum BF of G.
Since δ(G) ≥ 2, every vertex in V+ has at least one neighbor in V−. Also,
|N(v) ∩ V+| ≤ |N(v) ∩ V−|+ 1 for all v ∈ V (G). Similar to the inequality
chain (1) we conclude that

|V−|2 + 4|V−| − 2n ≥ 0,

which implies the desired upper bound.
If G ∈ Ω, then we can obtain a BF of G with weight βD(G) = n+ 4 −

2
√
4 + 2n by assigning −1 to the vertices in Kp,p and 1 to the other ones.
We now let the graph G attain the upper bound by the BF f of it.

Similar to the part (i), we have G[V−] = K|V
−
|/2,|V

−
|/2. Also, every vertex

in V+ has exactly one neighbor in V− and |N(v)∩V+| = |N(v)∩V−|+1 for all
v ∈ V−. Finally, since f(N(v)) ≤ 1, |N(v)∩ (V (G)\V (K|V

−
|/2,|V

−
|/2))| ≤ 2

for each v ∈ V (G) \ V (K|V
−
|/2,|V

−
|/2). Therefore, G ∈ Ω. This completes

the proof.

Remark 2.3. The proof of Theorem 1.1 in [1] contains a gap. For the sake
of completeness, we point it out. As it is presented in [1]:
”Let f be a maximum SBF of the bipartite graphG with bipartitionX1 and
X2. Define X−

i = Xi ∩ V− and X+

i = Xi ∩ V+ for i = 1, 2.” They claimed
that |X+

1 | ≤ |X−
2 | + |X−

2 ||X−
1 | and |X+

2 | ≤ |X−
1 | + |X−

2 ||X−
1 |. These two

inequalities do not hold in general, as non of them are true for the bistar
P2 ◦K3 and one of them is not true for P3. Considering Theorem 2.2, we
have

βs(G) ≤ n+ 6− ⌈2
√
9 + 2n⌉ ≤ n+ 2− 2⌈

√
n+ 2⌉
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holds for each integer 1 < n /∈ {3, 4, 5, 8, 9, 10, 15, 16}. So, Theorem 1.1 is
true for all bipartite graphs of the identified orders. On the other hand,
βs(G) and n have the same parity. Therefore, Part (i) of Theorem 2.2
implies that βs(G) ≤ 0, 1, 3, 4, 7, 8 for n = 4, 5, 9, 10, 15, 16, respectively.
This coincides with the upper bounds on βs(G), of a bipartite graph G of
these orders, by Theorem 1.1.
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