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Abstract

In the present paper invariant subspace method has been extended for solving
systems of multi-term fractional partial differential equations (FPDEs) involving both
time and space fractional derivatives. Further the method has also been employed for
solving multi-term fractional PDEs in (1 + n) dimensions. A diverse set of examples
is solved to illustrate the method.
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1 Introduction

Fractional order differential equations (FODEs) are receiving increasing attention ow-
ing to their applicability to almost all branches of science and engineering. It has been
established that fractional order partial differential equations (FPDEs) provide appropri-
ate framework for description of anomalous and non-Brownian diffusion. They are more
effective while formulating processes having memory effects as fractional derivatives are
non-local in nature [4}/7,/18]].

Hence solving FODEs, FPDEs, especially nonlinear ones, is a challenging task and
currently an active area of research. In pursuance to this researchers have developed new
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numerical/ analytical methods for solving FPDEs such as Adomian decomposition method
(ADM) [1]], new iterative method (NIM) [3]], iterative Laplace transform method [15],
method of separation of variables, homogeneous balanced principle [24]], Lie symmetry
analysis method [17] and so on.

One of the analytical methods for solving PDEs is invariant subspace method devel-
oped by Galaktionov and Svirshchevskii [9]. Invariant subspace method was employed for
solving time fractional PDEs by many authors [[10,20]. Further Choudhary and Daftardar-
Gejji [6] extended the method for FPDEs having both time and space fractional deriva-
tives. In 2009 a classification of two-component nonlinear diffusion equations based on
invariant subspace method was proposed [19]. Sahadevan et al. did extensive study of
Lie symmetry analysis and invariant subspace method for deriving exact solutions of the
coupled FPDEs with fractional time derivative [22].

In the present paper we develop invariant subspace method for finding analytic solu-
tions of systems of multi-term FPDEs having both time and space fractional derivatives.
Further the method is employed for solving FPDEs in (1+n) dimensions. In the proposed
method system of FPDEs and FPDEs in higher dimensions are reduced to respective sys-
tem of FODEs which can be solved by known methods. Invariant subspace method is also
used to solve FPDEs with fractional differential operator involving mixed fractional partial
derivatives.

The organization of the paper is as follows. Section 2, deals with preliminaries and
notations. In Section 3, we develop theory of invariant subspace method for r-coupled
FPDEs, which is followed by illustrative examples. In Section 4 we extend invariant sub-
space method for FPDEs in (14+n) dimensions and explain the method with a variety of
illustrative examples. Concluding remarks are made in Section 5.

2 Preliminaries and Notations

In this section, we introduce notations, definitions and preliminaries which are used in the
present article. For more details readers may refer to [8,/16, 18].

Definition 2.1. The Riemann-Liouville (R-L) fractional integral of order a > 0 of function
f is defined as
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ri0 = s [ A 0 <<,
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Definition 2.2. Caputo fractional derivative of order a > 0 of f is defined as

_ 1 f™(r)
d°f@) | D) = —_dr, n-l<a<n,
7— F(n—a)o (l‘—T) 1

(), a=n, neN.

Definition 2.3. Riemann-Liouville (R-L) fractional derivative of order a > 0 of f is de-
fined as

T _ T)a—n+1

RL ja nyn—a — ﬁ 1 f f(T) —
de f(r) _ D' f(1) = I [F(n o) G dx], n-1<a<n,
0

S, a=n, neN.

R-L integral, Caputo derivative and R-L derivative satisfy the following properties for
[a] =n,neN [8]:

L1 = gl ify>—1, t>0.

N dwﬂ:{O,r ifye{0,1,2,...,n— 1},
dre #;)l)ﬂ—a, ifyeNandy>n, ory¢ Nandy >n— 1.
RL jogy 0, ify>-landa—-ye€{0,1,...,n—1},

3 dre _{ %ﬂ“’, ify>-landa -y ¢N.

o[4S & tk
4. 1 ( o ):f(t)_;D(k)f(o)E’ n—l<a<n t>0.

Note: In the property (2) condition y > n — 1 is very crucial as

de(t™)
dre ’

is not defined in case of Caputo derivate for 0 < @ < 1. In the literature many authors

are mistakenly ignoring the underlying required condition y > n — 1 (here y = —a > 0 is
required but —1 < —a < 0). Therefore
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is not valid in case of Caputo derivative, though it holds correct for R-L derivative:

RLda(t—w) B F(l _ (Y) t—ZQ

= , Yy =—-a>-—1.
i ra-20) *7°7¢
ky RL gy
In the present work we denote fractional partial derivative Ere and 5 (Caputo and

RL partial derivative respectively) as sequential fractional partial derivative [16], viz.,

ak}’ f o o Fo 24 f RL 8k7 f RLgy RLYgy RL gy f
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————
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Definition 2.4. Two-parametric Mittag-Leffler function is defined as

s k

B z
E.p5(z) = Z Tha 1 5) a>0,5>0.

k=0
The n—th order derivative of E, z(z) is given by

d" o (k+m) 2
Eap@ = ) R R .
4 =

E(”) — ,
0D = T(ak + an + B)

The a—th order Caputo derivative of E,(at®) is

da
ﬁ[Ea(at“)] =aE,(at*), a >0, aeR.
Generalized fractional trignometric functions for [y] = n are defined as 3]

' ©0 (_1)k/12kl(2k)y
AtY) = Re|E,(i1")] = —_
o8, (At”) = Re[E, (i1")] 24 TRky + 1)
(= 1)k A2k (ke Dy

e C(2k+ 1)y +1)

sin,(At") = Im[E,(i1")] =

The fractional trigonometric functions satisfy the following properties

(02 @

:;?[cosy(/lty)] = —Asin, (A1), j?[siny(/lty)] = Acos,(At").

Laplace transform of the Caputo derivative of order « is,

d° £ (1) S
L{—; s} = sYf(s) - Z s FRW©), n—1<a<n, neN, Re(s) >0,
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where f(s) = L{f(); s} = [ e f(0)dt, s€R.
0
Laplace transform of €,(t, a; @, ) := t””*ﬁ‘lngl)g(iata) has the form

! Sw—ﬁ

W, Re(s) > |a|$, n= 0, 1,2,.. .. (21)

Lie(t,a;a,p); s} =

3 System of FPDES

In this section we extend invariant subspace method for solving systems of FPDEs. We
introduce the following notations:
Let f = (f1, f2,.--» ) = (fi(t, %), fo(2, %), ..., f:(t,x)) € R", where t > 0, x € R.

N'[f1:= (N{[f1, N, [f], ..., N'Lf]) € R”, where

8 & fi P, I?fi *f,
N,[f] ._Nll,[x,f],fz,...fr, T e g gl
N*[f] = (N[f], N5[f]....,N?[f]) € R”, where

A 6Bﬁ 6ﬁf aﬁ+k—1f1 6B+k—1f
2 _ xR v J1 r r
Np[f]—Np[x,fl,...fr, T g G G

,1<p<r and

,A1<p<r keN,

are linear/ non-linear fractional differential operators. Let F = (Fy, F,,...,F,) € R" be

such that

"p 5P fp(t’ x)
Fp= Z/lpi aoim P =Llon

where y(i, p) = ia, or y(i,p) = a, +i— 1.

L By IOy o . .

In this article % and 6; ﬁj+ ,._(1), j=1,...,k denote Caputo derivatives with respect to vari-
y(i.p) fx-(.) . . . . . . . .

able x and aaﬂ—@; denotes Caputo or Riemann-Liouville derivative with respect to variable

t. [a,| = s,,[B] =s, where s,, s € N. Henceforth throughout the article p = 1,...,r.

We consider the system of coupled FPDEs as
F=N[f],1=1,2. (3.1)

Eq. (3.1) consists of 4-kinds of different systems for p=1, 2,..., r, viz,,



Zm,, /l o P fp(tx) _ Nl[f] o F — Zm,, /l o P fptx) — Nz[f]

lm p tl(t P

fp(tx) — Nz[f]

o1 +i—1

OF—ZmP/l M—Nl[f], OF _Zmp/l

orepti= 1

Further note that F is a function of either Caputo derivative or Riemann-Liouville deriva-
tive, whereas N'[ f] always involves only Caputo fractional derivatives.

3.1 Invariant subspace method for systems of FPDEs

Let I = If' x I’ X --- X I represent a linear space where I" denotes an np dimensional

linear subspace over R spanned by n,, linearly independent functions {¢ p(x)} ie.,

=1

:Q{qs;(x),gbf,(x), K (x) {ka () |k, €R, j=1,2,. n,,},vp.

j=1

1 is said to be invariant with respect to vector differential operators N, [ = 1,2 if N’ satisfies
the following condition Vp.

[ . n n ny n _
NI XXX I — I, 1= 1,2,

Thus there exist expansion coefficients 1//{,( j=12,...,n,) of ij[ f] with respect to the
basis functions {¢f,(x)};fi] such that

n
Ny | D kil Zkr,qbf(x) waku,klz, ik ke (),
j=1

Kp1skps - - pn)) € R, ¥p, 1= 1,2,

Theorem 3.1. If a finite dimensional linear subspace I = I' X I> X - -- X I is invariant
under the fractional differential operators N'[F],1 = 1,2, then the system of FPDEs
has a solution of the form

np

£tx) =Y Kyne(), p=1,2,....1, (3.2)

=1
where the coefficients K, (1) satisfy the following system of FODEs

mp

47Ep) K,;(t)

PE dprp)
i=1

= wﬁ;(KH(t),...,Klnl(t),...,K,I(t),...,Km,(t)), j=1...,n, (3.3)

wherey = y(i,p) = ia, ory =y(i,p) =a, +i—1, Vp.

6



Proof. Let f,(t,x) = " K,/(¢}(x), Vp.
j=1
Using the linearity property of fractional derivative we get

mp mp

FEPf (1, x) i | & _ 2l pin .
= P JURIE . J — U . J
F,= E i = § Apig i ;:l Ky j(,(x)| = ;:1 ;:1 Api i Kpi (D] #,(2);

vy=vy(,p)=ia,ory=vy(i,p) =a,+i—-1, ¥Yp.
(3.4)

Given that the fractional differential operators N'[F],[ = 1,2 admit invariant subspace I,
there exist basis functions ¢,(x), ¢7(x), ..., ¢,/ (x) such that

ni

ADNIIHENNSY krjcz){(x)} = D Uk KKKt K ),
j=1 j=1

np

=1
(kplakp2 e ’kpnp) € Rn”,Vp, [=1,2,
3.5

where {t//f,}’s are expansion coefficients of N,[I] € IZ” corresponding to {¢f,}’s. Hence in
view of Eq. (3.2) and Eq. (3.5), we deduce

NU[f1=Nfis foveen f1 = N, [Z K610, > Koj(0g3(0,..., ). K,j<r>¢i(x)]
j=1 Jj=1 Jj=1
= > U (K@ Kin (@0, Kt (0, Ky (0) $5(0, Vp, 1=1,2. (3.6)
j=1

Substituting (3.4)) and (3.6) in (3.1)) we get
I’lp mp

47Ep) K, (1) _ .
2| 2 i = UKD, Ky (0. K (0, K ()| 6500 = 0, V.
j=1 Li=1

(3.7)

From the Eq. |b and using the fact that {¢f,}’s are linearly independent, the system of
FPDE:s (3.1) is reduced to the required system of FODEs (3.3). |



3.2 Illustrative examples
3.2.1 System of fractional version of generalized Burger’s equations

Consider the following coupled generalized nonlinear fractional Burger’s equations for
t>0, e (0,)\{1/2} and B € (0, 1].

RLoe f IEf ’f Fg  Ff

5 +062ﬁ+a1f(6ﬁ)+a(axﬁ+g ) 0,

RLpeg 0%#g Pg 6Bg 6Bf

e +b06x2ﬁ’ +b1g(6 ﬁ) bz( c?xﬁ 83 ﬂ) 0, (3.8)

where ay,ay, ay, by, by and b,(# 0) are arbitrary constants depending upon the system pa-
rameters such as Peclet number, Brownian diffusivity and Stokes velocity of particles due
to gravity.

Comparing with the system of FPDE (3.1)) we conclude that

RO

Nilf. 8l = —av——p = gl E
, 8 ¥g Fg IS
N[f. 8l = - 0(9 5 blg(ﬁ) b, ( v g@xﬁ)’

are the corresponding nonlinear fractional differential operators.
Observe that I = I? x I7 = £{1, ¥’} x {1, x*} is invariant under the operator N[f, g] as

N, [k] + kzxg, l] + lzxﬁ] = —F(l +ﬁ) [(Clﬂ(]kg + Clzkllz + azl]kz) - (alkg + 2a2k212)xﬂ] S 112,
NaTky + kpd 1y + bxP] = =T(1 + ) [(bily 1y + ok Ly + boliko) = (b5 + 2bsko o)A | € 1.
In view of Theorem 3.1] system (3.8)) admits solution of the form

[t x) = Ki(1) + Ka(0)xF, g(t, x) = Ly(1) + Lao(0)o, (3.9)
where K (t), K>(¢), L1(¢) and L,(?) satisfy the following system of FODEs

KL K, (1)
R —I'(1 + Plai K1 () K>(2) + a K (1) Lo(?) + a L (D) Ka(D)], (3.10)
RL ja
% -1 +B)[a1K2(t) + 2a, K> (1) Lo (1)], (3.11)
RLd(yL1 (t)
e - —T'(1 + AD1Li(D)Lo(1) + Do Ky () Lo(1) + Do Li(D)K(1)], (3.12)
RLd(yL (t)
Qe = -T(1 +B)[b L2 5(1) + 2b, K (1) Ly (1)]. (3.13)



Solving Eq. (3.11) and Eq. (3.13)), we obtain

Lo(t) = Mot™, Ka() = 2Lyt I - eyr”
AR B T b, Y 2b,I(1 - 2000 + B)

Using (3.14)), and solving Eq. (3.10) and Eq. (3.12), we deduce the solution of the system
of generalized fractional Burger’s equations (3.8)) as

M,(# 0) is arbitrary. (3.14)

Ft. %) -MI'(1 — )@ byM it N —b Mot I'l—-a)y™

X)) = - - D
2 M T(1 —2a0T(1+5) 2D, 2, 2001 =20 (1 +5)

g(t,x) = Mit™™ + [Mot~*1xP, where ay, a», by, by, M1, M»(# 0) are arbitrary.

Note that in particular, fora =g =1, a; = by = -2, ay = by = -1 and a, = b, = 1 Eq.
(3.8) becomes coupled Burger equation [23].
Now consider fractional version of coupled Burger equation.

ML P g 2)- (125 )

o 9xF 9P 0xF " S oxp
Korg  0%g &g Fg IS
= — S yg| =) o[ 2 4 o= L A
g oxF (axﬂ) ( 0P +gaxﬁ)’ (3.15)
Using a; = by = =2, a, = b, = 1 and Eq. (3.10) we find the value of M, as
—T(1 -
M, = d-o .
20(1 - 2a)I(1 + B)
Thus
-I'l —a)™ -I'(l -a)

Ki(1) = 2M 1%, Kx(1) = Li(1) = Myt Ly(1) =

[(1-2a0)(1+p) 2I(1 -2 (1 + )’

(3.16)

From (3.9) and (3.16) we deduce the solution of fractional version of coupled Burger
equations (3.15) as

I(1 - a)r® o I(1 - a)r®
T(1 = 2a)0(1 1 B) W, gtx) = M+ 201 = 2a)0(1 + B)
(3.17)

flt,x)=2Mt" + #, M, € R.

The solution (3.17)) is depicted in Fig. 1.



f(t, x) 9(t, x)

Figure 1: Plot of f(z, x) and g(t, x) for M, = 1, and different values of @ and g.

3.2.2 Exact solution of coupled FPDEs

Consider the following system of nonlinear FPDEs for ¢ > 0,0 < a4, @, 8 < 1.

6a1f aa1+1f aZ,Bf

grr | ol ga +m1( axﬁ)wlml‘g ’
o g aaz+1 g (92,6 g Zﬁ f
g Gt oxe M ox

+ a%nlf + nyg,

where ay, a,, m;, m,, n| and n, are arbitrary constants.

In view of (3.1),
i g
Nilf. gl = ox 2]; ( Bxﬁ)+a1m1g )
(92ﬁg 32ﬂf

NZ[f g 6 2[3 a 2[3 +a2n1f+n2g

(3.18)

Clearly I = I? X I} = £{sing(ax?), cosg(ar®)} X L{Eg(—a; ")} is an invariant subspace

under N[f, g] as

Ny [k sing(axx®) + ky cosp(ar), 1 Eg(—ar )| = —ki} sing(ax ) — kot cosp(ar®) € 17,

N, [kl sinﬁ(azxg) + ky COSﬁ(az)CE), llEﬁ(—al.X'B)] = (a% + nz)llEﬁ(—al)cB) € 121
Thus Theorem [3.1]implies that the system (3.18)) admits solution of the form

f(t, x) = Ky (1) sing(axx”) + K> (1) cosg(arx®), g(t, x) = Li(1)Eg(—a, ),

10

(3.19)



where K (f), K>(t) and L, () satisfy the system of FODEs

d" K, (1) dal+lK](l)

2
dr dr 1 IO (320
d" K,(1) w“K@ 2
dr g a K (1), (3.21)
sz a2+1L
d l(t) d l(t) — (a% + nz)Ll (I) — ClL](l), a = (Cl% + nz), (322)

dr droz+l

We apply Laplace transform to Eq. (3.20) and obtain

K (0)s® _Jm©+mmle

K](S) = S(ll + S(l1+1 + a2 s(ll + s(l/1+1 + a%
)m 2ms—a1m ) 0 (_ 1)ma2m S—alm—l
= K1<0)Z W +[Ki0) + KIO)] ), —( s Re(9) > 1.

m=0

Taking inverse Laplace transform and using the relation (2.1)

- (_1 m (o m —~(m ( m (a m m
K1) = Ki(0) ) "t E (=) + [Ki(0) + K (O) Z ay" (BT (1),
m= : m=0 !

Proceeding on similar lines we evaluate K,(¢) and L,(f). Hence an exact solution of the
system (3.18) is

S\ (=1
f@@:kﬂmzfm a"{OmE" (=0 + [Ki(0) + K((0)]
m=0 :

(o)

th(m+1)m+1 E(m)

1 N _1 " m m
Lame2(~ I)} sing(axx”) + Kz(O)Z %aé g+

(Dmm

x EM (=0 + [K>(0) + K3(0)] -

l,aym

1 1
t(a1+ ym+ E(n:y)lm+2(_t)] COS[;(CIQX’B),

m=0

gt x) = L1<0)Z r<az+”"1E§"22,,,+l<—r>+[L1<0>+L;<0>]

(a +1Dm+1 =(m)
X Z t ’ E am+2( t)

2

Eg(—a;x"),

where a = af + n, and ay, a,, n, are arbitrary.
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3.2.3 Coupled fractional Boussinesq equations

Fractional version of coupled Boussinesq equations along with initial conditions for ¢ >
0,0<ap, a, B< 11is

of g _

ot - W = Nl[f’ g]’ (323)
acg Ff >’f f

o - Mgt 3f(ﬁ) g = No[f gl (3.24)
f(0,x) = e+24, g(0,x) = % (3.25)

where m, m, are arbitrary constants.
I = 112 X 122 = {1, ¥’} x {1, ¥%} is invariant subspace w.r.t. the operator N[f, g] as

Nilki + kaXP 1, + LbxP1 = -T(1 + B, € I7,
Nolky + ko, 1) + L] = T(1 + B) [=myky + 3kiky] + 3T(1 + B3P € 1.

Hence using Theorem [3.1] system (3.23)-(3.24) has the following solution
[t x) = Ki(0) + Ko(0)xP, g(t, x) = Li(1) + Lo(0), (3.26)

where the unknowns functions K(¢), K>(¢), Li(¢) and L,(¢) satisfy the following system of
FODEs

T 1+ L) (3.27)
d" K>(1) _

o =0, (3.28)
: dﬁfz(t) =T +p) [-m K () + 3K1(DKA(D)], (3.29)
da;fazz(t) = 30(L+ BK; (). (3.30)

Eq. (3.28) implies that K,(f) = b (constant). Hence substituting value of K,(¢) in Eq.
(3.30) and performing fractional integration on both sides we obtain L,(f) = L,(0) +

12



ra "
3b2%. Proceeding on similar lines solution (3.26)) takes the following form
I'(l + ay)
ra+pg ,T(1 + B)* e+
t,x) = |a —d————t"" = 30> ————— | + b¥’,
S0 =14 de gy T +a +an|
ra+p ra+p [(1 + B)>x+e ,T(1 + B)ira+ie
t,x) =|c —mb———t" +3ba————1t" - 3bd———— - 9b
81, %) [C MO v ey T+ an) T +a +ay)  T(1+a +2a)
ra 1
+|d+ 3b2% X, a,b,c and d are arbitrary. (3.31)
'+ ay)
Note: In particular for @; = @, = @, and 8 = 1 the solution has the form
dr* 3b 2
t’ = — — b s
Jx) [a M+ Td+20)| "
t.2) mbt* N 3bat® 3bdt*® b s 3b*1®
,X) =|c— - - X.
8 M+a) Td+a) TI'd+2e) Id+3e) I'ad+a

This is a solution of the time fractional coupled Boussinesq equation obtained by Sahade-
van et. al [21]]. Exact solution of the system (3.23)-(3.24) along with the initial conditions

(B.25)is

[ nra+p ..
f(l,x)—[e——r(1+al+az)t L2,

[3 2mTA+B),,  6eL(+p) . T20(1+BPe*] [120(1+5) ,,
g(t’x)‘[i_ Tl+a) TU+a)  TAta +2m) ]+[F(1+a2)t ]"ﬂ'

(3.32)

The solution (3.32) is plotted in Fig. 2.

o f(t, x)

| M a1=0.2,a,=0.1,8=0.3
L. a1=0.5,a,=0.5,8=0.5
B ai=1,a2=1,8=1

-200 |-
-400 |

-600 | /

Figure 2: Plot of the solution (3.32) for various values of «;, @, and 3.
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3.2.4 Exact solution of fractional version of system of KdV type of equations

Consider fractional KdV type of fractional coupled equations for t > 0, a € (0, 1]\{%}, B e
(0, 1].

RLaaf _ (faﬁf) “ (gaﬁg)—l— 83,3](‘

ot o0xP o0xP 20X
RLaag aﬁg aﬁf 83,8g
ata :b (f(9 /3) bz( axﬁ) b m (333)

Here a,, a,, as, b, b, and bj are arbitrary constants such that b > a; and a, > 0. Note that
foraa =1 =g, and

e When ay,a,, a3, by, by are arbitrary constants and b, = 0 then the coupled system
(3.33)) is the coupled KdV system given in ref. [22].

e Whena, =a, = b; = b, = 6,and a; = 1 = b, then the system (3.33)) is well-known
complex coupled KdV system studied in [13].

e When a, = 6a, a, = 2b, a3 = a, by = -3, b, = 0 and b3 = —1, (a, b are arbitrary),
then the system (3.33) reduces to Hirota-Satsuma (HS)-KdV system proposed by
Hirota ans Satsuma in 1981 to model interactions of two long waves with different
dispersion relations [12].

e Whena, = 6,a, = 2,a3 = 1,b; = b, = 2 and b3 = 0, then the KdV type system
(3.33)) is treated as Ito type coupled KdV system [[14]].

Further note when g = 0, and a; = 6,a, = 0,a; = —1 the fractional KdV system (3.33))
reduces to fractional KdV equation studied by Choudhary and Daftardar-Gejji [6].

In system (3.33)
»* lid Fiad
Nl[f’g]zal(fa—x];)+dz(8(9—§) a3 5 3];
»* »* iR
Nz[f,g]=b1(f§§)+b2( axg)+b3 %i

Note that [ = 112 X I% = £{1, ¥%} x 2{1, ¥#} is invariant subspace with respect to the operator
NI[f, g] since

Nilky + kox® 1 + L] = T(1 + B) [arkiky + axl1 L] +T(1 + B) [a1k§ + azlg] Fel,
Nz[kl + kzxﬁ, l] + lQ.X’B] = F(l +ﬁ) [b]kllz + bzllkg] + F(l +B) [(b] + bz)kglz]xﬁ € I%

14



Hence the system (3.33)) admits solution of the form
ft,%) = Ki(0) + K (02, (8, %) = Li(1) + Lo(0), (3.34)

where the unknown functions K (), K>(), L,(¢) and L,(¢) satisfy the following system of
FODEs.

% =T +p) [ Ki (K1) + ar Li ()L (0)] (3.35)
% = T+ Plai K30 + axL5(0), (3.36)
% =T +B)b1 Ki()La(1) + boLi (D K>(1)], (3.37)
% =T(1 +PbKA)La(D], b = (by + by). (3.38)

Solving system ([3.35)-(3.38)), we deduce the following solution of system (3.33)):
Fora =1,

f(nx)z_W_ZMl‘( : )

X
Jo—at  \BL(L+p)
)

M
gt x) = — +

t b+aI'(1 + B)t

For € (0, D\{1},

NS

b—a1

I'(d-ayx
bI'(l1 =2a)I'(1 + )

Vb—a; T'(l —a)™
ba T(1 = 2a)(1 +B)

f(t,x) =

b

Mll‘_a + [

gt,x) = Mit™" +

9

where My, ay, ay, by and b, are arbitrary such that b = by + b, b > aj,a, > 0.
Solution of the system (3.33) for @ € (0, 11\{3}, B € (0, 1] is plotted in Fig. 3.
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B a=0.01, =0.2
B a=0.6, 3=0.8
U a=1, p=1

Figure 3: Plot of the solution of the system (3.33) for M, = 1,a; = 2,a, = 4,b = 3.

4 FPDEs in (1+n) dimension

In this section we consider higher dimensional FPDEs of the form

Zr: PGS

— N T
e = N D). @.1)

i=1

where X = (x1, x2,...,%,), [ = 1,2, y(i) =icory(i) =a+i-1.

1 N - s f &S Pnf Phf b1 p kb g
NUA D) = 8 5 Dt S D Sl 2 and

A~ n +1 1 k=1 n+k—1 . .
N[f(t, X)] = N? [)‘c, f, %, e, ggxﬁ{, ‘;ilpl+{, e, ‘;iﬁnl_ﬁk,{, ngﬂ"*"{] are nonlinear fractional
1 n 1 n—1 n

IO f)

differential operators in higher dimensions. Here =7~ is Caputo (or Riemann-Liouville)
. . . iBi (- ity . .
derivative with respect to t. 6;);;5) and 6{;)%;“{5),1 =1,...,n, j=1,...,k (k € N) are Ca-

puto derivatives with respect to variable x;. [a] = s,[B;] = s;, where 5,5, € N,i = 1,...k
and A; € R.

4.1 Invariant subspace method FPDEs in higher dimensions

Let I denote the m-dimensional linear space over R spanned by m linearly independent
basis functions {¢;(x1, X2,...,x,) : j=1,...,m}, ie.,

" = py(%), h2(B), ..., p(D)} = {Z Kidi(D) | ke Roi=1,... m}
=1
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A finite dimensional linear space I is said to be invariant under fractional differential
operators N'[f(t, ©)](I = 1,2), if N'[f] € I,V f € I".

Theorem 4.1. If a finite dimensional linear space I"™ is invariant under the operators
N'[f(t, %)), = 1,2, then FPDE has a solution of the form

F.% = ) K065, (4.2)
=1
where the coefficient {K}'s satisfy the following system of FODEs

DK () .
Z AZW = wj(Kl(t)’ KZ(I)a LRI Km(t))’ J= 1’ e e, ML (43)

i=1
Here y(i) = ia ory(i) = a+i—1, and {y;}' s are the expansion coefficients of N'[f(t, %)],1 =
1,2 with respect to basis function {¢;}'s of I".

Proof. Using linearity of fractional derivatives and Eq. (4.2)), L.H.S of FPDE (4. 1)) reduces

to
90 f(r, %) PG o UK
Z Ao = Z 5] Z Ki0¢; (x)] Z [Z "o

i=1 i=1
Further as I™ is an invariant space under the operator N'[ f], there exist m linearly indepen-
dent functions ¢, (X), ¢(X), ..., ¢,(X) such that

¢ i(X). 4.4)

N [Z kj¢j(x)] = Y ik do,. . k)§y(R), fork; € R,1=1,2, 4.5)
j=1 j=1

where {i/;}'s are expansion coefficients of N[ f] € I'"" with respect to the basis {¢.,-};”: -
In view of Eq. (4.2) and Eq. (4.5)

NIfD1 =N Ig(r)@-(@] = D WKW, KD, L= 1,2 (46)

= =1
Substituting Eq. (#.4) and Eq. (4.6) in Eq. (.1), we get
O (o, UK .
2| 2 A — K. Ko Kn(0) | 6(8) = 0. 4.7
j=1 L=t

Using Eq. (4.7) and the fact that {¢;}’s are basis functions, we get the following system of
FODEs

L dOK( -
D A = KO K)o K0, =1, m

where y(i) = iaory(i) = a +i— 1. O

i=1
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4.2 TIllustrative examples for FPDEs in higher dimensions
4.2.1 Fractional dispersive KdV equation in (1+n) dimensions.

Consider the following linear fractional dispersive KdV equation

o°f Pf o 0¥ f
+ + b =0,1>0,81, B+, Ba€(0,1]. (4.8
ot (?x?ﬁ 1 ax;ﬁ ? ox’ v

n

&b

. 38 n
In view of FPDE |i we note that N[ f] = —ZTI,{ ————— kwf . Observe that when
X Oxy

I = g{cosg, (11x;"), sing, (12]"), cosg, (A2257), sing, (A225)), - - -, €085, (A,X"), sing, (An2")},

N [Zn: (k,-l cos, (A2 + ki sing (42 i))

i=1

= > (= ATk sing (12®) + ki cos (1x)) € 1",

i=1

Hence /*" is an invariant subspace of fractional operator N[f]. Hence Theorem (4.1)
implies an exact solution of the form
f(t,%) = Z (ki (1) cosg, (A + k(1) sing (1)), Ai, i = 1,...,nare distinct. ~ (4.9)
i=1
where K;;(?) and Kjx(¢), i = 1,. .., n are the unknown functions to be determined by solving
the following system of FODEs:

d°Ky (1) 5
= LBKpn(b), 4.10
e 1 Ki2(7) (4.10)
d*K (1) 3
= - LKy (1 4.11 :
dta 1 11( )’ ( ) :
d"Ky (1) 5 d"Ka(1) 5
= B Knn(t 4.12 = LKt 4.14
e 2K (1), (4.12) T 2K (D), (4.14)
d* K (1) dK,n(1)
— - - LK (1), (4.13) — ~BK(0). (4.15)
After solving the system (@ 10) — @.13), we get
Kii(t) = a; sing (%), Ki(t) = a; cos,(A41%). (4.16)

From (4.9) and (4.16) we find the following exact solution of system (4.8) as
£, %) = > (aising(471") cosg, (") + a; cose(A]1) sing, (14)) (4.17)

i=1
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where a; and A; are arbitrary constants fori = 1,2,...,n.
The solution for n = 2 is depicted in Fig. 4.

f(1, x, y)

10y

L a=0.5, 81=0.9, 3,=0.6
U a=1, B1=1: p2=1

0 5 10
X

Figure 4: Plot of f(¢, X) of Eq. forn=2,a,=a, =4, =1and 1, =2 atr=1.
Note: The fractional dispersion KdV equation admits another invariant subspace I" =
B{Eﬁl(/llx’f‘), Eﬁz(/lzxgz), e ,Eﬁn(/lnxﬁ”)}, leading to following distinct solution:

n

F. 9 = Y |81 Eg (), ai e Rfori=1,....n

i=1
4.2.2 Fractional version of (1+2) dimensional population model
We discuss two dimensional nonlinear FPDE for the population density f.

of 6ﬁf2 +_ 87f2
o oxf\ oxf oyY

)+¢(f) a, B,y €(0,1]. (4.18)

Note that fora ==y =1 and

e Y(f) = cf, ¢ € R, the population model (4.18) follows Malthusian law [T1],

o Y(f) = flc1 — caf),c1, 2 € R, Eq. (@18) satisfies Verhulst law [[T1]].

5ﬁf2 +ﬁ o f?
axﬁ 9xB oyr \ oyr

fractional nonlinear operator. I°> = £{1, x%,y”} is invariant under N[ f] since

Here we consider ¥(f) = cf. Hence N[f(t, x,y)] = ) + cf is the

Nlk; + kX + k3y"] = cky + T(2B + 1)k; + T2y + k3 + ckox? + ckzy” € I.
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In view of Theorem solution of the equation under consideration (3.18]) is
[t x,y) = Ki(1) + Ko1)o + K3(1)y, (4.19)

where K (f), K>(t) and K;(7) satisfy the following set of equations:

dagl(l) = K, () + T2B + DK (0 + T2y + DKs(), 4.20)
d"Ky(r)

ae - kO, 4.21)
d"Ky(r)

ae - KO (4.22)

Solving Eq. (4.21)) and Eq. (#.22)) using Laplace transform technique, we obtain
K>(t) = axE (ctY), K5(t) = a3E,(ct"), a»,as are arbitrary.
Substituting the obtained values of K,(¢) and K3(7) in Eq. (4.20), we get
Ki(t) = cKi(t) + A[Eo(ct)], A=dTQB+ 1)+ a2y + ). (4.23)

We apply NIM [3]] to solve Eq. (4.23). Applying I* to both sides of Eq. (4.23), we obtain
the following integral equation

Ki(f) = a;, + AI° [E,(ct™)]> + M[K,(t)], where M[K,(1)] = cI°K, ().

Let
K)t) = ay + AI [Eo(ct)],
1
K' () = MIK'(1)] = —2€ Acl [E.(ct™)]?
) [K;(1)] F(a+1)+ cl* [Ey(ct)]”,
~ alcntna
Kn ) = MKn 1 t — A nI(n+l)a/ E l,a 2.
HE) [K{ (0] 1ﬂ(cwn)+ c [Eq(ct?)]
Hence - -
Ki(t) = )" KI'(0) = @iEq(ct™) + A Y "I [Ey(ct™)] (4.24)
m=0 m=0

Using (4.23)) and (4.24)), solution (4.19) takes the following form:

F6,2,9) = @ Ealct) + A Y TV E ()] + [ Eolct™)] & + [a3Ealct)] .

m=0
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4.2.3 Exact solution of fractional scale wave equation in (1+2) dimension

Consider fractional version of scale wave equation

aﬁf Lo 6yf aaf ~ aa+1f
axﬁ o (9y7 ayr )~ T T Gt

Comparing with the equation (4.1)) we note that

Ff o f
N7l = (ﬁxﬁ) oy oy (é’y’)

Observe that I = B{Eﬁ(/llxﬁ), E,(-A,y”)} is one of the required invariant subspaces, since

=0,1>0, a, B, vye 1] (4.25)

NIk Eg(41X°) + ko E, (= 2y")] = ki Eg(4,x°) + Bk Ey(—A2)") € I

Hence f(t,x,y) = K 1(t)Eﬁ(/11xﬁ) + K>(1)E,(—A»2y”) 1s a solution of the fractional scale wave
equation (4.25)), where K;(#) and K,(¢) are the unknown functions that satisfy following
system of FODE:s.

dK\(5)  dK@®

a— = e = K, (4.26)
d*Ky(t)  dKo(

FLAL UM 2():451(2(;), (4.27)

dr® dret!

Using Laplace transform technique to Eqs. (#.26)-(.27), we deduce the exact solution of
fractional scale wave equation (4.25) as

© m

f(txy)—[ Z t<“+1>’"E(”jj e at)+(b1+b2)Z t<“+1>m+1E§"jjm+2(—ar)]Eﬁ(ﬂzxﬁ)

m=0

{ Z (a+1)mE§rr2m+l(_at) + (a; + aZ)Z (a+1)m+1E§n;)m+2(_at) Ey(—/lzyy),

m=0

where a;, a,, b; and b, € R.

4.2.4 Solutions of fractional order Boussinesq equation

Consider the IVP for fractional order Boussinesq equation where t > 0, a, S € (0, 1].

of _ Vi aﬁ(rf +5)\ & Irf+s)\
e (( rf+ 5P ) + Gy ((”f + S)a—yV) = N[f], (4.28)
fO,x,y) = ¢ + ey, (4.29)
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where r, s are arbitrary. For @ = 8 =y = 1, Eq. (4.28) is a two dimensional heat and mass
transfer equation with temperature dependent diffusion coefficient [25].
We choose I° = 2{1, ¥*, y”} which satisfies the invariant subspace property as follows:

Mh+@ﬁ+@ﬂ:ﬂﬁw+n%%4w+n%ﬂeﬂ
In view of Theorem (4.1)), an exact solution of Eq. (#.28)) has the form
[, x,y) = Ki(1) + Ky ()X + K3(1)y”,

where the unknown functions K;(¢), K>(t) and K3(¢) are to be evaluated by solving the
following system:

daf,ﬁft) = 2 [T(B + 1)’ Ka(0)” + Ty + 1P K3(0) (4.30)
d"Kx (1)

T =0 4.31)
d*Kx(1)

dre 0 (4.32)

Clearly K>(t) = a, and K;(f) = a3, where a;, a, are constants. Eq. (4.30) becomes

d°K\(1)

o PlaT(B + 1)* + a3T(y + 1)1 (4.33)

rz[agl“(ﬁ + 1)+ a%l“(y + 1))

Ta+ 1) . Hence exact

Solving Eq. (4.33), we get K{(t) = a; +
solution of IVP (#.28)-(@.29) is

9 e4r2F(y + l)2 5
LX) ==+ ——— ey 4.34
(@, x,y) 5t Fa+D +e7y (4.34)

The solution (4.34) is plotted in Fig. 5.
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~ oo

80 [ a=0.1,y=0.2
70 L. a=0.5y=0.5
60 Ml a=1,y=1

Figure 5: Plot of solution of the IVP (4.28)-(4.29) for different values of @ and y at t = 1.

Note: It can be verified that the Eq. (4.28) also admits another invariant subspace
I* = 2{1,x%,y?, ¥y?}. Thus proceeding on similar lines as previous examples another
exact solution corresponding to I can be found.

4.2.5 Exact solution of fractional diffusion like PDE in (1+2) dimensions

Consider fractional PDE with initial condition as follows

Of _ 1 507f 5, 0%f
6_t‘1'_§x W-i_y m,t>0,a,ﬁ,y€(0,1], (435)
£(0,x,y) =y*. (4.36)
3 B 2 ) . 1 zﬁﬁzyf ., 0% f
Here I° = £{1, x*, y“”} is an invariant subspace for N[ f] = < | x* —= + y” as
2 oy* ox*#

rQy+1 res+1
(')’2"‘ )k3x2’6+ (ﬁ2+ )

N[k + kzxzﬁ + k3y27] = k2y2y S 13.

Since criteria of Theorem (4.1)) is satisfied, an exact solution of Eq. (4.35)) is of the form

[t x,y) = Ki() + Kx(0)x* + K3(0)y”, (4.37)
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where the unknown functions K(#), K,(¢) and K;(#) satisfy following system of FODEs:

d°K\ ()

T =0, (4.38)
d°K>(t) _ TQy+1)

T = K5, (4.39)
d°K5(t)  T(2B+1)

T = k(). (4.40)

Clearly from (4.39)-(4.40), we deduce
d® (d"Kz(t)

rQy+1)  _T@B+1D)

3 , Ay = 5 (4.41)

— = K1), A=Ak, A =
e\ dre ) 2(1) 142, A4

Taking Laplace transform of Eq. (4.41), we get
s* LIDYK(1); 5) — s (DY K>(0)) = AK;(s)

2a-1 a—1

- S S «
Kz(S) = b] SZoz ) + bz SZO‘ _ /1, where b] = Kz(O), b2 =D Kz(O)

Performing inverse Laplace transform, we obtain K»(f) = by Ezq 1 (A2%) + bat? Epg 4 1(A1%%),
where b, and b, are arbitrary. Substituting value of K>(¢) in Eq. (#.40) and solving the
same, we get Ki(t) =c+ /l2b1laEga’a+1(/lzt2a) + /lzbztzaEga’zaH(/ltha).

Hence we get an exact solution of Eq. as

ft,x,y)=a+ [blEZ(r,l(/ltza) + bzfaEza,an(/Uza)] P+ [C + /lzbllaEza,(Hl(ﬁzfza)
+Aabat™ Exgas1 (2*) |y, ¢ = by, and a, by, by € R. (4.42)

Using initial condition (4.36)), solution (4.42) reduces to
Ft.2.9) = [ Eapant (PN | 2 + |1+ 108" By 201 (8| 7. (4.43)

Note: For a = 8 =y = 1, ¢ = b, and under an initial condition £(0, x,y) = y?, solution

#.42) reduces to

f(t,x,y) = (sinh£)x* + (cosh £)y*. (4.44)
Solution (4.44) coincides with the solution for the heat like equation %—J; = % (x2227{ + 2327{),

obtained by NIM [2].
The solution (4.43) is depicted in Fig. 6.
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Figure 6: 3D-Plot of solution of the IVP |HD atr = 1.

5 Fractional differential operators with mixed partial deriva-
tives

It should be noted that invariant subspace method can also be employed for solving FPDEs
with fractional differential operators N'[f] (I = 1,2) involving mixed fractional partial
derivatives. Analysis of such FPDEs can be done on the similar lines as done in Sec. (3)
and Sec. (4). We illustrate the method by solving an example.

Consider the following system of nonlinear FPDEs for ¢ > 0,0 < ay, a3, B, vy < 1.

IR Liaakly W i 3 W

o o \axr) T\ 8 g ) TME

g O (0%g &# (Pf 5

o =a(ﬂ Y g ) TS T g ©-1)

where vy < a1,y < a», and ay, a,, m;, m,, n; and n, are arbitrary constants.

Observe that I = IT X I} = YEg(arx”), Eg(—axx”)} x YEg(—a; )},
is an invariant subspace corresponding to the given fractional differential operator. Hence
the system (5.1)) admits solution of the form

f(t,x) = Ki()Eg(axx®) + K2 Eg(—axxP), g(t, x) = Li(H)Eg(—a, x°), (5.2)
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such that
dK\(0) _ LK\ (0)

S = (5.3)
dKy (1) _ ,d"Kx(1)
= : 5.4
a2 ar S
d™Ly(t d"Ly(t
) (5.5)

dr N

Solving the system of FODEs (5.3)-(5.5) and substituting the values of K (), K»(f) and
L(r) in Eq. (5.2) we get an exact solution of the system (5.1)) as

0 a2m t(a| —-y)m a2m+2t(a1 —y)(m+1)
,x)=|b 2 - 2 Eg(ax”
70 1;(r«a1—y)m+1> r((al—y)<m+1>+1)) pla2 )
00 a2m t(a/l —y)m a2m+2t(a/1 —y)(m+1)
+|b 2 - 2 Eg(—arx®),
[zg(r((al—wmw r((al—y><m+1>+1>) poax)

Eg(—ai "),

50: ny (m) ajny (m)
_ ~2 _aymp(m 2 a2-yy _ 2a7-2y p(m 2 ar—y
g(t’ X) =1 (m' ! Eaz—)’,ym+1 (alt ) m! 4 Eaz—y,<12+y(m—1)+l (al ! ))

m=0

where by, by, c; are arbitrary constants.

6 Conclusions and future scope

Present article extends invariant subspace method for solving nonlinear systems of FPDEs
involving both time and space fractional derivatives. In this method system of FPDEs
are reduced to systems of FODEs which can be further solved by existing methods. The
proposed method has been illustrated by finding exact solutions of various systems, viz.,
system of generalized fractional Burger’s equations, coupled fractional Boussinesq equa-
tions, fictionalized system of KdV type of equations. Further we demonstrate how invari-
ant subspace method can be employed for FPDEs in (1+n) dimension. The effectiveness
of this method is illustrated by finding closed form solutions for fractional dispersive KdV
equation in (1+n) dimensions, fractional population model, fractional scale wave equation,
fractional order Bossinesq equation and fractional diffusion like PDE in (1+2) dimensions
We have modelled equations using RL as well as Caputo derivatives and considered multi-
term expressions in time. Invariant subspace method is also used to find unique solutions
along with initial conditions.

We observe that (1+1) dimensional FPDEs admit more than one invariant subspaces,
each of which yields different exact solution [|6]. Similarly FPDEs in higher dimensions
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admit more than one invariant subspaces. The solutions obtained can be expressed in terms
of Mittag-Lefller functions, fractional trigonometric functions etc. We demonstrate that
invariant subspace method is very effective tool in finding exact solutions of wide class of
linear and non linear systems of FPDEs and FPDEs in higher dimensions. Further we have
also employed invariant subspace method for solving FPDEs with fractional differential
operator involving mixed fractional partial derivatives.

Due to lack of composition rule and chain rule, we have severe limitations in finding
invariant subspaces corresponding to fractional operator using existing algorithms devel-
oped for ordinary PDEs. We have found invariant subspaces for the fractional operators
by trial and error method. Developing proper theory and algorithms for finding all sets of
invariant subspaces for fractional operators is an open area to explore. Similarly, suitable
theory may be developed for finding maximum dimension of invariant subspaces.
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