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ABSTRACT

We extend, in significant ways, the brief theory of truncated boolean representable
simplicial complexes introduced in 2015. This theory, which includes all matroids,
represents the largest class of finite simplicial complexes for which combinatorial
geometry can be meaningfully applied.

1 Introduction

In this paper, we extend the theory of TBRSC (truncated boolean representable simplicial complexes)
created in [I4, Sec. 8.2]. The paper is reasonably self-contained, but familiarity with [14] will be
very useful.

Matroids [12], BRSC (boolean representable simplicial complexes) and TBRSC, as models of
discrete geometry, are all concerned with the generalized notion of independence. All matroids admit
a boolean representation (usually many), so do BRSC, but not conversely, so BRSC are beyond
matroids [2]. The set of independent subsets of a finite set of points V' form a simplicial complex
(V, H) (in the sense of elementary algebraic topology [15]), H being a nonempty collection of subsets
of V closed under taking subsets.

We are interested in simplicial complexes S = (V,H) arising from a geometry, as to be explained
below. In this introduction we only concern ourselves with simple simplicial complexes, i.e. those
such that all pairs vjve of (distinct) elements of V' are in ‘H. But non-simple simplicial complexes
are also considered in [14] and several papers.

Simple matroids arise through transversals of the partial differences for chains in geometric lat-
tices, where we identify the vertices with the atoms of the lattice. More generally, a BRSC may be
obtained through transversals of the partial differences for chains in an arbitrary lattice, the role of
atoms being played by any join-generating set [14, Chapter 5].

Given a simplicial complex S = (V,H), the combinatorial and algebraic fields use the term rank
r as the cardinality of the largest set in H. The topological and geometric fields use d = r — 1 as
the dimension of S. We use both as will be explained. We say that S is paving (of dimension d) and
write S € Pav(d) if S has dimension d and H contains all subsets of V' of cardinality d. Thus we
may identify the class of (finite) graphs with Pav(1).

For (T)BRSC the geometry comes in similarly to matroids as will be explained. Let us restrict to
the paving case for simplicity. Let M = (V,H) be a matroid in Pav(d). For simplicity of explanation
we assume that d = 2, but all generalizes to arbitrary d.
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The lattice of flats L(M) of M induces a closure operator on 2V (see [14] Section 4.2] for the
most general version). Let X denote the closure of X C V. Let

L={FeLM)|2<|F|<|V].

If M is a matroid, then each pair of points of V is contained in a unique block in L. This makes L
a PBD (pairwise balanced design) (with A = 1) in design theory. Conversely, and except for trivial
cases, every such PBD determines a matroid in Pav(2) (see e.g [10, Proposition 4.2]).

This generalizes to BPav(2) (the BRSC in Pav(2)) as follows (see [14, Section 6.3]). Let S =
(V,H) € BPav(2). Then L = {F € L(S) | 2 < |F| < |V} is a partial geometry since |Fy N Fy| <1 for
all distinct Fi, Fo € L. This implies that each pair of points of V' is contained in at most one block
in L (pretty much the central notion). If S is not a matroid, this is not enough to produce a PBD,
but we get a PBD by adding to L all pairs of points of V' contained in no element of L.

If S = (V,H) is a simplicial complex and k > 1, then T} (S) = (V,H N P<x(V)) is the truncation
of S to rank k. Note that we use rank here, not dimension.

In general, the truncation of a BRSC is not a BRSC (so we get a wider concept denoted by
TBRSC), but it is easily characterized as follows.

Given a a simplicial complex S = (V,H) of dimension d, we define

e(S)=e(H) ={X CV|VY e HNPy(X)Vpe V\X Y U{p}ecH}

Then transversals of the partial differences for chains in (S) define a BRSC denoted by S°©.

In the paving case, we actually have €(S) = L(S%). Moreover, S¢ truncated to the rank of S is
the unique largest TBRSC S° contained in S. We mean largest with respect to inclusion of faces
(for the same vertex set). This relation is called the weak order in matroid theory [12, Section 7.3].

Now S is a TBRSC if and only if T;;,1(S%) = S. This provides a useful criterion to recognize a
TBRSC.

We note that even if M is a matroid, M€ is not necessarily a matroid (see [10, Examples 5.5 and
5.6]). Indeed, €(M) constitutes a lattice under intersection, but not necessarily a geometric lattice.
See [10], where this is further developed.

We note that, if M is a matroid of rank 7, then (M) consists precisely of the (r — 1)-closed
subsets of V' in the terminology introduced by Crapo [3]. But TBRSC also shed a new light on
Crapo’s concept of erection. An erection of a matroid M = (V,H) of rank r is a matroid M’ of rank
< 7+ 1 such that M = T,(M’). In [3], Crapo proved that a collection {Bj,..., By} C 2 form a
collection of maximal flats of an erection of M if and only if:

(1) the closure of each B; in L(M) is V;
(2) each B;is (r — 1)-closed (i.e. belongs to e(M));
(3) every facet of M (i.e. maximal subset in H) is contained in a unique B;.

He then proves that the collection of all erections of M (including the trivial erection M) form a
lattice for the weak order, and the maximal erection is called the free erection.

These conditions were designed to remain in the matroid context. We go beyond matroids to the
wider class of TBRSC and consider arbitrary differences of rank, generalizing the work of Crapo and
others [3], 11} 13]. For a TBRSC S, these operations can be viewed as strong maps (V-maps) of S¢
(see [9] and Chapter 5, especially Sections 5.4 - 5.5 and 8.2 of [14]).
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The outline of this paper is as follows:

In Sections 2 and 3 we provide the basic theory of BRSC and TBRSC, respectively. In Section
4 we discuss low dimensions.

Section 5 deals with the join operator: (V,H) U (V,H') = (V,HUH'). In this paper we use join
referring to the lattice of all simplicial complexes on a fixed vertex set V', ordered by inclusion. This
is the same as the lattice of semigroup ideals of the monoid (2", N).

In general, (T)BRSC are not closed under join, but the class TBPav(d) (the TBRSC in Pav(d))
is. A key resource are the complexes By(V, L) (where 2 < d < |L| < |V]), containing all subsets of
V with at most d points and all subsets of V' with d+ 1 points which intersect L in exactly d points.

Note that, given S = (V,H) € TBPav(d), we have By(V,L) C S if and only if L € &(95).
Moreover, S is a TBRSC if and only if

S=|J Ba(V.L) = Tyra (5)
LeL

where L C P54(V) \ {V}. More generally, S° = Ty,1(S5°) is the largest paving TBRSC contained
in S, and is therefore the largest subcomplex of S allowing some geometrical features. This strictly
includes all paving matroids.

In Section 6, we show that the maximum number of vertices for a minimal S € TBPav(d)\BPav(d)
is (d + 1)(d + 2). On the other hand, the prevariety TBPy (consisting of all paving TBRSC of
dimension < 2) is not finitely based.

In Section 7, we discuss three questions involving the largest pure subcomplex of a BRSC or of
one of its truncations. We answer them negatively in the general case, but we show them to hold for
low dimensions,

Finally, we discuss in Section 8 some of the topological properties of the geometric realization of
a TBRSC, generalizing previous results for BRSC.

2 Boolean representable simplicial complexes

For the material presented in this section, the reader is referred to [I4]. All the results mentioned
here will be used throughout the paper without further reference.

All lattices and simplicial complexes in this paper are assumed to be finite. Given a set V and
n > 0, we denote by P, (V) (respectively P<,(V'), P>,(V)) the set of all subsets of V' with precisely
(respectively at most, at least) n elements.

A (finite) simplicial complex is a structure of the form S = (V,H), where V is a finite nonempty set
and H C 2V contains P; (V) and is closed under taking subsets. The elements of V and H are called
respectively vertices and faces. To simplify notation, we shall often denote a face {x1,z2,...,x,} by
L1X2...Tp.

A face of S which is maximal with respect to inclusion is called a facet. We denote by fct(.S) the
set, of facets of S. The rank and dimension of S are defined respectively by

rk(S) = max{|I|: I € H}, dim(S)=rk(S)—1.
We say that S = (V,H) is:
o simple if Po(V) C H;



e paving if Pdim(s)(v) cV.

We denote by Pav(d) the class of all paving simplicial complexes of dimension d.
Two simplicial complexes (V,H) and (V',H) are isomorphic if there exists a bijection ¢ : V' — V'
such that
X € H if and only if Xp € H’

holds for every X C V.
If S = (V,H) is a simplicial complex and W C V' is nonempty, we call

Slw = (W, HN2")

the restriction of S to W. It is obvious that S|y is still a simplicial complex.
A simplicial complex M = (V,H) is called a matroid if it satisfies the exchange property:

(EP) For all I,J € H with |I| = |J| + 1, there exists some i € I\ J such that JU {i} € H.

An important example of matroids are the uniform matroids Uy : for all 1 < k < n, we write
Uk,n = (V7 Pﬁk(v)) with |V| =n.

Given an R x V matrix M and Y C R, X C V, we denote by MY, X]| the submatrix of M
obtained by deleting all rows (respectively columns) of M which are not in Y (respectively X).

A boolean matrix M is lower unitriangular if it is of the form

100...0
710...0
?771...0
7771

Two matrices are congruent if we can transform one into the other by independently permuting
rows/columns. A boolean matrix is nonsingular if it is congruent to a lower unitriangular matrix.

Equivalently, nonsingular matrices can be characterized through the concept of permanent. The
permanent of a square matrix M = (m;;) (a positive version of the determinant) is defined by

PerM = Z ﬁmmﬁr.

7T6Sn i=1

But, even though our matrix is boolean, we compute its permanent in the superboolean semiring SB,
which can be described as the quotient of the usual semiring (N, +, ) by the congruence with classes
{0},{1},{2,3...}. Then a square boolean matrix is nonsingular if and only if its permanent is 1 in
SB

We note that the classical results on determinants involving only a rearrangement of the permu-
tations extend naturally to permanents.

Given an R x V boolean matrix M, we say that the subset of columns X C V is M-independent
if there exists some Y C R such that the submatrix MY, X] is nonsingular.

A simplicial complex S = (V,H) is boolean representable (BRSC) if there exists some boolean
matrix M such that H is the set of all M-independent subsets of V. Since P; (V) C H, this implies
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that all the columns of M are nonzero. Moreover, for all distinct p,q € V', the columns M[R, p] and
M][R, q] are different if and only if pg € H.

By restricting the set of columns, it is easy to see that a restriction of a BRSC is still a BRSC
[14, Proposition 8.3.1(i)].

All matroids are boolean representable [14, Theorem 5.2.10], but the converse is not true.

A subset F of 2" is called a Moore family if V € F and F is closed under intersection (that
is, a Moore family is a submonoid of the monoid of all subsets of V under intersection). Every
Moore family, under inclusion, constitutes a lattice (with intersection as meet and the determined
join Fi VF, =n{F € F| F1UF, C F}). We say that X C V is a transversal of the successive
differences for a chain

FyCFL C...CF;

in F if X admits an enumeration z1,..., ) such that x; € F; \ F;_1 fori=1,... k.

If Tr(F) is the set of transversals of the successive differences for chains in F, then (V,Tr(F))
constitutes a BRSC. Moreover, every BRSC can be obtained this way by taking as Moore family its
lattice of flats (see [14, Chapters 5 and 6)):

We say that X C V is a flat of S = (V,H) if

VIieHn2X VpeV\X TU{p}eh.

The set of all flats of S is denoted by L(S). Note that V. () € L(S) in all cases, and L(.S) is indeed a
Moore family (and therefore a lattice). Note also that P<4_1(V) C L(S) for every S € Pav(d).

It follows from [14, Corollary 5.2.7] that a simplicial complex S = (V| H) is boolean representable
If and only if the transversals of the successive differences for chains in L(S) are precisely the elements
of H.

By [14, Proposition 8.3.3(i)], the flats of a BRSC determine flats on any restriction: if F'is a flat
of a BRSC S = (V,H) and W C V', then FNW € L(S|w).

The lattice L(S) induces a closure operator on 2" defined by

X=n{FeL(S|XCF}

for every X C V. It follows from the definitions that X = V when X contains a facet of S.
By [14], Corollary 5.2.7], S = (V,H) is boolean representable if and only if every X € H admits
an enumeration x1,...,x; satisfying

1 CT1T2 C ... CX1... 2. (1)

It is well known that in the case of matroids, this enumeration can be chosen arbitrarily [12].

3 Truncation

In this section, we exposit the basic facts about TBRSCs. The proofs of the results can be found in
[14] Section 8.2], but we include them in the Appendix for the sake of completeness and convenience
for the reader.

Given a simplicial complex S = (V,H) and k > 1, the k-truncation of S is the simplicial complex
T, (S) = (V,T(H)), where Ti(H) = H N P<x(V).



We say that a simplicial complex S = (V,H) is a TBRSC if S = Ty (S’) for some BRSC S’ and
k > 1. For every d > 1, we denote by TBPav(d) the class of all paving TBRSCs of dimension d.

To recognize a TBRSC, it is convenient to develop an alternative characterization. The key is
building the flats of a canonical BRSC having our TBRSC as a truncation. The following result
characterizes the flats of a truncation with respect to the flats of the original complex.

Proposition 3.1 [14] Proposition 8.2.2] Let S = (V,H) be a simplicial complex and let k > 1. Then
L(Ty(S)) = {X € L(S) | fet(Tp(S)) N 2% =0} U {V}.
Proof. In the Appendix. [J

It follows that the lattice of flats of T} (.S) is obtained from the lattice of flats of S by identifying
the elements of an up set (namely the subset of flats containing some facet of Tj(S)). In semigroup-
theoretic terms, this makes L(Tj(S)) a Rees quotient of the V-semilattice of L(S5).

For any simplicial complex S = (V,H) of dimension d, we define

e(S) =e(H) = {X CV |VY e HNPy(X)¥pe V\ X Y U{p}eH}

Note that e(S) generalizes to arbitrary simplicial complexes what Crapo calls d-closed sets of a
monoid in his fundamental paper from 1970 [3].
The following lemma is clear from the definition.

Lemma 3.2 [I4, Lemma 8.2.3] Let S = (V,H) be a simplicial complex. Then:
(i) €(S) is a Moore family;
(11) L(S) C e(S).

Given S = (V,H), write H = Tr(e(5)) and let S = (V,H?) denote the BRSC defined by the
lattice €(.5).

Lemma 3.3 [I4, Lemma 8.2.4] Let S = (V,H) be a simplicial complez of dimension d. Then:
(1) Tapr(H7) CH;
(ii) (S) C L(S°);

(iii) S¢ is a BRSC.

Proof. In the Appendix. [J

Now we can state the main result of this section:

Theorem 3.4 [14, Theorem 8.2.5] Let S = (V,H) be a simplicial complex of dimension d. Then the
following conditions are equivalent:

(i) S =Ty41(S") for some boolean representable simplicial complex S';
(ii) S = Ty+1(5°9).
Furthermore, in this case we have L(S®) = e(S5).

Proof. In the Appendix. [J



We present now two examples which show that the class of TBRSCs is intermediate between the
class of BRSCs and the class of simplicial complexes. We analyze these examples in the Appendix.
The first example shows that a TBRSC is not necessarily a BRSC, even in the paving case.

Example 3.5 Let V = {1,...,6}, H = (P<3(V) \ {135,235, 146,246, 346,456}) and S = (V,H).
Then S € TBPav(2) but is not boolean representable.
The second complex shows that a (paving) simplicial complex is not necessarily a TBRSC.
Example 3.6 Let V = {1,...,4}, H = P<3(V)U {123} and S = (V,H). Then S is not a TBRSC.
With respect to the equality L(S%) = (S) in Theorem B4l we can show it holds for all paving
simplicial complexes:
Proposition 3.7 Let d > 0 and S = (V,H) € Pav(d). Then L(S¢) = ¢(S).

Proof. In the Appendix. [J

However, the next example, also analyzed in the Appendix, shows that equality may not hold.
Example 3.8 Let S = (V,H) be the simplicial complex defined by V = {1,...,5} and

H = (P<y(V)\ {14,24,35}) U {123}.

Then £(S) C L(S°).

4 Low dimensions

Proposition 4.1 FEvery TBRSC of dimension 1 is boolean representable.

Proof. Let S = (V,H) be a TBRSC of dimension 1. For every a € V, let F, = {a}U{be V \ {a} |
ab ¢ H}. Every a € V is a transversal of the successive differences for the chain § C V in L(S).
Suppose now that a,b € V are distinct and ab € H. Then ab is a transversal of the successive
differences for the chain () C F, C V, so it suffices to show that F, € L(S).

Since S is a TBRSC, there exists a boolean matrix M with column space V such that, for every
X € P<3(V), we have X € H if and only if X is M-independent. Since P;(V') C H, all the columns
of M are nonzero, so X € H if and only if the columns of X are different. Thus F} is the set of all
b € V having columns in M equal to the column of a.

Let X € HN2" and p € V' \ F,. Then |X| < 1 and the column of p is different, so X U {p} € H
and so F, € L(S) as required. OJ

Example shows that Proposition AT fails for dimension 2, even in the paving case.
The next lemma features a class of matroids which is useful to build counterexamples.

Lemma 4.2 Let V be a finite nonempty set and let F C Po(V)U P3(V') be such that FNF' = for
all distinct F, F' € F. Let H consist of all X € P<3(V') containing no element of F. Then (V,H) is
a matroid.

Proof. In the Appendix. [J

The next result shows that, when it comes to separate BRSCs from TBRSCs, Example has
the minimum number of vertices.

Proposition 4.3 Fvery TBRSC with at most 5 vertices is boolean representable.
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Proof. Let S = (V,H) be a TBRSC with |V| < 5. In view of Proposition 1], we may assume that
dim(S) > 2.

Suppose first that |V| = 3. Then S is the uniform matroid Us 3, hence a BRSC.

Suppose next that |V| = 4. We may assume that dim(S) = 2, otherwise S = Uy 4. If S := T3(5")
for some BRSC S’ of dimension 3, then S = Us 4 and is therefore a BRSC.

Thus we may assume that [V| = 5. If dim(S) =4, then S = Us 5 is a BRSC. If dim(S) = 3 and
S = Ty(S") for some BRSC S’ of dimension 4, then S = Uy and is also a BRSC. Hence we may
assume that dim(S) = 2.

Suppose that S is not a BRSC. Then L(S) C ¢(S). Let Z € ¢(S) \ L(S). Comparing the
definitions of £(S) and L(S), we see that H N P3(Z) # (), hence we may take ajasas € H N P3(Z).
Since ajazas € H C HE, we may assume that there exists a chain ) = Zy C Z; C Zs C Z3 in g(S)
such that a; € Z;\ Z;—1 for i = 1,2,3. By Lemma[3.2)(i), ajasas is also a transversal of the successive
differences for the chain

VCZiNZCZyNZCZsNZ

in £(5), hence there exists a chain
0W=2zyczicZyczyCczZy=V (2)

in g(S). Since V| = 5, there exists some j € 1234 such that |Z} \ Z;_;| = 2. Without loss of
generality, we may assume that Z’ A o U12.

If X € P3(V) does not contain 12, then X is a transversal of the successive differences for the
chain (2)), hence X € T3(H®) = H. Thus the only possible elements of P3(V)\ H = P3(V) \ H¢ are
123,124,125.

If 12 ¢ H, we have necessarily

H= {X S PS3(V) | 12¢ X},

because any other 2-subset is contained in some element of HNP3(V'). By Lemmald2] S is a matroid,
hence boolean representable.
Thus we may assume that we have one of the following four cases:

(C1) H = P<s(V)\ {123,124,125};
(C2) H = Ps(V)\ {123,124};
(C3) H = P<3(V)\ {123};

(C4) H = P<s(V).

Now (C3) and (C4) are clearly both matroids (hence BRSCs). We can show that (C1) is a BRSC by
checking that 34, 35,45 are flats. Similarly, (C2) is a BRSC because 15,34, 35,45 are flats. Therefore
every TBRSC with 5 vertices is a BRSC. [J



5 Join

Given two simplicial complexes S = (V,H) and S’ = (V,H') we define the join of S and S’ as the
simplicial complex

SvSs =V,HUH.
Notice that given a simplicial complex (V,H), then H is just a down set of 2" under inclusion. The
down sets of 2" form a lattice equal to the lattice of semigroup ideals of the monoid (2¥,N), and
this construction is precisely the join in this lattice.

Proposition 5.1 Let S = (V,H) and S’ = (V,H') be BRSCs with |[V| < 4. Then SV S’ is a BRSC.

Proof. If dim(S Vv S’) = 1, we may use Proposition .1l and Theorem [5.3 The only other nontrivial
case is dim(S VvV .S’) = 2. But it is easy to check [14], Example 5.2.11] that if |[V| = 4 and dim(S) = 2,
then S is a BRSC if and only if |H N P5(V)| # 1. Tt follows that if SV S’ is not a BRSC, then S or
S" is not a BRSC. O

The next example shows that neither BRSCs nor TBRSCs are closed under join when we consider
5 vertices (even at dimension < 2). We analyze this example in the Appendix.

Example 5.2 Let V = 12345. Let S1 = (V, P<2(V)) and Sy = (V,Hz) be defined by
Ho = {X S ng(V) ‘ 12,34 Z X}
But things work out better in the paving case:
Theorem 5.3 Let d > 1 and let (V,H),(V,H') € TBPav(d). Then (V,HUH') € TBPav(d).

Proof. Let
R={Zn Z' | Z € e(H), A= 6(7-[')}.

In view of Lemma [B.2(i), R is a Moore family. Hence (V, Tr(R)) is a BRSC. We claim that

HUH =Ty (Tr(R)). 3)

Let X € H. By Theorem [3.4] there exists a chain
ZoCZ1C...C 2, (4)
in ¢(H) and an enumeration x1, ..., x, of the elements of X such that x; € Z;\ Z;_1 for every i. Since

V € e(H'), then () is also a chain in R, hence X € Tr(R). But |X| < d+ 1, thus H C Ty.1(Tr(R))
and also H' C T4 (Tr(R)) by symmetry.
Conversely, let X € T,1(Tr(R)). Since H,H' € Pav(d), we may assume that |X| =d + 1. Then
there exists a chain
RQCRlc...CRd_H (5)

in Tr(R) and an enumeration x1,...,x441 of the elements of X such that z; € R; \ R;— for every i.
Write Ry = Z N Z' with Z € e(H) and Z' € e(H'). Since z411 ¢ R4, we may assume that
Zg+1 ¢ Z. Since (V,H) € TBPav(d) yields P<q_1(V) C e(H), then

)CxiCxiz9C...C21...2g1CZCV

is a chain in ¢(#) having X as a transversal of the successive differences. Thus X € H by Theorem
B4 and so (5.3) holds. Note also that P<4(V) CH C HUH .
Therefore (V,HUH') = Tyr1(V, Tr(R)) € TBPav(d). O
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The next example, analyzed in the Appendix, shows that we cannot replace TBPav(d) by BPav(d)
in Theorem [5.31

Example 5.4 Let V = 123456, H = P<o(V) U {123,124,125,126} and
H = Poy(V)U{X € P3(V) | X n46] = 1}.
Then (V,H),(V,H') € BPav(d) but (V,HUH') ¢ BPav(d).
Let V' be a finite nonempty set and let L C V' be such that 2 < d < |L| < |V]. We write
By(V,L) = (V,Ba(V, L)) = (V, Tr(P<a—1 (V) U{V, L})).
This is easily seen to be equivalent to the following condition:
By(V,L) = P<q(V)U{X € Pyp1 (V) | X N L| = d}.

If V is clear from the context, we may omit V from By(V, L) and By(V, L).

Lemma 5.5 Let V' be a finite nonempty set and let L C V be such that 2 < d < |L| < |V|. Then
Ba(V, L) € BPav(d).

Proof. It is immediate that P<;_1(V)U{V,L} C L(B4(L)), hence every X € By(L) is a transversal
of the successive differences for some chain in L(B;(L)). Thus By(L) € BPav(d). O

We can now prove the following result, characterizing TBPav(d).
Theorem 5.6 Let d > 2 and S = (V,H) € Pav(d). Then the following conditions are equivalent:

(i) S € TBPav(d);
(it) S =V{B4(V,L) | L € L} for some nonempty L C P>4(V)\ {V}.

Proof. (i) = (ii). Let L = (P>4(V) \ {V}) Ne(S). Since dim(S) = d, we have L # ().
Let X € H. Since P<4(V) C By(L) for every L € L, we may assume that | X| = d + 1. By
Theorem [3.4] there exists a chain
ZyC Z1C ... CZd+1

in £(5) and an enumeration aq, . .. agy1 of the elements of X so that a; € Z;\ Z;—; fori =1,...,d+1.
Now aj...a; € L(S) Ce(S) for i =0,...,d — 1, hence X is a transversal of the chain
@Cal Cajas C...a1...a9-1C ZgCV

and so X € By(Ty). Since Zg € L, we get H C V{B4(L) | L € L}.
The opposite inclusion is immediate.
(ii) = (i). By Lemma [5.5] and Theorem 5.3l O

In such a decomposition (S = V{By(V,L) | L € L}), we may refer to the elements of L as lines.
The following lemma shows that the decomposition provided by Theorem is not unique.

Lemma 5.7 Let d > 2 and let V be a finite set with |V| > d+ 1. For every a € V, we have

By(V,V\{a}) = |J Ba(V,L), (6)
Lek,

where Ly, = {L € Py(V) | a € L}.

10



Proof. It suffices to show that both sides of (@) contain the same X € Py 1(V). Solet X € Py 1(V).
Suppose that X € By(V,V \ {a}). Then | X N (V \ {a})| = d, hence a € X. Take b € X \ {a}.
Then X \ {b} € L, and so

X €By(V,X\{b}) € |J Ba(V.L).
Lel.,

Conversely, suppose that X € By(V, L) with L € L,. Since | X| = d+1 and |L| = d, we must have
X = LU{c} for some c € V\ L. Hence a € L C X yields | XN (V' \{a})| =d and X € B4(V,V \{a}).
Therefore (@) holds as required. O

We prove next a version of Theorem [5.6] for BPav(d).
Theorem 5.8 Let d > 2 and S = (V,H) € Pav(d). Then the following conditions are equivalent:

(i) S € BPav(d);
(i) S =V{Ba(V, L) | L € L(S) \ (P<a—1 (V) U{V})};
(1it) S =V{B4(V,L) | L € L} for some nonempty L C P>4(V)\ {V'} satisfying
ILNL'| <d—1 for all distinct L, L' € L. (7)
Proof. (iii) = (i). Since P<q(V) C H, we have P<4_1(V) C L(S). Let K € L and suppose that
X eHn2K and p e V\ K. Since P<4(V) C H C P<yqy1(V), we may assume that |X| =d or d + 1.
Suppose that |X| = d+1. Since X € H = U, .1 B4(L), we have X € By(L) for some L € L. Thus
|IXNL|=dandso |KNL|>d. Inview of (7)), we get K = L, hence X C L, a contradiction since

|X| =d+1and |X NL|=d. Therefore | X|=d, hence X U {p} € B4(K) C H and so K € L(S).
Let a1,...,a4-1 € V be distinct. Then

@CalCa1a2C...Ca1...ad_1CV (8)
is a chain in L(S). If a1,...,a4-1 € L € L, then () can be refined to
0 CaiCajaa C...Cay...ag—1 CLCYV, (9)

also a chain in L(S). It is easy to check that every X € H is a partial transversal of the successive
differences for some chain of type (8) or (@), hence S is boolean representable.

(i) = (ii). Since P<4_1(V) U {V} C L(S) and the maximum length of a chain in L(S) is
d + 1, it follows easily that the maximal chains in L(S) must be of the form (8) or (@), with
L e L(S)\ (P<g—1(V)U{V}). Thus (ii) holds.

(ii) = (iii). Suppose that L, L’ € L(S) are distinct and satisfy |[L N L'| > d. We may assume that
LNL' C L. Let ay,...,a4-1 € L be distinct. Since P<4_1(V) C L(S), we get a chain of length d + 2

0CarCajaaC...Cay...a-1 CLNL CLCV

in L(S), contradicting dim#H = d. Therefore [LNL'| <d—1. O
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Corollary 5.9 Let d > 2 and and let V be a finite set with |V| > d+ 1. Let ) # £ C 2" be such
that |L| € {d,d +1,|V| — 1} for every L € L. Then V{By(V,L) | L € L} is boolean representable.

Proof. In view of Lemma [5.7] we may assume that |L| € {d,d + 1} for every L € L. Let L,L' € L
be distinct. It is easy to check that
By(L)U{L} = U{By(L\{a}) |a € L} (10)
holds for every L € Py, 1(V). Now we may use (I0) for replacing L. by some equivalent ¥.” satisfying
([@):
(1) If L, L’ € L.N Pyy1(V) are such that |L N L'| = d, we replace By(L) U By(L') by

(ABa(L\{a}) | a € L}) U(A{Ba(L'\ {a}) [ a € L'}).

(2) f Le LN Pyy1(V) and L' € Py(L), we replace By(L) U Bg(L") by U{By(L\ {a}) |a € L}.

Indeed, these replacements are legitimate in view of (I0]), and each such replacement decreases the
number of L € LN Py, 1(V). Eventually, we end up with some L’ satisfing (7). By Theorem [(5.8] our
complex is boolean representable. []

Another way of ensuring closure under join is by restricting the type of complexes in BPav(d).
We define, for every d > 2 and every finite set V with at least d + 2 elements,

Y(V)={(V,H) € BPav(d) | (V,H) has no restriction isomorphic to Ug 442}
Proposition 5.10 Let d > 2 and let V be a finite set with at least d 4+ 2 elements. Then
(V,Hq), (V,Ha) € (V) implies (V,H1 UHsa) € Y(V).

Proof. We show that
FI(V, Hy) € Pegar(V) U {V). (1)

Let i € {1,2} and F' € L(V,H;). Suppose that d +1 < |F| < |V|. Since P;(V) C H; and no
restriction of (V,H;) to a d-subset of F' is isomorphic to Ug 412, there exists some X € Py (F)NH;.
But then F' contains a facet of (V,H;) and so F' =V, a contradiction. Therefore (I1]) holds.
Now let
Li={FeL(V,H;) | d<|F| <|V]}.

By (III), we have
Li={F € L(V,H;) | |F| € {d,d+ 1} }. (12)

Since (V,H;) € BPav(d), we have H; = U B4(V, L) by Theorem 5.8 Thus HiUHo = U{By(V,L) |
LGLZ'
L € L; ULy} and so (V,H1 UHa) € BPav(d) by (I2]) and Proposition (.91
Suppose that there exists some W € Pyyo(V) such that Py (W) N (H1 U Hg) = 0. Then
Piy1(W)NHy =0, contradicting (V,H1) € Y(V). Therefore (V,H1 UHz) € (V). O
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Finally, we prove that, when we start with a complex S € Pav(d), there is a largest paving
TBRSC contained in S, and it is precisely Ty11(S¢).

Theorem 5.11 Let S = (V,H) € Pav(d) and
7(8) = {(V;#') € TBPav(d) | #H' € H} U{(V, P<a(V))}.
Then:
(i) there exists some (unique) S° = (V,H") € 7(S) such that H' C H° for every (V,H') € 7(5);
(ii) SO = Ty, 1(59).

Proof. (i) Let H° = U{H' | (V,H') € 7(9)}. Clearly, P<4(V) C H’ for every (V,H') € 7(S). In
view of Theorem [5.3] it follows that (V,H°) € 7(S) and we are done.

(ii) By Lemma B3] Ty41(S%) is a TBRSC and Tyy1(H®) € H. Since S € Pav(d), we have
Peg1(V)U{V} C ¢(S) and so P<4(V) C H°. Hence Tyi1(S¢) is paving and Tyy1(S%) € 7(5).
Therefore Tyy1(H®) C HO.

To prove the opposite inclusion, we may assume that dim(S°) = d (otherwise H? = P<4(V) C H¢
and we are done). It follows from Theorem 3.4l that S = T, 1((S°)?), so it suffices to show that
(HY)e C HE, which follows itself from £(S°) C (S). We prove the latter inclusion.

Let Z € &(S°). Then

VX e HONPy(Z)VpeV\Z XU{p}ecH

Suppose that X € H N P<4(Z) and p € V' \ Z. Since S° € Pav(d), we have X € H" N P<4(Z) and
7 € &(8%) yields X U {p} € H® C H. Thus Z € &(S) and so £(SY) C £(S) as required. OJ

The next example, analyzed in the Appendix, shows that the paving requirement for subcom-
plexes cannot be removed from the definition of 7(5).

Example 5.12 Let S = (V,H) € Pav(3) be defined by V = {1,...,7} and H = P<3(V) U {1labc |
a € 23,b€45,c€67}. Then S has no largest truncated boolean representable subcomplez.

6 On TBPav(d) \ BPav(d)

We proved in Proposition [1.3] that we need at least 6 points to separate TBPav(2) from BPav(2).
This section starts with a full account of the 6 point case.

Proposition 6.1 Up to isomorphism, the complexes with 6 points in TBPav(2)\ BPav(2) are of the
form (123456,H) for:

(1) H = B(1234) U By(12
(2) H = By(1234) U By(12 (15)
(3) H = By(1234) U B 5(15) U By(25);
(4) H = By(1234) U B2(12) U B2(35)
(5) H = B(1234) U By(12) U B(15) U By (35).

);
) U Ba(15);
12)UB

) .

7

Moreover, all the above 5 cases are nonisomorphic.

Proof. In the Appendix. [J
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Ordering the sets of faces through inclusion, we can build the following diagram

/\

(V, By(1234) U {123}) (V, Bo(1234) U {124})

—

(V,B2(1234))

The missing triangles in the three lowest elements are respectively

124,134, 234, 156, 256, 356, 456, 123,134,234, 156, 256, 356, 456
123,124, 134, 234, 156, 256, 356, 456

hence all the edges correspond to covering relations (check the enumeration of the missing triangles
for (1)—(5) in the proof of Proposition [6.1]).
We note that:

o (V,B2(1234)) € BPav(2) by Lemma [5.5

o (V,B5(1234) U {123}) ¢ TBPav2. Indeed, suppose that there exist Z € £(B2(1234) U {123})
such that |Z N 123] = 2. Since 124,134,234 ¢ H, we successively get 4 € Z and 1234 C Z, a
contradiction. In view of Theorem B.4] this implies (V, B2(1234) U {123}) ¢ TBPav2.

(V,B2(1234) U {124}) ¢ TBPav2. Similar to the preceding case.

No simplicial complex isomorphic to (4) embeds in (3). To prove this, recall the missing
triangles in (3) and (4). We can check that 3z is contained in a missing triangle of (3) for every
x # 3. Similarly, 4y is contained in a missing triangle of (3) for every y # 4. Suppose that
¢ € Sg is such that the isomorphic image of (3) through ¢ (call it (3”)) has (4) as subcomplex.
Then the missing triangles of (3”) are a proper subset of the missing triangles of (4). Hence
(3p)x is contained in a missing triangle of (4) for every x # 3¢, and (4¢)y is contained in
a missing triangle of (4) for every y # 4¢. However, only 4 satisfies this property, yielding
3¢ = 4 = 4¢, a contradiction.

Note also that an arbitrary S € TBPav(d) \ BPav(d) needs not having a restriction isomorphic

to Ug q+2. The complexes featuring Proposition constitute all counterexamples for d = 2.

We intend now to show that TBPav(d) \ BPav(d) is in some sense finitely generated. We start

with a couple of lemmas.

Let TBR (respectively TBP) denote the class of all finite truncated boolean representable sim-
plicial complexes (respectively finite paving truncated boolean representable simplicial complexes).
A class of simplicial complexes closed under isomorphism and restriction is called a prevariety.

For details on prevarieties, see [14] Sections 8.4 and 8.5].

14



Lemma 6.2 The classes TBR and TBP are prevarieties of simplicial complezes.

Proof. In the Appendix. [J

Let S € TBPav(d) \ BPav(d). By Lemma [6.2] every restriction of S is in 7BP (with possibly
lower dimension). We say that S is minimal if every proper restriction of S is boolean representable.
Lemma 6.3 Let d > 2. Then the mazimum number of vertices for a minimal S € TBPav(d) \
BPav(d) is (d+1)(d+2).

Proof. Let S = (V,H) € TBPav(d) \ BPav(d) be minimal. Hence S ¢ BPav(d) but every proper
restriction of S is boolean representable. By [14, Theorem 8.5.2(ii)], we get |V| < (d + 1)(d + 2).

Now we consider the Swirl, the simplicial complex defined in the proof of [14] Theorem 8.5.2(ii)],

where it is proved that every proper restriction of this complex is boolean representable, but the

Swirl is not. The Swirl is defined as follows:
Let A ={ag,...,aq} and B; = {bjg,...,biq} for i =0,...,d. Write also A; = A\ {a;} and

Ci = Pyy1(A; U (Bi \ {bio})) U {Bi}.
We define
d d
V=AU|JB;, H=Pqa(V)\|JCi

=0 =0
It is easy to check that all the X € H N Pyy1(V) fall into four cases (not necessarily disjoint):
(
(

a) there exist b;;, by € X with ¢ # k;
b) there exist b, a; € X;

(c) there exist b;;,a; € X with j > 0;
(d) X =ap...aq.

Define
L={L e P4(V)| there exist some b;;, by € L with i # k}

U{L € Py(V) | there exist some b;p,a; € L}

U{L € Py(V) | there exist some b;;,a; € L with j > 0}

U {AZUBZ ’iZO,...,d}.
It is straightforward to check that H = U{By(L) | L € L}, hence S € TBPav(d) by Theorem
Since |V| = (d+1)(d+2)), we have found some minimal S € TBPav(d) \ BPav(d) with (d+1)(d+ 2)
vertices as required. [J

Let V be a prevariety of simplicial complexes. We say that V is finitely based if there exists some
m > 1 such that every simplicial complex not in V admits a restriction not in V with at most m
vertices.

Given a prevariety V of simplicial complexes and d € N, we define the prevariety

Vy={S eV |dim(s) < d}.

Let BP denote the class of all finite paving boolean representable simplicial complexes. By [14],
Theorem 8.5.2], BP, is finitely based for every d > 1. Since TBP; = BP; by Proposition [41] it
follows that TBP; is finitely based.

Theorem 6.4 7T BPs is not finitely based.
15



Proof. It suffices to build arbitrary large simplicial complexes not in 7TBP5 with all proper restric-
tions in 7 BPs.
Suppose that S = (V,H) € Pav(2). Then P<1(V) C L(S) C (S), and so

S € TBPs if and only if, for every X € H N P3(V),
there exists some Z € €(S) such that |[ X NZ| = 2. (13)

Let n > 6 and take as vertex set

V= {$07"'7xn7y07"'7y67Z07"'7Z6}7

where we identify
To=Yo = %6, T1=20=1"Ye6, Y1 =21 =2Tn.
Let

T ={riwip1@iy2 [1=0,...,n = 2} U{yiyit1¥iv2 | 0 <0 <4} U{z2i412i42 | 0 < < 4},
H = P<3(V)\T and S = (V,H). We show next that:
for every X € (HN P3(V)) \ {xox1y1}, there exists some F' € L(S) such that [ X N F| =2. (14)

Indeed, such an X contains necessarily some element of V' \ zox1y1. Without loss of generality, we
may assume that this element is among x5, ...,x,_1 (the other cases follow by symmetry).

Suppose that X C xg...x,, say X = z;2;x, with i < j < k. Since X € H, then 7,5,k are not
consecutive integers. If k < n, then k > 1 and k — i > 2, hence z;x; € L(S) and we are done. Thus
we may assume that £k =n. If i > 1, then & — ¢ > 2, hence x;x; € L(S) and we are done. Thus we
may assume that ¢ < 1. Since k = n, this implies 2 < j < n —1. Since n > 6, we get either k —j > 2
(yielding z;x € L(S)) or j —i > 2 (yielding x;z; € L(S)).

Hence we may assume that at least one of the other elements of X (say a) is not of the form z;.
Let i € {2,...,n—1} be such that x; € X. It is easy to check that z;a € L(S). Therefore (I4) holds.

Next we show that

for every Z € (S), |Z N {xoz191}| # 2. (15)

Let Z € ¢(S) and assume that |Z N {xor1y1}| > 2. Assume first that xg,x1 € Z. Since

Tixis1Tivo ¢ H for i = 0,...,n — 2, we get successively x5 € Z,...,x, € Z. Since z,, = y1, we get
ror1y1 € Z.

Suppose now that zg,y; € Z. Since xg = 1o, we use the same argument to deduce that ys €
Z,...,ys € Z. Since yg = x1, we get xor1y1 C Z.

Finally, suppose that z1,y; € Z. Since x1 = zy and y; = z1, we use the same argument to deduce
that zo € Z,..., 26 € Z. Since zg = xg, we get xor1y1 € Z and (I5) is proved.

In view of ([I3), it follows from (I3 that S & TBPs.

Fix now v € V and write W =V \ {v}. We must show that S|y € TBP2 (since TBP3 is closed
under restrictions, this implies that S|y € TBPs for any W' C V).

Since S € Pav(2), we only need to show that the righthand side of (I3) holds when we replace S
by S|w. Let X € H N P3(W). Suppose first that X # zoz1y;. By (I4]), there exists some F' € L(S)
such that | X N F| = 2. It follows that ' N W € L(S|w). Since | X N (F NW)| = 2, the desired
condition is satisfied if X # xoz1y:1.
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Thus we may assume that X = xgz1y;. It follows that either v = 2; with2 <i<n—1orv =y;
or v = z; with 2 < j <5.

Suppose that v = x;. Let Z = xqg...2;—1. It is immediate that Z € e(S|w) and |Z Nzoz1y1| = 2.
If v = y; (respectively v = z;), we take Z = yg...y;j—1 (vespectively Z = zy...2;_1). Therefore, in
view of (I3]), we get S|w € TBP2 as required. [

7 The pure core

Let S = (V,H) be a simplicial complex of dimension d. We say that S is pure if all the facets of S
have dimension d.
We define pure(S) = (V',H') by

V= UHN P (V)), H =U{2¥ | X e HN Pya(V)}.

It is immediate that pure(S) is the largest pure subcomplex of S, also called the pure core of S.
This section is devoted to the following questions, all related to the concept of pure core:

Problem 7.1 Let S be a BRSC. Is pure(S) a BRSC?

Problem 7.2 Let S be a BRSC and let k > 1. Is pure(T(S)) a BRSC?

Problem 7.3 Let H be a BRSC and let k > 1. Is pure(Ty(S)) a TBRSC?
Note that Problem [7.3] admits the equivalent statement:

If Sis a TBRSC and k > 1, is pure(7%(S)) a TBRSC? (16)

For the nontrivial implication, let S be a TBRSC of rank r and assume that Problem [7.3] has a
positive answer. Since S is a TBRSC, we have S = T,.(S’) for some BRSC 5.

Suppose first that k£ > r. Then T;(S) = S, hence we must show that pure(S) is a TBRSC. Since
S =T,(5"), our goal follows from the answer of Problem [T.3] for S” and r.

Assume now that k < r. It is easy to check that Ty (S) = T} (S’). Since the answer of Problem [.3]
implies that pure(7y(S’)) is a TBRSC, then pure(7(.S)) is a TBRSC and so (6] has also a positive
answer.

Since matroids are pure and closed under restriction [12], all questions have positive answers for
matroids. We show that none of them admits a positive answer in general, but we establish particular
cases.

The following example, analyzed in the Appendix, answers Problem [T Tl negatively for dimension
3. It also answers Problems and [7.3] for dimension 3 and k = 4.

Example 7.4 Let V = {1,...,7} and R = {0,1,3,5,12,56,356,1234,V }. Then S = (V,Tr(R)) is
a BRSC but pure(S) is not a TBRSC.

However, we can find positive answers for all the problems in particular cases as we shall see.

The following lemma will prove useful:

Lemma 7.5 Let S = (V,H) be a simplicial complex and let I, J € H be such that I C J. Then there
exists some I' € H such that I CI' and I' = J.

Proof. In the Appendix. [
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Matroids admit a wide variety of characterizations. One of them is the following: a simplicial
complex M = (V,H) is a matroid if and only if

for all X,Y € H, X =Y implies | X| = [Y]. (17)

Indeed, if X =Y and |X| > |V, it follows easily from the exchange property that Y U {z} € H for
some x € X \ Y, hence Y U {z} =Y. In the case of matroids, the enumeration in (I} can be chosen
arbitrarily (see [12]). By taking z as last, we reach a contradiction. Thus |X| = |Y|.

Conversely, suppose that (I7) holds. Let I,J € H be such that |I| = |J| + 1. Suppose that
JU{i} ¢ H for every i € I\ J. Then I C J and so by Lemma this contradicts (7). Thus M
satisfies the exchange property and is therefore a matroid.

We define a simplicial complex S = (V,H) to be a near-matroid if

X =Y CV implies | X| = |Y]
for all X,Y € H. The rank function p: L(S)\ {V} — N is defined by
Fp=|X|, where X € H is such that X = F.

Note that such an X exists by [14, Proposition 4.2.4].
It follows from (I7)) that every matroid is a near-matroid. The following result shows that the
converse fails, in fact a near matroid needs not be boolean representable.

Proposition 7.6 Let S be a simplicial complex of dimension d > 0.
(i) If S is paving, then S is a near-matroid.
(ii) If S is boolean representable and d < 2, then S is a near-matroid.

Proof. (i) Write S = (V,H) and suppose that X,Y € #H are such that X =Y C V. By [14]
Proposition 4.2.3], X and Y are not facets (it is easy to check that the closure of a facet must be
V). Suppose that |X| < d. Since Py(V) C H, it follows that X = X, so in this case we get indeed
Y = X. Thus we may assume by symmetry that |X|,|Y| > d. Since X and Y are not facets, then
|X| =d=|Y|and so S is a near-matroid.

(ii) Let X,Y € H be such that X =Y C V. Since {) = () and the closure of a facet is V, we may
assume that X, Y ¢ fct(S) U {0}.

Assume first that X = {a}. Let M be an R x V boolean matrix representing S. If C, = {b €
V | M[R,a] = M|R,b]}, then C, C @ Moreover, J € H N 2% implies |J| < 1, and since all the
columns of M are nonzero (we have Py (V) C H), it follows that @ = C,. Thus Y = X = C, yields
Y] =1=|X]|.

Assume now that |X| > 1. By the previous case, we also have |Y| > 1. Since dim(S) < 2 and
X,Y ¢ fct(S), we have necessarily | X| =2 = |Y|. Therefore S is a near-matroid. [J

Before discussing boolean representable near-matroids, we present two lemmas.

Lemma 7.7 Let S = (V,H) be a near-matroid and let F, F' € L(S) be such that F C F' C V. Then
Fp < F'p.

Proof. In the Appendix. [J
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Lemma 7.8 Let S = (V,H) be a near-matroid and let F, F" € L(S) be such that F C F' C V. Let
a1 € F'\ F and k = F'p — Fp. Then there exist ay,...a; € V such that

FCFUalCFUCLlagC...CFUCLl...CLk:F,.

Proof. In the Appendix. [J

Theorem 7.9 Let S be a boolean representable near-matroid and let k > 0. Then:
(i) Ti(S) is a BRSC;
(11) pure(T(S)) is a BRSC.
Proof. (i) Write S = (V,H) and let X denote the closure of X C V in L(S). We define
Fr={Fe€L(S)| Fp<k}u{V}

Since L(S) is closed under intersection, it follows from Lemma [[.7] that Fj, is a Moore family. Hence
(V, Tr(Fy)) is a BRSC. We show that Tj(S) = (V, Tr(Fx)).
Let X € Tx(H) and let s = |X|. Then there exists an enumeration ai,...,a, of the elements of
X such that
a; Cajaz C...Cay...as.

Hence X is a transversal of the successive differences for
dcaiCaias C...Caj...as_1 cV,

which is a chain in Fi. Thus X € Tr(F).

Conversely, assume that X € Tr(Fy). Since Fj, C L(S), it follows that X € H.

Suppose that |X| > k. Since X € Tr(Fy), there exist some F € Fi and x € X such that
FNX=X\{z}. But F =Y for some Y € Ty_1(H). Hence X \ {z} CY and by Lemma [T.5] there
exists some Z € H such that X \ {2z} C Z and Z =Y = F. But then |Z| > | X \ {2}| > k > |V, a
contradiction since S is a near-matroid. Thus |X| < k and so Ti(H) = Tr(F) as claimed.

(ii) Let F;, denote the set of all flats of S occurring in chains of the form

FyCFL C...CF;

in Fj. We claim that Fj, is a Moore family.

Let F,F' € F,. We may assume that F,F’ # V. We have F N F' € F}, since F, is a Moore
family. Since F' € F;, \ {V'}, there exists some F” € L(S) such that F' C F” and F"p =k — 1. Now
we apply Lemma [T.8] to both inclusions ) C F N F' C F”. This ensures that FF' N F’ will appear in
some chain of flats of length k in L(S) of the form

0c...cF'cV.

Since F"p =k — 1, it follows from Lemma [77] that this is in fact a chain in Fj, and therefore in Fj.
Thus FNF' € Fj. Since V € Fj, then Fj, is a Moore family. Writing V' = UF}, it follows that
(V', Tr(F},)) is a BRSC. We claim that pure(T;(S)) = (V/, Tr(F)).
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Let X € HN Pi(V). Then there exists an enumeration aq, ..., ax of the elements of X such that
a7 C ajaz C ... C a1 ag.
Hence X is a transversal of the successive differences for
lCcagCcaaz C...Cay...ar_1 CYV,

which is a chain of length k in Fj,. Thus X € Tr(F)).
Conversely, assume that X € Tr(F}). We may assume that X is a facet of (V/, Tr(F})). Then
there exists some chain
FhCF C...CF; (18)

in F/ and some enumeration aq, ..., as of the elements of X such that a; € F;\ Fj_; fori=1,...s.
Since X is a facet, we must have Fy = ) and F; = V. Suppose that F;_1p = r < k — 1. Since
Fs_1 € F,, then it must occur in some chain of length k in 7}, hence we have some chain

Fo1=FCF C...CF/CF, =V

in F} for some t > 1. Since a5 € F{,; \ Iy, we have as € I} \ Fj_; for some j € {1,...,¢+ 1}, hence
there exists some Y € Tr(F}) N Psy(V') containing (strictly) X, contradicting X € fet(V’, Tr(F})).
Thus Fs_1p=k — 1.

Now a; € F; \ F;—1 fori =1,...,s — 1 and so we can apply Lemma [.8 s — 1 times to refine (I]])
to a chain of length k in L(S) of the form

FhyCFyUa1 C...CFi CFiUay C... CF, 1 CFj,

which admits a transversal of the successive differences containing X. Since X € fet(V/, Tr(F})),
it follows that s = k and so in view of Lemma [Z7] we have X € H N P,(V'), hence X is a facet of
pure(Ty(S)). Therefore pure(T;(S)) = (V', Tr(F},)) as claimed. O

Together with Proposition [T.6] this yields:

Corollary 7.10 Problems [7.1}, [7.2 and [7.3 have positive answers for boolean representable near-
matroids. In particular, they hold for:

(i) paving BRSC;
(ii) BRSC of dimension < 2.

As remarked earlier, Example [[4] answers negatively Problem for dimension 3 and k = 4. On
the other hand, Problem [7.2] has a positive answer for k < 2: if S is a BRSC, then Ty(S) is a BRSC
by Proposition 1] and pure(7%(S)) is a BRSC by Corollary [.T0(ii).

The next example (discussed in the Appendix) answers negatively Problem for dim(S) = 3
and k = 3.

Example 7.11 Let S = (V,H) with V = U{i,,i" | i € Zs},
Z=U{i(i+1)G+1),d"(i+1)G+1) |i€Zs}

and
H=(P<s(V)\2)U{it"(i+1)p|li€Zs, peV\i!(i +1)(i+ 1)}
U {id" (i +1)p | i € Zs, pe V \id" (i + 1)(i + 1)}
Then S is a BRSC but pure(T3(S)) is not.
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Another counterexample, also analyzed in the Appendix, is given by the boolean module BW: a
simplicial complex of dimension 3 admitting a 4 x (2* — 1) boolean matrix representation where all
columns are distinct and nonzero (so we have all possible nonzero columns).

Example 7.12 The boolean module BY is pure and its truncation to rank 3 is a pure TBRSC which
s not a BRSC.

We turn now our attention to Problem [7.3l
As remarked earlier, Example[7.4] also answers negatively Problem [7.3] for dimension 3 and k = 4.
The next result shows, that, unlike Problem [7.2] Problem [7.3] admits a positive answer for k& < 3.

Theorem 7.13 Let S be a BRSC and let 1 < k < 3. Then pure(Ty(S)) is a TBRSC.
Proof. In the Appendix. [J

8 Topology

In this section, we generalize to TBRSCs results proved in [9] for the topology of BRSCs.

Let S = (V,H) be a simplicial complex. We say that S is connected if the graph T5(S) is
connected. The proof for the following result is essentially the proof given for BRSCs in [9] Lemma
3.1].

Lemma 8.1 Let S = (V,H) be a TBRSC. Then S is connected unless H = Py(V') and |V| > 1.
Proof. In the Appendix. [J

It is well known that the geometric realization ||S|| of a simplicial complex S, a subspace of some
euclidean space R™, is unique up to homeomorphism. For details, see e.g. [14, Appendix A.5].

Given a point vy € [|S|], the fundamental group w1 (]|S]|,vo) is the group having as elements the
homotopy equivalence classes of closed paths

'U(]Q

the product being determined by the concatenation of paths.

If S is connected, then 71 (][S||,v0) = m1(]|S]|, wo) for all points vy, wp in ||S]|, hence we may
use the notation m(||S||) without ambiguity. We produce now a presentation for m(||S]|). This
combinatorial description is also known as the edge-path group of S (for details on the fundamental
group of a simplicial complex, see [15]).

We fix a spanning tree T of S and we define

A=A{apg | pg € HNPR(V)},
Ry = {aqpa;q1 |pge HN Py(V)}U {aquanra;;T1 | pgr € HN P3(V)}U{ap | pg € T}.
We may view 71(||S||) as the group defined by the group presentation
(A | Rr). (19)

We compute next the fundamental group of a connected TBRSC. If it has dimension 1, it is a
graph and so it follows easily from the presentation (I9]) that its fundamental group is free of rank
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e—v—+1, where e (respectively v denotes the number of edges (respectively vertices). Note that v —1
is the number of edges of the spanning tree T'. Therefore we concentrate our attention in the case of
dimension > 2. These TBRSCs are connected by Lemma [R1

Given a BRSC S = (V,H), the graph of flats T'(L(S)) has vertex set V and edges p — ¢ whenever
p#qand pg C V.

Let C be a connected component of I'(L(S)). If HNP,(C') # 0, we shall say that C' is H-nontrivial.
Otherwise, we say that C' is H-trivial. The size of C' is its number of vertices.

The next result shows that, given a TBRSC S = (V,H) of dimension > 2, the graph of flats
I'(L(S%)) and the size of its H°-trivial components determine completely the fundamental group of
S. Note that L(S%) = &(S) by Theorem [B:4] hence, for all distinct p,q € V, p — ¢ is an edge of
L(S%) if and only if there exists some Z € £(S) such that pg C Z C V.

Theorem 8.2 Let S be a TBRSC of dimension > 2. Assume that T'(L(S)) has s HE-nontrivial

connected components and r HE-trivial connected components of sizes fi,..., fr. Then m1(||S]]) is a
free group of rank
<s+f1+...+fr—1> _i(f,-)
2 2i\2)

or equivalently,

() 6Dt X s
1<i<j<r

Proof. This result was proved in [9, Theorem 3.3] for BRSCs (with S¢ replaced by S). Therefore

it suffices to note that S and S° have the same fundamental group. Indeed, 7(||S||) = 7(||T3(5)]|)

and 7(||S¢||) = 7(||T5(S%)||). Since S has dimension > 2, it follows from Theorem B.4] that T3(S) =

T3(S¢). It follows that 7(||S||) = = (]|S?||) as required. OJ

Corollary 8.3 Let S be a simple TBRSC of dimension > 2. Then m1(||S||) is a free group of rank
(tgl), where t denotes the number of connected components of I'(L(S?)).

Proof. If S = (V,H) is simple, then each H*-trivial connected component of I'(L(.S¢)) has precisely
one vertex. Hence, by Theorem [R:2] 71(||S]|) is a free group of rank (tgl). O

In [9, Example 3.5], it is shown that free groups of rank (g) (n > 2) occur effectively as funda-
mental groups of simple BRSCs of dimension 2.

Let S = (V,J) be a simplicial complex. We recall now the definitions of the (reduced) homology
groups of S (see e.g. [4]).

If S has ¢ connected components, it is well known that the 0th homology group Hy(S) is isomorphic
to the free abelian group of rank c¢. For dimension k& > 1, we proceed as follows.

Fix a total ordering of V. Let Ck(S) denote the free abelian group on J N Py.1(V), that is,
all the formal sums of the form ), ;n;X; with n; € Z and X; € J N Py (V) (distinct). Given
X € JNPey1(V), write X = xoxy ... x5 with 2o < ... < z,. We define

k

X0 =Y (~1)'(X \ {a:}) € C1(8)

1=0
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and extend this by linearity to a homomorphism 0 : Ci(S) — Ck_1(S) (the kth boundary map of
S). Then the kth homology group of S is defined as the quotient

Hi(S) = Ker 0k /Im0O 1.

The 0th reduced homology group of S, denoted by ﬁo(S ), is isomorphic to the free abelian group
of rank ¢ — 1, where ¢ denotes the number of connected components of S. For k > 1, the kth reduced
homology group of S, denoted by H, () coincides with the kth homology group.

A wedge of spheres S, ..., Sy, (of possibly different dimensions) is a topological space obtained
by identifying m points s; € S; for i =1,...,m.

We say that two topological spaces X and Y have the same homotopy type if there exist continuous
mappings a: X — Y and §:Y — X such that:

e there exists a homotopy between a8 and 1x;
e there exists a homotopy between Sa and 1y.

An important theorem of Bjorner and Wachs [I] states that shellable simplicial complexes (a class
including matroids as a particular case) have the homotopy type of a wedge of spheres.

Theorem also yields the following important consequence, where the proof is essentially the
proof given for BRSCs in [9, Theorem 3.6].

Theorem 8.4 Let S be a TBRSC of dimension 2. Then:
(i) the homology groups of S are free abelian;
(i) S has the homotopy type of a wedge of 1-spheres and 2-spheres.

Proof. In the Appendix. [J
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Appendix

We collect in this Appendix several proofs omitted from the main text, and the discussion of several
examples.

Proof of Proposition [31l Let X € L(Ty(S)). If X contains a facet of Tx(S), then X = V, so we
assume that X contains no facet of Tx(S). Now let I € H N2 and p € V' \ X. Since I ¢ fet(Tx(S)),
we have |I| < k and so I € Ty(H). Now X € L(Ty(S)) yields I U {p} € Ty(H) C H. Therefore
X € L(S) and the direct inclusion holds.

Conversely, assume that X € L(S) contains no facet of T;(S). Let I € HNP<,(X) and p € V'\ X.
Since X € L(S), we get I U {p} € H. But I is not a facet of T(S), hence |I| < k and so
I'U{p} € T(H). Thus X € L(Tx(S)) as required. [J
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Proof of Lemma (i) We prove that
Tp(H) CH (20)

holds for £ =0,...,d 4+ 1 by induction on k.

The case k = 1 being trivial, assume that k£ € {2,...,d + 1} and (20) holds for k¥ — 1. Let
X € Tp(H®). We may assume that |X| = k. Then there exists an enumeration xy,...,x of X
and Zy,...,Z, € €(S) such that Zp D Z1 D ... D Zy and z; € Z;_1 \ Z; for i = 1,...,k. Let
X' ={x9,...,xx}. Since X" € Tj,_1(H®), it follows from the induction hypothesis that X’ € H. Now
|X'| <d, X' C Zy and 1 € V' \ Z3, hence it follows from Z; € £(S) that X = X" U {x1} € H. Thus
0) holds for k=1,...,d+ 1.

(ii) Let X € (S). Let I € H*N2¥ and p € V \ X. Since I € H?, there exists an enumeration
x1,...,xof Tand Zy, ..., Zx € e(S)suchthat Zp D Z1 D ... D Zyand x; € Z;_1\Z;fori =1,... k.
Now by Lemma [3.2](i)

ZoNX>ZiNXD...oZ,NX

is also a chain in e(5) satisfying ; € (Z,_1 N X)\ (ZiNX) for i = 1,...,k. Since V D ZyN X is
also a chain in (S) and p € V'\ (Zy N X), we get I U {p} € H* and so X € L(S5°).

(iii) Let X € H®. Then X is a transversal of the partition of successive differences for some chain
of £(5), and so is any subset of X. Thus S¢ is a simplicial complex. By (ii), a chain in €(5) is also
a chain in L(S%). Therefore S¢ is boolean representable. [J

Proof of Theorem[37} (i) = (ii). Write S’ = (V,H'). We start by showing that
L(S") C e(S). (21)

Let F € L(S"). Suppose that X € H N P<4(F) and p € V \ F. Since H C H/, it follows from
F e L(Y) that X U{p} € H'. But now |X| < d implies X U {p} € Ty11(H') = H and so F € (9).
Therefore (21]) holds.

Now let X € H. Since H C H’, there exists an enumeration z1,...,z; of X and Fy,..., F; €
L(S’) such that Fy D Fy D ... D Fy and x; € F,_1 \ F; for i« = 1,...,k. By (1)), we have
Fy,...,F, € ¢(S) and so X € H¢. Since dim(S) = d, then X € Ty, 1(H®) and so H C Tyy1(HT).
Therefore H = Tyy1(H®) by Lemma B3)(i), and so S = Ty11(S5°).

(ii) = (i). This follows from Lemma B.3|(iii).

It remains to be proved that L(S%) = (S5).

Let X € L(S%). Let I € HN P<4(X) and p € V\ X. Then I € H* by (ii) and so X € L(S°)
yields I U {p} € H°. Since |I| < d, we get I U {p} € Ty;+1(H®) = H and so X € £(S). The opposite
inclusion follows from Lemma B3|(ii). O

Analysis of Example Indeed, it is easy to check that
pcl1cl12ci1235CcV, 0c3ci1235CcV, Qc4cV

are all chains in (S). Now every X € H is a partial transversal of either chain (if X = 46, we use
the third chain, if X O 35 we use the second chain, in the remaining cases we use the first). Hence
H C HE and so S = T5(S¢) by Lemma [3.3(i). Therefore S is a TBRSC by Theorem [3.4]

Consider now 134 € H.

e Since 135 ¢ H, we get 5 € 13. Since 235 ¢ H, we get 2 € 35 C 13. Since 123 € fct(5), we get
13=V.
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e Since 146 ¢ H, we get 6 € 14. Since 246 ¢ H, we get 2 € 46 C 14. Since 124 € fct(S), we get
4=V.

e Since 346 ¢ H, we get 6 € 34. Since 246 ¢ H, we get 2 € 46 C 34. Since 234 € fct(S5), we get
4=V.

It follows that S is not a BRSC. J

Analysis of Example Let a,b,c be an enumeration of 123. Let X € &(S) contain ab. Since
abd ¢ H, we have 4 € X. Since acd ¢ H, we get ¢ € X. Hence X = V and so 123 cannot be a
transversal of the successive differences for a chain in £(S). Therefore S is not a TBRSC. O

Proof of Proposition[3.7 Let F' € L(S¢). Take X € HN P<4(F) and p € V' \ F. Since P<4(V) C H,
we have P<g_1(V) C L(S), hence P<4_1(V) C ¢(S) C L(S°) by Lemmas B.2(ii) and B.3(ii). Thus
X € H® and since F' € L(S) we get X U{p} € H*. Thus X U{p} € Ty1(H°) C H by LemmaB.3[i)
and so F € ¢(S). O

Analysis of Example Straightforward computation shows that £(S) = {0,35,V}. It follows
easily that 124 € L(S%) \ ¢(S). O

Proof of Lemma [{.2 It is immediate that (V,H) is a simplicial complex. Let I,J € H with
|I| = |J| + 1. We may assume that |J N I| < 1.

Assume first that J NI = {a}. Write J = ab and I = acjce. Suppose that abcs ¢ H for s = 1,2.
Then abcs contains some Fy € F for s = 1,2. Since I,J € H, we must have Fy = bes for s = 1,2.
But then Fy N Fy = {b}, a contradiction. Thus J U {¢s} € H for some s.

Assume now that J NI = (. Write J = ab and I = ¢1cac3. Suppose that abes ¢ H for s = 1,2, 3.
Then abcy contains some Fy € F for s = 1,2,3. Since J € H, we must have Fy € {acs,bes} for
s = 1,2,3. But then there exist i,5 € {1,2,3} such that |F; N Fj| = 1, a contradiction. Thus
JU{cs} € H for some s. [

Analysis of Example Indeed, S; is a uniform matroid and S5 is a matroid by Lemma We
may write SV .S2 = (V,H) with

H= PSQ(V) U {X S Pg(V) |,12,34 Z X}

We have 1235 € H. Let Z € e(H).

If 13 C Z, then 123 ¢ H yields 2 € Z, and 125 ¢ H yields 5 € Z.

If 15 C Z, then 125 ¢ H yields 2 € Z, and 123 ¢ H yields 3 € Z. Out of symmetry, 35 C Z
implies 1 € Z.

It follows that 135 ¢ H® and so S V S2 is not a TBRSC by Theorem 3.4 O

Analysis of Example Indeed, it is easy to check that
L(V, H) D) Pgl(V) @] {12, V}, L(V, 7‘[/) D) Pgl(V) @] {1235, V},

and it follows easily that (V,H), (V,H') € BPav(d). We have seen in Example B.H that (V,HU®H') ¢
BPav(d). O
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Analysis of Example[5.12 First, we show that S is not a TBRSC. Suppose it is. Then 1246 € H C H*
by Theorem [3:4l Then there exists some Z € €(S) such that |1246 N Z| = 3. Out of symmetry, we
may assume that 24 C Z.

o If 1246 N Z = 124, then 124 € H N 2% and 1234 ¢ H yield 3 € Z. Now 123 € H N 2% and
1236 ¢ H yield 6 € Z, a contradiction.

o If 1246 N Z = 246, then 246 € H N 2% and 2346 ¢ H yield 3 € Z. Now 234 € H N 2% and
1234 ¢ H yield 1 € Z, also a contradiction.

Therefore S is not a TBRSC.
Now let 7 C 2V be the set of partial transversals of the partial differences for the chain

fcl1ci123C12345C V.

Then (V,J) is a BRSC and J C H. On the other hand, P<3(V)) C H. Since J U P<3(V) = H and
S is not a TBRSC, it follows that S admits no largest truncated boolean representable subcomplex.
O

Proof of Proposition [611 We fix V = {1,...,6} as the set of points and we consider S = (V,H) €
TBPav(2) \ BPav(2). Then there exists some BRSC S" = (V,#') such that S = T5(S"). Given
X CV,let X (respectively X ) denote the closure of X in L(S’) (respectively L(S)).

Since S ¢ BPav(2) and P<; (V) C L(S), there exists some X € P3(V) N such that

X C X/\@} for every x € X. (22)

Without loss of generality, we may assume that X = 345. On the other hand, since S’ € BPav(2)
and 345 € H', there exists some x € 345 such that x ¢ 345\ {z}. We may assume that z = 5. We

claim that
|34] = 4. (23)

Indeed, we know already that 5 ¢ 34. Suppose that 34 = 34. Then 34y € H’ (and therefore 34y € H)
for every y € 1256, yielding 34 = 34, contradicting [22). Without loss of generality, we may assume
that 34y ¢ H' for some y € 126, say y = 1. Hence 134 C 34. Suppose that 34 = 134. Since 134 ¢ H,
this implies 34 = 34 = 134, contradicting ([22). Thus [34| > 4. Since 5 ¢ 34, we may assume without
loss of generality that 1234 C 34.

Suppose that 1234 C 34. Since 5 ¢ 34, we get 34 = 12346. It follows that 45z € H’ for every
2 € 1236, hence 45 = 45, contradicting (22)). Therefore 34 = 1234 and so (23) holds.

It follows that abb,ab6 € H for all a,b € 1234 distinct. Since 134 = 1234, it follows that
{123,124,234} € H. Together with 134 ¢ H, this implies that the restriction

= 5"|1234 = S|1234 = (1234, H")

misses at least two triangles.

On the one hand, 134 ¢ H and {123,124,234} ¢ H yield 1234 C 34. On the other hand, it
follows from (Z2) that 5 € 34, hence 12345 C 34. Since abb,ab6 € H' for all a,b € 1234 distinct,
then 1234 ¢ L(S) (if 1234 € L(S), then 34 C 1234) implies that 1234 \ {¢} € H for some ¢ € 1234.
Therefore S” has exactly one or two triangles. Since S” is a restriction of the BRSC S’, it follows
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that S” is a BRSC. On the other hand, it follows from [14, Example 5.2.11] that a paving BRSC with
4 points cannot have exactly one triangle, hence S” has exactly two triangles, whose intersection has
two points, say de.

Together with 1234 € L(S’), this implies that de € L(S’). Since 134 ¢ H, we have de €
{12,23,24}. Since we have not distinguished 3 from 4 so far, we may assume that de € {12,23}.

In any case, having 1234 € L(S") determines that ab5,ab6 € H for all a,b € 1234 distinct (12
elements), and de € L(S") determines which two elements among the four elements of P5(1234)
belong to H. Thus we only need to discuss what happens with 156, 256, 356, 456. If 356 € H, then
35 € L(S') (in view of 1234 € L(S")), implying 35 = 35 (and consequently 35 = 35), contradicting
[@2). Therefore 356 ¢ #H. Similarly, 456 ¢ H. It follows that we reduced the discussion to determine
whether or not 156,256 € H, for each choice of de € {12,23}.

If we omit both 156,256 from H, we get the two cases

(1) H = By(1234) U By(12),
(1) H = By(1234) U B,(23),

which are clearly isomorphic.
Now adding 156 (respectively 256) is the only consequence of adding 15 (respectively 25) as a
line, and these additions do not interfere with each other. We are then bound to consider the cases:

(2) H = B(1234) U By(12) U Ba(15);
(2)) H = By(1234) U Ba(12) U B(25);
(3) H = By(1234) U By(12) U By(15) U By(25);
(4) H = By(1234) U By(23) U By(15);
(27) H = By(1234) U By(23) U Ba(25);
(5) H = By(1234) U By(23) U Ba(15) U By(25).

The cases (2), (2’) and (2”) are clearly isomorphic. Applying the permutations (13) and (132) to
12345 in cases (4) and (5), respectively, we have reduced our discussion to the cases

(1) H = By(1234) U By(12);

(2) H = By(1234) U By(12) U By(15);

(3) H = By(1234) U By(12) U By(15) U By(25);
(4) H = By(1234) U By(12) U By(35);

(5) H = By(1234) U By(12) U By(15) U By(35).

We list below the triangles missing in each of the cases:
(1) 134, 234, 156, 256, 356, 456;

(2) 134, 234, 256, 356, 456;
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(3) 134, 234, 356, 456;
(4) 134, 234, 156, 256, 456;
(5) 134, 234, 256, 456.

Out of cardinality arguments, we only have to distinguish (2) from (4) and (3) from (5). Now
1 appears only once among the missing triangles in (2), and all points appear more often in (4); 1
and 2 appear only once among the missing triangles in (3), but only 1 has a single occurrence in (5).
Therefore these complexes (1) — (5) are nonisomorphic.

By construction, any one of these 5 complexes is in TBPav(2). We confirm now that neither of
them is a BRSC. For the first three cases, we take 345 € H.

(1) 134 ¢ H, hence 1 €A3A4; 234 ¢ H, hence 2 € 34; 34 contains the facet 123, hence 3=V,
356 ¢ H, hence 6 € 35; 456 ¢ H, hence 4 € 35. Similarly, 3 € 45.

(2) Same argument as in (1).

(3) Same argument as in (1).

For the remaining two cases, we take 245 € H.

(4) 234 ¢ H, hence 3 € 24; 134 ¢ #, hence 1 € 24; 24 contains the facet 123, hence 24 = V.
256 ¢ H, hence 6 € 25; 456 ¢ H, hence 4 € 25. Similarly, 2 € 45.

(5) Same argument as in (4).

O

Proof of Lemma 62 Let S = (V,H) € TBR and let ) # W C V. Since S € TBR, there exist a
BRSC S' = (V,H') and m > 1 such that S = T,,(S"). We claim that

Slw = Tn(S'[w).- (24)
This is equivalent to the equality
HN2Y = (H n2Y)n P, (W). (25)
Now S = T,,,(5") yields H = H' N P<,,, (V') and so
HN2Y = (H NP, (V) N2V = (H n2") N P, (W).

Hence (25]) and consequently (24]) do hold.

Since BRSCs are closed under restriction, then S’y is a BRSC and it follows from (24) that
Slw € TBR. Thus TBR is closed under restriction. Since it is also closed under isomorphism, then
TBR is a prevariety of simplicial complexes.

On the other hand, the class of all finite paving simplicial complexes is a prevariety in view of [14],
Proposition 8.3.1(ii)]. Since the intersection of two prevarieties is obviously a prevariety, it follows
that TBP is a prevariety itself. [
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Analysis of Example Since R is a Moore family, S is a BRSC. The maximal chains in R are
fcl1c12c1234cV, 0Dc5C56C356CV, (26)

fc3ci1234cV, bhc3c356CV. (27)

Hence dim(S) = 3. Since Tr(R) is the set of partial transversals of the successive differences for some
of these chains, it follows easily that

Tr(R) = (P<3(V) \ {134, 157,167,234, 257, 267, 457, 467})
U {123a | a € 567} U {124a | a € 567} U {356b | b € 1247}."

Write pure(S) = (V,H'). It is routine to check that
H' =Tr(R)\ {347}.

Indeed, it is easy to see that each X € P»(V) is a partial transversal of the successive differences for
some chain of type (26]), and to check which transversals of the successive differences for some chain
of type (27) cannot be obtained through chains of type (20).

Now we have 1235 € H'. Let Z € £(H’) be such that |Z N 1235 > 3. We show that 1235 C Z.

e Suppose that 123 C Z. Since 123 € H' and 1234 ¢ H', we have 4 € Z. Since 34 € H' and
347 ¢ H', we have 7 € Z. Since 47 € H' and 457 ¢ H', we get 5 € Z.

e Suppose that 125 C Z. Since 125 € H' and 1257 ¢ H’', we have 7 € Z. Since 127 € H' and
1267 ¢ H', we have 6 € Z. Since 567 € H' and 4567 ¢ H', we have 4 € Z. Since 24 € H' and
234 ¢ H', we get 3 € Z.

e Suppose that 135 C Z. Since 135 € H' and 1345 ¢ H’, we have 4 € Z. Since 345 € H' and
2345 ¢ H', we get 2 € Z.

e Suppose that 235 C Z. Since 235 € H' and 2345 ¢ H’', we have 4 € Z. Since 345 € H' and
1345 ¢ H', we get 1 € Z.

Thus there exists no Z € ¢(H') such that |Z N1235| = 3. By Theorem [34] pure(S) is not a TBRSC.
(]

Proof of Lemma [7.5 Let I’ € H be maximal with respect to [ C I' C J.If T_C J, we can take
pe J\I and get I' U {p} € H N 27, contradicting the maximality of I’. Thus I’ = J and we are
done. UJ

Proof of Lemma [T} Suppose that Fp > F’p. Then there exist I,J € H such that F =1, F' = J
and |I] > [J|. Hence I C J and so by Lemma [T there exists some I" € # such that I C I’ and

I' = J. But we have then |I’| > |I| > |J|, a contradiction since S is a near-matroid. Therefore
Fp< Flp. O
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Proof of Lemma[7.8 Write F =T with I € H. Since a; € F'\ F, we have I Ua; € H. Thus

FCIUaleUalgF’.

Moreover,
FUap=[IUa|=|I|+1=Fp+1.

If FUa, = F’', we can now iterate this argument to produce a chain

FCcFUa CFUaaC...CFUa...a;,=F'

for some ag,...as € V such that FUay...a;p = FUa;...aj_1p+1for j =1,...,5s. Thus s =
F'p— Fp =k and we are done. [

Analysis of Example [7.11 It is easy to check that S is indeed a simplicial complex. Clearly,
P<1(V) C L(S). If X € Py(V) is not contained in any element of Z, then X = X. Hence, if abc € H
and ab is not contained in any element of Z, then abc is a transversal of the successive differences
for the chain

DCacabCV

in L(S). On the other hand, it is easy to check that the unique X € P3(V)) N'H having all 2-subsets
contained in elements of Z is 123 (see the picture below, where the yellow triangles are the elements
of Z):

2//

3//' 2

2/ 1//
Now it is easy to check that i7" (i + 1)(i + 1) € L(S) for every i € Zs. It follows that 123 is a
transversal of the successive differences for the chain

fcl1c11"22 cv

in L(S).
Finally, each facet of the form i7" (i+1)p or i4”(i+1)’p is a transversal of the successive differences
for the chain
Dcicu’" ci"(i+1)(i+1) cCV

in L(S). Since we have now checked all facets, it follows that S is a BRSC.
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Let C1(X) denote the closure of X C V in L(T5(S)). For each i € Zs, we have i(i + 1)(i +
1),d"(i + 1)(i + 1) ¢ H, so we successively get (i + 1) € Cl(i(i + 1)) and ¢ € Cl(i(¢ + 1)). Thus
Cl(i(i + 1)) contains 4" (i + 1) € fct(T5(S)), yielding Cl(i(i + 1)) = V. But then i € C1(123\ {i}) for
every i € 123. Since 123 € T53(H), then there is no chain of the form (Il) and so T5(S) is not boolean
representable.

We remark that S is not pure since it is straightforward to check that 1'2'2” is a facet. But
T5(S) is pure because there are no facets of dimension 1: given distinct p,q € V, there exists some
r € V'\ pq such that pgr is not a yellow triangle. O

Analysis of Example[7.12 Let M be such a boolean matrix. Since the columns are all distinct and
nonzero, every pair of distinct columns is independent. Now let X be a set of independent columns
with |X| = 2 or 3. Let I C 1234 be such that the square matrix M[I, X] is nonsingular. Let
j € 1234\ I and let ¢ be the column of M having a 1 at row j and 0 elsewhere. Then the permanent
of M[ITU{j}, X U{c}] equals the permanent of M[I, X], hence M[I U{j}, X U{c}] is nonsingular.
and so X U {c} is independent. Thus B is pure.

Since B® is by definition a BRSC, then B§4) is a TBRSC. Let X denote the closure of X in

FIB§4). Consider the columns of M defined by

1 1 1
0 1 1
“=lol> "= li]" T o
0 0 1
The permanent of the matrix
111
M[134,abc) = {010
001
is 1, hence abc is independent. Define
0 1 0 1
1 0 0 0
d=1l =1l 71 97|
0 0 1 1
We have
110 101 111
011 110 010
M[1234, abd) = 011l M[1234, bde] = 111]° M[1234, abe] = 011
000 000 000

Since no row of M[1234, abd] has precisely two zeroes, abd is dependent. The same occurs with bde.
It is immediate that M[123, abe] has permanent 1, hence abe is independent. Thus we successively
deduce d € ab, e € ab and so ab contains the facet abe. Therefore ab = V, where V denotes the full
set of vertices. Out of symmetry, so is ac.
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Now

110 111 101
M234bef] = o) M2 beg) = |10 M{1234bfg) = |00
011 011 011

Since no row of M[1234,bcf] has precisely two zeroes, bcf is dependent. The same occurs with beg.
It is immediate that M[123,bfg] has permanent 1, hence bfg is independent. Thus we successively
deduce f € be, g € be and so be contains the facet bfg. Therefore be = V. Together with ab =ac =V,
and abc being independent, this proves that B§4) is not a BRSC. O

Proof of Theorem [7.13 Suppose first that k£ < 2. By Proposition B}, T} (S) is a BRSC, therefore
pure(Tx(5)) is a BRSC by Corollary [.T0(ii).

Thus we may assume that k = 3. Write pure(75(S)) = (V',H’) and consider the restriction S|y.
Then pure(73(S)) = pure(73(S|y+)s3). Since BRSCs are closed under restriction, S|y~ is also a BRSC.
Therefore we may assume that V' = V.

Let

F=FeL(S) | |[FNX|#1 for every X € fct(S) N P>(V)}.

We claim that F is a Moore family.

Clearly, V € F. Let F,F' € F. We have FNF' € L(S). Let X € fct(S) N P(V). Suppose that
[(FNF)NX|=1. Then |[FNX|=1or |F'NX|=1, contradicting F, F' € F. Thus FNF' €¢ F
and so F is a Moore family.

Therefore S = (V, Tr(F)) is a BRSC. We claim that pure(73(S)) = T5(5").

For every Y C V, let Y denote its closure in L(S). Let X € H N P3(V). Then there exists an
enumeration a, b, ¢ of the elements of X such that

PcacabcCV (28)

and c ¢ ab. Clearly, §,V € F.

Suppose that Y € fct(S) N Py(V) satisfies |[Y Na| = 1. We may write Y = yz with y € a. If
z € ab (respectively z ¢ ab), then yzc (respectively ybz) is a transversal of the successive differences
for ([28), contradicting yz € fct(S). Thus a € F.

Suppose now that Y € fct(S) N Py(V) satisfies |Y Nab| = 1. We may write Y = yz with y € ab.
If y € @ (respectively y ¢ @), then ybz (respectively ayz) is a transversal of the successive differences
for (28], contradicting yz € fct(S). Thus ab € F.

Therefore (28)) is a chain in F and so X € Tr(F). It follows that H' C Tr(F) N P<3(V).

Conversely, let X € Tr(F') N P<3(V). Since F C L(S), we have Tr(F) C H and so X € T3(H).
We certainly have X € H' if if | X| = 0 or 3, and the case | X| = 1 follows from V' = V. Hence we
may assume that |X| = 2. There exists an enumeration a,b of the elements of X and F' € F such
that a € F and b ¢ F. But then, by definition of F, we get X ¢ fct(S). Hence there exists some
c € V\ X such that X U{c} € H. Thus X U{c} € H' and so X € H'. Therefore T5(Tr(F)) C H'
and so pure(73(S)) = T3(5"). It follows that pure(73(S)) is a TBRSC. O

Proof of Lemma [81l Obviously, S is disconnected if H = P;(V) and |V| > 1, and connected if
|[V| = 1. Hence we may assume that pg € H for some distinct p,q € V.
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Let M be an RxV boolean matrix representing S. It follows from pq € H that M[R, p] # M|R, q|.
Thus, for every v € V, we have either M[R,v] # MR, p] or M[R,v] # M|R, q|, implying that vp or
vq is an edge in H. Therefore S is connected. [

Proof of Theorem (i) It follows from Lemma [R] that S is connected. By Hurewicz Theorem
(see [M]), the 1st homology group of S is the abelianization of m(||S]|), and therefore, in view of
Theorem B.2] a free abelian group of known rank. The second homology group of any 2-dimensional
simplicial complex is Ker 92 < C5(S), that is, a subgroup of a free abelian group. Therefore Hy(S)
is itself free abelian.

(ii) By [16, Proposition 3.3|, any finite 2-dimensional simplicial complex with free fundamental
group has the homotopy type of a wedge of 1-spheres and 2-spheres. [
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