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Abstract

Completelyannotatedlambdaterms(suchasarearrivedat via the
straightforwardencodingsof varioustypesfrom SystemF) contain
much redundanttype information. Consequently, the completely
annotatedforms arealmostnever usedin practice,sincepartially
annotatedforms can be definedwhich still allow syntaxdirected
type checking. An additionaloptimization that is usedin some
proofandtypesystemsis to takeadvantageof thecontext of occur-
renceof termsto furtherelidetypeinformationusingbidirectional
typecheckingrules.While this techniqueis generallyeffective,we
show that thereexist bidirectionaltermswhich exhibit asymptotic
increasesin thesizeof their typedecorationswhensequentialized
into anamed-formcalculus(acommonfirst stepin compilation).In
this paper, we introducea refinementof thebidirectionaltypesys-
tembasedon strict logic which allows additionaltypedecorations
to beeliminated,andshow thatit is well-behavedundersequential-
ization.
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1 Intr oduction

Type systemsfor statically typed languagesaregenerallydefined
for programswhichareannotatedwith acertainamountof typein-
formationsothattypecheckingis a syntaxdirectedprocess.Some
sourcelanguages(suchasStandardML, OCaml,andHaskell) per-
mit almostall type informationto be elidedon the external form,
freeingtheprogrammerfrom thetaskof explicitly writing typein-
formation. An explicitly annotatedform of a type-freeprogram
is generallyreconstructedby the compilerprior to type checking.
This ability to elide type informationmakesthesourcecodemore
conciseandcompact,at theexpenseof substantiallycomplicating
the type checkingprocess.For morepowerful type systems,full
type reconstructionis not possible,andsomework hasbeendone
on finding morelimited formsof typereconstructionthatarecom-
patiblewith morepowerful typesystems[5].

Compactnessof syntacticrepresentationis of interestin numerous
other contexts as well, suchas proof systemsand typed compil-
ers.TypepreservingcompilerssuchastheTILT andFLINT Stan-
dardML compilersmake useof multiple typedintermediatelan-
guages in the processof compiling sourcefiles to machinecode.
Typeinformationin suchcompilerscanusedfor validation,certifi-
cation,andoptimization[4, 3, 8]. A key issuein typedcompilation
is controlling the sizeof the type informationon the intermediate
forms, andnumeroustechniqueshave beenproposedfor address-
ing this [6, 3, 7]. While someapproachesrely on meta-level rep-
resentationtechniquessuchashash-consing,otherapproachestake
advantageof carefuldesignof theobjectlanguageto eliminatere-
dundantinformationandto expresssharinginternallyto thecalcu-
lus. Becauseof thecomplexity of full type reconstruction(andits
impossibilityin moregeneraltypesystems)full typereconstruction
is generallynotusedin theselanguages.

In this paperwe examinea typesystembasedon strict logic which
takesadvantageof contextual type informationwhile still permit-
ting syntax-directedtype checking. The most basicnotion of a
programconsideredis onein which termsarefully annotatedwith
typeswherever necessaryfor simple syntax-directedtype check-
ing. A well-known approachto makingthe syntaxmorecompact
involvesusinga bidirectional typesystem, in which termsaredi-



vided into synthesisterms, for which uniquetypesmay be deter-
mined“synthetically;” andanalysisterms, which may be verified
“analytically” to haveparticulartypes.Suchtypesystemsenjoy the
simplicity of syntax-directedtypecheckingwhile still successfully
eliminatingmuchunnecessarytypeinformation.

A first cut at a type systemfor a compiler intermediatelanguage
basedonthis ideacausesthetypeannotationsizebenefitsof abidi-
rectionaltype systemto be lost. For the purposesof optimization
it is importantthattheintermediatelanguagemaintainprogramsin
a sequentializedform in which all intermediatecomputationsare
boundto variables[1]. This structuredform is importantfor opti-
mizationandcodegeneration.In the process,however, new type
annotationsaregeneratedwhenonecomplex expressionis broken
into many simpleexpressionsin the processof sequentialization.
Thesenew expressionsareassignedto temporaryvariablesin linear
order, away from the context that allowed inferenceof their types
in thesourcecode.

Thelocalinferencepropertiesprovidedby bidirectionaltypecheck-
ing arelostwhentermsarebrokenapartby sequentialization.In the
remainderof thispaper, wesuggestasolutionto thisproblembased
on strict logic. In orderto explore theseideaswith the minimum
of syntacticoverhead,wephrasethisexpositionentirelyin termsof
the simply typedlambdacalculus. We do so with the full aware-
nessthattherearesimplertechniquesfor dealingwith thetypesize
problemin this domain. As we discussfurther in section3.3, the
intentionis to usethissimplesettingto developaframework which
generalizesto dealwith termswhich do not admit simplead-hoc
solutions,and which also generalizesto incorporatehigher-order
types.

2 BaseLanguage

We begin by definingthefully annotatedsimply typedlambdacal-
culus[2].

Types: τ � σ :: � b
�
τ � σ

Variables: x � y� z
Terms: e :: � x

�
λτ1 � τ2x � e � e1@τ1 � τ2e2

Contexts: Γ :: � � � Γ � x : τ

In this simplelanguage,we candefinea derivedlet form as �
	�� x :
τ2 � e1 ���� e2 : τ1 � with � λτ2 � τ1x � e2 � @τ2 � τ1e1, where ��� e1:τ2 and
x : τ2 � e2:τ1.

2.1 Typing Judgments

Γ � x� � τ
Γ � x:τ Var

Γ � x : τ1 � M:τ2

Γ � λτ1 � τ2x �M:τ1 � τ2
Lambda

Γ � M1:τ1 � τ2 Γ � M2:τ1

Γ � M1@τ1 � τ2M2:τ2
App

3 Bidir ectionalLanguage

It is well-known that with a slightly different formulationof lan-
guageandjudgments,it is possibleto elidemosttypeannotations.

We extendthe languageto supporttwo differentmodesof typing
judgment:Γ � e � τ meansthatthetypeτ is synthesizedas“output”
from theterme in context Γ. Γ � a � τ meansthat theterme may

beverified to have the typeτ (thoughtof as“input”) in context Γ.
This motivatestheadditionof somenew termsandthedivision of
termsinto synthesisandanalysisformsasfollows:

SynthesisTerms: ms :: � x
�
ms � ma � ���ma:τ �

AnalysisTerms: ma :: � ms
�
λx �ma

Expressions: e :: � ms
�
ma

3.1 Typing Judgments

Γ � ms � τ
Γ � ms � τ

Sy
Γ � ma � τ

Γ � �ma:τ ��� τ An
Γ � x� � τ
Γ � x � τ Var

Γ � x : τ � ma � σ
Γ � λx �ma � τ � σ Lambda

Γ � ms � τ � σ Γ � ma � τ
Γ � ms � ma � � σ

App

Theprincipaladvantageof this typesystemoverothersystemscan
beseenclearly in thecaseof nestedfunctions. For example,con-
siderthestandardtermλτ � σ� τx� λσ � τy� x occurringin a context such
that its type is uniquely fixed by the surroundingterms. In this
case,the context of occurrencedefinesthe type of the function
completely, and hencethe type decorationson the functionsare
completelyredundant. In the bidirectionalsystem,we can elide
all of this informationentirely. This canbe seenin the following
typing derivation which shows the analysisof the function at its
contextually-providedtype:

Γ � x : τ � y : σ � x � τ Var

Γ � x : τ � y : σ � x � τ
Sy

Γ � x : τ � λy� x � σ � τ Lambda

Γ � λx � λy� x � τ � σ � τ Lambda

While thebidirectionalsystempresentedhereis quitesimple,bidi-
rectionaltypecheckingextendseasilyto handlehigher-orderpoly-
morphismandotheradvancedlanguagefeatures[5].

3.2 Typeannotation sizebenefits

Thebidirectionallanguageallowsusto expresstermsfrom thebase
languagewith asymptoticallylesstype annotation. To formalize
this, we definea family of functionsthat mapterms,expressions,
andtypesto measuresof theamountsof typeinformationthey con-
tain.

Size� � b� : � 1

Size� � τ � σ � : � 1 � Size� � τ � � Size� � σ �

Size� � x� : � 0

Size� � λτ1 � τ2x � e� : � 1 � Size� � τ1 � � Size� � τ2 � � Size� � e�
Size� � e1@τ1 � τ2e2 � : � 1 � Size� � τ1 � � Size� � τ2 � � Size� � e1 �

� Size� � e2 �

Size� � x� : � 0



Size�! #"ma:τ $&% : ' Size() ma %+* Size,) τ %
Size�  ms  ma %#% : ' Size�  ms%
* Size(  ma %

Size(  ms% : ' Size�  ms%
Size() λx-ma % : ' Size() ma %

The extra “1” termsin the casesfor fully annotatedfunction ab-
stractionsandapplicationstreatthesetermsasif they hadimplicit
arrows. This makesthedefinitionssatisfyintuitive propertiessuch
asthat λτ1 . τ2x- e and " λx - e:τ1 / τ2 $ shouldhave the sametype an-
notationsize.

In thelastsection,weshowedasmallexampleof atermthatwecan
typecheckmoreefficiently with thebidirectionalsystemusingcon-
textual information.In fact,thebidirectionallanguagepermitsrep-
resentationsthatcontainasymptoticallylesstype informationthan
thefully annotatedterm.To demonstratethis,webegin by defining
anindexedfamily of termsfor whichthesizeof thetypeannotation
growsquadraticallyin theindex.

Let 1 beabasetypeand 0 avariableboundto avalueof type1, and
let τ besomeunspecifiedtype.Define:

τ0 : ' 1

τi 1 1 : ' τ / τi

2 0 : ' 02 i 1 1 : ' λτ . τi xi - 2 i

2 0
B : ' 02 i 1 1

B : ' λxi - 2 i
B

τi is a function type with i levels of nesting.
2 i denotesa curried

function that returns 0 for any valuesof its i parametersof typeτ.2 i
B is thebidirectionalanalysistermequivalentof

2 i . For example,2 2
B ' λx1 - λx2 -&0 andτ2 ' τ /  τ / 1% .

If we alwaysanalyze
2 i

B at τi , we save significanttype annotation
size over

2 i , with Size3 2 i ' Θ  i2 % and Size� " 2 i
B : τi $ ' Θ  i % .

Wecanexplain thereasonfor thissuccinctly:in thestandardterms,
every functionparameter’s typeis replicatedfor every functionab-
stractionup to theabstractionthatbindsit. It shouldbeclearthat
usingthe bidirectionalsystemleadsto similar savings with many
otherterms,andthatabidirectionaltermneedneverhavemore type
annotationthanits fully-annotatedcounterpart.

3.3 A half-annotated form

Thefully annotatedlanguagewe useasa baselinefor comparison
is almostnever usedin practice.Thinking of the typing judgment
asproducingthe typesasoutputsandtaking the restof its places
asinputs, it is clear from the rules in section2 that the only type
annotationthatis necessaryto allow syntax-directedcheckingwith
thoserulesis theparametertypefor a lambdaabstraction.Termsof
the fully annotatedlanguagecanbe viewed astargetsof a simple
type reconstructionalgorithm operatingon termsin other forms.

Thisrelaxationof annotationsadmitsaparticularlyobviousmethod
of regainingall of theneededtypes,andso it is usuallytakenasa
startingpoint. Formally, it modifiesthesetof termsto be:

Terms: e :: ' x 4 λx:τ - e 4 e1  e2 %

Thistechniqueof annotatingtermswith only their incrementalcon-
tribution to theoverall typeof the termis alsocommonlyusedfor
injectionsinto sumtypes,which in their fully annotatedform ex-
hibit the samebadbehavior as the fully annotatedlambdaterms.
This is not possiblefor all terms,however. A simpleexampleof
this canbeseenwith recursive functions. Thehalf-annotationap-
proachreliesontheability to synthesizeatypefrom thebodyof the
lambda:in thecasethatthebodymaycontainrecursive references,
this synthesisis not possiblewithout knowing the full type of the
function(or withoutdoingmorecomplicatedunificationbasedtype
reconstruction).For this reason,recursive functionsaregenerally
writtenusinga fully annotatedform.

A moresubtleexampleof this arisesin the caseof operationson
recursive types. Considerasan examplethe following nestedre-
cursive type.

µ  α %5-6 α * µ  β %5-6 β * µ  γ %5-6 γ * 1%#%7%
Consideralsoa term of this type (ignoring for the time beingthe
typeannotationson thesuminjections):

fold " µ  α %5-6 α * µ  β %5-6 β * µ  γ %5-8 γ * 1%7%#%#$
inr fold " µ  β %5-6 β * µ  γ %5-6 γ * 1%#%#$

inr fold " µ  γ %9-6 γ * 1%#$
inr 0

This exampleclearlyexhibits exactly thesamequadraticbehavior
seenin theprevioussectionin thecontext of curriedlambdaterms.
Unlike lambdaterms,however, thereis no incrementalapproachto
markingthetypeannotationsonfold operationsthatmightalleviate
the problem. The problemonly getsworsewhen we add in the
annotationson thesuminjections.

fold "µ  α %5-8 α * µ  β %5-6 β * µ  γ %5-6 γ * 1%#%#%#$
inr " µ  α %9-6 α * µ  β %5-6 β * µ  γ %5-6 γ * 1%#%#%7$

fold " µ  β %9-6 β * µ  γ %5-6 γ * 1%#%#$
inr " µ  β %9-6 β * µ  γ %5-6 γ * 1%#%#$

fold " µ  γ %5-6 γ * 1%#$
inr " µ  γ %5-6 γ * 1%#$:0

This is thecaseevenwhen(ashere)we usethehalf-annotatedver-
sionof suminjections,wherethe inr constructoris decoratedonly
with the left half of the sumtype into which it injects,relying on
synthesisto producethe right half of the sumtype from the sub-
term. Comparethis term with the bidirectionalversion,in which
theentiretypeneedbewrittenonly once.

" fold inr
fold inr

fold inr 0 : µ  α %5-6 α * µ  β %5-6 β * µ  γ %5-8 γ * 1%7%#%#$
The advantagehereis clearly substantial.While for expositional
purposeswe continueto uselambdatermsasa runningexample,
it shouldbeclearthattheideaspresentedgeneralizeeasilyto more
significantproblemdomainsin which the incrementalannotation
techniquesusedfor simplelambdatermsarenotavailable.



Γ ; x : 1 < x = 1
Γ ; x : 1 < x > 1

Γ < λx ? x > 1 @ 1

Γ <BA λx ? x:1 @ 1C�= 1 @ 1

Γ ; x : 1 < x D x

Γ ; x : 1 < x:1 D x

Γ < λx ? x:1 @ 1 D f : 1 @ 1 E λx ? x; f

Γ <BA λx ? x:1 @ 1C�D f : 1 @ 1 E λx ? x; f
Γ <GFHDIF

Γ <GF :1 DIF
Γ <JA λx? x:1 @ 1CLKMF�NOD f : 1 @ 1 E λx ? x; f KMF�N

Figure1. An examplesequentialization

4 The SequentialLanguage

The sequentiallanguageis a subsetof the bidirectionallanguage,
with all thesametypes.Whereasthe languageshandledso far in-
volve no mutationor othersourcesof effects,they easilyextendto
admit suchpossibilities. In any case,in practicea compilergen-
erally mustchoosesomeexplicit orderin which to evaluateterms.
Thesequentialform of theselanguagesgivenherecanbe thought
of asacompilerintermediatelanguagethatmakestheorderof term
evaluationcompletelyexplicit.

Synthesisterm: Ms :: E x P x K yN
Analysisterm: Ma :: E Ms P λx ? E

Expression: E :: E x P x E Ms;EP x : τ E Ma;E

Themultiple bindingsthatarenow requiredareidentifiedwith in-
termediatecomputations.Note that in orderto type checksucha
term, we musthave a type availablewith which to analyzeevery
analysisterm (since theseterms rely on contextual information,
ratherthandecorations).This is achievedhereby forcing theinclu-
sionof typeannotationswith bindingsof termswhosetypescannot
besynthesized.

For example,considerthe bidirectionalterm A λx ? x:1 @ 1CLKMF�N . An
equivalentsequentialtermis f : 1 @ 1 E λx ? x; f KMF�N . Weseethatthe
evaluationof thetermhasbeendecomposedinto atomicoperations.
In this case,we canthink of the operationsasthe allocationof a
closurecalled f andtheapplicationof f to F .

4.1 Typing Judgments

Γ < Ms = τ
Γ < Ms > τ

Sy
Γ K xNOE τ
Γ < x = τ Var

Γ ; x : τ < E > σ
Γ < λx? E > τ @ σ Lambda

Γ K xNOE τ @ σ Γ K yNQE τ
Γ < x K yNR= σ

App

Γ < Ms = σ Γ ; x : σ < E = τ
Γ < x E Ms;E = τ LetS

Γ < Ma > σ Γ ; x : σ < E = τ
Γ < x : σ E Ma;E = τ LetA

The typing rulesfor this languagearestraightforward. As an ex-
ample,thewell-typednessof theexamplefrom theprevioussection

canbederivedasfollows,assumingthatΓ assignsthetype1 to F .
Γ ; x : 1 < x = 1

Var

Γ ; x : 1 < x > 1
Sy

Γ < λx ? x > 1 @ 1
Lam

K Γ ; f : 1 @ 1NLK f NQE 1 @ 1
K Γ ; f : 1 @ 1NLKMF�NOE 1

Γ ; f : 1 @ 1 < f KMFSN:= 1
App

Γ < f : 1 @ 1 E λx? x; f KTF�N:= 1
LetA

4.2 Sequentializationof the bidir ectional lan-
guage

A sourcetermis transformedinto asequentialversionduringcom-
pilation. Sequentialrepresentationsmorecloselymodelthestruc-
tureof theunderlyingcomputationandareimportantfor optimiza-
tion passesandfor codegeneration.

We now specifyhow thebidirectionallanguagemaybe translated
to a sequentialform. Translationis definedby two injections,one
for translatingsynthesistermsandonefor analysisterms.Relation
Γ < ms D E meansthatin context Γ synthesistermms translatesto
sequentialexpressionE. RelationΓ < ma:τ D E hasananalogous
meaning,with thetypeτ atwhich to analyzethetermma included.

Hereandin othersections,wewill overloadthesemicolonnotation.
We useb to denotezeroor morebindingsof variables,including
both annotatedandun-annotatedbindings. b;E indicateszeroor
morebindingsfollowedby theexpressionE. In particular, it may
denoteE alone.

Γ < x D x

Γ ; x : σ < ma:τ D E

Γ < λx?ma:σ @ τ D z : σ @ τ E λx ? E;z

Γ < ms = σ @ τ Γ < ms D b1;x Γ < ma:σ D b2;y

Γ < ms K ma NOD b1;b2;z E x K yN ;z
Γ < ma:τ D E

Γ <JAma:τ C�D E
Γ < ms D E

Γ < ms:τ D E

Figure1 shows a sequentializationderivation for our runningex-
ample.

4.3 Terms that translate poorly to sequential
form

Thereexist classesof bidirectionaltermsfor which thereis anas-
ymptoticallysignificantincreasein thesizeof requiredtypeanno-
tationsaftersequentialization.To demonstratethis, we first define
type annotationsize functionsfor the analysistermsand expres-
sionsof the sequentiallanguage.Synthesistermscontainno type
annotations,sothereis noneedto defineasizefunctionfor them.



SizeU a V MsW : X 0

SizeU
a V λxY E W : X SizeZ V E W

SizeZ V xW : X 0

SizeZ V x X Ms;E W : X SizeZ V E W
SizeZ V x : τ X Ma;E W : X Size[ V τ W+\ SizeU

a V Ma W
\ SizeZ V E W

For analyzingsourcelevel languages,caseslike the ] i family dis-
cussedearliermake bidirectionaltypecheckinga clearwin. How-
ever, whenthesetechniquesareappliedto sequentialforms,mostof
thebenefitsdisappear. Considerthesequentializationof ] i

B. Defin-
ing y0 X_^ , wehave:

`ba ] 0
B:τ0 c ^

`�a ] i
B:τi c Ei

`ba ] i d 1
B :τi d 1 c yi d 1 : τi d 1 X λxi d 1 Y Ei ;yi d 1

Thus, ] 2
B sequentializesat τ2 to:

z1 : τ e V τ e 1W X λx1 Y V z2 : τ e 1 X λx2 Y&^ ;z2 W ;z1

The typing informationfor the inner function is replicatedunnec-
essarily.Thispatternaddsevenmoreexcessannotationfor ] i

B with
higher valuesof i. Even thoughwe may analyzethe sequential-
ization of ] i

B at τi , the type annotationsizehasreturnedto Θ V i2 W .
Insideof nestedfunctionslike ] i

B, thebidirectionaltypesystemre-
lies on context to infer someinformation. In the sequentialform,
thisnestingstructurehasbeenreplacedwith alinearform thatmore
accuratelyreflectsthestructureof realcomputations,forfeiting the
advantagesnestinggaveus.

5 Strict typing

Theproblemin theprevioussectionarisesfromthefactthatsequen-
tializationseparatestermsfrom their context of use.Sincethecon-
text of useprovidesthetypeat which thetermis analyzed,remov-
ing thetermfrom its context of useforcesit to beannotatedwith a
type.Notethoughthattheuseof thetermremainsunchangedunder
sequentialization.While thetermis boundto avariableandmoved
to a new location, the variableis usedin the samecontext as the
original term.Thebidirectionalsystemcannotusethis factbecause
it takesadvantageonly of thelocal context of occurrenceof a term.
Thesolutionto thesequentializationproblemlies in removing this
constraint:designinga typesystemto take advantageof non-local
contexts. Solong asa termis boundto a variablewhich is usedin
acontext whichuniquelydefinesits type,thereis noneedto give a
typeexplicitly for theterm,sinceits typeis uniquelydefinedby its
non-localuse.

This idea can be madepreciseusing a typing formulation based
on strict logic. In strict logic, asin linear logic, every hypothesis
must be used: that is, the storeof strict hypothesesdoesnot ad-
mit weakening.Unlike linearlogic, strict logic permitshypotheses
to be usedmultiple times: that is, the division of the storeof hy-
pothesesamongthepremisesof aderivationpermitsduplicationof
hypotheses.

This notionof strict logic givesrisein thenaturalway to a lambda
calculuswith the notion of a strict variable. Strict variableshave
thepropertythat they maybeusedoneor moretimes,but mustbe
usedat leastonce.Usingthis property, we canrecover thebenefits
of bidirectionaltype checkingeven whenterm locality is lost via
sequentialization.

At a high level, we do this by extendingthe sequentiallanguage
with au X Ma;E expressionform correspondingto astrict variable
binding. This strict bindingform omits thetypeannotationfor the
term,even thoughthe term is ananalysistermfrom which we are
unableto synthesizea type. In this new system,the typeat which
to analyzethis term will be determinedby examiningthe context
of occurrenceof the strict variable. The strictnessof the variable
guaranteesthat thereis suchan occurrence,andthe syntaxof the
languageensuresthattheoccurrencewill bein ananalysisposition,
correspondingintuitively to the “original” locality of the term to
which it is bound.

5.1 A strict lambda calculus

Standardvariable: xf yf z
Strict variable: uf vf w

Variable: qf r f s :: X x f yf zf u f vf w
Strict synthesisterm: Ts :: X x g x V yW g x V uW
Strict analysisterm: Ta :: X Ts g u g λxY S

Strict expression: S :: X x g u g x X Ts;Sg x : τ X Ta;S
g u X Ta;S

We formalizethis ideaasfollows. In additionto the usualtyping
context Γ, we includein typing judgmentsa strict context ∆ which
is afinite mappingto typesfrom asetof strictvariables.Intuitively,
∆ containsvariableswhich mustbe analyzedat leastoncein sub-
judgmentsin orderto provide a typefor thetermto which they are
bound.In analgorithmicsense,thetypesin ∆ arefilled in usingthe
typesat which thevariablesareanalyzedin sub-judgmentsandare
propagatedbackwardsto thevariablebindingsites.

We defineΓ;∆ a Ts h τ to meanthat in typing context Γ andstrict
context ∆, the type of Ts may be synthesizedas τ. Γ;∆ a Ta i τ
meansthatin typing context Γ andstrict context ∆, Ta maybeana-
lyzedto havetypeτ. ∆1 j ∆2 denotesthemappingfrom avariablex
to ∆1 V xW if x is presentin ∆1 or to ∆2 V xW otherwise.Thetwo contexts
joinedmaynotmapthesamevariableto differenttypes.

Γ V xW X τ
Γ; /0 a x h τ SVar Γ;u : τ a u i τ SVarS

Γ;∆ a Ts h τ
Γ;∆ a Ts i τ

SSy

Γ f x : σ;∆ a S i τ
Γ;∆ a λx Y S i σ e τ SLambda

Γ V xW X σ e τ Γ V yW X σ
Γ; /0 a x V yW:h τ

SApp

Γ V xW X σ e τ
Γ;u : σ a x V uW:h τ

SAppS

Γ;∆1
a Ts h σ Γ f x : σ;∆2

a S i τ
Γ;∆1 j ∆2

a x X Ts;S i τ SLetS



Γ;∆1 k Ta l σ Γ;∆2 m u : σ k S l τ
Γ;∆1 n ∆2 k u o Ta;S l τ SLetAS

Γ;∆1 k Ta l σ Γ m x : σ;∆2 k S l τ
Γ;∆1 n ∆2 k x : σ o Ta;S l τ SLetA

The key ideabehindthis systemcanbe seenin the strict variable
typingrule(SVarS). Noticethatthis rulerequiresthatthestrictcon-
text (∆) containonly thevariablebeingchecked,andnothingelse.
Crucially, this impliesthat thereis no implicit weakeningfor strict
variablesin this system– that is, every strict variablemustbeused
by theSVarSor SAppSrule alongat leastonebranchof thederiva-
tion. Sinceboth of theserules placethe strict variablein analy-
sispositions,thiscorrespondsexactly to therequirementthatevery
strict variablemustbeusedin ananalysispositionat leastonce.

Thetyping rulesfor thelet constructsallow thestrict context to be
divided up amongsub-termsasnecessaryvia the union operation
on strict contexts. The definition of strict context union (above)
permitsvariablesto beusedin multiplesub-terms,but enforcesthe
propertythatthey mustbeusedat thesametype.

As anexample,considera typing derivation for a strict versionof
theterm p 1

B describedearlier. Noticehow theuseof astrictbinding
savesustheuseof asuperfluoustypeannotation.

Γ m x : 1; q kGr!s 1
SVar

Γ m x : 1; q kGr l 1
SSy

Γ; q k λx t r l 1 u 1
SLam Γ; q m u : 1 u 1 k u l 1 u 1

SVarS

Γ; q k u o λx t r ;u l 1 u 1
SLetAS

It may appearat first that this type systemis not very practi-
cal. If we think of it in the sameway asprevious judgmentsys-
tems,it seemsasthoughanalgorithmfor typecheckingmustnon-
deterministically“guess”a typefor u, eventhoughthepointof this
systemis to avoid any needfor non-syntax-directedinference.This
is in factnot thecase:thereis a straightforwardalgorithmthatwe
canuseto type checkstrict terms,usingonly local andcomposi-
tional analysis.Thereasonfor this lies preciselyin thepreviously
discussedpropertyof thetypesystem:thatit forceseachstrictvari-
able to occurat leastoncein an analysiscontext. Formally, this
enforcesthe propertythat thereis a uniquechoicefor the type at
which a strict variableappearsin thestrict context. Intuitively, we
maythink of thestrict context asanoutputof our algorithm.Type
checkingof a strict let bindingproceedsby first checkingthebody
of thelet expression.Theresultingstrict context tellsustheunique
typeat which thestrict variableoccurs,which canthenbeusedto
checkthetermto which thestrict variableis bound.

5.2 An algorithm for type checking strict
terms

Theorem

1. For given Γ andTs, thereis at mostone∆, τ pair suchthat
Γ;∆ k Ts s τ.

2. For givenΓ, Ta, andτ, thereis at mostone∆ suchthatΓ;∆ k
Ta l τ.

3. For givenΓ, S, andτ, thereis at mostone∆ suchthatΓ;∆ k
S l τ.

Proof: By simultaneousinductionon termsTs andTa andexpres-

sionsS:

CaseTa o Ts: Theonly way to derive Γ;∆ k Ts l τ is by SSy. By
theinductionhypothesis,wehave thatthereis atmostone∆, τ pair
for which this is true,so∆ is uniquelydetermined.

CaseTs o x: Theonly way to deriveΓ;∆ k x s τ is by SVar, which
requiresτ o Γ v xw and∆ o /0, uniquelydeterminingthesevaluesas
required.

CaseTa o u: Γ;∆ k u l τ mustbederivedby SVarS, constraining
∆ to beu : τ.

CaseTa o λxt T xa: If Γ;∆ k Ta l τ, this must have beenderived
by SLambda, so τ o τ1 u τ2 and Γ m x : τ1;∆ k T xa l τ2. By the
inductive hypothesis,such a judgmentabout T xa is possiblefor
at most one ∆. Sinceany analysisjudgmentof Ta requiressuch
a judgmentas a premiseto a single candidaterule, we have the
requiredresult.

CaseTs o x v yw : If Γ;∆ k x v yw s τ, SApp must have beenused.
This meansthat∆ mayonly be /0, andτ is uniquelydeterminedby
Γ v xw .

CaseTs o x v uw : If Γ;∆ k x v uw s τ, SAppSmusthave beenused.
This meansthatΓ v xwQo σ u τ, uniquelydeterminingτ, and∆ may
only beu : σ.

CaseS o x o Ts;Sx : If Γ;∆ k S l τ, this musthave beenderivedby
SLetS, soΓ;∆1 k Ts s σ andΓ m x : σ;∆2 k Sx l τ for someσ, ∆1, and
∆2 with ∆ o ∆1 n ∆2. By theinductive hypothesisfor Ts, ∆1 andσ
areuniquelydetermined,andthus∆2 is aswell, by thehypothesis
for Sx . This meansthat ∆ is uniquelydetermined.Any judgment
thatanalyzesS to have typeτ mustuseSLetSwith premisesof the
sortsdescribedabove,sowehave therequiredresult.

CaseS o x : σ o T xa;Sx : If Γ;∆ k S l τ, thismusthavebeenderived
by SLetA, so Γ;∆1 k T xa l σ andΓ m x : σ;∆2 k Sx l τ for some∆1
and ∆2 with ∆ o ∆1 n ∆2. By the inductive hypothesesfor T xa
andSx , ∆1 and∆2 areuniquelydetermined.This meansthat ∆ is
uniquelydetermined.Any judgmentthatanalyzesS to have typeτ
mustuseSLetA with premisesof thesortsdescribedabove, sowe
have therequiredresult.

CaseS o u o T xa;Sx : If Γ;∆ k S l τ, this musthave beenderived
by SLetAS, so Γ;∆1 k T xa l σ and Γ;∆2 m u : σ k Sx l τ for some
σ, ∆1, and∆2 with ∆ o ∆1 n ∆2. By the inductive hypothesisfor
Sx , ∆2 andσ areuniquelydetermined,andthus∆1 is aswell, by
the hypothesisfor T xa. This meansthat ∆ is uniquelydetermined.
Any judgmentthatanalyzesS to have typeτ mustuseSLetASwith
premisesof the sorts describedabove, so we have the required
result. y

Thus,thestrict typing rulesdescribea deterministicalgorithmfor
type checkingstrict terms. The elementsof judgmentsshown to



beuniquelydeterminedareoutputsandthe restinputs. Theorder
in which inductivehypothesesareappliedabovesuggeststheorder
for checkingsub-termswith recursiveapplicationsof thealgorithm.
As anoptimization,theunionsof strict contexts foundabovecould
bereplacedby incrementalmodificationof astrictcontext, takingit
asaninput to thealgorithmandoutputtingastrengthenedversion.

5.3 Sequentialization

Now wemaydefineasequentializationprocessthatproducesstrict
terms. Whereb is a prefix of a strict expression,x is a regular
variable,τ a type,andu a strict variable,b z x : τ { u| denotesb with
thebindingof u changedto bind x with annotationτ andwith later
occurrencesof u changedto occurrencesof x.

Thekey insight is this: Sincewe restrictedfunctionabstractionsto
be analysistermsin the original bidirectionallanguage,we know
that context will alwaysdeterminetheir types. Therefore,we can
bind eachintermediatefunctionvalueto a strict variable,eliminat-
ing theneedfor annotations.

Γ } x ~� x

Γ } ms � σ � τ Γ } ms ~� b1;y Γ } ma:σ ~� b2; r

Γ } ms � ma � ~� b1;b2;x � y � r � ;x
Γ } ms ~� S

Γ } ms:τ ~� S

Γ � x : σ } ma:τ ~� S

Γ } λx �ma:σ � τ ~� u � � λx � S� ;u
Γ } ma:τ ~� b;x

Γ }Bzma:τ |�~� b;x

Γ } ma:τ ~� b;u

Γ }Jzma:τ |�~� b z x : τ { u| ;x

It is worth mentioningwhy theapplicationrule is complete.It re-
quiresthat a particularsynthesisterm linearizesto an expression
endingin a standardvariable. Thoughwe don’t prove it here,it’s
nothardto seethatany synthesistermsequentializesin suchaway.

5.4 Translation sizebenefits

We cannow revisit the earlierexampleof a classof bidirectional
termswith an asymptoticallybad type annotationsizeblowup in
sequentialization.Weshow how ourrunningexampleis betterhan-
dledwith this new sequentializationto give an intuitive ideaof its
benefits,andweproveageneraltheoremin thenext section.

First, we definea reasonablemeasureof the sizeof type annota-
tionson strict analysistermsandexpressions.Thestrict language
is formulatedso that thesearetheonly sizesworth defining,since
synthesistermscontainno typeannotations.

Size�
a � λx� S� : � Size� � S�

Size� a � Ts� : � 0

Size� � x � Ts;S� : � Size� � S�
Size� � u � Ta;S� : � Size�

a � Ta �
� Size� � S�
Size� � x : τ � Ta;S� : � Size� a � Ta �
� Size� � τ �

� Size� � S�

With thestrict translation,wehave:

� }�� 0
B:τ0 ~���

� }�� i � 1
B :τi � 1 ~� Si � 1

� }�� i
B:τi ~� ui � � λxi � Si � 1 � ;ui

It is easilyverifiedthatSize� a
Si � Size� ki

B , with � }�� i
B:τi ~� Si

for every i, in contrastwith the asymptoticallysignificantannota-
tion increasewith theearliersequentialization.

5.5 A bound on type annotation sizeof a se-
quentialization

It is now possibleto prove that the benefitobserved in the above
caseholdsfor all terms. In particular, sequentializinga basebidi-
rectionalterminto astrict termwill neverleadto anincreasein type
annotationsize.

Combination Lemma: For strict expression prefixes
b1 and b2, variables q and r, and strict expression S,
Size� b1;b2;S � Size� b1;q � Size� b2; r � Size� � S� .

Proof: By a straightforward inductionover the lengthsof b1 and
b2. �

Theorem:

1. For givenΓ andms, if Γ } ms ~� S, then

Size� � S�H� Size� � ms�
2. For givenΓ, ma, andτ, if Γ } ma:τ ~� S, then

Size� � S��� Size� � ma �
Proof: By inductionon thestructureof termsms andma:

Casema � ms: For givenΓ, if Γ } ms:τ ~� S, thenit mustbe that
Γ } ms ~� S. Theinductionhypothesisyieldsthedesiredresult.

Case ms � x: For given Γ, we have Γ } x ~� x.
Size� � x� � 0 � 0 � Size� � x� .

Casema � ms � m�a � : If Γ } ma ~� S, it mustbethatΓ } ms � σ � τ,
Γ } ms ~� b1;q, andΓ } m�a:σ ~� b2; r, with S � b1;b2;x � q � r � ;x.
By theCombinationLemma:

Size� � S�
� Size� b1;q � Size� b2; r � Size� � x � q � r � ;x�
� Size� b1;q � Size� b2; r

By hypothesis,

Size� b1;q � Size� � ms�
and

Size� b2; r � Size� m�a
By definition,

Size� � ma � � Size� � ms�
� Size� m�a



Therefore,

Size��� S�� Size� b1;q � Size� b2; r�
Size�!� ms�
� Size !� m¡a � � Size��� ma �

Which is theneededresult.

Case ma
� λx ¢m¡a: If Γ £ ma:σ ¤ τ ¥¤ S, it must be that

Γ ¦ x : σ £ m¡a:τ ¥¤ S¡ and S � u � � λx¢ S¡ � ;u. By definition,
Size��� S� � Size��� S¡ � andSize  � ma � � Size  � m¡a � . By hypothesis,
Size��� S¡8� � Size !� m¡a � . Thus,Size�§� S� � Size !� ma � .

Casema
�©¨m¡a:τ ª : If Γ £ ma ¥¤ S, it mustbe that Γ £ m¡a:τ ¥¤ S¡ ,

whereS¡ � b;q.

If q is somenormalvariablex, thenS � b;x. ThismakesSize��� S� �
Size��� S¡8� . By hypothesis,Size��� S¡8� � Size )� m¡a � . Therefore,since
Size  � ma � � Size  � m¡a ��� Size«)� τ � , wehavetheneededSize��� S� �
Size� � ma � .
Otherwise,q is somestrictvariableu, andS � b ¨ x : τ ¬ uª ;x for anew
x. This meansSize��� S� � Size��� S¡ �+� Size«)� τ � . Usingthehypoth-
esisSize��� S¡ � � Size  � m¡a � again with Size  � ma � � Size  � m¡a ��
Size« � τ � , wehave theneededSize��� S� � Size�!� ma � . ®

6 Conclusion

We have shown thatthereexist transformationson programsunder
whichthefolklore techniqueof bidirectionaltypecheckingbehaves
poorly, andshown thatwith someadditionalmechanismit is possi-
ble to recover theoriginal asymptoticbehavior in a relatively sim-
ple typesystemrequiringnounification.Thestrict typesystemand
languagepresentedhereprovide a compactformat for expressing
intermediateforms of sourcelevel programs.It is straightforward
to translatetermsin a languagewith a standardbidirectionaltype
systeminto strict termswithout inflating theamountof spaceused
to storetypeannotations.

In addition to the function typesusedas an expository example
here,the strict bidirectionalsystemextendseasilyto handlepoly-
morphism, dependentfunction types, recursive types, recursive
functions,andany otherconstructthatcanbehandledwith anormal
bidirectionaltypesystem[5]. Thereasonfor this extensibility can
be understoodby observingthat bidirectionaltype checkingsim-
ply providesa framework for eliminatingredundantinformationin
terms,without regard to the particularnatureof the termsor their
types. The strict variantof the bidirectionalsystemthenprovides
a mechanismfor usinginformationfrom non-localcontexts within
thebidirectionalframework.

Theoriginal motivationfor thestudyof this typesystemaroseout
of the needfor more compactrepresentationsin the TILT inter-
nal language,and we believe that the useof strict typing can be
useful in this and other similar contexts. We also believe that it
maybeinterestingto considerusesof strict typing in languagede-
sign. PierceandTurner[5] studieda numberof suchpartial type
reconstructiontechniques,including the bidirectionalsystemthat
providesour startingpoint. Strict bidirectionaltyping extendsthis
work naturally to allow bidirectionallocal type inferenceto take
advantageof non-localusesof termbindings.
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