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1. Introduction

Let S be a set of n points in d-dimensional Euclidean space E? and let D be a domain of subsets of E4 called ranges.
Range searching with respect to S and D refers to the task of preprocessing S so that for any ¢ € D, the subset of points of §
that lie in g can be computed effectively. Typically, D is the set of all ranges patterned after some fixed shape, e.g. rectangles,
disks, triangles in E2, tetrahedra in E®, etc. In all cases, the understanding is that the preprocessing is a one-shot operation
whose cost is amortized over many queries. For this reason, it is traditional to measure the performance of a range search
algorithm by means of S(n), the storage required, and Q(n}, the time needed for answering any query. Let S, = S ¢ denote
the set to be computed. Two important classes of range searchihg need be distinguished. In count-mode, range searching

involves computing only the cardinality of §;, whereas in report-mode, every element of S, is to be computed explicitly.

These two modes of operations often widely differ in complexity. One reason for the discrepancy comes from the
opportunity offered in report-mode to amortise the search cost over the individual points of the output [C]. The existence of
fairly efficient range search algorithms for a variety of problems motivates the following kind of questions. What problems
can be solved within a given time and/or space complexity? In particular, what can be done —and how efficiently— if
only linear storage is available? The main contribution of this paper is to propose a number of linear space algorithms for
range search problems in E? and E3. Before proceeding any further, let us introduce some terminology. Homothetic range
searching in E® has the specifications: S = set of n points in E?; D = set of triangles with sides parallel to three fixed
directions. Domination search in E® refers to: S = set of n points in E?; D = {{—00,z] X (—00,y} X (—o0,2| | z,y,z € R}.
We summarize our main results; k denotes the output sizse.

1. Homothetic range searching in E?: §(n) = O(n) and Q(n) = O(k +logn).
2. Domination search in E°: S(n) = O(n}) and Q(n) = O(klogn).
3. Domination search in E3: S(n) = O(n) and @(n) = O(k + log? n).

The complexity class of interest in this work is characterized by the conditions: S(n) = O(n) and Q(n) = O(k + log® n),
for some constant ¢. The main contribution of our work lies in the fact that neither of the problems listed above was known
to be in this class before. The only (major) range searching algorithms previously proven in this class are:

1. D is the set of isothetic rectangles adjacent to a fixed line [M,C] (recall that a figure is isothetic if it is made of edges
parallel to the axes).

2. D is the set of halfplanes |CGL|.

3. D is the set of trapegoids with two right angles adjacent to a fixed line [CG] (note that the last two problems are special
cases of this one).

4. D is the set of translates of a fixed convex range [CE].

In [C1] it is shown that in count-mode orthogonal range searching (D = |2y, 23] X [y1,y2]) can be done in linear space
and logarithmic time, but in report-mode a factor log® n must be added to either time or space. Another complexity class
worthy of interest in this context is characterized by the conditions: S(n) = O(n) and Q(n) = O(k + n®), for some constant
a < 1. The following problems have been shown to belong to this class: 1) S = set of n points in EZ, D = set of all triangles
[W,EW]; 2) § = set of n points in E3, D = set of all tetrahedra [Y]. See also [DE] for more general sets of problems in the
complexity class in question.

All the results of this paper are based on an optimal solution to a paper-stabbing problem. Suppose that you have n
sheets of paper attached to one corner of your desk; assume that sheets are different in size and shape but that none of them
is completely hidden behind any other. A query comes as a needle which you poke through the first k sheets at an arbitrary

point in the desk. The question is to enumerate these sheets in optimal time and space. Our solution to this problem can be
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viewed as a generalization of McCreight’s priority search tree [M]. Since the underlying structure is an acyclic directed graph

instead of a tree, one might call it a priority search dag.

2. On a Paper-Stabbing Problem

We endow E? with a Cartesian system of reference (O, zy). The coordinates of a point p are denoted (ps,p,}. We say
that a point p domsnates a point g, a property denoted ¢ < p, if and only if ¢, < p, and ¢, < py. Let § = (p1,...,ps) be a
sequence of points p; = (z;, y;} satisfying the following

Appearance Property: for any 1, 7, the relation p; < p; implies ¢ < j.

Informally, the appearance property stipulates that applying the painter’s algorithm to the rectangles R; = {p € E? |
p < pi}, in the order ¢ = n, ..., 1, leaves each rectangle at least partly visible (Fig.1). For any point ¢ € E? and any integer
k (1 £ k < n), define S; & to be the set of points in {py,...,px} dominating g. We formulate the paper-stabbing problem as

follows:

Preprocess S so that for any ¢ in E? and any integer k (with 1 < k < n), the set Sy« can be computed efficiently.

Before proceeding with the detailed description of our solution, a word on the intuition behind it might be useful. Since
only O(n) space is allowed, there is little more we can do than form the planar graph of the visible parts of rectangles R;
(Fig.1), and preprocess it for efficient point location [LT,K,EGS]| (i.e. retrieval of the face containing an arbitrary query
point). This allows us to find the face containing ¢ in logarithmic time. After this preliminary step, one will attempt to
cross through the subdivision both upward and rightward. Every edge in the subdivision corresponds to some point in S,
so we might want to stop the traversal upon encountering points outside of the desired range (determined by k). This may

fail to give all the points of Sg.k, so additional exploration based on some particular face ordering will be needed. We next

substantiate this intuition.

1) - The Map of S, Its Properties, Its Construction

Wiog assume that all points of S lie in the North-East quadrant, and for convenience that all z; (resp. yi) are pairwise
distinct. We define the map of S, denoted M(S), to be the isothetic nlanar subdivision obtained as follows (Fig.1): for
each ¢ = 1,...,n in turn, extend a horizontal segment p;h; and a vertical segment p;v; from p;, until hitting either another
segment or one of the axes. More formally, let p; be the point of § with maximal z-coordinate such that j < ¢ and y; < y;.
If p; is well-defined, we have hiz = z;, else h;z = 0. In all cases, h;y, = y;. Similarly, v;; = z;; let p; be the point of S with
maximal y-coordinate such that | < ¢ and z; < z;. If p; is well-defined, we have vy, = y, else v;, = 0. The point p; is called

the anchor of any edge on the segments p;h; or p;v;.

Lemma 1. Let s be any vertical (resp. horizontal) segment that does not pass through any point of S. Consider the bottom-
up (resp. left-to-right) sequence of edges of M(S) intersected by s and let (p;,,...,p;,) be the corresponding sequence of

anchors. We necessarily have 1; < ... <1,.

Proof: Because of symmetry, we restrict ourselves to the “vertical” case. Let s, be the z-coordinate of s. Since s does not

contain any point of S, for each 1 <1 < t, we have
hiz < 82 < 7y, (1)

For the sake of contradiction, assume that for some [ (1 < ! < t}, we have 1,43 < #; (Fig.2). From the appearance property of
$ and the definition of p;,, we have p;, £ p;,,, and g, < wiy,,, hence z;, > z;,_,. But from the definition of k;, and 1141 < ¢,

this leads to hyy > =z;,,, (Fig.2), which contradicts (1). g
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Next we show how to set up the map M(S). We assume that M(S) is represented by any of the standard structures for
planar subdivisions: the DCEL (doubly-connected-edge-list representation [MP] or the guad-edge structure [GS]). Computing
M(8) in O(nlogn) time is elementary. The construction proceeds incrementally, by inserting each point pi,...,pn in this
order. Let M; be the subset of maximain S; = {py,...,pi}, i.e. M; = {p€ S; | p £ ¢, forall ¢ € S; — {p}}. We can represent
M; in a dynamic search tree, sorted by y-coordinates. Inserting pi41 involves searching for y;+1 in the tree, computing hi41,
tfaversing M(S:) to find v;, updating the map, deleting dominated points from the tree, and adding p; to it. These operations
are standard enough to make further elaboration unnecessary.

As will appear shortly, we need an efficient method for solving the following retrieval problem. Let ¢ be a point in
E? with By = {{z,y) | z = ¢z and y > ¢} and R, = {(z,4) | y = gy and z > ¢;}. Let L;(q) (resp. I:(g)) be the set
of intersections between Ry (resp. R:) and the edges of M(S), sorted by increasing y-coordinates (resp. z-coordinates).
Preprocess M(S) so that for any ¢ € E?, the points of I,(g) and I:{g) can be computed in O(1) time per report, after
O(logn) time preliminary work. A data structure, known as a hsve-graph, has been described in |C] for solving precisely
this problem. With the hive-graph, the points in I, (g} (resp. I;(g)) are visited and reported in the correct order. It will be
crucial later on to be able to stop this process at an arbitrary point, without paying the price for the remaining points in
I,(g) (resp. I.(g)). We will not detail the method here, but roughly speaking, it involves building a closely knit subdivision
over the set of segments and preprocessing it for efficient point location. The preprocessing required by the algorithm takes

O(nlogn) time and the space used by the data structure is O(n).

II) - Completing the Data Structure

As we mentioned earlier, being able to cross through M(S) along vertical or horizontal segments may not be quite
sufficient to solve the paper-stabbing problem. Consider query point g together with k = 7 in Fig.1. Points pq, ps, and pg
anchor edges which intersect the vertical and horisontal rays emanating from g; this is not true for py which, however, is
in 8; 7. To remedy this flaw we use a directed graph G = (V, E), whose vertices are in one-to-one correspondence with the
points of S and whose edges express the segment adjacencies in M(S). G is defined as follows: V = {w,...,uwz}; E =
{(ws, w;) | b5 € piv; orv; € pihi} (Fig.3). We adopt a node-based representation whereby each node w; of G has associated
with it a linked list E{w;) of outgoing edges. E(w;) = {wi,,...,wi, }, with ) < ... <ix, and (wi,wy),..., (wi, wi,,) € E.

We complete the description of the data structure by mentioning that each edge in M{S) should have a pointer to its
supporting node in G (an edge ¢ is said to be supported by w; iff it lies on either p;h; or p;v;). Of course, for any ¢ (1 <4 < n)
point p; should be retrievable in constant time from w;. It is clear that G with all its required pointers can be computed
in O(n) time once M(S) is available in DCEL or quad-edge form. We omit the details. Next we list some of the salient
properties of G.

Lemma 2. G is acyclic and each node has indegree at most two.
Proof: Whether h; lies on pju; or v; lies on pjhj, the inequality 7 < ¢ holds, therefore G is acyclic. Since h; and v; lie on

unique segments of M(S), the indegree is at most two. 13

Note in passing that G is not necessarily connected (Fig.3).

III) - The Query Algorithm

We are now ready to describe the algorithm for computing Sgx = {p; € § | ¢ < p; and 1 < k}, given a query (g, k). For
convenience, we assume that ¢z # Z1,...,%n and gy # ¥1,...,¥n. Recall that I;{g) (resp. I,(g)) is the ordered sequence
of intersections between M(S) and the upward (resp. rightward) ray from g. Let p be any point of an edge ¢ of M(S); we
designate by a(p) the anchor of e. Let J, = {w; € V | i < k and p; = a(p) for some p in I.(g)} and Jy = {wi €V i < k
and p; = a(p) for some p in I,(q)}. As a preliminary step, we compute J. and J;,,. This can be done optimally by using
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the hive-graph structure mentjoned in §2.1. This is possible because, by virtue of Lemma 1, the order of reports corresponds
to increasing indices, i.e. the anchors of points in I.(g) (resp. I {g)) form an increasing sequence of indices. As a result,
each sequence of reports may stop as soon as an anchor p; (j > k) is discovered. After this operation, which necessitates

O(logn + |J | Jy|) time, we are ready to explore the graph G.
Initially, 5,5 = # and we define J = J,J J,. If J = @, terminate. Otherwise, mark every node in J. Then, as long as
there are marked nodes in G, pick any of them, w;, and perform the following steps.
Step 1: Sy x +— SgxU{p:}. Unmark w;.
Step 2: Let E(w;) = {wi,,...,w;} be the set of nodes emanating from w; and let ¢, be the largest index less than k, i.e.

im =max{j |y € {i1,...,%4} and 5 < k}. If i, is well-defined, mark nodes w;,,..., w;,.

Theorem 8. Let S be a sequence of n points in the North-East quadrant which satisfies the appearance property. There is
a data structure that takes O(nlogn) time for construction and O(n) space, such that for any query (g, k) the points in Sg

can be reported in O(|Sq x|+ logn) time. This is optimal.

Proof: We successively establish the correctness of the method described above (part 1 below) and then analyze its perfor-
mance (part 2 below).

Part 1. Given the organization of each set of outgoing edges in sorted lists, it suffices to show that for each p; € S, i —(J= U Jy)
there exists in G a (directed) path wj,, ..., w;,, with jo =%, w;, € Jz|JJy, Pjyy - - -, Pja € Sq.k. We prove this fact by induction
on the ascending sequence of indices in Sy x. The basis case being obvious, let p; € Sy — (Jz U Jy). Since p; is not in Jz, v;
lies on p;h; for some j (1 < 5 < n), o G has an edge from w; to w;. Also, v, > ¢, implies that ¢ < p;, and since clearly
j < t, we have p; € S, x. By induction hypothesis there exists a directed path from some wj, to w;. This concludes the

argument,

Part 2. The computation of J, and Jy takes O(logn + |J, |J Jy|) time, as already observed. The remainder of the algorithm
has a complexity proportional to the number of edges of G traversed. Let us call a good node, a node w; such that p; € Sy &,
and a bad node, any other. Let H be the subgraph of G induced by the good nodes. From Lemma 2, it follows that for each
good node w; at most two bad nodes need to be visited. The running time of the algorithm is therefore proportional to the

number of edges in H. This number is proportional to the number of vertices in H, since each vertex has indegree at most

two (Lemma 2). 3

8. Homothetic Range Searching

The homothetic range search problem refers to the case where the query domain D is the set of all polygons obtained
by submitting a fixed simple m-gon to an arbitrary translation and an arbitrary scaling transformation. More precisely, let
P be the simple m-gon. A query is specified by a pair (g,¢c), with ¢ € E? and ¢ € R; the homothet of P is the polygon
P,.={p € E? | there is a point v € P such that p, = g, + cv, and p, = ¢, + ¢v,}. The input to the problem, denoted S
as usual, is a set of n points in EZ and the set to be computed is §; = S P,c. In the following, the number of sides of the

query polygon, m, is taken to be a constant. We state our main result.

Theorem 4. Let S be a set of n points in E?. In O(nlogn) preprocessing, it is possible to construct an O(n) space data
structure so that homothetic range searching w.r.t. S can be done in O(k+log n) query time (k = output size). The method
is optimal.

Proof: By triangulating the query polygon if necessary, one can always assume that P is a triangle. We set up a coordinate
system such that two sides of P are parallel to the coordinate axes, and if P is translated so as to have its two sides collinear

with the coordinate axes, then P is contained in the North-East quadrant (note that this system will not be orthogonal
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in general). We easily ensure that each point in S lies in the North-East quadrant. Let az -+ by + 1 = 0 be an equation
of the line passing through the third side of the triangle P. In O{nlogn) time, sort the points of S according to their
projections on a line perpendicular to this line. Let S = (py,...,pn) be the resulting sequence; if p; = (z:,y;) we have
azy + byr £ ... < az, + byn. It is easy to see that S has the appearance property of the previous section, so it is possible
to prepare the grounds for the paper-stabbing problem. Let ABC be the query triangle, with AB (resp. AC) parallel to
the z (resp. y) axis (Fig.4). Let H be the halfplane delimited by the line passing through BC and containing ABC, and let
k = |S () H}; note that k is easily computed in O(log n) time. S} ABC is exactly the output of the paper-stabbing problem
on query input (A, k}. &

4. The Domination Search Problem in E°

We endow E® with a Cartesian system of coordinates (O, zyz). The notion of domination introduced in Section 2
generalizes easily to higher dimensions: a point ¢ € E® dominates a point p € E®, denoted p < ¢ iff p, < g¢q, py < gy and
P: < ¢.. Let S = {p1,...,pn} be a set of n points in E>. Domination searching can be phrased as follows: preprocess S
so that for any query ¢ € E® the set S, = {p | p € § and p < ¢} can be computed effectively. Let S(n) and Q(n) denote
respectively the space and query time required by an algorithm for domination searching in E®, and let k denote the output

size. The best solution known so far achieves S(n) = O(nlogn), Q(n) = O(k + logn) [GBT]. We will next describe two

linear space data structures for this problem, one achieving Q(n) = O(klogr) and the other Q(n) = O(k + log®n).

Let p; = (i, %, 2). For convenience, we again assume that none of the three sets of coordinates has duplicates. The
notion of minima is crucial to our approach. A point p; is called a minimum of S if it does not dominate any other point in
5. This definition carries over directly to E2, so we may refer to minima in E? without further explanation. Assume for the

time being that each point of S is a minimum. We put ourselves in the conditions of Theorem 3 by

1. defining a new relation <* as follows: p <* ¢ iff ¢ < p;
2. sorting the points of S so that z; < ... < 2,, and defining §* = ((z1, 1), -, (zn, ¥n)) € E>

Since each p; is a minimum, it is immediate to see that the sequence S* satifies the appearance property w.r.t, <* (§2).
Given a query ¢, we reduce the domination problem in E® to a paper-stabbing problem in which <* has been substituted
for <. A query ¢ = (9s, gy, ¢;) is transformed in O(logn) time into a query (gz, gy, k) for the paper-stabbing problem, with

k=|{pi €S |2 < g.}|. We conclude with a result which will be the cornerstone of our ensuing developments.

Lemma 6. Let S be a set of n points in E®, all of which are minima. In O(nlog n) preprocessing, it is possible to construct
an O(n) space data structure so that domination searching w.r.t. § can be done in O(k + logn) query time (k = output

size). The method is optimal.

1) - A Simple Linear-Space Solution

From now on, § is taken to be an arbitrary set of n points in E3. Recall that S, the set to be computed, consists of the
points of § dominated by the query point ¢. In preprocessing, we compute the sequence of layers of S, denoted (Ly,..., L,).
These layers are subsets of S obtained by removing the minima of S, computing the new set of minima, removing it and
so forth. Let £(S) denote the set of minima of S. The following algorithm provides a formal definition of layers, as well a

method for computing them.
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t1+—0
while § # 8
begin
te—t+41
Li — L(S)
Se—8~-L;
end
pe—i

Kung et al [KLP| have silown how to compute the minima of a set of n points in E® in O(n logn) time. This leads to an
O(n?log n) time, O(n) space algorithm for computing the layers of §. This can be improved by resorting to a simpler, but
more space-consuming technique. Set up a directed graph over the points of S by placing an edge from p; to p; iff p; < p;.
Removing all the sources of the graph gives £, and iterating on this process gives L3,..., Lp in O(n?) time and space. We

omit the details.

Lemma 6. For any ¢ {1 <t < p), Sg[) Lis1 # @ implies S; (N L: # 0.

Proof: Each point p in £;41 dominates at least one point in £;. g

From Lemma 6, a possible line of attack follows trivially, We apply the result of Lemma 5 to £, £L2,... in turn, until

we fail to report any point in S, at which stage the algorithm terminates. This leads to

Theorem 7. Let S be a set of n points in E®. In O(n®) preprocessing, it is possible to construct an O(n) space data

structure so that domination searching w.r.t. § can be done in O(klogn) query time (k = output size).

II) - A More Efficient Algorithm

We next show how a recursive strategy allows us to take the running time of the previous solution down to O(Ic-f-log2 n).
To be rigorous, this transformation constitutes an improvement only for values of k = f2(log n). Before proceeding with the
description of the algorithm, we need to make a short digression. Let V be a set of n points in E2, with each point being
a minimum. Let V; = {v € V | v < ¢} be defined for any point ¢ € E2, Domination search in two dimensions calls for
computing V, efficiently, given any query point q Of course, this problem can be solved optimally by application of Lemma
5. A much simpler solution is based on the following remark. Let V = {v;,...,v,} be given by increasing z-coordinates.
The points of V, always form a contiguous chain (possibly empty) of the form {v;, vi41,...,v;}. Computing V; can be done

in optimal O(j — ¢ + logn) time by searching for g in V (regarded for this purpose as a dictionary of z-coordinates).

Observation 8. Let S be a set of n points in E?, all of which are minima. In O(nlogn) preprocessing, it is possible to
construct an O(n) space data structure so that domination searching can be done in O(k + logn) query time {k = output

size). Answering a query essentially involves searching for an item in a dictionary.

This last remark about the reduction of domination search in E? to a simple dictionary look-up is of great importance,
as will be apparent below. Let’s go back to our original problem, i.e. domination search in E>.
The data structure, denoted D(S), is a binary tree defined recursively as follows:

1. If S = @ then D(S) is the empty tree.
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2. Otherwise, let S* be the projection of S onto the yz-plane. We define P as the set of minima of $*,i.e. P={p€ S* |
gZpforallge S*—{p}}, and M = {p = (Ps, Pys Ps) € S | (Pz,Py) € P} (clearly, M is a set of minima in E®). It is then
possible to build the data structures of Lemma 5 and Observation 8 for M and P, respectively, which we denote H(S)
and E(S). Both data structures are assigned to the root r of D(S). Define V = S — M and let (p;,,...,p;,,) be the
sequence of points in V sorted by increasing z-coordinates. Let I = |m/2), Vi = {pi,,...,p0u.}, and V2 = {pir ys ..+ Pin}-
D(V1) (resp. D(V2)) is assigned the left (resp. right) subtree of r. Since each point of S is represented only twice in T,
the storage required for the entire data structure is clearly O(n). The data structures E and H will be referred to later

on as the easy and hard structures, respectively. We are now ready to describe the query algorithm.

Step 1: In O(logn) time, retrieve the nodes of T' that canonically decompose (—00, gz]. To do so, use T as a search tree to
locate the leaf corresponding to p; s.t. z; < ¢ < Zi4+1. Let vy,..., vy be the corresponding search path; v; is the root and

v, is the leaf that stores p; (Fig.5).
Step 2: Query the hard structure at each v; (1 <1 < A).

Step 8: Let W be the sequence of left children of (vy,...,vs_1) that are not nodes of the search path (this sequence is
obtained by tracing the search path and recording the left child of each node witnessing a right turn — see square nodes in

Fig.5). Mark every node of W.

Step 4: While T has marked nodes, pick any, unmark it, and query its easy structure. If this leads to any report, mark its
children (if any).

The correctness of the algorithm is based on a number of observations, simple enough to have their proofs omitted.
1. All the points in S; are stored in v1,...,vs and in the subtrees rooted at the nodes of W.

2. With respect to the subset of S associated with any node that is either in W or is a descendent of a node in W, the

problem to be solved is equivalent to domination search in a set of minima in E2.
3. If the easy structure at v fails to report any point, no point stored in any descendant of v lies in S,.

Let T, be the subtree of T visited during the computation and let k = [$,]| be the output size. The algorithm takes
O(log?n + klogn) time, since 1) every node visited that is neither a leaf of T, nor of the form v; contributes at least
one distinct entry to Sy; 2) each node visited requires O(logn) search time; 3) the number of nodes v, is O(logn). This
disappointing performance can be improved by exploiting the last remark of Observation 8. For the sake of clarity, a little

background is necessary.

The notion of fractional cascading, developed in [CG}, is concerned with the problem of batching repeated binary
searches. Let G be a connected graph whose maximum degree is bounded by a constant. With each node w € G is associated
a dictionary D(w) (i.e. an array of sorted numbers). Let m be the total size of all the dictionaries. Fractional cascading is a
method for preprocessing G so that contiguous searches can be carried out in constant time. More precisely, if z has to be
gsearched in D(w,),. .;,D(w.), where for each ¢, w; is adjacent to some w; (j < 1), this preprocessing allows us to do so in
O(logm) time for D(w;) and ther O(1) time for each of the others, D(wz),..., D(w). The interesting feature of fractional
cascading is that its application increases the original size of the data structure by at most a constant factor. We also mention
that the preprocessing can be done in linear time. The relevance of fractional cascading to the problem at hand is immediate.

Since the easy structures are handled via a simple dictionary search, fractional cascading will allow us to handle all of them
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in O(k) time after O(log n) preliminary work. Incidentally, note that the graph spanned by the nodes in W and their visited
descendents is not connected, but these nodes together with all nodes in V' do form a connected subgraph. Consequently, the
fractional cascading scheme will have to visit the easy structures in V as well, in order to ensure the connectivity condition.
This is not a problem, however, since there are only O{log n) such nodes, hence O(logn) spurious visits, at unit cost each.
The preprocessing takes O(nlog® n) time, since each node requires O(plogp) steps, where p is the number of points stored

in the subtree of the node. We conclude.

Theorem 9. Let § be a set of n points in £2. In O(nlog® n) preprocessing, it is possible to construct an O(n) space data

structure so that domination searching w.r.t. § can be done in O(k + log? n) query time (k = output size).

It is possible to generalize Theorems 7 and 9 to higher dimensions. Every increase of one in dimension will result in
the introduction of a factor of logn in both space and search time. The technique involves a canonical decomposzition of the
query into O(logn) queries of lesser dimensionality. The technique is due to Bentley [B]. It is standard and has been applied

before on such numerous occasions that we will dispense with any further explanation.

Theorem 10. Let S be a set of n points in E4 (d > 2). In O(nlog? ' n) (resp. O(n?)) preprocessing, it is possible to
construct an O(nlog?~> n) space data structure so that domination searching w.r.t. § can be done in O(k+log?~* n) (resp.

O(log? % n + klogn)) query time (k = output sise).
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Fig. 2.: il'l‘ 1e is impossible by construction.
Fig. 1: The map for (pl, p7) and query point q.

Fig. 3: Directed graph for the map in Fig. 1.

2

. 5: Set V= {v,,...v5} and nodes in W.
Fig. 4. Range query with triangle ABC. Fig. 5: Se { 1 7
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