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I. Introduction 

In [i], it is suggested that an 

algebraic manipulation system be used tc 

gain some insight into the following prob- 

lem: 

Given 

i 
Fi(x ) = ~ 1 

j=l (~'2- (x+aj)2) 

find 

i 

S i  = I (A~ i) + B~ i)) for i 

J=l 

= 1,2,... 

where 

In this paper we briefly present 

two ALTRAN programs for computing S i, 

i=l,2, .... 

Because the amount of CPU time 

required to compute S i grows so rapidly 

we obtained only S l, S 2, S 3 and $4, 

although we believe these programs could 

compute S 5. While the results do not 

provide much insight into the proposed 

problem, they clearly demonstrate the 

advantage of using a factored representa- 

tion for rational functions in a symbolic 

algebra system. 

II. Programs 

The first program computes the 

S. directly using the algorithm suggested 
z 

by the formulation of the problem: 

A~ i) = Fi(x~(~-x-aj)Ix=~_aj 

B~ i) : Fi(x)'(~+x+%)Ix=-~-aj 

PROCEDURE M A I N  

INTEGER I ,  J, N : 4 
LONG ALGEBRAIC ( L=N~=Z, A( i  IN t IS~N '  X=1 ) F, S 

DO I = I , N  

F = 1 
DO J = 1~ I 

F = F I ( ( L - X - A ( J ) )  ~̀  ( L + X + A ( J ) ) )  
DOEND 

S = 0  
00 J = 1., I 

S = $ + ( F ~ ( L - X - A ( J ) ) )  ( X = L - A ( J ) ]  
DOENO 

+ (F~(L+X+A(J)))  (X= -L -A(J | )  

WRITE S 
DOEND 

END 
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A faster program for computing 

the S. can be obtained by observing that 
1 

A~ i-1 ) 

A~ i) = (a _ai)(~k_aj+ai ) , j < i 

A! i) = Fi-l(%-ai ) 

and by proving that 

i i 

! +!*>: I ++i> + 
j = l  j =l 

all of which are left as exercises for 

the reader. 

In the program below, AT(J), 

1 ~ J ~ I, holds the values of A] i)" needed 

for the computation of S i- 

III. Results 

Both programs were run using a 

factored and unfactored internal repre- 

sentation and about lO,000 words of 

workspace. Using an unfactored represen- 

tation the value of S~ can not be computed 

with this small a workspace. (More than 

30,000 words would be needed). The 

incremental CPU times in seconds for the 

Honeywell 6070 are shown in the table 

below. 

Program I 

Factored Unfactored 

S I 0.7 i.I 

S~ 3.3 7.3 

S 3 19.5 54.0 

s 4 51~. o - -  

Program 2 

Factored Unfactored 

s I o.4 o.4 

S 2 I.i 2.3 

S 3 5.1 13.e 

s 4 56.2 - -  

T h e  v a l u e  of  S 4 i s  s h o w n  b e l o w  

a s  p r i n t e d  by  A L T R A N ,  u s i n g  t h e  f a c -  

t o r e d  r e p r e s e n t a t i o n .  

PROCEOURE H A I N  

INTEGER Z ,  J ,  N = 
LONG ALGEBRAIC ( L I N t + I s  A ( ~ . | N ) I 1 ~ N ~  Xl~. ) F ,  S ,  AT 
ARRAY ( N )  AT 

F = 1 

DO I : I ~ N  

00  J = 1 ,  I - 2  
A T ( J )  = A T ( J ) / (  ( A ( J )  " A ( I ) )  e. ( 2~L  - A ( J )  + A ( I ) )  ) 
OOENO 

A T I Z )  : F ( X = L - A ( I ) ) I I Z ~ L )  

S = 0  
DO J f f i  1 ,  I 

S : S + A T ( J )  
DOENO 

S : 2~S  
F : F / ( ( L - X - A ( I ) )  • ( L * X + A ( I ) )  ) 

WRITE S 
DOENO 

END 

i S  

2 * ! E4S 'Lb '~  - t ~k *L '+k ' s ( l ) * *~  * q~ *L+*~ *A (2 ) *A (Z )  * q~ *L * *4eA( I ) *E ($ !  * 

14b *LO*4 *& (~ ) *+ :  * q~ ' L * *4 *4 ( .~ ) *~ (~ )  - ~ ' L * ' 4 "4 (~ ) * ' 2  * 12 *L * 'Z * I ( 1 ) *e4  - 

16 *L *U2*A | l | ' * ~ *~ (~ |  * I ~ *L * * : * 1 ( l ) ' ' 3 "~13 )  - 16 *L~ tZ *A | I ) I *~ *& (4 )  * 

16 *L+* t+A I1 ) * * : *A (~ ) * ' ?  * S *L *e~ek I | J * *~ 'A (Z ) * J (3 )  * 8 *L~e~eA( I ) ee~J (~ | *A (4 |  @ 

8eLee~*4 (~ l e~ ( : ) *A (3 | * *~  - 49 *Le *~ *A ( l | ' 4 (~ I *A I3 | eA (4 |  + t * L * *~ *A ( I | *A |Z ) "  

A ( k )eeZ  - 16 *L ' *~ *S ( I ) *& (3 ] ' * 3  + l " L *e2~4 (X ) *A I3 )ee2*S (k )  • B *LeeZ*A (XJeA(1 ) *  

A |4 ) * *?  * 16 *LS '?e~ ( I ) 'S (41 ' ' I  • 12+Le*Zva (2 ) * ' k  - 16~L ' ' ~v& |2 ) ' ~3 "A (31  * 

~6 *L * *2SA i~ ) * *3 -A (41  * 16 .L+ .2 .4 (~ | * - 2 .~ (31 . - 2  * 8 . L * *Z *4¢Z )ee2*A (3 ) *A (4 |  * 

B~eLe*ZeA(2 ) * s2 *A (~ | * *2  * 16 *L *e~*A {2 ) *~ (3 |9 "B  • 8 * I * ' 2SA |Z )~J |3 ) *eZ*A (4 )  * 

B e L s e Z , A ( Z | e A ( 1 ) e 4 ( ~ ) ' ' Z  * l b , L , I ~eA (Z )~A (k )+ ,3  * 1ZeL teZeA(B )e t4  * 

16 *LeeZ 'A (3 } * ' 3 "~ ( k )  • I $ *LeeZ '~ ( ) )+e2+A(4 | * ' 2  * 16 *Le+Z IA (3~eA(k ) *43  

12 *LeeZ*B (4 ) l +k  . ~ ( I ) ++4+ACZ)+sZ  * A ( I ) ~ *4~A(Z ) t~ (3 |  * A (1 )~ *4 *~ tZD IA (4 )  . 

4 (~J I * ke I (B ) t+Z  • A | l |S *~e I ( I | *A (4 )  * A (2 |ee4 *A (4 ) t t Z  + 2 *A ( I ) *V1 *A (2 )443  " 

4 | l ) t * 31A (Z )~ ' 2+S (3 )  - & |1 | * ' 3 "~ (2 ) * ' 2 "~ (4 )  " A [1 )~+3+A(21~A(31 * *2  - A ( I I e ' 31A (2 )  t 

A |~ )e+2  • Z lA (111~$+ I (1 )~+ I  . & ( I ) t ~31A(3 ) *eZ*A (4 )  . A | I ) ~e31AA1) *4 (4 )e tZ  • 

Z~ I ( 1 ) , +3 *A |4 ) l *~  . ~ | ; ) ~ *Z+A(2 I *+k  *+A ( I | ~+Z tA (Z ) *13 *A (1 |  . ~ (1 )~ -Z tA (Z )~B -  

A l k )  • $ *A ( I ) * eZ 'A I21 * 'ZeA (3 )++Z  • 31A t I I I I Z * I I 2 ) ' I Z *A (4 )+ t2  - l ( 2&e+Z l& (2 )  ~ 

A (3 ) *~3  - A I I ) * *2 "~ I2 ) 'A (~ ) * ' 3  - A ( l l ~ *&11 ) *+4  - / I 1 )~Z lA (3 ) * *3 *A I4 |  

3~A ( I )~Z*4 |3 )+e? la {~ )~ *Z  . A ( I ) e -Z~A(3 )eA i~ ) *13  * A (1 ) * *~ -A (4 )~4  

m | t ) * ~ | 2 1 + ' ~ ' ~ ¢ ~ !  • ~ I I ) ' A | Z ) * ' ~ ' I ( 4 )  * ~ ( L ) + ~ ( Z ) * ' 3 * ~ ( 3 ) + * Z  * A t l ) * A ( Z } + * 3 1  

114 ) ! 42  * & I1 ) I l I 21 I I 21A (3 ) *+$  . A (X IeA fZ )evZ+A(4 )++3  • A IX )eA I2 )eA (3 ) ' * 4  • 

~ | I ) eA |2 )eA Ik )eek  • 41L ) *A I1 ) * sk *114 )  * l ( l 11& ( l l s~Bg l ( 4 ) * s2  - A I I I eA |3 )eo2e  

I ( k )~e  3 ~ A ( I )SA ( I | e~ (4 ) *~  . A |2 | l e4eS |3 )eeZ  • a (2 ) ' ' 4 "S¢~ t *a |43  - 

A (Z |~ t k~ |4 ) ' *Z  * 2 *& |2 ) ve1 *A |3 | I " 3  . i ( Z |~ -1eA | ] )~ZvA ( ; )  . & | 2 ) * *314 (3 )+  

A |~ ) * ' 2  • 21A (21 * ' 1 "4 (~ }~13  * ~ (Z )~ 'Z~A(3 |  ~ ' k  - A |~ )e t2 *& ($ |  " ~3 t& (~ )  

B i & i Z ) i , Z . 3 i ] i * i + . A I + | * * 2  ° 1 1 2 1 1 1 Z I , I 3 ) + A ( 4 1 1 " $  . / 1 2 ) + 1 2 1 1 1 4 1 1 e 4  * 

1 1 2 1 1 1 1 5 1 - . + * 1 1 1 1  . ~ ( 2 ) - o l ) | + - ) + l l + ) + + ?  . A I 2 I * A I + I I + 2 * A I 4 ) * + 3  + 

4 l Z l l l l $ l l A ( k l + l k  * ~ 1 1 1 + ' ~ + ] 1 4 1 " + Z  t 2 1 1 1 ) 1 1 * 3 1 1 1 4 ) 1 1 3  ° i l ) ) l l Z + l l 4 )  I l k  ) • 

I ( L ) " | 2 "L  - s | ] )  * 1141  ) • ( 2 "L  • 1111  - 1141  ) * ( Z *L  - A l l )  * 1141  | ! 

I 2 1 L  • 1 1 2 )  - 1 1 4 1  I • ( 2 1 L  * A I Z )  • 1 1 1 )  I * I 2 1 L  * A I 2 )  * 1 1 3 1  ) 1 

I 2 * L  * | I l l  * 1 | 4 1  ) * I 2 + L  • A I I I  ° l l ; )  ) * C 2 " L  - A l l )  * 1 1 3 1  | l 

( ++L  * B i l l  - A |+ )  I • I t ' L  - A l l )  • A l l )  J • ( I l L  • I l l |  " 1121  ) I 

Continued on page 36 
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IV. Remarks 

In an attempt to understand the 

astonishing growth in the CPU time re- 

quired for higher orders, we gathered 

some timing statistica from the routines 

internal to ALTRAN. Surprisingly, 75% of 

the CPU time is spent in the polynomial 

"divide-if-divisible" operation, while 

only 13% is spent in polynomial gcd 

computations. This suggests that sub- 

stantial improvements in performance can 

be gained by using a faster algorithm for 

this operation (see [2]). 
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