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Abstract— This paper proposes a model to calculate statistical
gate-delay variation caused by intra-chip and inter-chip variabil-
ities. Our model consists of a statistical transistor model and a
gate-delay model. We present a modeling and extracting method
of transistor characteristics for the intra-chip variability and the
inter-chip variability. In the modeling of the intra-chip variabil-
ity, it is important to consider a gate-size dependence by which
the amount of intra-chip variation is affected. This effect is not
captured in a statistical delay analysis reported so far. Our gate-
delay model characterizes a statistical gate delay variation using
a response surface method (RSM) according to the intra-chip and
inter-chip variability of each transistor in a gate. We evaluate the
accuracy of our model, and we show some simulated results of a
circuit delay variation characterized by the measured variances
of transistor currents.

I. I

Device characteristics fluctuate much further in deep submi-
cron technology. In a conventional worst-case timing analysis,
the device characteristics are usually assumed to be uniform
across a chip, but in fact, they are different [1, 2]. It is known
that the intra-chip variability of the devices reduces a yield of
products [2, 3, 4]. Some methods of the statistical timing anal-
ysis with the intra-chip variability are proposed [5, 6, 7]. How-
ever, a methodology is not shown to give an intra-chip varia-
tion of each gate from measured variances of transistors. The
variation of each gate delay directly influences the variation of
circuit delay. It is important to estimate each gate-delay varia-
tion accurately [1, 2]. At that time, it is necessary to consider
the size dependence of the intra-chip variability [8, 9].

This paper proposes a model of statistical gate-delay calcu-
lation based on measured intra-chip and inter-chip variabilities.
Figure 1 shows an overview of our method. The method con-
sists of two components: a statistical modeling method of the
inter-chip and intra-chip variabilities with the size dependence;
and a calculating method of delay variation from the statistical
models using a response surface method (RSM)[10].

At the statistical modeling of transistor characteristics, it is
necessary to separate the intra-chip variability and the inter-
chip variability. A conventional method extracts MOSFET
model parameters from measured current characteristics. The
intra-chip variation and the inter-chip variation of MOSFET
parameters are then calculated from those extracted model pa-
rameters [8, 11, 12]. In this method, however, it is not easy to
separate the variability into the intra-chip and inter-chip com-
ponents. It could be advantageous to work on the variability
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Fig. 1. The flowchart diagram of our proposed method.

of the current characteristics directly, which is the strategy we
adopt in our statistical modeling.

For the reduction of computational cost, our method uses a
response surface method (RSM)[10] to calculate a delay vari-
ation. A straightforward way of evaluating the intra-chip vari-
ability is to assign variables of the RSM to every transistor in
the circuit, which is prohibitive. For further cost reduction,
we propose a model that calculates the intra-chip variability of
gate delay by a fewer variables.

This paper is organized as follows. Section II explains our
statistical modeling method of transistor characteristics. We
explain how to extract model parameters from variances of
measured current, and show an experimental result. Section III
shows a building method of RSM for the inter-chip variability,
and proposes a calculating method of delay by the RSM with
consideration of the intra-chip variability. Section IV demon-
strates some experimental results, and presents the necessity
to consider the size dependence from the results. Finally, sec-
tion V concludes our discussion.

II. M  

In this section, we show models for the inter-chip variability
and the intra-chip variability, and present a procedure extract-
ing each model parameter from current values.

The variabilities of transistor characteristics are classified
into a local component and a global component according to



a kind of process non-uniformities. The local component is
a variation caused by a stochastic nature, a white noise, of
fabrication processes or a variation depending upon a layout
[8, 9, 13, 14]. The global component represents a spatial
parameter-value distribution over the whole wafer, which is
caused by, for example, a non-uniform thermal distribution
during a fabrication process [11, 12, 13, 14]. The components
differ in a point of statistical behavior, so our method character-
izes the components as an intra-chip variation and an inter-chip
variation separately.

A. Modeling method of transistor characteristics

The transistor characteristics are mapped into physical pa-
rameters. You can choose any as the physical parameters. In
this paper, we useVT H0, TOX, Wint, Lint as the physical param-
eters. The parameterVT H0 represents a threshold voltage of
a large channel device. The parameterTOX represents a gate-
oxide thickness. The parameterWint andLint represent the dif-
ferences, calculated electrically, of gate-width and gate-length
from the original mask size respectively. The physical param-
eters should depend upon neither geometry nor bias voltages,
so a threshold voltageVT H (notVT H0) is not suitable.

Physical parameters are represented as the sum of the mean
valueµ, an inter-chip variationg and an intra-chip variationr
as follows.

p = µ + g + r (1)

The mean valueµ is common to all. The inter-chip variationg
is different in every chip but it is uniform in each chip, while
the intra-chip variationr is different in the geometrical loca-
tion in each chip. The inter-chip and intra-chip variations are
expressed as a normal distribution, and the distributions of the
variations are statistically independent. Both of the statistical
models for the variations characterize variances of physical pa-
rameters and correlations among the parameters.

Several physical parameters determine electrical character-
istics of a transistor practically. The influences of physical pa-
rameters are mingled with each other, so it is difficult to sepa-
rate each physical parameter from the electrical characteristics.
In our method, avarianceof physical parameter is extracted
from current variancedirectly based on the sensitivities of the
physical parameters to the current value.

B. Models for the intra-chip and inter-chip variability

Pelgrom’s model is most widely accepted to compute the
local variability (mismatch) [8, 9, 11, 12]. The model charac-
terizes the mismatch, the characteristic difference of two tran-
sistors, by the area of transistors and the distance between two
transistors. We use following equations (2)∼ (5) as the model
of the intra-chip variability, which is derived from Pelgrom’s
model.

σ2(VT H0) =
AVT H0

WL
(2)

σ2(TOX) =
ATOX

WL
(3)

σ2(Wint) =
AWint

L
(4)

σ2(Lint) =
ALint

W
(5)

The parametersσ(VT H0), σ(TOX), σ(Wint) andσ(Lint) are
standard deviations of physical parametersVT H0, TOX, Wint

andLint respectively. The smaller the gate-size, the larger the
standard deviation becomes. The parametersW andL are an
effective gate-width and gate-length respectively. The model
parametersAVT H0, ATOX, AWint andALint are constants specific to
a fabrication process.

The inter-chip variability cannot be expressed as a normal
distribution in a strict sense [14], but this work characterizes
the inter-chip variability as constant on a chip and normally
distributed among chips in order to simplify statistical anal-
ysis. The inter-chip variability of transistor characteristics is
expressed by the variances and covariances of the physical pa-
rameters.

C. Parameter extraction from variances of current

We explain a method to extract statistical model parameters
for the intra-chip variability and the inter-chip variability from
the variations of measured current values. Intra-chip and inter-
chip components are separated on the current variations.

A variance of drain current is the sum of the inter-chip and
intra-chip variances, so an intra-chip variance is the difference
between the inter-chip variance and the total variance of cur-
rent value. A typical value of drain current depends on the size
of transistor, so we need many transistors of the same size in
order to calculate an average and a variance of drain current.

We present a method that extracts the model parameters of
intra-chip variability from the variations of measured current
values. First, transistors are labeled on each chip. The current
value of thei-th transistor on thej-th chip is I i j . The current
value I i j is expressed by a MOSFET model functionf with a
row vector of physical parameterspi j and a row vector of bias
voltagesbi j as follows.

I i j = f (pi j , bi j ) (6)

We use BSIM3v3 as the MOSFET model. The vector of the
physical parameterspi j is the sum of an inter-chip variation
gi j , an intra-chip variationr i j and an average vectorµi .

pi j = µi + gi j + r i j (7)

We assume that the intra-chip variancer i j is sufficiently
smaller than the averageµi empirically. The variance of cur-
rentσ2(∆I i) is represented as follows.

σ2(∆I i) =
∑

n

(
∂ fi
∂rn

)2

σ2(r i,n)

+
∑

n

∑

m,n

(
∂ fi
∂rn

∂ fi
∂rm

)
σ(r i,n|r i,m) (8)

where∂ f
∂r is a column vector, each element of which is a sensi-

tivity of physical parameter to current value.
The n-th element ofr i is r i,n. σ2(r i,n) is a variance ofr i,n.

σ(r i,n|r i,m) is a covariance betweenr i,n andr i,m. As the MOS-
FET model functionf is known, the elements of∂ f

∂r are differ-
ential functions off by elements ofr respectively.



TABLE I
S (W/L)      TEG.

ID L (µm) W (µm) ID L (µm) W (µm)

1 0.10 0.36 6 0.3 10
2 0.10 0.6 7 1 10
3 0.10 10 8 10 0.3
4 0.13 10 9 10 0.4
5 0.18 10 10 10 0.6
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Fig. 2. Comparison ofIDS intra-chip variability between measured and
modeled values. The boxes “Measured” shows the intra-chip components
separated from the inter-chip components of current values. The boxes
“Modeled” shows the values simulated by the modeled parameters.

In order to derive an equation for model parametersAn and
Anm, Eqs. (2)∼ (5) and models of correlations are substi-
tuted into Eq. (8). Anm is a model parameter for correlation
σ(r i,n|r i,m). The equation is solved using measured variances
σ2(∆I i), bias voltagesbi j and transistor sizesWi and Li , and
the model parameters,An andAnm, are derived.

Model parameters of the inter-chip variability are variances
and covariances of the physical parameters. Typical values of
physical parameters on each chip are calculated from an aver-
age current value over the chip. The variances and covariances
are calculated from the typical values of all chips.

D. Experimental results for the extraction

We report the result of parameter extraction for the intra-
chip variability. The current values were measured from TEGs,
which were fabricated using a 0.13µm CMOS process. The
TEG consists of 10 transistors, and TEGs were arranged on 56
chips over the whole wafer. Table I shows the sizes of the tran-
sistors. Inter-chip components and intra-chip components of
current variation were separated from the measurements. The
model parametersAn and Anm, for the parametersVT H0, TOX,
Wint andLint, are calculated using Eq. (8) from the intra-chip
components of drain current variation when the drain voltage
is 0.1 (V) and the gate voltages are 0.6, 0.7, 0.8, 0.9 and 1.0
(V).

Figure 2 shows the variation of measured and modeled cur-
rent values. The horizontal axis represents the ID number of
transistors in Table I. The vertical axis represents theIDS vari-
ability (standard deviation in an arbitrary unit). The drain volt-
age was 0.1 (V), and the gate voltage was 1.0 (V). In the figure,

the boxes “Measured” shows the intra-chip components sepa-
rated from the inter-chip components of current values. The
boxes “Modeled” shows the values simulated by the modeled
parameters. The average error is 12% of measured value.

III. S - 

In this section, we explain a gate-delay model to characterize
an inter-chip and intra-chip delay variation using a response
surface method (RSM)[10].

In order to calculate not only the inter-chip delay variation
but also the intra-chip delay variation, it is necessary to con-
sider a variation among transistors in a gate. The transistors
fluctuate each other in each gate. If we assign variables of
RSM to each transistor, many variables would be needed. For
example, if we assigned 4 variables to each transistor, a 4-input
4-folded NAND gate would need 64 variables. The increase of
variables is not good, because it requires more time to generate
RSMs and calculate delay. Then, we propose a method to cal-
culate the intra-chip variation of delay using an RSM generated
for the inter-chip variability in order to reduce the variables of
RSM.

A. RSM using lookup tables

First, we explain how to generate a response surface
model (RSM) using lookup tables for the inter-chip variabil-
ity. The physical parameters are expressed as a vectorp =

(p1, p2, . . . , pn)T . A delay timetd is calculated by a linear RSM
as follows.

td = rsm(p)

= b0 + bT p (9)

The delay time is influenced by not only transistor character-
istics but also a transition time and a load capacitance. Coeffi-
cients of RSM also depend on the transition time and the load
capacitance. It is difficult to build the accurate RSM that has
transition and capacitance as a parameter for a wide range.

Then, we use a table-lookup RSM, a coefficient of which is
calculated from a table of transition and capacitance. In each
element of table, coefficients of RSM are derived from several
SPICE simulations using a least square method. A set of coef-
ficients is simulated for each transition and each capacitance,
which form a 2-dimensional table. The table-lookup RSM is
built for each gate and each rise and fall time.

B. Reproduction of physical parameters and Delay calculation

Here, we discuss a delay calculation using RSM about a gate
which has one nMOS and one pMOS such as an inverter gate.
The physical parameters are represented by the sum of inter-
chip variationpg and intra-chip variationpr. The vectorspg
are common among transistors in each chip. The vectorspr of
every transistor are different.

The physical parameters generally have correlation each
other. The correlative parametersp are derived from non-
correlated variablesx using the Principal Component Analysis
(PCA) as follows [15].

p = DUΛ1/2x (10)
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whereU is a matrix whose column vectors consist of eigenvec-
tors of a correlation matrix ofp, andΛ is a matrix which has
eigenvalues of the correlation matrix in diagonal.D is a matrix
whose diagonal elements are standard deviations of the physi-
cal parameters. Each element of vectorx is a random number
with a normal distribution whose mean value and variance are
0 and 1 respectively.

Considering the inter-chip variation and the intra-chip vari-
ation, a delaytd is modeled as follows.

td = b0 + bT p

= b0 + bT(µ + pg + pr)

= t0 + τT
g xg + τrxr (11)

τg = bT DgUgΛ1/2
g (12)

τr = σ(bT pr) (13)

The termsτT
g xg andτrxr represent the inter-chip delay vari-

ation and the intra-chip delay variation respectively. Each el-
ement of vectorxg is a standard normal-distributed variable.
A scalar numberxr is a standard normal-distributed variable.
The subscripts g and r represent the inter-chip variability and
the inter-chip variability respectively. The matricesDg, Ug and
Λg are calculated using the inter-chip model.

C. Application to complex gates

In section III.B, we described the model for the calculation
of the delay variation in the case that the number of transistors
on a charging/discharging path is one such as an INV gate. In
this section, we explain how to extend this model in such a
case where multiple transistors exist on a charging/discharging
path.

When multiple transistors exist on a charging/discharging
path, each transistor affects the transient behavior of the gate.
There are two cases in the connection of the transistors: serial
connection and parallel connection. An example of the former
is a pull-down path of NAND gate, and an example of the lat-
ter is a multiple-folded transistor. Generally, Eq. (11) can be
written as follows.

td = b0 + bT
1 p1 + bT

2 p2 + bT
3 p3 + . . . + bT

mpm (14)

= b0 +

m∑

k

bT
k µ +

m∑

k

bT
k pg +

m∑

k

bT
k prk (15)

= t0 + τT
g xg +

m∑

k

τrkxrk (16)

where m is the number of the transistors on the charg-
ing/discharging path. TermsbT

k pk are assigned to each tran-
sistor. The vectorsxg are common among transistors in each
chip. The scalarsxrk of every transistor are different. The vari-
ablesxg andxrk do not have correlation with each other.

Here we explain how to calculate the standard deviation of
intra-chip delay variability using a 2-input NAND gate of Fig-
ure 3 as an example. We assume that intra-chip variations and
sensitivities to a delay time of each transistor (M1 and M2)
are equal. In Figure 3, a delay variance of each transistor is
represented asσ2. A total delay variance is12σ

2 when charac-
teristics of the transistors M1 and M2 fluctuate independently.

It is difficult to derive every variablesτrk of Eq. (16) from
the RSMb directly, so we introduce a sensitivity constantsk.

τrk = skτr0 (17)

τr = σ(bT pr) (18)

= σ


m∑

k

τrkxr

 (19)

=

m∑

k

skτr0 (20)

whereτr0 is a reference value. Each intra-chip variationxrk

is independent, and our proposed model can be derived from
Eq. (11) as follows.

td = t0 + τT
g xg +

√√
m∑

k

s2
k τr0xr (21)

= t0 + τT
g xg +

√∑m
k s2

k∑m
k sk

τrxr (22)

We can calculate the sensitivity constantssk using a few sen-
sitivity analysis. If the sensitivity constants are equal to each
other on a charging/discharging path, the intra-chip variation
factor is simplified as follows.

√∑m
k s2

k∑m
k sk

=

√
ms2

ms
=

1√
m

(23)

A transistor with large width is often folded. Each divided
transistor has less channel area and hence fluctuates more than
the original transistor. In this case, we can also use Eq. (22) to
calculate a delay time.

D. Accuracy evaluation for the reduction of variables

In this section, we evaluate an accuracy of our method. We
compare the delay variation simulated by a Monte Carlo anal-
ysis using SPICE and the delay variation calculated by our
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Fig. 5. Comparison between simulated (SPICE) and modeled (Proposed
method) deviations of delay (folded INV gate).

model for 2-input NAND gate and 4-folded INV gate. We as-
sume that each sensitivity constantsk is 1.

We use a cell library and MOSFET model parameters for a
0.13µm CMOS process. The physical parameters are fluctu-
ated according to our model whose parameters are extracted
from measured current values. The range of load capacitance
is 2fF to 100fF, and the range of input transition time is 10ps to
100ps. Figure 4 and Figure 5 show the standard deviations of
delay for 2-input NAND gate and 4-folded INV gate respec-
tively. The horizontal axis represents the standard deviation
of delay variation simulated by SPICE. The vertical axis rep-
resents the standard deviation of delay variation calculated by
our method. The average error of 2-input NAND gates is 8.6%
in Figure 4. The average error of 4-folded INV gates in Fig-
ure 5 is 3.1%.

IV. E 

In Sections II and III, we evaluate the accuracy on the sta-
tistical modeling of transistor current and the calculation of
the intra-chip delay variation using an RSM generated for the
inter-chip variability. In this section, we show experimental
results for the evaluation of the size dependence using our
method. We present an importance of the size dependence in
an intra-chip delay analysis.

70 75 80 85
Delay [ps]

RSM

SPICE

Fig. 6. Comparison of delay distribution between RSM and SPICE (a 5-stage
inverter chain).

A. Accuracy of RSM-based statistical delay analysis

We show a comparison between circuit delay calculated by
RSM and SPICE. Figure 6 shows experimental results for a 5-
stage inverter chain. The physical parametersVT H0, TOX, Wint

andLint are fluctuated according to the models extracted using
measured current values. The broken line represents a distribu-
tion of circuit delay simulated by SPICE. The solid line repre-
sents a distribution of circuit delay calculated by our method.
The difference of the mean values is 0.116 [ps]. The difference
of the worst cases is 0.175 [ps].

B. Experimental results for the size dependence

We report experimental results for the size dependence. For
comparison, we simulated circuit delays under two models of
transistor characteristics: a proposed model is derived from
measurements using our method and considers the size depen-
dence while a conventional model treats the intra-chip variance
such that the variance is equal to all transistors with different
size [5].

Figure 7 shows the delay variances of an INV8 gate and an
INV0.5 gate. The INV8 gate is constructed from transistors
with the width being 16 times as large as that of INV0.5 gate.
As the conventional model does not characterize the size de-
pendence, delay variances do not depend upon the size of tran-
sistors. The ratio of intra-chip delay variances simulated by the
proposed model depends upon the size of transistors.

Figure 8 shows distributions of circuit delays simulated by
the conventional model and our model. The simulated circuit
(des) consists of 3759 logic gates, which is a combinational
circuit included in LGSynth93 benchmark set. The broken
line represents the distribution of circuit delay simulated by
the conventional model. The solid line represents the distribu-
tion of circuit delay calculated by our model. The error of the
mean values is 0.0386 [ns]. The error of the worst-case val-
ues (µ + 3σ) is 0.177 [ns], which is 26.1% of the mean value.
Execution time of 1000-times Monte Carlo analysis was 15.8
seconds on a Pentium4 1.7GHz running Linux.

Although the effect of intra-chip variation becomes small
for a circuit with larger logic depth, we can see noticeable dif-
ference in the worst-case delay in our benchmark circuit. It
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is important to consider the size dependence of the intra-chip
variability.

V. C

This paper propose models of statistical gate-delay calcula-
tion based on measured intra-chip and inter-chip variabilities.

We show a method that characterizes the intra-chip variabil-
ity and the inter-chip variability separately and calculates the
model parameters directly from the variances of current value
for accuracy improvement. The average error of the extraction
is 12%.

We use a response surface method (RSM) to calculate delay
from transistor characteristics. In order to reduce computing
cost, we propose a method to calculate the intra-chip variation
of delay by the RSM which has a fewer parameters generated
for the inter-chip variability. The simulation on our test case
shows that the error is 8.6% in the case of cascaded transistors
and the error is 3.1% in the case of folded transistors.

The intra-chip variation of gate delay depends upon its tran-
sistor sizes. Our method considers the size dependence of tran-
sistor characteristics in the calculation of delay variation. We
show the results of our simulation that the difference between
the delay variation calculated with and without the size depen-
dence is 26.1% in our example, which indicates the importance
of the size dependence in the modeling of the intra-chip varia-

tion.
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