THE REGISTER FUNCTION FOR t-ARY TREES
MICHAEL DRMOTA AND HELMUT PRODINGER'

ABSTRACT. For the register function for t—ary trees, recently introduced by Auber et
al., we prove that the average is log, n + O(1), if all such trees with n internal nodes
are considered to be equally likely.

This result remains true for rooted trees where the set of possible out—degrees is
finite. Furthermore we obtain exponential tail estimates for the distribution of the
register function. Thus, the distribution is highly concentrated around the mean value.

1. INTRODUCTION

The register function of binary trees was introduced by Ershov [3]; the equivalent no-
tion of (Horton—)Strahler numbers was introduced earlier by hydrogeologists Horton [7]
and Strahler [14].

This function is recursively defined by reg(root) = 0, and, if a binary tree T" has
subtrees T} and T3, then reg(T") = max{reg(7),reg(12)}, provided reg(Ty) # reg(75),
otherwise it is 1 + reg(7}).

Assuming all binary trees with n internal nodes to be equally likely, the average value
of the register function was found independently and at the same time [6, 8]; compare
also [10]. It is log, n + O(1), and more precision is available and involves complicated
(fluctuating) terms. The concept has been extended to unary—binary trees [5]. Various
papers about the register function (or Horton—Strahler numbers) have been written;
we cite a few here [2, 9, 15, 13, 11].

Recently, Auber et al. [1] have introduced a generalisation to general rooted trees.
It is again recursively defined via reg(lD) = 0 and if the values of the subtrees
reg(Ty),...,reg(T;) are written in nonincreasing order as ¢; > --- > ¢ (where ¢
is the number of descendents) then the register function of the tree T is given by
reg(7) = max{cy,co+1,..., e+t —1}.

The cited paper contains already a few results, but much remains to be done. In
this paper we want to investigate the average value of the register function, provided
that all trees (with certain degree restrictions) with n nodes are equally likely. We
will show that this parameter is log, n + O(1), too, and that the distribution is highly
concentrated around the mean. This means that the register function is (with high
probability) a “function” of the size of the tree and it “almost” does not depend on
the structure of the tree.

2. RESuLTS

Let D C {1,2,3,...} be a finite set that contains at least one element greater than
1 and set d = ged(D). For n with n = 1 mod d let T,, denote the set of rooted trees of
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size n where all nodes have outdegree in D. For example, if D = {t} (for some fixed
t > 2) we just get the set of t-ary rooted trees.! If we suppose that every tree in T), is
equally likely then every parameter on trees can be interpreted as a random variable.

The main purpose of this paper is to discuss properties of the random variable R,
the register function on 7},. Our first result is an asymptotic relation for its expected
value ER,,.

Theorem 1. We have, forn =1 mod d as n — oo

ER, =log,n+ O(1). (1)

We can also show that the register function is highly concentrated around its mean.
We obtain exponential tail estimates:

Theorem 2. We have uniformly for 0 <y < (% — 77) log, n, where n > 0 is arbitray,
and for all n with n =1 mod d

P{|R, —ER,[ >y} = O(277). (2)

Since R, = O(logn) it also follows that all centralized moments are bounded. Un-
fortunately our methods are not strong enough to get more precise bounds.

The structure of the proof is the following one. First of all we will work out details
just for t—ary trees in order to make the presentation more readable. Of course, we
will also indicate how the general case of finite D can be treated. In Section 3 we
collect some facts on generating functions that encode the distribution of R,,. The
main part of the proof is contained in Section 4 where we prove asymptotic relations
for these generating functions in order to derive (1). Section 5 is devoted to the proof
of Theorem 2. Finally we indicate that a simplified version of the generating function
leads to the same asymptotic results and sheds some light on the asymptotic structure
that is hidden behind the recurrences of the involved generating functions.

3. GENERATING FuNcTIONS FOR t—ARY TREES

The generating function y = y(z) for the number of t—ary trees (where only internal
nodes are counted) satisfies the functional equation

y=1+zy".

By Lagrange inversion we directly obtain the number of t—ary trees with n (internal)
nodes:

(t—1)"
tt

Hence,
20 —
IFor t—ary trees it is common to count just internal nodes. If there are n internal nodes then the

total number of nodes equals n’ = tn + 1. The advantage is that one does not have to care about the
restriction n’ = 1 mod t.
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is the singularity of y(z) and the local expansion of y(z) around its singularity is given

M@:tfl_¢@32P¢T—ﬁ;%§:+fﬂl—%W—lf5- (3)

In particular, the power series expansion of y(z) is convergent at z = z5 and we have

t
vl =
Furthermore, z = z; is the only singularity on the circle of convergence |z| = 2z, and
y(z) can be uniquely analytically continued to a region of the form |z| < zg + &,

arg(z — z9) # 0, where € > 0.

Note further, that 1 — tzy'~! has the local expansion

1—tzy(z \/ \/1—2/2 +0(1—2/z%). (4)

In what follows we will make use of the abbreviation

Voo 1;( tzy(z = Jiog V= + 0 (1= 2/). (5)

t V 9

y(e) = 7 — 5 +O(VI)
“everything” can be expressed in terms of V. In particular, a local expansion in terms
of V translates into a local expansion around the singularity zy. In this type of tree
enumeration problems, one can always decide whether z or y is the independent vari-
able. It is natural to take z, but usually it is easier to work with y as independent

variable. However, one can always “translate.”

Since

It seems to be natural to work with the generating function

R,(z) = Z[number of t—ary trees with n internal nodes and register function p| - z
n>0

but, as noticed already in the (classical) binary case [12], it is more convenient to work
with
Sp(z) = Z[number of t—ary trees with n internal nodes and register function > p| - z
n>0
Of course, R, = S, — Sp41, and Sy = v.
The paper [1] has already the recursion for these functions, if one makes the proper
adjustments (as already mentioned, they count the leaves also as internal nodes, which

amount to the generating function y = z(1 + y*), but we decided to study the more
common version given by y = 1 + zy"):

One sets Pi(y, go) = go, and recursively

Yy
Pt(y7907 s 7gt—1) = gf_1 + t/ Pt—1(7'7 go, - - - 7gt—2)d7—-

gt—1
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For example, one gets
Py(y, 9o, 1) = 91 — 29091 + 290y
P3(y: 90, 91, 92) = g3 — 39392 + 3909192 — 39095 + 391y — 69091y + 390y
Then S, = S,(z) satisfies a recurrence relation of the form
Sp = 2Py, Spy Sp—1, -+, Sp—t+1)s

that can be made explicit since gy (resp. S,) occurs in P, at most in first order, in
particular define D; and N; by P, = goD; + N; then we have

ZNt(?J» Sp—17 ey Sp—t-}—l)

Sp = : 6
P 1_ZDt(y7‘Sp—17"'aSp—t+1) ( )
Here are the first few instances (for ¢ = 2,3, 4):
252

PT1 o 22y + 225, 1
z (352_1y + 53_2 - 385_1517_2)
1— 32y2 + 6ZSp*1y + 325572 — 62’Sp715p72’

2(6S2_ y?+S, 3—6S52 | S2 3+4S3 ,y—4S3 S, 3-1252 | Sp _oy+1252 | Sp_2Sp_3)
1—4zy3+12zsp,1y2+4z53 —12zsp 157 _3+12257 ,y—122S57 23,, 3—242Sp_1Sp—2y+242Sp_1Sp—2Sp—3 "

Sp =

Sy =
Note further that the recursion holds for p > 1, if one chooses initial conditions Sy =
5_125_2:-~~:y.

It is clear that N, “starts” with N, = (;) Sﬁ,lyt_Q +--- and D, with D, = 3! —

2(;) Sy—1y""% + -+ -, where we only encounter the “leading terms” with respect to y.
This means that we can rewrite (6) to

S = [(t>s2 1yt_2 +A } (7>
Pl —tzyt+ 2 [2(0) Spmiyt 2+ By
where A, is a homogeneous polynomial of degree t in y, S,—1, Sp—2, ..., Sp—t+1, By is a

homogeneous polynomial of degree t —1in y,Sp—1, Sp—2, ..., Sp—t+1, and the degrees of
y are all smaller than ¢t — 2.

Finally we want to state the differences if we consider finite outdegree sets D of
cardinality greater than 1. Here the generating function y(z) of the numbers y,, = |1},
(where all nodes are counted) is given by

2)=2) y()

For convenience, set ®(y) = >, ¥, so that we have y(z) = 2®(y(2)). It is well known
(see [4]) that the series y(z) converges as an analytic function inside the complex disc
|z| < zo, where zy = 7/®(7) and 7 is the unique positive real solution of the equation
®(7) = 79'(7). Furthermore, y(z) has dominant singularities of square-root type (3):

=70 j VI= 22+ O(L = 2/z)).
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If d = ged(D) = 1 then z = 2y is the only singularity on the circle |z] = 2. If d > 1
then the points zpe?™*/¢ | =1,...,d—1, are also square root singularities of the same
type. Eventually this leads to the asymptotic expansion

yo = d %g)/ n(Ho(n))

if n = 1 mod d (and y, = 0 otherwise). In what follows we will always assume that
d = 1. The case d > 1 can be treated in a completely similar way. Note that we also
have the local expansion

2 (y(2)) = 1 — ,27-2CI>” V1—=2/204+O(1 — z/2)]).

1 =29 (y(2)) (1) —7 /s
M) <I>”T V=2l O = 2/z))

we get y(2) =7 —V/24+ O(|V|?).
Furthermore, since S, = S,(2) satisfies the recurrence relation

Sp =z Z Pt(ya Sp7 Spfh ) SpftJrl)

teD

Thus, with

we thus get
z [%@”(y)Sﬁ_l + Ap}

S, = , 8

PSR 4 )5 1 By ®)

where A, is (now) a polynomial of degree ty,.x = max(D) in y, Sp—1,Sp—2, ..., Sp—t+1,
B, is a of degree timax —1iny, Sp—1, Sp—2, . . ., Sp—t+1, and the degrees of y are all smaller

than .., — 2. This means that the “general case” follows completely the same pattern
as the t—ary case.

4. AsyMPTOTIC PROPERTIES FOR THE EXPECTED VALUE

In order to prove an asymptotic expansion for the expected values ER, for the
register function of t—ary trees we consider the generating function

=Y ER,yn2" =) Sy(2). (9)

n>0 p>1
We will show that the behaviour of F(z) around its singularity is of the following form.

Proposition 1. There exists a constant D > 0 such that

D\ VI= 2 bow =+ O(VI= 70

for |z — 2| < e and |arg(z — 2o \ > 5 —mn, where e > 0 and n > 0 are sufficiently small
constants. Furthermore, E(z) is analytzc and uniformly bounded in a range of the form
|2| < 20+ €2, |2 — 20| > €, where 5 > 0 is another sufficiently small constant.
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Theorem 1 is an immediate consequence of Proposition 1 by a transfer lemma of
Flajolet and Odlyzko, see [4].

We start our analysis with the asymptotic behaviour of S,(zp), where zy =
(t — 1)1t~ is the singularity (and also the radius of convergence) of y(z).

Lemma 1. The sequence S,(2o) satisfies Sp(20)/Sp-1(z0) > 1/t and S,(20)/Sp-1(20) —
1/2 as p — oo. In particular, we have
Sp(z0) = Cp277F, (10)
where the sequence C), satisfies
Cp=Cx+0(277)
with a positive constant Cx.

Note that Lemma 1 can be restated as S,(20) = Cx27? 4+ O(47?) but (10) is more
useful for our purpose, see Lemma 2.

Proof. Most parts of Lemma 1 are contained in [1]. However, since some of the ideas
of the proof will be used in the sequel we provide a complete proof.

First observe that S,(z9) — 0 monotonically. In fact, from the combinatorial inter-
pretation it directly follows that S,(z) < S,_1(20). Further, if the register function of
a tree T is at least p then T" must have at least 27 — 1 nodes. Hence

SP(ZO) < Z ynzg — 0,
n>2P—1
where we have also used the fact that y(zy) is finite.
Next we show that S,(z0) > Sp-1(z20)/t for all p > 1 (compare with [1]). Set (as
above) P, = goD; + N; and E; = ty*~! — D;. Since 1 —tzoy(20)"! = 0 we get for z = z
_ Ne(y, Sp-1, -, Spt41)
b Et(y7 Spfla s 7Sp7t+1)
and N; and E; satisfy the recurrences

Y
Nt<y7gla v 7gt71) = gffl +t/ Ntfl(T) g1, .- 7gt72) dT
gt—1

and y
Et(yagh cee >gt—1) = tgfj + t/ Et—1(7'7 g1, .- 79t—2) dr.

gt—1
For example, for t = 3 we have

. 3513_1y - 385_151772 + 53_2
P 65,1y — 65,18, 2 + 352,
The recurrence relations for N; and E; also imply

y
Ny —=FE; = (gt—1 — gl)g;:% +t/ (N1 — 1 By ) dr.

gt—1
Assume that 0 < g; < go < -+ < g, < y. Then we have Ny— (g1 /t)Ey = g3(1-2/t) >
0 and by induction

Nt(y7gl7' .. Jgt—l) 2 %Et(y,gl e JQt—l) 2 0
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Consequently
S (20) = Ni(y(20), Sp-1(20), - - -, Sp—t41(20)) > Sp—1(20).
Ei(y(20), Sp-1(20); - - - Sp-t+1(20)) t
We now use (7) to represent the ratio
S, 1+A4,
Sp-1 2+ Bl
where
A B
A= p___Dp
TSy TSy
For example, for t = 3 we have
53
A=t S (1)
ySp,. Y
and
Sz, 25,
A e} (12)
YSp—1 Y

Since we know that S,_;/S,_1 is bounded for each fixed j > 1 and that S, — 0 (as
p — 00) we also get that A, — 0 and B, — 0. Consequently
Sp 1

Sp_1 - 5 (p - OO)

In particular we have S, < 35, for sufficiently large p > po and, thus, S, = O((3/4)").
This also implies A, = O((3/4)P) and B" = O((3/4)") which gives

S, 1 )
5" 5(1 + O((3/4)7)).

Hence,

S, 8
S =g, ==... =P
PSS,

and consequently A} = O(277) and B, = O(27F). The proof is now completed by
setting

= 0(277)

1+ A
C=5]]—=%
fal+ B2

Obviously we also have C, = Cx + O(27?), where
1+ A,
= H 1+ B /2
U

Next we consider S,(z) when z is close to zo. We will state all properties is terms of

Vo= (1—tzy(2)"")/(2(2)y(2)'2), see (5). For the sake of transparency we will split

up our considerations into several lemmata.
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Lemma 2. Suppose that |z — z| < € and |arg(z — 20)| > § —n, that is, V| <" and
larg(V)| < 5+, where e, > 0 resp. €', > 0 are sufficiently small constants. Then
there exists & > 0 and constants C',C" > 0 such that

C'27P < |S,(2)] < C"27P
for all complex p < —log, |V| — 6.

Proof. In order to simplify the notation we restrict ourselves to the case ¢ = 3. The
general case runs along the same lines. Further, we again use the recurrence for S, of
the form /
S, = Sp—l(l + Ap)
24 V/S,_1+ Bl

where A = A,/ ((5)S2_1y""%) and B}, = B,/ ((5)Sp-1y'?). In particular, for ¢ = 3 we
have (11) and (12).
First, we want to show that we have

10 = |Sp-1(2)] — 6
for p > p; (where p; has to be chosen appropriately) and for all p that satisty |S,—1| >
4|V| (where z is close to zy according to the assumptions of Lemma 2).

(13)

Since Sp(z9) — 0 and Sp(20)/Sp-1(20) — 1/2 as p — oo and since all func-
tions z — Sp(z) are continuous it follows that there exist p; and ¢ > 0 such that
|Spy—1(2)]/|Spy—2(2)] > 3/10, |Sp,—2(2)] < 1/30, and |y(z)| > 1 for all z with |z—2| < ¢
and arg(z — zg) # 0. We now show by induction that this will be then satisfied for all
p > pr as long |S,_1]| > 4|V|. First we get

|Sp1—2|3 |Sp1—2|
|y Sp, -1/ |y

< (10)21 1 N 1

—\3 330 30
1

< =

— 4

and similarly
S, o2 2|S,_
|B;1|§|p12|+|p2|

Y Spr-1l [

< 10 1 n 2

- 330 30
1

< —.

!

Since we also assume that |V/S,,_1| < 1 we thus obtain
1

1+ A - 1+ 3

2+ 1 T 24 V/Sp 1+ B, | T 2—

1
2
or
3 IS
10 |Sp1—1|

<

S| Ot
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Furthermore, we have [S,,| < 2[5, 1] < [|S,,—1] < 1/30 so that we can proceed by
induction. This proves (14).

These considerations also prove S, = O((5/6)F) and consequently A7 = O((5/6))
and B, = O((5/6)p). Set p = p(z) = max{p : |S,—1(2)| > 4|V|}. Then we also have
|V/S,—1| = O((5/6)P7P). Consequently

| b0+ 0))

S
0277 < |S,(2)] < C"2P

for p < p. Finally with help of this estimate it also follows that p = —log |V| + O(1).
This completes the proof of Lemma 2. 0J

and also

Lemma 3. Suppose that z satisfies the same assumptions as in Lemma 2. Then there
exist n > 0 such that

%4
5)(2) = G277 — 4+ 0 (p27V)) +0 (|VP) (15)
for p < —log, |V| (where the constants C, = 2P.S,(zo) are from Lemma 1)

Proof. We have to be a little bit more precise than before. From (13) we get
1+ A, Vo 1+A4,

Sp = Sp-1 (1+B/2) 4 (1+B/2)? +

O(2P|V]?)
which yields

1+A, 1V 1+ A
_ = " _9j-p P
S°H1+B’/2 w4 Z(1+B'/2) 27+ O@IVE)

==Yt opr) + 0@V,

where
14+ A’

0H1+B’/2

We will now show by induction that C,(V) = C, + O(p|V]). Of course, (15) is then

immediate.

Suppose that we already know that |C;(V) — C;| < Cj|V]| for j < p (with some
C > 1 that will be fixed in the sequel and for some sufficiently large p that will be also
specified). This assumption also gives

S;=C277 +0(Cp27P|V|) — % + 02|V )

for j < p and also
Al =a; 277+ 0(Cj279|V]) + O(|V|) and B, =b,277+0(Cj277|V|) + O(|V])
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for j < p, where a;, b; are proper constants that satisfy a; = ao, + O(277) and b; =
beo + O(277). (Note that 2°|V] < 1 for p < —log, |V| and that we can always assume
that |V is sufficiently small.) Hence,
1+a;277 +0(Cj277|V]) + O(|V])
Cp(V) = oWV — .
V) =iz + O L T 5o+ ov)

J<p

1+a;277 1+0(C 277V +0O(|V
=ve [l s OECj 2j}v:§ + OE:VB
i<p ’ i<p

=G, (1+0(CIV]) + O(p|V]))

= G+ O(CIV]+p[V]).
This means that there exists a univeral constant ¢ > 0 such that |C,(V) — C,| <
c(C|V |+ p|V]) if |V] is sufficiently small. We can now assume that our induction has
started for some p > 2c¢ and that C' > 2¢ was chosen appropriately. Then ¢C'+cp < Cp

and consequently |C,(V) — C,| < Cp|V/|. This completes the proof of C,(V) = C, +
O(p|V) for p < po = |~ log, V. .

Up to p < [—log, |V| —d] the behaviour of S, is very regular. The reason is that S,
is large compared to V. This means that the denominator V' + 25,_; + Bg of

2
Spfl - AZ

S, = , 16

V425, + By (16)

is dominated by the behaviour of S, ; and V' has only a minor influence; here A7 =
Sg,lA; and B] = S, 1B), are polynomials in S, _1,...,5, +11. However, if 25, ; is of

order V, in particular if 25, is close to —V then it might occur that S, gets arbitrarily
large and we are confronted with an chaotic behaviour. On the other hand, if S, (or
Sp—1) is small compared to V' then the denominator of (16) is dominated by the V'
and S, ~ Sg_l /V. This means that S, will converge to 0 very rapidly. This means
that one has to manage the gap between p ~ —log, |[V| — & where S, ~ 2°|V| and
p ~ —log, |V|+ ¢’ where |S,| should be small compared to |V|. Fortunately this phase
transition of finitely many steps can be managed in the following way.

Lemma 4. Suppose that z satisfies the same assumptions as in Lemma 2 and set
p = |—logy |V| — 0], where 6 = O(1) is chosen in a way that |S,(2)| > 2|V|. Then
for every &' > 0 we have uniformly for all z (that satisfy the same assumptions as in
Lemma 2) and for 0 < <5+

Vv

(+1)" -1

Spre(2) = +O(IVP). (17)

Proof. For a moment let us assume that A = B = 0, that is, we consider the recur-
rence )
T — L
PV 2T,
instead of (16). This recurrence can be explicitly solved since it is equivalent to
V V 2
—+1=(7—+1)"

p p—1

(18)
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Hence

;
e -1

Here we have Zlim T,+¢ = 0 if and only if

Tpe =

%4
— + 1| > 1.
T+

p

In particular, this is satisfied if R(V/T},) > 0 or if |arg(7},)| < § — ny (since we have
assumed that |arg(V')| < 7 +nj; for some small constant 7).

Since S, is asymptotically given by (17) it follows that arg(S,) = O(27%) if p <
—log, |V| — 6. Thus we can start with a save starting point T, = S,,.

The crucial step is now to observe that the explicit solution 7}, of (18) is a good
approximation for S,. Assume that T, = S, for p = | —log, |[V| = J]. Then T}, (and S,)
are of order |V|, A7 is of order [V[* and and B; of order [V|?.

Set
P +e
flxen) = Thrortn
Then we uniformly have f(z,e,n) = f(z,0,0) + O(max{|e|, |n|}) uniformly if = varies
in a compact set that avoids x = —1/2 as max{|¢|, |n|} — 0. Consequently it follows

by induction that
f€<‘r7€17 e &My e 7775) = fk(x7070) + O <1’I13X{‘€J|7 |77.7|}>
1<j<t

for every fixed ¢ (where f* denotes the (-th iterate of f, for example f2(z, 1, €2, 71, 72) =
f(f(xa €1, 771)7 €2, 772))

Now we have
So/V = [(S-1/V. 4,/VE By /V) and TV = f(T,-1/V,0,0),

compare with (16) and (18). Hence, if we now consider § + ¢’ steps (where ¢’ is any
fixed number) then we have S,y = T,.s + O(|V|?) for 0 < £ < 6 + ¢'. This completes
the proof of the lemma. O

The final case p > —log, |V| + ¢’ can be managed in a quite easy way.

Lemma 5. Suppose that z satisfies the same assumptions as in Lemma 2 and that
p > —log, |V| 4+ ¢". Then

[Sp(2)| = O (IV[e™™ V). (19)

Proof. For the range p > —log, [V + ¢’ we proceed as follows. We estimate S7_, + A
in a crude way and get |S? | + A7| < ¢/|S,_441|* for some constant ¢ > 0. Furthermore,
there exists x > 0 with [2S, 1 + BJ| < |V[/2 and [Sp_1|* < §|V[/(2¢) for p > po + k.
Consequently

|Sp7t+1|2

5= Vi)
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for p > po + k and by induction we get

1S, < WV 1Spo—ts1+4x] S
PL="2¢ \ |V]/(2¢)

=0 (!V|e"72”|‘/‘) :
where 1 > 0 is sufficiently small. 0

Lemma 6. Let € > 0 be from Lemma 2. Then There exists €5 > 0 such that for all z
with zo < |z| < 2o + €2 and |z — 29| > € we have

[Sp(2)] <277, (20)

Proof. If we restrict z in the range zp < |2| < 29 + £/2 and |z — 29| > € then |V|
is uniformly bounded below by |V| > & for some £ > 0. Furthermore, we also have
ly(z)] > " for some £” > 0 since y = 1 + zy".
The idea of the proof is to show that (for sufficiently large p) |S2_; + Al < 2==1¢/
and |2S,_1 + B)| < 3¢/. By assuming that we get
9—(p—1)¢

Sl < —<27P
| P| — ‘Vl o %8, —
and the result follows by induction.

In order to simplify notation we just consider the case t = 3. Here we have

" _ 83—2 . SP—2S§—1
P 3y Y

and
Sp—a 25,951

Y y o

If |z| = 2y we have |S,(z)| < S,(20) < C"27P, where we can assume that C' > 1. We
now fix some “starting” p. By continuity there exists 0 < g5 < &/2 such that

1S,.1(2)] < 20277 and  |S, o(2)| < 20727P*2

" o__
B, =

for all z with 2o < |z| < 29 + &2 and |z — 2| > €. Hence

80/3273p+6 80/3273p+5
+ 35/1 5”

2
|5§_1 + Ar] <402 Zp+4

and
ACTP27%4 BT ts

6” 5,/

28,1 + Bl < 4C"2+ 4
If we choose the “starting” p sufficiently large then we surely get
1
|S§71 + A;/| < 27(1’*1)5/ and ‘2Sp,1 -+ B;Spfl‘ < 58/

and (as noted above) |S,| < 277 < C"27P. This completes the proof of Lemma 6 (by
induction). O

Now it is easy to complete the proof of Proposition 1.
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Proof. We first consider the range |z — 29| < ¢ and |arg(z — 20)| > § — 1 and split up
the sum (9) into two parts:

E(z)= Y S+ Y. Si2)=E+E.
p<—logy |V| p>—logy |V|

By Lemma 3 we have

I
p<—log, V|
.,V
=D G277+ 5 log, V + O(IV)).

p=>0

and
Ey = O(|V]).

By (5) this directly translates to (9).

Finally, Lemma 6 implies that E(z) is bounded in the range zo < |z| < z9 + &5 and
|z — 20| > e. O

5. TAIL ESTIMATES

In this section we shortly comment on the proof of Theorem 2. We can use the
estimates of Lemma 3 and Lemma 4 to get approximations for

[2"] Sp(2)
—yn )

In order to extract the coefficient of [2"] S,(z) we copy the methods of [4], that is we
use Cauchy’s formula and integrate around the singularity with distance |1 —z/z| = %

]P){Rn > p} -

In particular, if p <log, n then we have to use (15) and (20) and we get
P{R, > p} =1+ 0(2"/\/n)+O0(p27") + O(e"™)
For the case p > log, n we apply (19) and (20) and derive
P{R, > p} = O(e"*"/V") + O("™),

where 7 and 7" are positive constants. Of course, these two estimates imply Theorem
2.

6. THE APPROXIMATE RECURSION

Let us consider the simplified recursion
AN
S — (2) ZSp_ly
Pl —tayt1 + 2(;) 28, qyt=2’
which is obtained from the original one by discarding the less important terms. It is
exact for the classical case t = 2. Since one can say a lot more in the binary case,

we will sketch that this is also the case for this simplified recursion, which has, as
demonstrated before, the explicit solution

SKP+1:<%+1>2P,

Sozya
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or
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1% —27

Vi1
Sp - V (y 7 ) —2p

1— (3 +1)
Set % +1=¢€", then
t e 2T
Ep(2) =D S)(5) ~ 7> T

p=1 p=1

But this series is well understood [12], with the result

E,(z) ~ D —

- 17'log47',

with more terms being available. Rewriting,

t—1 8t
T ~ 1)3\/1—z/zo,

t \

we are completely in the same situation as in Proposition 1. We find that the average
value (related to the simplified recursion) satisfies

1
y—[z”] Z Sy ~ log, n,

p>1

with more terms available (including periodic functions of log, n). However, since we do
not fully understand how well the original recursion is approximated by the simplified
recursion, we do not pursue this any further.
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