
Importance of Volume Discretization of Single and 
Coupled Interconnects 

Ahmed Shebaita Dusan Petranovic Yehea Ismail 
EECS Department, Northwestern 

University  

Evanston, IL 60208  

Mentor Graphics,  

San Jose, CA 95131 

EECS Department, Northwestern 
University 

Evanston, IL 60208 

 
 
ABSTRACT 
 This paper presents figures of merit and error formulae to 
determine which interconnects require volume discretization in the 
GHZ range. Most of the previous work focused mainly on efficient 
modeling of volume discretized interconnects using several 
integration and reduction techniques. However, little work has been 
done to characterize when using the simple DC model has an 
impact on critical circuit metrics such as delay, impedance …etc. 
Most of the previous work simply assumes that when skin depth 
becomes smaller than the wire cross section dimensions, volume 
discretization becomes essential. However, careful analysis in this 
paper shows that this assumption is invalid and a figure of merit is 
derived to characterize when volume discretization of single and 
coupled wires is required. This derived figure of merit is shown to 
depend solely on the interconnect dimensions and spacing and is 
independent of the type of the materials used or technology scaling.  

 
1. INTRODUCTION  
 

A lot of work has been done to 3D model interconnects efficiently. 
Several models aim at finding inductance and resistance of 
interconnects as functions of frequency, e.g. [1]-[3]. Although these 
models are accurate, they are difficult to use with most available 
simulators [4]. Several other models try to find frequency 
independent lumped-element circuits to replace the original 
frequency dependent elements. Among these models are the 
volume filament model [5], compact circuit models [6], and the 
reduced decoupled R-L model [7]. For example,              Figure 1 
shows the volume filament model and its equivalent circuit. As can 
be seen, volume discretization makes circuit simulation very 
expensive, similar to any other technique to include the 
interconnect 3D models in circuit simulations even after using 
several reduction techniques. Therefore, it is very important to 
know when 3D models result in significantly different circuit 
behavior as compared to using the DC model. 
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             Figure 1: Rectangular interconnect 3D model 
Most of the previous work assumes that using the 3D model leads 
to significant changes in the circuit performance when the 
operating frequency is high enough such that the skin depth starts 
to be comparable to the interconnect cross section dimensions. In 
such cases, the interconnect effective cross section area becomes 
less than that of the geometrical cross section as shown in Figure 2. 
This condition can be expressed mathematically as: 

),min(5.0 tw<∆  (1) 

Where ∆ is the skin depth and is given by 

µσπf
1

=∆  (2) 

The critical frequency above which volume discretization becomes 
mandatory is given by:  

µπσ2),min(
4
tw

f =  (3) 

Based on (3), the frequency boundary after which the 3D model 
should be used is 4 GHZ for an interconnect width of 2 �m. Signal 
harmonics in current technologies far exceed 6 GHZ and wires 
wider than 2 �m are frequent in power and clock distribution 
networks and in global interconnect. Therefore, this metric has led 
to the conclusion that in current technologies, including volume 
discretization for on chip interconnects is essential 
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Figure 2: Effective cross sectional area of a rectangular 
interconnect under skin effect 
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This conclusion, despite being widely used, is not correct. This 
boundary was chosen based on the fact that when skin depth starts 
to be less than the interconnect cross section, the resistance starts to 
increase significantly and the DC model is expected to be 
erroneous. However, at such high frequencies the inductive 
impedance dominates the total impedance and inductance is 
practically constant independent of frequency. 
The analysis presented in this paper starts by deriving a figure of 
merit that characterizes when volume discretization of the wires is 
required. This figure of merit is derived based on the behavior of 
both the resistive and inductive impedances over the entire 
frequency range. The study shows that simply using the DC model 
of the wire leads to minimal error at most wires dimensions and 
spacing.  
The rest of the paper is organized as follows. The qualitative 
behavior of interconnect impedance at high frequency is studied in 
section 2. The derivation of the figure of merit that characterizes 
the importance of volume discretization for a single wire and the 
simulation results that verifies the proposed figure of merit are 
presented in section 3. The single wire case is studied in details to 
gain intuitive understanding of the behavior of filamented 
interconnects. Section 4 presents the derivation of a modified figure 
of merit that includes the effect of coupling and loop inductance. 
The simulation results that verify the figure of merit are also 
presented in section 4. The Formulations that quantify the error 
introduced by using DC model instead of an accurate model with 
volume filamentations are presented in section 5. Finally, the paper 
is concluded in section 6 

 
2. QUALITATIVE BEHAVIOR OF 
INTERCONNECT IMPEDANCE UNDER 
SKIN EFFECT 
 
The behavior of the resistance and inductance with frequency for a 
rectangular interconnect is studied based on the volume discretized 
3D model shown in              Figure 1. The interconnect is divided 
into wt NN ×  filaments such that the cross section dimension of 
each filament is significantly smaller than the skin depth. This 
discretization ensures that the current is approximately constant 
within each filament. 
The simulation results for the resistance and inductance of a typical 
interconnect are shown in Figure 3. These results match well the 
resistance and inductance formulae derived in [10]-[14]. Note that 
the resistance changes significantly while the inductance is 
practically constant over the entire frequency range.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
In the low frequency region where the skin depth is larger than the 
wire cross section, both the inductance and the resistance are 
practically constant, and equal to their DC values. At this frequency 
region, the resistance dominates the impedance but has a very low 
rate of change, which means that skin effect is negligible in this 

frequency region. Thereafter, at higher frequencies, the skin depth 
becomes comparable to the wire cross section and the current starts 
to concentrate along the perimeter of the wire cross section, 
increasing the resistance. This current concentration also modifies 
the magnetic field in the space between the conductors and within 
each conductor resulting in a slight variation of the total 
inductance. At higher frequencies, the inductive impedance starts to 
dominate the total impedance as shown in Figure 4, and the 
inductance becomes practically constant. At even higher 
frequencies the resistance increases as the square root of frequency 
while the inductive impedance increases as frequency. Thus, the  
inductive impedance further dominates the total impedance.  
 
 
 
 
 
 
 
 
 
 
 
The skin impedance can be described in terms of two key 
frequency points as shown in Figure 4. The first frequency point 
ωL is the frequency at which the inductance starts to dominate the 
total impedance. The second frequency point ωR is the frequency at 
which the resistance starts to increase with a high rate (when skin 
depth becomes comparable to the wire cross section dimensions).  
Both ωL and ωR are functions of the interconnect dimensions. In 
cases when ωR is bigger than ωL, the impedance is always 
dominated by a slowly varying element with frequency, i.e. the 
impedance dominant term is always the one whose DC model has 
minimal error. This behavior occurs because the frequency region 
at which the resistance starts to increase at a high rate has the 
inductive impedance as the dominant factor and the inductance is 
practically constant in that range. 

 
3. THE IMPORTANCE OF VOLUME 
DISCRETIZATION FOR A SINGLE WIRE 
 
In this section, the figure of merit that characterizes when volume 
discretization becomes important for a single wire is derived and 
the experimental results are shown to verify its correctness. Section 
3.1 shows that for a single wire case, the DC model of an 
interconnect can be used with minimal error if the ratio between the 
interconnect length, l, to the summation of its width, w, and 
thickness, t, is greater than 7. Section 3.2 explores the error in the 
total impedance ZDC versus Z3D(f) as a function of wire dimensions. 
Section 3.3 presents the error in delay introduced by using the DC 
model instead of the 3D model for different values of

tw
l
+

. The 

effect of scaling the interconnect dimensions, while having a 
constant 

tw
l
+

 is studied in section 3.4.  

 
3.1 Figure of Merit for a Single Wire 
 
Volume discretization can be considered to be of minimal 
importance under the interconnect dimension conditions that makes 
ωR >> ωL. Based on simulation results and theoretical analysis, as 
will be shown in subsequent sections, less than 5% error is 
guaranteed under the interconnect dimensions conditions that 
makes ωR >5 ωL. 
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Figure 3: Resistance and inductance behavior with frequency 

Figure 4: The behavior of R(f) and ωL(f)  
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The frequency point ωL occurs when the inductive impedance value 
equals that of the resistance Thus, ωL is given by: 

L
R

L =ω  (4) 

If ωR is greater than 5 times ωL, this intersection point occurs when 
the resistance is almost at its DC value as shown in Figure 5. Note 
also that inductance is almost constant. Hence, the DC values of the 
resistance and inductance are used in (4). The DC value of the 
resistance is given by 

  

wt
lRDC σ

=  (5) 

where σ is the wire conductivity. The DC inductance is [7-11] 
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 where µ is the magnetic permeability of SiO2. Hence, ωL is given 
by 
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Simplifying (7) yields, 
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The frequency point ωR occurs when the skin depth is equal to 
half the minimum of the interconnect width and thickness as shown 
in Figure 2. Hence, ωR can be calculated from, 

),min(5.01 tw
f

=
µσπ

 (9) 

 

µσ
ω 2),min(

8
twR =  (10) 

Substituting in the condition ωR >5 ωL  results in 
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(11) 

Since 
tw

tw
×

),(min 2
 is less than 1, the skin effect is negligible if 
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The minimum value of 
tw

l
+

 that satisfies (12) can be obtained 

graphically by finding the minimum value u at which the function 







+=

u
uuf 12235.0ln)(  exceeds 1.9 as shown in Figure 5. 

 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
 

 The minimum value of 
tw

l
+

 that satisfies (12) is approximately 

7. Hence, using the DC model of a single wire gives minimal error 
at any frequency if: 

7≥
+ tw
l  (13) 

 
However, to prove the uniqueness of this value, the function f(u) 
should be monotonically increasing for any 7≥u . Differentiating 
f(u) yields, 

( )
2

022351
uuu

uf −=
∂

∂  
(14) 

The condition for the function f(u) to be monotonically increasing 

is,  
( ) 0>

∂
∂

u
uf

, or, 

0022351
2 >−

uu
 

(15) 

This condition is always satisfied for any u>0.2235, which proves 
the uniqueness of the figure of merit defined in (13). 
 
Note that the condition that ωR is greater than 5 times ωL can also 
be interpreted as the condition that makes the inductive impedance 
5 times larger than the resistance at ωR, the point at which the 
resistance starts to increase.                   

RL
L
R

RRLR 555 >⇔>⇔> ωωωω  (16) 

   

3.2 Error in Impedance Due to Using a DC 
Model 
 
Figure 6-a shows the complete 3D model of an interconnect, while 
Figure 6-b shows the DC model of the same interconnect.  
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Figure 6  a: Complete 3D Model                  b: DC Model 
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According to our figure of merit, skin effect is not important at any 
frequency when 7≥

+ tw
l .When this condition is satisfied, the 

3D impedance of the wire should be the same as the DC impedance 
at any frequency. The equivalence of these two impedances can be 
expressed as: 

( ) ( )
( )

1
)()(

)( 22
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fL ωω  

(18) 

Five cases are studied assuming w=t=2.5 µm in each case. The 
interconnect length is varied such that 

tw
l
+

varies between 10 -

40. Figure 7 shows the error in the impedance magnitude versus 
frequency. The phase error is shown in Figure 8. 
From Figure 7 and Figure 8, the entire frequency range can be 
divided into four main regions. In region I where ω<ωR, the error 
increases monotonically at a slow rate. This increase is mainly due 
to the increase in the resistance value. In region II where 
ωL<ω<ωR, the inductance starts to dominate the impedance, and 
the resistance is still changing slowly with frequency. Thus, the 
error rate, and eventually the error value decreases. In region III 
ωR<ω<2ωR. Τhis is the region with the highest error rate. In this 
region the rate of change of resistance with frequency attains its 
maximum. However, the error is still small because the ratio 
between the inductive impedance and the resistance increases at a 
higher rate. In region IV where 2ωR<ω, the inductive impedance is 
dominating the total impedance, which leads to a significant 
decrease in the error rate since the inductance is very slowly 
varying with frequency. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
     
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

3.3 Delay Error in Using the Interconnect DC 
Model Versus the 3D model 
 
The experimental setup used in examining the impact of using 
interconnect DC model on delay is shown in Figure 9. 
 
 
 
 
 
 
 
 

                  
              
The error in delay when an interconnect is modeled using the DC 
impedance instead of the complete 3D volume impedance is 
studied for different values of

tw
l
+

. The interconnect shown in 

Figure 9 has l=w=2 µm, and the input source is a step input with 
slope of less than 0.01 ns, which includes very high frequency 
components. The output voltages at two interconnects 
having

tw
l
+

 equals to 1 and 3 are shown in Figure 10 (a) and (b), 

respectively, and show errors of at least 50% in the output signal 
delay for low

tw
l
+

. Also, the 3D model behaves more as an RC 

interconnect while the DC model tends to behave as an RLC circuit. 
This behavior is due to the increase in the resistance value of the 
3D model due to skin effect. However, this difference between the 
two models is negligible for 

tw
l
+

>7 as shown in Figure 10 (c) 

and (d). The delay error is less than 1% for 7>
+ tw
l  .  In 

addition, the DC model of the interconnect captures the signal 
waveform shape of the 3D model with negligible error. 
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3.4 Effect of Scaling the Interconnect 
Dimensions  
 
The figure of merit introduced in section 3 predicts that scaling the 
interconnect dimensions does not affect the impact of skin effect as 
long as

tw
l
+

 remains constant. Table 1 shows the percentage error 

in the total impedance magnitude and phase due to using the DC 
model instead of the 3D model for different interconnects with 
square shape cross sections. 
 
 
 
 
Table 1: Percentage error in the total impedance magnitude 
and phase due to using the DC model instead of the 3D model 

 % error in magnitude %error in phase 
 w=1

µm 
w=2
µm 

w=3
µm w=4

µm w=1 
µm 

w= 
2µm 

w=3 
µm w=4 

µm 
l=5(w+t) 7.5 7.25 6.6 6.8 2.5 2.2 2.2 2.3 

l=10(w+t) 5.9 6.27 5.75 5.8 1.8 1.8 1.77 1.73 

l=15(w+t) 5.4 5.43 5.36 5.41 1.55 1.48 1.47 1.52 

l=20(w+t) 4.9 4.88 4.89 4.9 1.44 1.44 1.44 1.44 

l=25(w+t) 4.7 4.7 4.7 4.7 1.3 1.3 1.3 1.3 

l=50(w+t) 3.4 3.4 3.4 3.4 0.8 0.8 0.8 0.8 

 
The experimental results presented in Table 1 shows that the 
percentage error in both impedance magnitude and phase is not 
varying with scaling the interconnect dimensions while having 
constant

tw
l
+

 which verifies the independence of the figure of 

merit of absolute interconnect dimensions.  
  
 
 
 
 
 
 
 
 
 
 
The physical explanation of this trend for a constant aspect ratio is 
that increasing the length, width, and thickness of the interconnect 
such that l/(w+t) is kept constant decreases the frequency point ωR 
since the skin depth becomes comparable to the wire width at lower 
frequencies. However, this scaling in the wire dimensions 
decreases the resistance and at the same time increases the 
inductive impedance. Thus, the frequency point ωL decreases as 
well. Figure 11 shows the behavior of the two frequency point with 
increasing the interconnect dimensions while having a constant 

tw
l
+

. 

Figure 12 shows the resulting ωL and ωR when applying the 
complete 3-D model simulation to different interconnects having 
square shape cross section. Note that the intersection point is at the 
same

tw
l
+

which agrees very well with our metric. 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
                                            
 
 
4. IMPORTANCE OF VOLUME 
DISCRETIZATION FOR COUPLED WIRES 
 
In this section, the figure of merit that characterizes when volume 
discretization becomes important for coupled wires is derived and 
the experimental results are shown to verify its correctness. Section 
4.1 shows the impact of coupling on the interconnect circuit 
behavior. The modified figure of merit that includes the effect of 
inductive coupling in characterizing the importance of volume 
discretization is derived in section 4.2. Section 4.3 shows the 
experimental results that verifies the figure of merit. 

 
 4.1 Impact of Inductive Coupling 
 
Inductive coupling results in transfer of energy from one circuit 
component to another through the shared magnetic field. Inductive 
coupling effect diminishes as distance between wires increases. In 
the extreme situation where wires are far apart, the inductive 
coupling between wires become negligible and the figure of merit 
that characterize the relevance of volume discretization derived in 
the previous section can be applied to each wire. However, 
measures must be taken to handle inductive coupling when it 
becomes significant. 
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Figure 13 (a) illustrates two coupled interconnects by a mutual 
inductance M. The equivalent circuit of the two interconnects 
shown in Figure 13 (a) is illustrated in Figure 13. Because of 
coupling, the equation of each circuit contains a term depending on 
the current change in the other circuit as shown in (19). 
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Figure 13: Interconnects with proximity effects (mutual 
coupling) 
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Thus, (19) can be analyzed based on three different possible cases 
of wire switching.  
Case 1 
In this case, it is assumed that there is no change in i2, while i1 is 
following a unit step change in the voltage source v1. In this case 
(19) can be rewritten as:  
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(20) 

This case simply falls back to a single wire case and the previous 
figure of merit is valid 
Case 2 
In this case, it is assumed that the two wires switch similarly, 
resulting in a change in both i2 and i1 in the same direction. In this 
case (19) can be rewritten as:  
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(21) 

For this case, using the DC model for the wires results in even less 
error than the single wire case. This behavior is due to the increase 
in the effective inductance value which leads to a corresponding 
decrease in the frequency point ωL. Thus, the figure of merit in (13) 
is also valid as an upper bound for this case 
Case 3 
In this case, the two wires switch oppositely, resulting in a change 
in both i1 and i2 but in opposite directions. In this case (19) can be 
rewritten as:  
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(22) 

This case results in a decrease in the total inductance value which 
leads to an increase in the frequency point ωL. Hence, the figure of 
merit for a single wire should be modified to include the effect of 
mutual inductance when wires switch in opposite directions. Note 
that this case is equivalent to using the loop inductance. 
 

4.2 Volume Discretization Figure of Merit in 
Case of Loop Inductance (case 3) 
 
Inductive coupling affects the volune discretization figure of merit 
derived in the previous section in the case of oppositely switching 
interconnects. The total inductance is reduced to L-M. Thus, the 
frequency point ωL should be redefined as:  

)()(
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fMfL
fR
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=ω  (23) 

Denoting the distance between the center axes of the interconnects 
by d, M is given by [7-11]  
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For inductively coupled interconnects, ωR is given by 

µσ
ω 2

8
wR =  (25) 

Substituting in the condition ωR > 5ωL yields 

( ) 09.11111ln235.0ln),( 2
2 ≥−−++




 ++−+=

t
wg

ββ
ββ

α
αβα  

(26) 

where α =
tw

l
+

 and β=
d
l . Figure 16 shows the plot of (26) at 

w=t, for  different values of α and β .Figure 14 shows the values of  
α and β at which (26) is satisfied. 
 
 
 
 
 
 
g(α,β) 
 
 
 
 
 
 
 
 
 
 
 
It is shown in Figure 14 that there exist certain interconnect 
dimensions and spacing at which the interconnect DC model can be 
used with high accuracy.  

The general figure of merit in terms of the interconnects 
dimensions that determines the importance of volume discretization 
in case of prominent inductive coupling can be obtained by 
applying curve fitting to (26) and is given by 
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For w=t, the figure of merit reduces to 
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Figure 14: plot of g(α, β) 
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4.3 Experimental Results for Delay Error 
 
The experimental setup used in examining the delay error that 
results when using the DC model versus the 3D model is shown in 
Figure 15. 
 
 
 
 
 
 
 
 
  
 
 
The error in delay is studied for different values of l,w,t ,and 
d .  Figure 16 (a) shows the error in delay at aspect ratio =1, 

10=
+ tw
l and 

l
d =0.0625. This error is significantly 

reduced when the aspect ratio changes from 1 to 0.5 as 
shown in Figure 16(b). The reduction in delay error when 
increasing the wire spacing, d, and increasing 

tw
l
+

 are 

shown in Figure 16(c) and Figure 16(d), respectively. Figure 
16 shows very small error even at the edge of the figure of 
merit. This is because of the capacitive effect which filters 
out the high frequency components.  Hence, our figure of 
merit is conservative. 
 

 
          (a)                 (b) 
 

 
              ( c )                                           (d)  

 
Figure 16: Delay error between DC model and volume 
discretized model for different wire dimensions 

        

5. ERROR FORMULATION 
 
The error that might arise in using the DC model of an interconnect 
is mainly due to the change of the resistance and mutual inductance 
from their DC values. Thus, there are two types of errors, the 
resistance error, ER, and the mutual inductance error, EM.  
The resistance error arises due to the change in the effective value 
of the interconnect cross sectional area at frequencies higher than 
ωR. Thus, the resistance error is only valid for operating 
frequencies ω >ωR and can be given by 
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Substituting from (2) into (29) yields 

 

 
(30) 

The error as presented in (30) is a tight upper bound assuming the 
resistance is completely dominating the total impedance. The 
relative change in the total impedance due to the relative change in 
the resistance can be derived by 
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Substituting from (30) into (31), the effective error in the total 
impedance due to the resistance change can be given by 

 

 
(32) 

The mutual inductance error arises from the change in the effective 
distance between the centre axes of the interconnects, d, from being 
s+w at low frequencies to approximately s+ ∆ at high frequencies, 
where s is the interconnect-to-interconnect spacing. Hence, the 
mutual inductance error, EM, can be given by 
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Substituting from (2) into (33) yields 
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The relative change in the total impedance due to the relative 
change in the mutual inductance can be derived by 
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Figure 15: Delay experimental setup 
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Substituting from (34) into (35) gives the effective error in the total 
impedance due to the change in the mutual inductance as 
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(36) 

It can be deduced from (32) and (36) that an upper bound for the 
total error due to skin effect can be given by 
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It has to be mentioned here that (37) can be used to estimate the 
error in using the DC model of an interconnect whether or not the 
figure of merit in (13) or (27) is satisfied. 

The figures of merit insure that at frequencies above ωR when (32) 
becomes applicable, the value of the inductive impedance is at least 
5 times that of the resistance which in turn results in negligible 
values for the resistance error at any frequency. In addition, to 
satisfy (27), the ratio between d and w+t should be 

)(83.0 twd +>  (38) 

This condition sets a minimum value for s to be comparable to the 
interconnect cross section dimension. Also the figure of merit in 
(27) sets a minimum value for the ratio between the interconnect 
length and its cross section dimensions. With these limitations, the 
error in (36) will also be negligible at any frequency. An example 
of s=w=t, the figure of merit in (27) deduce that l should be at least 
70 times higher than the interconnect cross sectional dimensions. 
Substituting by these values in (36) would give an error that is less 
than 10% at frequencies higher than 100 GHZ. Hence, the 
satisfaction of the figures of merit implies that the total error in (37) 
is negligible. 
 

6. CONCLUSION 
 
The paper characterized the relevance of volume discretization in the 
GHZ range. It is shown that comparing the skin depth to the 
interconnect cross section dimensions cannot solely identify when to 
use volume discretization. A figure of merit that characterizes the 
importance of volume discretization for a single wire was then 
derived based on both the frequency point at which the skin depth 
starts to be comparable to the interconnect cross section dimensions 
and the frequency at which the resistance starts to have negligible 
impact on the total impedance.  The experimental results verified the 
figure of merit in terms of both the signal delay error and total 
interconnect impedance error. Moreover, it was shown that the 
variation of other parameters such as scaling of interconnect 
dimensions and having different physical constants do not have any 
impact on the introduced error which agrees with the prediction of 
the figure of merit. The impact of coupling on determining the 
importance of volume discretization is studied. A modified figure of 
merit was also derived that includes the inductive coupling effect. 
The experimental results also verified the modified figure of merit.  
Finally, error formulae that quantifies the error in using the DC 
model of an interconnect were derived 
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