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ABSTRACT
In set-system auctions, there are several overlapping teams of agents,
and a task that can be completed by any of these teams. The auc-
tioneer’s goal is to hire a team and pay as little as possible.Exam-
ples of this setting include shortest-path auctions and vertex-cover
auctions. Recently, Karlin, Kempe and Tamir introduced a new def-
inition of frugality ratio for this problem. Informally, the “frugality
ratio” is the ratio of the total payment of a mechanism to a desired
payment bound. The ratio captures the extent to which the mecha-
nism overpays, relative to perceived fair cost in a truthfulauction.
In this paper, we propose a new truthful polynomial-time auction
for the vertex cover problem and bound its frugality ratio. We show
that the solution quality is with a constant factor of optimal and
the frugality ratio is within a constant factor of the best possible
worst-case bound; this is the first auction for this problem to have
these properties. Moreover, we show how to transform any truth-
ful auction into a frugal one while preserving the approximation
ratio. Also, we consider two natural modifications of the definition
of Karlin et al., and we analyse the properties of the resulting pay-
ment bounds, such as monotonicity, computational hardness, and
robustness with respect to the draw-resolution rule. We study the
relationships between the different payment bounds, both for gen-
eral set systems and for specific set-system auctions, such as path
auctions and vertex-cover auctions. We use these new definitions
in the proof of our main result for vertex-cover auctions viaa boot-
strapping technique, which may be of independent interest.
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lem Complexity; J.4 [Computer Applications]: Social and Behav-
ioral Sciences—economics

General Terms
Algorithms, Economics, Theory

∗This research is supported by the EPSRC research grants “Al-
gorithmics of Network-sharing Games” and “Discontinuous Be-
haviour in the Complexity of randomized Algorithms”.

Permission to make digital or hard copies of all or part of this work for
personal or classroom use is granted without fee provided that copies are
not made or distributed for profit or commercial advantage and that copies
bear this notice and the full citation on the first page. To copy otherwise, to
republish, to post on servers or to redistribute to lists, requires prior specific
permission and/or a fee.
EC’07,June 13–16, 2007, San Diego, California, USA.
Copyright 2007 ACM 978-1-59593-653-0/07/0006 ...$5.00.

Keywords
Auctions, Frugality, Vertex Cover

1. INTRODUCTION
In aset system auctionthere is a single buyer and many vendors

that can provide various services. It is assumed that the buyer’s re-
quirements can be satisfied by various subsets of the vendors; these
subsets are called thefeasible sets. A widely-studied class of set-
system auctions ispath auctions, where each vendor is able to sell
access to a link in a network, and the feasible sets are those sets
whose links contain a path from a given source to a given destina-
tion; the study of these auctions has been initiated in the seminal
paper by Nisan and Ronen [19] (see also [1, 10, 9, 6, 15, 7, 20]).

We assume that each vendor has a cost of providing his services,
but submits a possibly largerbid to the auctioneer. Based on these
bids, the auctioneer selects a feasible subset of vendors, and makes
payments to the vendors in this subset. Each selected vendorenjoys
a profit of payment minus cost. Vendors want to maximise profit,
while the buyer wants to minimise the amount he pays. A natural
goal in this setting is to design atruthful auction, in which vendors
have an incentive to bid their true cost. This can be achievedby
paying each selected vendor a premium above her bid in such a
way that the vendor has no incentive to overbid. An interesting
question in mechanism design is how much the auctioneer willhave
to overpay in order to ensure truthful bids.

In the context of path auctions this topic was first addressedby
Archer and Tardos [1]. They define thefrugality ratio of a mech-
anism as the ratio between its total payment and the cost of the
cheapest path disjoint from the path selected by the mechanism.
They show that, for a large class of truthful mechanisms for this
problem, the frugality ratio is as large as the number of edges in the
shortest path. Talwar [21] extends this definition of frugality ratio
to general set systems, and studies the frugality ratio of the classical
VCG mechanism [22, 4, 14] for many specific set systems, such as
minimum spanning trees and set covers.

While the definition of frugality ratio proposed by [1] is well-
motivated and has been instrumental in studying truthful mecha-
nisms for set systems, it is not completely satisfactory. Consider,
for example, the graph of Figure 1 with the costscAB = cBC =
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Figure 1: The diamond graph



cCD = 0, cAC = cBD = 1. This graph is 2-connected and the
VCG payment to the winning path ABCD is bounded. However,
the graph contains no A–D path that is disjoint from ABCD, and
hence the frugality ratio of VCG on this graph remains undefined.
At the same time, there is nomonopoly, that is, there is no ven-
dor that appears in all feasible sets. In auctions for other types of
set systems, the requirement that there exist a feasible solution dis-
joint from the selected one is even more severe: for example,for
vertex-cover auctions (where vendors correspond to the vertices of
some underlying graph, and the feasible sets are vertex covers) the
requirement means that the graph must be bipartite. To deal with
this problem, Karlin et al. [16] suggest a better benchmark,which
is defined for any monopoly-free set system. This quantity, which
they denote byν, intuitively corresponds to the value of a cheapest
Nash equilibrium. Based on this new definition, the authors con-
struct new mechanisms for the shortest path problem and showthat
the overpayment of these mechanisms is within a constant factor of
optimal.

1.1 Our results

Vertex cover auctions We propose a truthful polynomial-time
auction for vertex cover that outputs a solution whose cost is within
a factor of 2 of optimal, and whose frugality ratio is at most2∆,
where∆ is the maximum degree of the graph (Theorem 4). We
complement this result by proving (Theorem 5) that for any∆ and
n, there are graphs of maximum degree∆ and sizeΘ(n) for which
anytruthful mechanism has frugality ratio at least∆/2. This means
that the solution quality of our auction is with a factor of2 of op-
timal and the frugality ratio is within a factor of4 of the best pos-
sible bound for worst-case inputs. To the best of our knowledge,
this is the first auction for this problem that enjoys these proper-
ties. Moreover, we show how to transform any truthful mechanism
for the vertex-cover problem into a frugal one while preserving the
approximation ratio.
Frugality ratios Our vertex cover results naturally suggest two
modifications of the definition ofν in [16]. These modifications
can be made independently of each other, resulting in four differ-
ent payment boundsTUmax, TUmin, NTUmax, andNTUmin,
whereNTUmin is equal to the original payment boundν of in [16].
All four payment bounds arise as Nash equilibria of certain games
(see the full version of this paper [8]); the differences between
them can be seen as “the price of initiative” and “the price ofco-
operation” (see Section 3). While our main result about vertex
cover auctions (Theorem 4) is with respect toNTUmin = ν, we
make use of the new definitions by first comparing the payment of
our mechanism to a weaker boundNTUmax, and then bootstrap-
ping from this result to obtain the desired bound.

Inspired by this application, we embark on a further study of
these payment bounds. Our results here are as follows:
1. We observe (Proposition 1) that the four payment bounds al-
ways obey a particular order that is independent of the choice of
the set system and the cost vector, namely,TUmin ≤ NTUmin ≤
NTUmax ≤ TUmax. We provide examples (Proposition 5 and
Corollaries 1 and 2) showing that for the vertex cover problem any
two consecutive bounds can differ by a factor ofn − 2, wheren is
the number of agents. We then show (Theorem 2) that this separa-
tion is almost best possible for general set systems by proving that
for any set systemTUmax/TUmin ≤ n. In contrast, we demon-
strate (Theorem 3) that for path auctionsTUmax/TUmin ≤ 2.
We provide examples (Propositions 2, 3 and 4) showing that this
bound is tight. We see this as an argument for the study of vertex-
cover auctions, as they appear to be more representative of the gen-
eral team -selection problem than the widely studied path auctions.

2. We show (Theorem 1) that for any set system, if there is a cost
vector for whichTUmin and NTUmin differ by a factor ofα,
there is another cost vector that separatesNTUmin andNTUmax
by the same factor and vice versa; the same is true for the pairs
(NTUmin, NTUmax) and (NTUmax, TUmax). This symme-
try is quite surprising, since, e.g.,TUmin andNTUmax are ob-
tained fromNTUmin by two very different transformations. This
observation suggests that the four payment bounds should bestud-
ied in a unified framework; moreover, it leads us to believe that the
bootstrapping technique of Theorem 4 may have other applications.
3. We evaluate the payment bounds introduced here with respect
to a checklist of desirable features. In particular, we notethat the
payment boundν = NTUmin of [16] exhibits some counterintu-
itive properties, such as nonmonotonicity with respect to adding a
new feasible set (Proposition 7), and is NP-hard to compute (Theo-
rem 6), while some of the other payment bounds do not suffer from
these problems. This can be seen as an argument in favour of using
weaker but efficiently computable boundsNTUmax andTUmax.

Related work
Vertex-cover auctions have been studied in the past by Talwar [21]
and Calinescu [5]. Both of these papers are based on the definition
of frugality ratio used in [1]; as mentioned before, this means that
their results only apply to bipartite graphs. Talwar [21] shows that
the frugality ratio of VCG is at most∆. However, since finding
the cheapest vertex cover is an NP-hard problem, the VCG mech-
anism is computationally infeasible. The first (and, to the best of
our knowledge, only) paper to investigate polynomial-timetruthful
mechanisms for vertex cover is [5]. This paper studies an auction
that is based on the greedy allocation algorithm, which has an ap-
proximation ratio oflog n. While the main focus of [5] is the more
general set cover problem, the results of [5] imply a frugality ratio
of 2∆2 for vertex cover. Our results improve on those of [21] as
our mechanism is polynomial-time computable, as well as on those
of [5], as our mechanism has a better approximation ratio, and we
prove a stronger bound on the frugality ratio; moreover, this bound
also applies to the mechanism of [5].

2. PRELIMINARIES
In most of this paper, we discuss auctions for set systems. A

set systemis a pair(E ,F), whereE is theground set, |E| = n,
andF is a collection offeasible sets, which are subsets ofE . Two
particular types of set systems are of interest to us —shortest path
systems, in which the ground set consists of all edges of a network,
and the feasible sets are paths between two specified verticess and
t, andvertex coversystems, in which the elements of the ground set
are the vertices of a graph, and the feasible sets are vertex covers of
this graph.

In set system auctions, each elemente of the ground set is owned
by an independent agent and has an associated non-negative costce.
The goal of the centre is to select (purchase) a feasible set.Each
elemente in the selected set incurs a cost ofce. The elements that
are not selected incur no costs.

The auction proceeds as follows: all elements of the ground set
make their bids, the centre selects a feasible set based on the bids
and makes payments to the agents. Formally, an auction is defined
by anallocation ruleA : Rn 7→ F and apayment ruleP : Rn 7→
Rn. The allocation rule takes as input a vector of bids and decides
which of the sets inF should be selected. The payment rule also
takes as input a vector of bids and decides how much to pay to each
agent. The standard requirements areindividual rationality, i.e.,
the payment to each agent should be at least as high as his incurred
cost (0 for agents not in the selected set andce for agents in the



selected set) andincentive compatibility, or truthfulness, i.e., each
agent’s dominant strategy is to bid his true cost.

An allocation rule ismonotoneif an agent cannot increase his
chance of getting selected by raising his bid. Formally, forany bid
vectorb and anye ∈ E , if e 6∈ A(b) thene 6∈ A(b1, . . . , b

′
e, . . . , bn)

for any b′e > be. Given a monotone allocation ruleA and a bid
vectorb, thethreshold bidte of an agente ∈ A(b) is the highest
bid of this agent that still wins the auction, given that the bids of
other participants remain the same. Formally,te = sup{b′e ∈ R |
e ∈ A(b1, . . . , b

′
e, . . . , bn)}. It is well known (see, e.g. [19, 13])

that any auction that has a monotone allocation rule and payseach
agent his threshold bid is truthful; conversely, any truthful auction
has a monotone allocation rule.

The VCG mechanism is a truthful mechanism that maximises
the “social welfare” and pays 0 to the losing agents. For set system
auctions, this simply means picking a cheapest feasible set, paying
each agent in the selected set his threshold bid, and paying 0to
all other agents. Note, however, that the VCG mechanism may be
difficult to implement, since finding a cheapest feasible setmay be
intractable.

If U is a set of agents,c(U) denotes
P

w∈U cw. Similarly, b(U)
denotes

P

w∈U bw.

3. FRUGALITY RATIOS
We start by reproducing the definition of the quantityν from [16,

Definition 4].
Let (E ,F) be a set system and letS be a cheapest feasible set

with respect to the true costsce. Thenν(c, S) is the solution to the
following optimisation problem.

MinimiseB =
P

e∈S be subject to

(1) be ≥ ce for all e ∈ E

(2)
P

e∈S\T be ≤
P

e∈T\S ce for all T ∈ F

(3) for everye ∈ S, there is aTe ∈ F such thate 6∈ Te and
P

e′∈S\Te
be′ =

P

e′∈Te\S ce′

The boundν(c, S) can be seen as an outcome of a two-stage
process, where first each agente ∈ S makes a bidbe stating how
much it wants to be paid, and then the centre decides whether to
accept these bids. The behaviour of both parties is affectedby the
following considerations. From the centre’s point of view,the set
S must remain the most attractive choice, i.e., it must be among
the cheapest feasible sets under the new costsc′e = ce for e 6∈ S,
c′e = be for e ∈ S (condition (2)). The reason for that is that
if (2) is violated for some setT , the centre would preferT to S.
On the other hand, no agent would agree to a payment that does
not cover his costs (condition (1)), and moreover, each agent tries
to maximise his profit by bidding as high as possible, i.e., none
of the agents can increase his bid without violating condition (2)
(condition (3)). The centre wants to minimise the total payout, so
ν(c, S) corresponds to the best possible outcome from the centre’s
point of view.

This definition captures many important aspects of our intuition
about ‘fair’ payments. However, it can be modified in two ways,
both of which are still quite natural, but result in different payment
bounds.

First, we can consider the worst rather than the best possible out-
come for the centre. That is, we can consider the maximum total
payment that the agents can extract by jointly selecting their bids
subject to (1), (2), and (3). Such a bound corresponds to maximis-
ing B subject to (1), (2), and (3) rather than minimising it. If it
is the agents who make the original bids (rather than the centre),

this kind of bidding behaviour is plausible. On the other hand, in a
game in which the centre proposes payments to the agents inS and
the agents accept them as long as (1), (2) and (3) are satisfied, we
would be likely to observe a total payment ofν(c, S). Hence, the
difference between these two definitions can be seen as “the price
of initiative”.

Second, the agents may be able to make payments to each other.
In this case, if they can extract more money from the centre by
agreeing on a vector of bids that violates individual rationality (i.e.,
condition (1)) for some bidders, they might be willing to do so, as
the agents who are paid below their costs will be compensatedby
other members of the group. The bids must still be realistic,i.e.,
they have to satisfybe ≥ 0. The resulting change in payments can
be seen as “the price of co-operation” and corresponds to replacing
condition (1) with the following weaker condition(1∗):

be ≥ 0 for all e ∈ E . (1∗)

By considering all possible combinations of these modifications,
we obtain four different payment bounds, namely

• TUmin(c, S), which is the solution to the optimisation prob-
lem “MinimiseB” subject to(1∗), (2), and (3).

• TUmax(c, S), which is the solution to the optimisation prob-
lem “MaximiseB” subject to(1∗), (2), and (3).

• NTUmin(c, S), which is the solution to the optimisation
problem “MinimiseB” subject to (1), (2), and (3).

• NTUmax(c, S), which is the solution to the optimisation
problem “MaximiseB” subject to (1), (2), (3).

The abbreviations TU and NTU correspond, respectively, to trans-
ferable utility and non-transferable utility, i.e., the agents’ abil-
ity/inability to make payments to each other. For concreteness,
we will take TUmin(c) to beTUmin(c, S) whereS is the lex-
icographically least amongst the cheapest feasible sets. We de-
fine TUmax(c), NTUmin(c), NTUmax(c) andν(c) similarly,
though we will see in Section 6.3 that, in fact,NTUmin(c, S) and
NTUmax(c, S) are independent of the choice ofS. Note that the
quantityν(c) from [16] isNTUmin(c).

The second modification (transferable utility) is more intuitively
appealing in the context of the maximisation problem, as both as-
sume some degree of co-operation between the agents. While the
second modification can be made without the first, the resulting
payment boundTUmin(c, S) is too strong to be a realistic bench-
mark, at least for general set systems. In particular, it canbe smaller
than the total cost of the cheapest feasible setS (see Section 6).
Nevertheless, we provide the definition as well as some results
aboutTUmin(c, S) in the paper, both for completeness and be-
cause we believe that it may help to understand which properties
of the payment bounds are important for our proofs. Another pos-
sibility would be to introduce an additional constraint

P

e∈S be ≥
P

e∈S ce in the definition ofTUmin(c, S) (note that this condi-
tion holds automatically forTUmax(c, S), asTUmax(c, S) ≥
NTUmax(c, S)); however, such a definition would have no direct
game-theoretic interpretation, and some of our results (inparticu-
lar, the ones in Section 4) would no longer be true.

REMARK 1. For the payment bounds that are derived from max-
imisation problems, (i.e.,TUmax(c, S) andNTUmax(c, S)), con-
straints of type (3) are redundant and can be dropped. Hence,
TUmax(c, S) and NTUmax(c, S) are solutions to linear pro-
grams, and therefore can be computed in polynomial time as long
as we have a separation oracle for constraints in (2). In contrast,



NTUmin(c, S) can be NP-hard to compute even if the size ofF is
polynomial (see Section 6).

The first and third inequalities in the following observation fol-
low from the fact that condition(1∗) is strictly weaker than condi-
tion (1).

PROPOSITION 1.

TUmin(c, S) ≤ NTUmin(c, S) ≤

NTUmax(c, S) ≤ TUmax(c, S).

Let M be a truthful mechanism for(E ,F). Let pM(c) denote
the total payments ofM when the actual costs arec. A frugality
ratio of M with respect to a payment bound is the ratio between
the payment ofM and this payment bound. In particular,

φTUmin(M) = sup
c

pM(c)/TUmin(c),

φTUmax(M) = sup
c

pM(c)/TUmax(c),

φNTUmin(M) = sup
c

pM(c)/NTUmin(c),

φNTUmax(M) = sup
c

pM(c)/NTUmax(c).

We conclude this section by showing that there exist set systems
and respective cost vectors for which all four payment bounds are
different. In the next section, we quantify this difference, both for
general set systems, and for specific types of set systems, such as
path auctions or vertex cover auctions.

EXAMPLE 1. Consider the shortest-path auction on the graph
of Figure 1. The cheapest feasible sets are all paths fromA to D. It
can be verified, using the reasoning of Propositions 2 and 3 below,
that for the cost vectorcAB = cCD = 2, cBC = 1, cAC = cBD =
5, we have

• TUmax(c) = 10 (with bAB = bCD = 5, bBC = 0),

• NTUmax(c) = 9 (with bAB = bCD = 4, bBC = 1),

• NTUmin(c) = 7 (with bAB = bCD = 2, bBC = 3),

• TUmin(c) = 5 (with bAB = bCD = 0, bBC = 5).

4. COMPARING PAYMENT BOUNDS
4.1 Path auctions

We start by showing that for path auctions any two consecutive
payment bounds can differ by at least a factor of 2.

PROPOSITION 2. There is an instance of the shortest-path prob-
lem for which we haveNTUmax(c)/NTUmin(c) ≥ 2.

PROOF. This construction is due to David Kempe [17]. Con-
sider the graph of Figure 1 with the edge costscAB = cBC =
cCD = 0, cAC = cBD = 1. Under these costs, ABCD is the
cheapest path. The inequalities in (2) arebAB + bBC ≤ cAC = 1,
bBC + bCD ≤ cBD = 1. By condition (3), both of these inequal-
ities must be tight (the former one is the only inequality involv-
ing bAB, and the latter one is the only inequality involvingbCD).
The inequalities in (1) arebAB ≥ 0, bBC ≥ 0, bCD ≥ 0. Now,
if the goal is to maximisebAB + bBC + bCD , the best choice is
bAB = bCD = 1, bBC = 0, soNTUmax(c) = 2. On the other
hand, if the goal is to minimisebAB + bBC + bCD , one should set
bAB = bCD = 0, bBC = 1, soNTUmin(c) = 1.

PROPOSITION 3. There is an instance of the shortest-path prob-
lem for which we haveTUmax(c)/NTUmax(c) ≥ 2.

PROOF. Again, consider the graph of Figure 1. Let the edge
costs becAB = cCD = 0, cBC = 1, cAC = cBD = 1. ABCD
is the lexicographically-least cheapest path, so we can assume that
S = {AB, BC,CD}. The inequalities in (2) are the same as in
the previous example, and by the same argument both of them are,
in fact, equalities. The inequalities in (1) arebAB ≥ 0, bBC ≥ 1,
bCD ≥ 0. Our goal is to maximisebAB + bBC + bCD . If we have
to respect the inequalities in (1), we have to setbAB = bCD = 0,
bBC = 1, soNTUmax(c) = 1. Otherwise, we can setbAB =
bCD = 1, bBC = 0, soTUmax(c) ≥ 2.

PROPOSITION 4. There is an instance of the shortest-path prob-
lem for which we haveNTUmin(c)/TUmin(c) ≥ 2.

PROOF. This construction is also based on the graph of Figure 1.
The edge costs arecAB = cCD = 1, cBC = 0, cAC = cBD =
1. ABCD is the lexicographically least cheapest path, so we can
assume thatS = {AB, BC, CD}. Again, the inequalities in (2)
are the same, and both are, in fact, equalities. The inequalities in (1)
arebAB ≥ 1, bBC ≥ 0, bCD ≥ 1. Our goal is to minimisebAB +
bBC +bCD. If we have to respect the inequalities in (1), we have to
setbAB = bCD = 1, bBC = 0, soNTUmin(c) = 2. Otherwise,
we can setbAB = bCD = 0, bBC = 1, soTUmin(c) ≤ 1.

In Section 4.4 (Theorem 3), we show that the separation results
in Propositions 2, 3, and 4 are optimal.

4.2 Connections between separation results
The separation results for path auctions are obtained on thesame

graph using very similar cost vectors. It turns out that thisis not
coincidental. Namely, we can prove the following theorem.

THEOREM 1. For any set system(E ,F), and any feasible setS,

max
c

TUmax(c, S)

NTUmax(c, S)
= max

c

NTUmax(c, S)

NTUmin(c, S)
,

max
c

NTUmax(c, S)

NTUmin(c, S)
= max

c

NTUmin(c, S)

TUmin(c, S)
,

where the maximum is over all cost vectorsc for which S is a
cheapest feasible set.

The proof of the theorem follows directly from the four lemmas
proved below; more precisely, the first equality in Theorem 1is
obtained by combining Lemmas 1 and 2, and the second equalityis
obtained by combining Lemmas 3 and 4. We prove Lemma 1 here;
the proofs of Lemmas 2– 4 are similar and can be found in the full
version of this paper [8].

LEMMA 1. Suppose thatc is a cost vector for(E ,F) such that
S is a cheapest feasible set andTUmax(c, S)/NTUmax(c, S) =
α. Then there is a cost vectorc′ such thatS is a cheapest feasible
set andNTUmax(c′, S)/NTUmin(c′, S) ≥ α.

PROOF. Suppose thatTUmax(c, S) = X andNTUmax(c, S) =
Y whereX/Y = α. Assume without loss of generality thatS
consists of elements1, . . . , k, and letb1 = (b1

1, . . . , b
1
k) andb2 =

(b2
1, . . . , b

2
k) be the bid vectors that correspond toTUmax(c, S)

andNTUmax(c, S), respectively.
Construct the cost vectorc′ by settingc′i = ci for i 6∈ S,

c′i = min{ci, b
1
i } for i ∈ S. Clearly,S is a cheapest set underc′.

Moreover, as the costs of elements outside ofS remained the same,
the right-hand sides of all constraints in (2) did not change, so any
bid vector that satisfies (2) and (3) with respect toc, also satisfies
them with respect toc′. We will construct two bid vectorsb3 and
b4 that satisfy conditions (1), (2), and (3) for the cost vectorc′, and
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Figure 2: Graph that separates payment bounds for vertex
cover,n = 7

have
P

i∈S b3
i = X,

P

i∈S b4
i = Y . As NTUmax(c′, S) ≥ X

andNTUmin(c′, S) ≤ Y , this implies the lemma.
We can setb3

i = b1
i : this bid vector satisfies conditions (2)

and (3) sinceb1 does, and we haveb1
i ≥ min{ci, b

1
i } = c′i,

which means thatb3 satisfies condition (1). Furthermore, we can
setb4

i = b2
i . Again, b4 satisfies conditions (2) and (3) sinceb2

does, and sinceb2 satisfies condition (1), we haveb2
i ≥ ci ≥ c′i,

which means thatb4 satisfies condition (1).

LEMMA 2. Supposec is a cost vector for(E ,F) such thatS is
a cheapest feasible set andNTUmax(c, S)/NTUmin(c, S) = α.
Then there is a cost vectorc′ such thatS is a cheapest feasible set
andTUmax(c′, S)/NTUmax(c′, S) ≥ α.

LEMMA 3. Suppose thatc is a cost vector for(E ,F) such that
S is a cheapest feasible set andNTUmax(c, S)/NTUmin(c, S) =
α. Then there is a cost vectorc′ such thatS is a cheapest feasible
set andNTUmin(c′, S)/TUmin(c′, S) ≥ α.

LEMMA 4. Suppose thatc is a cost vector for(E ,F) such that
S is a cheapest feasible set andNTUmin(c, S)/TUmin(c, S) =
α. Then there is a cost vectorc′ such thatS is a cheapest feasible
set andNTUmax(c′, S)/NTUmin(c′, S) ≥ α.

4.3 Vertex-cover auctions
In contrast to the case of path auctions, for vertex-cover auc-

tions the gap betweenNTUmin(c) andNTUmax(c) (and hence
betweenNTUmax(c) andTUmax(c), and betweenTUmin(c)
andNTUmin(c)) can be proportional to the size of the graph.

PROPOSITION 5. For anyn ≥ 3, there is a ann-vertex graph
and a cost vectorc for whichTUmax(c)/NTUmax(c) ≥ n − 2.

PROOF. The underlying graph consists of an(n − 1)-clique on
the verticesX1, . . . , Xn−1, and an extra vertexX0 adjacent to
Xn−1. The costs arecX1

= cX2
= · · · = cXn−2

= 0, cX0
=

cXn−1
= 1. We can assume thatS = {X0, X1, . . . , Xn−2} (this

is the lexicographically first vertex cover of cost1). For this set
system, the constraints in (2) arebXi

+ bX0
≤ cXn−1

= 1 for
i = 1, . . . , n − 2. Clearly, we can satisfy conditions (2) and (3)
by settingbXi

= 1 for i = 1, . . . , n − 2, bX0
= 0. Hence,

TUmax(c) ≥ n − 2. For NTUmax(c), there is an additional
constraintbX0

≥ 1, so the best we can do is to setbXi
= 0 for

i = 1, . . . , n − 2, bX0
= 1, which impliesNTUmax(c) = 1.

Combining Proposition 5 with Lemmas 1 and 3, we derive the
following corollaries.

COROLLARY 1. For anyn ≥ 3, we can construct an instance
of the vertex cover problem on a graph of sizen that satisfies
NTUmax(c)/NTUmin(c) ≥ n − 2.

COROLLARY 2. For anyn ≥ 3, we can construct an instance
of the vertex cover problem on a graph of sizen that satisfies
NTUmin(c)/TUmin(c) ≥ n − 2.
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Figure 3: Proof of Theorem 3: constraints for P̂ij
and P̂ij+2

do
not overlap

4.4 Upper bounds
It turns out that the lower bound proved in the previous subsec-

tion is almost tight. More precisely, the following theoremshows
that no two payment bounds can differ by more than a factor ofn;
moreover, this is the case not just for the vertex cover problem, but
for general set systems. We bound the gap betweenTUmax(c) and
TUmin(c). SinceTUmin(c) ≤ NTUmin(c) ≤ NTUmax(c) ≤
TUmax(c), this bound applies to any pair of payment bounds.

THEOREM 2. For any set system(E ,F) and any cost vectorc,
we haveTUmax(c)/TUmin(c) ≤ n.

PROOF. Assume wlog that the winning setS consists of ele-
ments1, . . . , k. Let c1, . . . , ck be the true costs of elements inS,
let b′1, . . . , b

′
k be their bids that correspond toTUmin(c), and let

b′′1 , . . . , b′′k be their bids that correspond toTUmax(c).
Consider the conditions (2) and (3) forS. One can pick a subset

L of at mostk inequalities in (2) so that for eachi = 1, . . . , k there
is at least one inequality inL that is tight forb′i. Suppose that the
jth inequality inL is of the formbi1 + · · · + bit ≤ c(Tj \ S). For
b′i, all inequalities inL are, in fact, equalities. Hence, by adding
up all of them we obtaink

P

i=1,...,k b′i ≥
P

j=1,...,k c(Tj \ S).
On the other hand, all these inequalities appear in condition (2), so
they must hold forb′′i , i.e.,

P

i=1,...,k b′′i ≤
P

j=1,...,k c(Tj \ S).
Combining these two inequalities, we obtain

nTUmin(c) ≥ kTUmin(c) ≥ TUmax(c).

REMARK 2. The final line of the proof of Theorem 2 shows
that, in fact, the upper bound onTUmax(c)/TUmin(c) can be
strengthened to the size of the winning set,k. Note that in Proposi-
tion 5, as well as in Corollaries 1 and 2,k = n−1, so these results
do not contradict each other.

For path auctions, this upper bound can be improved to 2, match-
ing the lower bounds of Section 4.1.

THEOREM 3. For any instance of the shortest path problem,
TUmax(c) ≤ 2 TUmin(c).

PROOF. Given a network(G, s, t), assume without loss of gen-
erality that the lexicographically-least cheapests–t path,P , in G
is {e1, . . . , ek}, wheree1 = (s, v1), e2 = (v1, v2), . . . , ek =
(vk−1, t). Let c1, . . . , ck be the true costs ofe1, . . . , ek, and let
b′ = (b′1, . . . , b

′
k) andb′′ = (b′′1 , . . . , b′′k) be bid vectors that cor-

respond toTUmin(c) andTUmax(c), respectively.
For anyi = 1, . . . , k, there is a constraint in (2) that is tight for

b′i with respect to the bid vectorb′, i.e., ans–t pathPi that avoids
ei and satisfiesb′(P \Pi) = c(Pi\P ). We can assume without loss
of generality thatPi coincides withP up to some vertexxi, then
deviates fromP to avoidei, and finally returns toP at a vertex



yi and coincides withP from then on (clearly, it might happen
thats = xi or t = yi). Indeed, ifPi deviates fromP more than
once, one of these deviations is not necessary to avoidei and can
be replaced with the respective segment ofP without increasing the
cost ofPi. Among all paths of this form, let̂Pi be the one with the
largest value ofyi, i.e., the “rightmost” one. This path corresponds
to an inequalityIi of the formb′xi+1 + · · · + b′yi

≤ c(P̂i \ P ).
As in the proof of Theorem 2, we construct a set of tight con-

straintsL such that every variableb′i appears in at least one of these
constraints; however, now we have to be more careful about the
choice of constraints inL. We constructL inductively as follows.
Start by settingL = {I1}. At the jth step, suppose that all vari-
ables up to (but not including)b′ij

appear in at least one inequality
in L. Add Iij

toL.
Note that for anyj we haveyij+1

> yij
. This is because the

inequalities added toL during the firstj steps did not coverb′ij+1
.

See Figure 3. Sinceyij+2
> yij+1

, we must also havexij+2
>

yij
: otherwise,P̂ij+1

would not be the “rightmost” constraint for
b′ij+1

. Therefore, the variables inIij+2
andIij

do not overlap, and
hence nob′i can appear in more than two inequalities inL.

Now we follow the argument of the proof of Theorem 2 to finish.
By adding up all of the (tight) inequalities inL for b′i we obtain
2

P

i=1,...,k b′i ≥
P

j=1,...,k c(P̂j \ P ). On the other hand, all
these inequalities appear in condition (2), so they must hold for
b′′i , i.e.,

P

i=1,...,k b′′i ≤
P

j=1,...,k c(P̂j \ P ), soTUmax(c) ≤

2TUmin(c).

5. TRUTHFUL MECHANISMS FOR VER-
TEX COVER

Recall that for a vertex-cover auction on a graphG = (V, E), an
allocation ruleis an algorithm that takes as input a bidbv for each
vertex and returns a vertex cover̂S of G. As explained in Sec-
tion 2, we can combine a monotone allocation rule with threshold
payments to obtain a truthful auction.

Two natural examples of monotone allocation rules areAopt, i.e.,
the algorithm that finds an optimal vertex cover, and the greedy
algorithm AGR. However,Aopt cannot be guaranteed to run in
polynomial time unlessP = NP and AGR has approximation
ratio of log n.

Another approximation algorithm for vertex cover, which has ap-
proximation ratio 2, is thelocal ratio algorithmALR [2, 3]. This
algorithm considers the edges ofG one by one. Given an edge
e = (u, v), it computesǫ = min{bu, bv} and setsbu = bu − ǫ,
bv = bv − ǫ. After all edges have been processed,ALR returns
the set of vertices{v | bv = 0}. It is not hard to check that if
the order in which the edges are considered is independent ofthe
bids, then this algorithm is monotone as well. Hence, we can use it
to construct a truthful auction that is guaranteed to selecta vertex
cover whose cost is within a factor of 2 from the optimal.

However, while the quality of the solution produced byALR is
much better than that ofAGR, we still need to show that its total
payment is not too high. In the next subsection, we bound the fru-
gality ratio ofALR (and, more generally, all algorithms that satisfy
the condition oflocal optimality, defined later) by2∆, where∆ is
the maximum degree ofG. We then prove a matching lower bound
showing that for some graphs the frugality ratio of any truthful auc-
tion is at least∆/2.

5.1 Upper bound
We say that an allocation rule islocally optimalif wheneverbv >

P

w∼v bw, the vertexv is not chosen. Note that for any such rule
the threshold bid ofv satisfiestv ≤

P

w∼v bw.

CLAIM 1. The algorithmsAopt, AGR, and ALR are locally
optimal.

THEOREM 4. Any vertex cover auctionM that has a locally
optimal and monotone allocation rule and pays each agent his
threshold bid has frugality ratioφNTUmin(M) ≤ 2∆.

To prove Theorem 4, we first show that the total payment of
any locally optimal mechanism does not exceed∆c(V ). We then
demonstrate thatNTUmin(c) ≥ c(V )/2. By combining these
two results, the theorem follows.

LEMMA 5. Consider a graphG = (V, E) with maximum de-
gree∆. LetM be a vertex-cover auction onG that satisfies the
conditions of Theorem 4. Then for any cost vectorc, the total pay-
ment ofM satisfiespM(c) ≤ ∆c(V ).

PROOF. First note that any such auction is truthful, so we can
assume that each agent’s bid is equal to his cost. LetŜ be the
vertex cover selected byM. Then by local optimality

pM(c) =
X

v∈Ŝ

tv ≤
X

v∈Ŝ

X

w∼v

cw ≤
X

w∈V

∆cw = ∆c(V ).

We now derive a lower bound onTUmax(c); while not essential
for the proof of Theorem 4, it helps us build the intuition necessary
for that proof.

LEMMA 6. For a vertex cover instanceG = (V, E) in whichS
is a minimum vertex cover,TUmax(c, S) ≥ c(V \ S)

PROOF. For a vertexw with at least one neighbour inS, let
d(w) denote the number of neighbours thatw has inS. Consider
the bid vectorb in which, for eachv ∈ S, bv =

P

w∼v,w 6∈S
cw

d(w)
.

Then
P

v∈S bv =
P

v∈S

P

w∼v,w 6∈S cw/d(w) =
P

w/∈S cw =

c(V \ S). To finish we want to show thatb is feasible in the sense
that it satisfies (2). Consider a vertex coverT , and extend the bid
vectorb by assigningbv = cv for v /∈ S. Then

b(T ) = c(T \S)+b(S∩T ) ≥ c(T \S)+
X

v∈S∩T

X

w∈S∩T :w∼v

cw

d(w)
,

and since all edges betweenS ∩ T andS go toS ∩ T , the right-
hand-side is equal to

c(T \S)+
X

w∈S∩T

cw = c(T \S)+ c(S∩T ) = c(V \S) = b(S).

Next, we prove a lower bound onNTUmax(c, S); we will then
use it to obtain a lower bound onNTUmin(c).

LEMMA 7. For a vertex cover instanceG = (V, E) in whichS
is a minimum vertex cover,NTUmax(c, S) ≥ c(V \ S)

PROOF. If c(S) ≥ c(V \ S), by condition (1) we are done.
Therefore, for the rest of the proof we assume thatc(S) < c(V \
S). We show how to construct a bid vector(be)e∈S that satisfies
conditions (1) and (2) such thatb(S) ≥ c(V \ S); clearly, this
impliesNTUmax(c, S) ≥ c(V \ S).

Recall that a network flow problem is described by a directed
graphΓ = (VΓ, EΓ), a source nodes ∈ VΓ, a sink nodet ∈
VΓ, and a vector of capacity constraintsae, e ∈ EΓ. Consider a
network(VΓ, EΓ) such thatVΓ = V ∪{s, t}, EΓ = E1∪E2∪E3,
whereE1 = {(s, v) | v ∈ S}, E2 = {(v, w) | v ∈ S, w ∈



V \ S, (v, w) ∈ E}, E3 = {(w, t) | w ∈ V \ S}. SinceS is
a vertex cover forG, no edge ofE can have both of its endpoints
in V \ S, and by construction,E2 contains no edges with both
endpoints inS. Therefore, the graph(V, E2) is bipartite with parts
(S, V \ S).

Set the capacity constraints fore ∈ EΓ as follows: a(s,v) =
cv , a(w,t) = cw, a(v,w) = +∞ for all v ∈ S, w ∈ V \ S.
Recall that acut is a partition of the vertices inVΓ into two sets
C1 and C2 so thats ∈ C1, t ∈ C2; we denote such a cut by
C = (C1, C2). Abusing notation, we writee = (u, v) ∈ C if
u ∈ C1, v ∈ C2 or u ∈ C2, v ∈ C1, and say that such an edge
e = (u, v) crossesthe cutC. Thecapacityof a cutC is computed
ascap(C) =

P

(v,w)∈C a(v,w). We havecap(s, V ∪{t}) = c(S),
cap({s} ∪ V, t) = c(V \ S).

Let Cmin = ({s} ∪ S′ ∪ W ′, {t} ∪ S′′ ∪ W ′′) be a minimum
cut inΓ, whereS′, S′′ ⊆ S, W ′, W ′′ ⊆ V \ S. See Figure 4. As
cap(Cmin) ≤ cap(s, V ∪ {t}) = c(S) < +∞, and any edge in
E2 has infinite capacity, no edge(u, v) ∈ E2 crossesCmin.

Consider the networkΓ′ = (VΓ′ , EΓ′), whereVΓ′ = {s} ∪
S′ ∪ W ′ ∪ {t}, EΓ′ = {(u, v) ∈ EΓ | u, v ∈ VΓ′}. Clearly,
C′ = ({s} ∪ S′ ∪ W ′, {t}) is a minimum cut inΓ′ (otherwise,
there would exist a smaller cut forΓ). As cap(C′) = c(W ′), we
havec(S′) ≥ c(W ′).

Now, consider the networkΓ′′ = (VΓ′′ , EΓ′′), whereVΓ′′ =
{s} ∪ S′′ ∪ W ′′ ∪ {t}, EΓ′′ = {(u, v) ∈ EΓ | u, v ∈ VΓ′′}.
Similarly, C′′ = ({s}, S′′ ∪ W ′′ ∪ {t}) is a minimum cut inΓ′′,
cap(C′′) = c(S′′). As the size of a maximum flow froms to
t is equal to the capacity of a minimum cut separatings and t,
there exists a flowF = (fe)e∈E

Γ′′
of sizec(S′′). This flow has

to saturate all edges betweens andS′′, i.e., f(s,v) = cv for all
v ∈ S′′. Now, increase the capacities of all edges betweens and
S′′ to+∞. In the modified network, the capacity of a minimum cut
(and hence the size of a maximum flow) isc(W ′′), and a maximum
flow F ′ = (f ′

e)e∈E
Γ′′

can be constructed by greedily augmenting
F .

Setbv = cv for all v ∈ S′, bv = f ′
(s,v) for all v ∈ S′′. AsF ′ is

constructed by augmentingF , we havebv ≥ cv for all v ∈ S, i.e.,
condition (1) is satisfied.

Now, let us check that no vertex coverT ⊆ V can violate con-
dition (2). SetT1 = T ∩ S′, T2 = T ∩ S′′, T3 = T ∩ W ′,
T4 = T ∩W ′′; our goal is to show thatb(S′ \T1) + b(S′′ \ T2) ≤
c(T3)+c(T4). Consider all edges(u, v) ∈ E such thatu ∈ S′\T1.
If (u, v) ∈ E2 thenv ∈ T3 (no edge inE2 can cross the cut), and if
u, v ∈ S thenv ∈ T1∪T2. Hence,T1∪T3∪S′′ is a vertex cover for
G, and thereforec(T1)+ c(T3)+ c(S′′) ≥ c(S) = c(T1)+ c(S′ \
T1) + c(S′′). Consequently,c(T3) ≥ c(S′ \ T1) = b(S′ \ T1).
Now, consider the vertices inS′′ \T2. Any edge inE2 that starts in
one of these vertices has to end inT4 (this edge has to be covered by
T , and it cannot go across the cut). Therefore, the total flow out of
S′′ \T2 is at most the total flow out ofT4, i.e.,b(S′′ \T2) ≤ c(T4).
Hence,b(S′ \ T1) + b(S′′ \ T2) ≤ c(T3) + c(T4).

Finally, we derive a lower bound on the payment bound that is
of interest to us, namely,NTUmin(c).

LEMMA 8. For a vertex cover instanceG = (V, E) in whichS
is a minimum vertex cover,NTUmin(c, S) ≥ c(V \ S)

PROOF. Suppose for contradiction thatc is a cost vector with
minimum-cost vertex coverS andNTUmin(c, S) < c(V \S). Let
b be the corresponding bid vector and letc′ be a new cost vector
with c′v = bv for v ∈ S andc′v = cv for v 6∈ S. Condition (2)
guarantees thatS is an optimal solution to the cost vectorc′. Now
compute a bid vectorb′ corresponding toNTUmax(c′, S). We
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Figure 4: Proof of Lemma 7. Dashed lines correspond to edges
in E \ E2

claim thatb′v = c′v for anyv ∈ S. Indeed, suppose thatb′v > c′v
for somev ∈ S (b′v = c′v for v 6∈ S by construction). Asb satisfies
conditions (1)–(3), among the inequalities in (2) there is one that is
tight for v and the bid vectorb. That is,b(S \ T ) = c(T \ S). By
the construction ofc′, c′(S \ T ) = c′(T \S). Now sinceb′w ≥ c′w
for all w ∈ S, b′v > c′v impliesb′(S \T ) > c′(S \T ) = c′(T \S).
But this violates (2). So we now knowb′ = c′. Hence, we have
NTUmax(c′, S) =

P

v∈S bv = NTUmin(c, S) < c(V \ S),
giving a contradiction to the fact thatNTUmax(c′, S) ≥ c′(V \S)
which we proved in Lemma 7.

As NTUmin(c, S) satisfies condition (1), it follows that we
haveNTUmin(c, S) ≥ c(S). Together will Lemma 8, this implies
NTUmin(c, S) ≥ max{c(V \ S), c(S)} ≥ c(V )/2. Combined
with Lemma 5, this completes the proof of Theorem 4.

REMARK 3. AsNTUmin(c) ≤ NTUmax(c) ≤ TUmax(c),
our bound of2∆ extends to the smaller frugality ratios that we con-
sider, i.e.,φNTUmax(M) andφTUmax(M). It is not clear whether
it extends to the larger frugality ratioφTUmin(M). However, the
frugality ratio φTUmin(M) is not realistic because the payment
boundTUmin(c) is inappropriately low – we show in Section 6
thatTUmin(c) can be significantly smaller than the total cost of a
cheapest vertex cover.

Extensions
We can also apply our results to monotone vertex-cover algorithms
that do not necessarily output locally-optimal solutions.To do so,
we simply take the vertex cover produced by any such algorithm
and transform it into a locally-optimal one, considering the vertices
in lexicographic order and replacing a vertexv with its neighbours
wheneverbv >

P

u∼v bu. Note that if a vertexu has been added to
the vertex cover during this process, it means that it has a neighbour
whose bid is higher thanbu, so after one pass all vertices in the ver-
tex cover satisfybv ≤

P

u∼v bu. This procedure is monotone in
bids, and it can only decrease the cost of the vertex cover. There-
fore, using it on top of a monotone allocation rule with approx-



imation ratioα, we obtain a monotone locally-optimal allocation
rule with approximation ratioα. Combining it with threshold pay-
ments, we get an auction withφNTUmin ≤ 2∆. Since any truthful
auction has a monotone allocation rule, this procedure transforms
any truthful mechanism for the vertex-cover problem into a frugal
one while preserving the approximation ratio.

5.2 Lower bound
In this subsection, we prove that the upper bound of Theorem 4

is essentially optimal. Our proof uses the techniques of [9], where
the authors prove a similar result for shortest-path auctions.

THEOREM 5. For any∆ > 0 and anyn, there exist a graphG
of maximum degree∆ and sizeN > n such that for any truthful
mechanismM onG we haveφNTUmin(M) ≥ ∆/2.

PROOF. Givenn and∆, setk = ⌈n/2∆⌉. Let G be the graph
that consists ofk blocksB1, . . . , Bk of size2∆ each, where each
Bi is a complete bipartite graph with partsLi and Ri, |Li| =
|Ri| = ∆.

We will consider two families of cost vectors forG. Under a
cost vectorx ∈ X, each blockBi has one vertex of cost 1; all
other vertices cost 0. Under a cost vectory ∈ Y , there is one block
that has two vertices of cost 1, one in each part, all other blocks
have one vertex of cost 1, and all other vertices cost 0. Clearly,
|X| = (2∆)k, |Y | = k(2∆)k−1∆2. We will now construct a
bipartite graphW with the vertex setX ∪ Y as follows.

Consider a cost vectory ∈ Y that has two vertices of cost 1 in
Bi; let these vertices bevl ∈ Li andvr ∈ Ri. By changing the
cost of either of these vertices to 0, we obtain a cost vector in X.
Let xl andxr be the cost vectors obtained by changing the cost of
vl andvr, respectively. The vertex cover chosen byM(y) must
either contain all vertices inLi or it must contain all vertices inRi.
In the former case, we put inW an edge fromy to xl and in the
latter case we put inW an edge fromy to xr (if the vertex cover
includes all ofBi, W contains both of these edges).

The graphW has at leastk(2∆)k−1∆2 edges, so there must
exist anx ∈ X of degree at leastk∆/2. Let y1, . . . , yk∆/2 be
the other endpoints of the edges incident tox, and for eachi =
1, . . . , k∆/2, let vi be the vertex whose cost is different underx

andyi; note that allvi are distinct.
It is not hard to see thatNTUmin(x) ≤ k: the cheapest vertex

cover contains the all-0 part of each block, and we can satisfy con-
ditions (1)–(3) by letting one of the vertices in the all-0 part of each
block to bid 1, while all other the vertices in the cheapest set bid 0.

On the other hand, by monotonicity ofM we havevi ∈ M(x)
for i = 1, . . . , k∆/2 (vi is in the winning set underyi, andx is
obtained fromyi by decreasing the cost ofvi), and moreover, the
threshold bid of eachvi is at least 1, so the total payment ofM onx

is at leastk∆/2. Hence,φNTUmin(M) ≥ M(x)/NTUmin(x) ≥
∆/2.

REMARK 4. The lower bound of Theorem 5 can be generalised
to randomised mechanisms, where a randomised mechanism is con-
sidered to be truthful if it can be represented as a probability distri-
bution over truthful mechanisms. In this case, instead of choosing
the vertexx ∈ X with the highest degree, we put both(y,xl)
and (y,xr) into W , label each edge with the probability that the
respective part of the block is chosen, and pickx ∈ X with the
highest weighted degree. The argument can be further extended to
a more permissive definition of truthfulness for randomisedmech-
anisms, but this discussion is beyond the scope of this paper.

6. PROPERTIES OF PAYMENT BOUNDS
In this section we consider several desirable properties ofpay-

ment bounds and evaluate the four payment bounds proposed in
this paper with respect to them. The particular properties that we
are interested in are independence of the choice ofS (Section 6.3),
monotonicity (Section 6.4.1), computational hardness (Section 6.4.2),
and the relationship with other reasonable bounds, such as the total
cost of the cheapest set (Section 6.1), or the total VCG payment
(Section 6.2).

6.1 Comparison with total cost
Our first requirement is that a payment bound should not be less

than the total cost of the selected set. Payment bounds are used to
evaluate the performance of set-system auctions. The latter have to
satisfy individual rationality, i.e., the payment to each agent must
be at least as large as his incurred costs; it is only reasonable to
require the payment bound to satisfy the same requirement.

Clearly,NTUmax(c) andNTUmin(c) satisfy this requirement
due to condition (1), and so doesTUmax(c), sinceTUmax(c) ≥
NTUmax(c). However,TUmin(c) fails this test. The example
of Proposition 4 shows that for path auctions,TUmin(c) can be
smaller than the total cost by a factor of 2. Moreover, there are set
systems and cost vectors for whichTUmin(c) is smaller than the
cost of the cheapest setS by a factor ofΩ(n). Consider, for ex-
ample, the vertex-cover auction for the graph of Proposition 5 with
the costscX1

= · · · = cXn−2
= cXn−1

= 1, cX0
= 0. The cost

of a cheapest vertex cover isn − 2, and the lexicographically first
vertex cover of costn−2 is {X0, X1, . . . , Xn−2}. The constraints
in (2) arebXi

+ bX0
≤ cXn−1

= 1. Clearly, we can satisfy con-
ditions (2) and (3) by settingbX1

= · · · = bXn−2
= 0, bX0

= 1,
which means thatTUmin(c) ≤ 1. This observation suggests that
the payment boundTUmin(c) is too strong to be realistic, since it
can be substantially lower than the cost of the cheapest feasible set.

Nevertheless, some of the positive results that were provedin [16]
for NTUmin(c) go through forTUmin(c) as well. In particular,
one can show that if the feasible sets are the bases of a monopoly-
free matroid, thenφTUmin(VCG) = 1. To show thatφTUmin(VCG)
is at most1, one must prove that the VCG payment is at most
TUmin(c). This is shown forNTUmin(c) in the first paragraph
of the proof of Theorem 5 in [16]. Their argument does not use con-
dition (1) at all, so it also applies toTUmin(c). On the other hand,
φTUmin(VCG) ≥ 1 sinceφTUmin(VCG) ≥ φNTUmin(VCG)
andφNTUmin(VCG) ≥ 1 by Proposition 7 of [16] (and also by
Proposition 6 below).

6.2 Comparison with VCG payments
Another measure of suitability for payment bounds is that they

should not result in frugality ratios that are less then 1 forwell-
known truthful mechanisms. If this is indeed the case, the payment
bound may be too weak, as it becomes too easy to design mecha-
nisms that perform well with respect to it. It particular, a reasonable
requirement is that a payment bound should not exceed the total
payment of the classical VCG mechanism.

The following proposition shows thatNTUmax(c), and there-
fore alsoNTUmin(c) and TUmin(c), do not exceed the VCG
paymentpVCG(c). The proof essentially follows the argument of
Proposition 7 of [16] and can be found in the full version of this
paper [8].

PROPOSITION 6. φNTUmax(VCG) ≥ 1.

Proposition 6 shows that none of the payment boundsTUmin(c),
NTUmin(c) andNTUmax(c) exceeds the payment of VCG. How-
ever, the payment boundTUmax(c) can be larger that the total



VCG payment. In particular, for the instance in Proposition5, the
VCG payment is smaller thanTUmax(c) by a factor ofn− 2. We
have already seen thatTUmax(c) ≥ n − 2. On the other hand,
under VCG, the threshold bid of anyXi, i = 1, . . . , n − 2, is 0:
if any such vertex bids above 0, it is deleted from the winningset
together withX0 and replaced withXn−1. Similarly, the threshold
bid of X0 is 1, because ifX0 bids above 1, it can be replaced with
Xn−1. So the VCG payment is1.

This result is not surprising: the definition ofTUmax(c) im-
plicitly assumes there is co-operation between the agents,while
the computation of VCG payments does not take into account any
interaction between them. Indeed, co-operation enables the agents
to extract higher payments under VCG. That is, VCG is not group-
strategyproof. This suggests that as a payment bound,TUmax(c)
may be too liberal, at least in a context where there is littleor
no co-operation between agents. PerhapsTUmax(c) can be a
good benchmark for measuring the performance of mechanismsde-
signed for agents that can form coalitions or make side payments
to each other, in particular, group-strategyproof mechanisms.

Another setting in which boundingφTUmax is still of some in-
terest is when, for the underlying problem, the optimal allocation
and VCG payments are NP-hard to compute. In this case, finding
a polynomial-time computablemechanism with good frugality ra-
tio with respect toTUmax(c) is a non-trivial task, while bounding
the frugality ratio with respect to more challenging payment bounds
could be too difficult. To illustrate this point, compare theproofs
of Lemma 6 and Lemma 7: both require some effort, but the latter
is much more difficult than the former.

6.3 The choice ofS
All payment bounds defined in this paper correspond to the total

bid of all elements in the cheapest feasible set, where ties are bro-
ken lexicographically. While this definition ensures that our pay-
ment bounds are well-defined, the particular choice of the draw-
resolution rule appears arbitrary, and one might wonder if our pay-
ment bounds are sufficiently robust to be independent of thischoice.
It turns out that is indeed the case forNTUmin(c) andNTUmax(c),
i.e., these bounds do not depend on the draw-resolution rule. To
see this, suppose that two feasible setsS1 andS2 have the same
cost. In the computation ofNTUmin(c, S1), all vertices inS1 \S2

would have to bid their true cost, since otherwiseS2 would be-
come cheaper thanS1. Hence, any bid vector forS1 can only have
be 6= ce for e ∈ S1 ∩ S2, and hence constitutes a valid bid vector
for S2 and vice versa. A similar argument applies toNTUmax(c).

However, forTUmin(c) and TUmax(c) this is not the case.
For example, consider the set system

E = {e1, e2, e3, e4, e5},

F = {S1 = {e1, e2}, S2 = {e2, e3, e4}, S3 = {e4, e5}}

with the costsc1 = 2, c2 = c3 = c4 = 1, c5 = 3. The cheapest
sets areS1 andS2. Now TUmax(c, S1) ≤ 4, as the total bid of
the elements inS1 cannot exceed the total cost ofS3. On the other
hand,TUmax(c, S2) ≥ 5, as we can setb2 = 3, b3 = 0, b4 = 2.
Similarly, TUmin(c, S1) = 4, because the inequalities in (2) are
b1 ≤ 2 andb1 + b2 ≤ 4. But TUmin(c, S2) ≤ 3 as we can set
b2 = 1, b3 = 2, b4 = 0.

6.4 Negative results forNTUmin(c) and TUmin(c)

The results in [16] and our vertex cover results are proved for the
frugality ratioφNTUmin. Indeed, it can be argued thatφNTUmin is
the “best” definition of frugality ratio, because among all reason-
able payment bounds (i.e., ones that are at least as large as the cost
of the cheapest feasible set), it is most demanding of the algorithm.

However,NTUmin(c) is not always the easiest or the most natural
payment bound to work with. In this subsection, we discuss several
disadvantages ofNTUmin(c) (and alsoTUmin(c)) as compared
to NTUmax(c) andTUmax(c).

6.4.1 Nonmonotonicity
The first problem withNTUmin(c) is that it is not monotone

with respect toF , i.e., it may increase when one adds a feasible
set toF . (It is, however, monotone in the sense that a losing agent
cannot become a winner by raising his cost.) Intuitively, a good
payment bound should satisfy this monotonicity requirement, as
adding a feasible set increases the competition, so it should drive
the prices down. Note that this indeed the case forNTUmax(c)
andTUmax(c) since a new feasible set adds a constraint in (2),
thus limiting the solution space for the respective linear program.

PROPOSITION 7. Adding a feasible set toF can increase the
value ofNTUmin(c) by a factor ofΩ(n).

PROOF. Let E = {x, xx, y1, . . . , yn, z1, . . . , zn}. Set Y =
{y1, . . . , yn}, S = Y ∪ {x}, Ti = Y \ {yi} ∪ {zi}, i = 1, . . . , n,
and suppose thatF = {S, T1, . . . , Tn}. The costs arecx = 0,
cxx = 0, cyi

= 0, czi
= 1 for i = 1, . . . , n. Note thatS is

the cheapest feasible set. LetF ′ = F ∪ {T0}, whereT0 = Y ∪
{xx}. For F , the bid vectorby1

= · · · = byn = 0, bx = 1
satisfies (1), (2), and (3), soNTUmin(c) ≤ 1. ForF ′, S is still
the lexicographically-least cheapest set. Any optimal solution has
bx = 0 (by constraint in (2) withT0). Condition (3) foryi implies
bx + byi

= czi
= 1, sobyi

= 1 andNTUmin(c) = n.
For path auctions, it has been shown [18] thatNTUmin(c) is

non-monotone in a slightly different sense, i.e., with respect to
adding a new edge (agent) rather than a new feasible set (a team
of existing agents).

REMARK 5. We can also show thatNTUmin(c) is non-monotone
for vertex cover. In this case, adding a new feasible set corresponds
to deletingedges from the graph. It turns out that deleting a single
edge can increaseNTUmin(c) by a factor ofn− 2; the construc-
tion is similar to that of Proposition 5.

6.4.2 NP-Hardness
Another problem withNTUmin(c, S) is that it is NP-hard to

compute even if the number of feasible sets is polynomial inn.
Again, this puts it at a disadvantage compared toNTUmax(c, S)
andTUmax(c, S) (see Remark 1).

THEOREM 6. ComputingNTUmin(c) is NP-hard, even when
the lexicographically-least feasible setS is given in the input.

PROOF. We reduce EXACT COVER BY 3-SETS(X3C) to our prob-
lem. An instance of X3C is given by a universeG = {g1, . . . , gn}
and a collection of subsetsC1, . . . , Cm, Ci ⊂ G, |Ci| = 3, where
the goal is to decide whether one can coverG by n/3 of these sets.
Observe that if this is indeed the case, each element ofG is con-
tained in exactly one set of the cover.

LEMMA 9. Consider a minimisation problem P of the following
form: Minimise

P

i=1,...,n bi under conditions (1)bi ≥ 0 for all
i = 1, . . . , n; (2) for anyj = 1, . . . , k we have

P

bi∈Sj
bi ≤ aj ,

whereSj ⊆ {b1, . . . , bn}; (3) for eachbj , one of the constraints
in (2) involving it is tight. For any such P, one can constructa
set system S and a vector of costsc such thatNTUmin(c) is the
optimal solution to P.

PROOF. The construction is straightforward: there is an element
of cost 0 for eachbi, an element of costaj for eachaj , the feasible
solutions are{b1, . . . , bn}, or any set obtained from{b1, . . . , bn}
by replacing the elements inSj by aj .



By this lemma, all we have to do to prove Theorem 6 is to show
how to solve X3C by using the solution to a minimisation problem
of the form given in Lemma 9. We do this as follows. For each
Ci, we introduce 4 variablesxi, x̄i, ai, and bi. Also, for each
elementgj of G there is a variabledj . We use the following set of
constraints:

• In (1), we have constraintsxi ≥ 0, x̄i ≥ 0, ai ≥ 0, bi ≥ 0,
dj ≥ 0 for all i = 1, . . . , m, j = 1, . . . , n.

• In (2), for all i = 1, . . . , m, we have the following 5 con-
straints:xi + x̄i ≤ 1, xi +ai ≤ 1, x̄i +ai ≤ 1, xi + bi ≤ 1,
x̄i + bi ≤ 1. Also, for all j = 1, . . . , n we have a constraint
of the formxi1 + · · · + xik

+ dj ≤ 1, whereCi1 , . . . , Cik

are the sets that containgj .

The goal is to minimizez =
P

i(xi + x̄i + ai + bi) +
P

j dj .
Observe that for eachj, there is only one constraint involving

dj , so by condition (3) it must be tight.
Consider the two constraints involvingai. One of them must be

tight, and thereforexi+x̄i+ai+bi ≥ xi+x̄i+ai ≥ 1. Hence, for
any feasible solution to (1)–(3) we havez ≥ m. Now, suppose that
there is an exact set cover. Setdj = 0 for j = 1, . . . , n. Also, if Ci

is included in this cover, setxi = 1, x̄i = ai = bi = 0, otherwise
set x̄i = 1, xi = ai = bi = 0. Clearly, all inequalities in (2)
are satisfied (we use the fact that each element is covered exactly
once), and for each variable, one of the constraints involving it is
tight. This assignment results inz = m.

Conversely, suppose there is a feasible solution withz = m.
As each addend of the formxi + x̄i + ai + bi contributes at least
1, we havexi + x̄i + ai + bi = 1 for all i, dj = 0 for all j.
We will now show that for eachi, eitherxi = 1 and x̄i = 0, or
xi = 0 and x̄i = 1. For the sake of contradiction, suppose that
xi = δ < 1, x̄i = δ′ < 1. As one of the constraints involving
ai must be tight, we haveai ≥ min{1 − δ, 1 − δ′}. Similarly,
bi ≥ min{1 − δ, 1 − δ′}. Hence,xi + x̄i + ai + bi = 1 =
δ+δ′ +2min{1−δ, 1−δ′} > 1. To finish the proof, note that for
eachj = 1, . . . , m we havexi1 + · · ·+ xik

+ dj = 1 anddj = 0,
so the subsets that correspond toxi = 1 constitute a set cover.

REMARK 6. In the proofs of Proposition 7 and Theorem 6 all
constraints in (1) are of the formbe ≥ 0. Hence, the same results
are true forTUmin(c).

REMARK 7. For shortest-path auctions, the size ofF can be
superpolynomial. However, there is a polynomial-time separation
oracle for constraints in (2) (to construct one, use any algorithm
for finding shortest paths), so one can computeNTUmax(c) and
TUmax(c) in polynomial time. On the other hand, recently and
independently it was shown [18] that computingNTUmin(c) for
shortest-path auctions is NP-hard.
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