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The paper de sc r ibe s a succinct p rob lem-or i en t ed p r o g r a m m i n g language. 
The language is broad in scope, having been developed for, and applied 
6j.j.sctrvsly m, suc.n d iverse a r e a s as m i c r o p r o g r a m m i n g , switcumgtneory, 
operat ions r e s e a r c h , information r e t r i eva l , sor t ing theory, s t ruc tu re of 
compi l e r s , s e a r c h p r o c e d u r e s , and language t r ans l a t ion . The language 
p e r m i t s a high degree of useful f o r m a l i s m . It r e l i e s heavily on a s y s t e 
mat ic extension of a sma l l set of bas ic operat ions to v e c t o r s , m a t r i c e s , 
and t r e e s , and on a family of flexible se lec t ion opera t ions control led by 
logical v e c t o r s . I l lus t ra t ions a r e drawn from a var ie ty of appl ica t ions . 

The p rog ramming language outlined he re 
has been designed for the succinct descr ip t ion of 
a lgo r i t hms . The intended range of a lgor i thms is 
broad; effective applications include m i c r o p r o 
gramming , switching theory, operat ions r e s e a r c h 
information r e t r i eva l , sor t ing theory, s t ruc tu re 
of compi l e r s , s e a r c h p rocedu re s , and language 
t r ans la t ion . The symbols used have been chosen 
so as to be concise and mnemonic , and the i r 
choice has not been r e s t r i c t e d to the c h a r a c t e r 
se ts provided in con temporary p r i n t e r s and c o m 
p u t e r s . A high degree of fo rmal i sm is provided. 

Basic Operat ions 

The language is based on a consis tent un i 
fication and extension of exist ing ma themat ica l 
notations, and upon a sys temat ic extension of a 
sma l l set of bas ic a r i thmet ic and logical o p e r a 
tions to vec to r s , m a t r i c e s , and t r e e s . The 
a r i thmet ic operat ions include the four famil iar 
a r i thmet ic operat ions and the absolute value 
(denoted by the usual symbols) as well as the 
floor, ceiling, and res idue functions denoted and 
defined as follows: 

Name Symbol Definition 

floor [x j [_xj < x < [ x j + 1 

ceiling fx"| JVJ > x > fx"J - 1 

res idue m o d m m | n n = m q + m | n ; 0 < m | n < m , 

where j_xj, ("x"], m, n, and q a r e i n t ege r s . 

The logical operat ions and, or, and not a r e 
defined upon the logical va r iab les 0 and 1 and a r e 
denoted by A> V I a n d an ove rba r . They a r e a u g 
mented by the re la t ional s ta tement (proposition) 
(xRy) defined as follows. If x and y a r e any 

ent i t ies ( e . g . , n u m e r a l s , alphabetic l i t e r a l s , or 
logical var iab les ) and R is any re la t ion defined 
upon them, then (xRy) is equal to 1 or 0 a c 
cording to whether the re la t ion R does or does not 
hold between x and y. Thus ( i = j) is the fami l ia r 
Kronecker del ta 6j j , (u/v) is the exclusive or 
function of the logical va r i ab les u and v, and 

sgn x = (x > 0) - (x < 0) 

is the fami l ia r sign function, defined as +1, 0, or 
-1 according as x is s t r i c t ly posi t ive, ze ro , or 
s t r i c t ly negat ive . 

Vec tors and Mat r i ces 

A vec tor is denoted by an underl ined lower 
case le t te r ( e . g . , x_), its i - th component by x . , 
and its d imension by v(x_). A m a t r i x is denoted" 
by an underl ined uppercase le t ter ( e . g . , X), i ts 
i- th row by X1, its j - t h column by X;, its i j - th 
element by X- ,̂ i ts row dimension ( i . e . , the 
common dimension of its row vectors) by v(X), 
and its column dimension by p.(X). 

All of the bas ic operat ions a r e extended 
component-by-component to vec to rs and m a t r i c e s . 
Thus, 

z . = x . + y. 
—l —l -*"i 

z\ = X ? X Y ! 
- J - J -3 

W = U_A V < = > W. = U_. A V . , 

w = (x < y) <i—> w . = (x . < y.) 
— — - * • — l — l - ^ l 

The symbol _̂  (n) will denote a logical v e c 
tor of d imension n whose components a r e all unity, 
and e(n) there fore denotes the zero vec to r . The 
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d i m e n s i o n n w i l l be e l i d e d w h e n e v e r it i s c l e a r 
f r o m c o n t e x t . 

T h e c y c l i c left sh i f t of a v e c t o r x_ i s c a l l e d 
left r o t a t i o n . It i s d e n o t e d by kf x a n d d e f i n e d 
by t h e r e l a t i o n : 

2= (kf x ) 4 = > 2- ~ % • ' 

w h e r e j = 1 + v ( x ) | (i + k - 1 ) . R i g h t r o t a t i o n 
i s d e n o t e d by k 1 x a n d i s d e f i n e d a n a l o g o u s l y . 

R e d u c t i o n 

F o r e a c h b a s i c b i n a r y o p e r a t o r O, t h e CD-
r e d u c t i o n of a v e c t o r JC i s d e n o t e d by 0 /x_ a n d 
d e f i n e d by 

© / x = ( • • • ( ( x 1 0 x 2 ) 0 x 3 ) © • • • © x ). 

T h u s -t-/x_ i s t h e s u m , a n d X/x_ i s t h e p r o d u c t of 
a l l c o m p o n e n t s of x . M o r e o v e r , if u_= ( 1 , 0, 1), 
t h e n +/u_= 2, + / i i = 1, A / U _ = 0, a n d V/u_= 1 . 

R e d u c t i o n i s e x t e n d e d t o m a t r i c e s r o w - b y -
r o w : 

z_ = © / X < = > _ z . = O / X 1 , 

a n d c o l u m n - b y - c o l u m n : 

z_ = 0 / / X -£=> z_. = © / X . , 

t h e c o l u m n r e d u c t i o n b e i n g d i s t i n g u i s h e d by t h e 
d o u b l e s l a s h . 

F o r e x a m p l e , if u_= ( u . , u_ ) i s a l o g i c a l 
v e c t o r of d i m e n s i o n t w o , t h e n De M o r g a n ' s l aw 
m a y b e e x p r e s s e d a s : 

A / U = v/vf . 

M o r e o v e r , t h i s i s t h e v a l i d g e n e r a l i z a t i o n of 
De M o r g a n ' s l aw t o a v e c t o r u of a r b i t r a r y 
d i m e n s i o n . 

T h e r e d u c t i o n o p e r a t i o n c a n b e e x t e n d e d t o 
a n y r e l a t i o n R by s u b s t i t u t i n g R f o r O i n t h e f o r 
m a l d e f i n i t i o n a b o v e . T h e p a r e n t h e s e s i n t h e 
d e f i n i t i o n now s ign i fy r e l a t i o n a l s t a t e m e n t s a s 
w e l l a s g r o u p i n g , a n d t h u s t h e e x p r e s s i o n / / u _ 
d e n o t e s t h e a p p l i c a t i o n of t h e e x c l u s i v e - o r o v e r 
a l l c o m p o n e n t s of t h e l o g i c a l v e c t o r u . F o r 
e x a m p l e , / / ( l , 0, 1) = ((1 4 0) 4 1) = (1 4 1) = 0 . 
I n d u c t i o n c a n be u s e d t o s h o w t h a t 

4 / u = 2 | + / u , a n d = / u = 2 | +/u_ . 

H e n c e , / / u = = / u , a u s e f u l c o m p a n i o n to 
De M o r g a n ' s l a w . 

M a t r i x P r o d u c t 

T h e c o n v e n t i o n a l m a t r i x p r o d u c t A B m a y 
be d e f i n e d a s : 

(A B)* = + / ( A 1 X B . ) . 

A d o p t i n g t h e n o t a t i o n A. x B f o r t h i s p r o d u c t m a k e s 
e x p l i c i t t h e r o l e s of t h e b a s i c o p e r a t i o n s + a n d X , 
a n d s u g g e s t s t h e fo l l owing u s e f u l g e n e r a l i z a t i o n : 

0 i 
A n B = © l / f A 1 © B.) , 

where ©1 and O a r e any ope ra to r s or re la t ions 
with suitable domains . 

Thus C = M = X is an "incidence m a t r i x " 
such that CI = 1 if and only if M1 and X. ag ree in 
al l components . If M is the m e m o r y o r a binary . 
computer (i. e . , M is a logical m a t r i x and row M 
is the i - th word of memory ) , and if x is an 
"argument r e g i s t e r " , then ( treat ing x as a o n e -
column matr ix) 

s = M A x 

defines the sense vec tor s of an assoc ia t ive 
m e m o r y such that s . = 1 if and only if word M 

. , —i — 
ag ree s with x . 

As fur ther examples , R = P > Q gives the 
number of p laces in which a component of P e x 
ceeds the cor responding component of Q . , and 
K = P > Q is a "cover ing m a t r i x " which indicates 
which rows of P cover (exceed in every component) 
which rows of Q. 

De Morgan 's law and the identity 

4/u= I?u 
es tab l i sh a duality with r e spec t to negation b e 
tween A and v , and between 4 a n d =. This 
duality is eas i ly extended to m a t r i c e s . F o r 
example , 

A A B = A J B . 

Selection 

The format ion of a vec tor 2 from a vector 
x_ by deleting ce r t a in components of x will be 
denoted by 

2 - i i /x » 

where u is a logical vec tor (of d imension v(x) and 
x . is deleted if and only if u_. = 0. Thus u / x and 
]I/x_ provide a d is jo in t decomposi t ion of x , and 
(x_ >£_) / x is the vec tor of al l s t r ic t ly posi t ive 
components of x_. 

The operat ion u_/x_ is called compres s ion 
and is extended to m a t r i c e s by row and by column 
as follows: 

Z = u /X <=> Z 1 = u / x 1 , 

Z= u//X <=> Z. = u / X . . 
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T h e f a m i l i a r i d e n t i t y c o n c e r n i n g p a r t i t i o n e d 
m a t r i c e s c a n now be g e n e r a l i z e d a s f o l l o w s : 

X $ Y = (u /X) $ (u / /Y) + (u /X) i ( u / / Y ) . 

S i n c e t h e i d e n t i t y d e p e n d s on ly on t h e a s s o c i a t i v i t y 
a n d c o m m u t a t i v i t y of t h e o p e r a t o r s + a n d X , it 
h o l d s a l s o f o r a l l o p e r a t o r s ( and r e l a t i o n s ) p o s 
s e s s i n g t h e s e p r o p e r t i e s . M o r e o v e r , 

u / ( X $ Y) = X $ ( u / Y ) , 

a n d 

u / / ( x h ) = ( U / / X ) X Y . 

T o i l l u s t r a t e o t h e r u s e s of c o m p r e s s i o n , 
c o n s i d e r a b a n k l e d g e r L s o a r r a n g e d t h a t L 1 

r e p r e s e n t s t h e i - t h a c c o u n t , a n d L ^ , L ? , a n d L , 
r e p r e s e n t t h e v e c t o r - o f n a m e s , of a c c o u n t n u m 
b e r s , a n d of b a l a n c e s , r e s p e c t i v e l y . T h e n t h e 
p r e p a r a t i o n of a l i s t P (in t h e s a m e f o r m a t ) of a l l 
a c c o u n t s h a v i n g a b a l a n c e l e s s t h a n t w o d o l l a r s i s 
d e s c r i b e d by t h e s t a t e m e n t : 

P - (L_3< 2 « _ ) / / L , 

w h e r e t h e a r r o w d e n o t e s s p e c i f i c a t i o n (in t h e 
s e n s e of t h e s y m b o l = in F o r t r a n a n d t h e s y m b o l 
:= in A l g o l ) . 

T h r e e u s e f u l o p e r a t i o n s c o n v e r s e t o c o m 
p r e s s i o n a r e de f ined a s f o l l o w s : 

M e s h : z_ = \ a _ , u_, b_\<=> "u/z_= a_; u/z_ = b_ 

M a s k : z_ = /a_, u_, b_ /<$> ^_/^_- "u /a ; u / z = u / b 

E x p a n s i o n : z = u \ b <$=> z_ = \ e _ , u , b \ . 

T h e y m a y be e x t e n d e d t o m a t r i c e s in t h e e s t a b 
l i s h e d m a n n e r a n d a r e r e l a t e d by t h e o b v i o u s 
i d e n t i t i e s : 

\ a _ , u , b_ \ = / j i \ a _ , u_, u \ — / , 

A , u , b / = V i / a . . u.» H . / k \ * 

In a d d i t i o n t o t h e ful l v e c t o r e_(n) a l r e a d y 
d e f i n e d , it i s c o n v e n i e n t t o de f ine t h e p r e f i x 
v e c t o r a_J (n) a s a l o g i c a l v e c t o r of d i m e n s i o n n 
w h o s e f i r s t j c o m p o n e n t s a r e u n i t y . T h e suff ix 
v e c t o r coJ (n) i s de f ined a n a l o g o u s l y . An inf ix 
v e c t o r h a v i n g i l e a d i n g O's fo l l owed by j l ' s c a n 
be d e n o t e d by i j a ^ . W h e n u s e d in c o m p r e s s i o n 
o p e r a t i o n s , t h e s e s p e c i a l v e c t o r s a r e v e r y u s e f u l 
in s p e c i f y i n g f ixed f o r m a t s . 

M i x e d B a s e V a l u e 

If t h e c o m p o n e n t s of t h e v e c t o r _v_ s p e c i f y t h e 
r a d i c e s of a m i x e d b a s e n u m b e r s y s t e m a n d if x 
i s a n y n u m e r i c a l v e c t o r of t h e s a m e d i m e n s i o n , 
t h e n t h e v a l u e of x_ in t h a t n u m b e r s y s t e m i s 
c a l l e d t h e b a s e y v a l u e of x , i s d e n o t e d by y I x , 
a n d i s d e f i n e d f o r m a l l y by 

y__L x = _w x x , 

where w is the weighting vec tor defined by 
w = 1 and w. , = w. v V.. F o r example , if 
—v(w) — l - l — I - ^ I ^ 
y = (24, 60, 60) and if x = (1 ,2 , 5) is the e lapsed 
t ime in hours , minu tes , and seconds , then 
_y_ _|_ x_ = 3725 is the e lapsed t ime in seconds . 

The value of x in a dec imal sys tem is d e 
noted by (1 0 e j J_ x_, and in a binary sys tem by 
e i ther (2 e_) _j_ x_, or _J_ x_. Moreover , if y is any 
r e a l number , then (y e j j ^ x_ denotes the po ly
nomial in y with coefficients x . 

Application to Mic roprogramming 

To i l lus t ra te the use of the notation in d e 
scr ib ing the opera t ion of a computer , cons ider the 
IBM 7090 with a m e m o r y M of dimension 2 *X 36, 
a command vector c_ of d imension 36 r ep resen t ing 
the ins t ruc t ion next to be executed, a sequence 
vector s_ of d imension 15 r ep resen t ing the i n s t r u c 
tion counter , and a 3 x 1 5 index m a t r i x I r e p r e 
senting the t h r ee index r e g i s t e r s . The ins t ruc t ion 
fetch phase of opera t ion (excluding the channel 
t rap) can then be desc r ibed as in F igure 1. 0 -
or ig in indexing will be used for al l vec to rs and 
m a t r i c e s . 

— ? 

3 

c — M-L -

J_ s. — 2 1 5 | (1 + J_ a) 

a — k (c) A c_ A c . 

k 2 (c_) : 0 

_t_— (18 1 Q 3 ) / C 

l < , l 5 / c - 2 1 5 K l c o l 5 / c . - l ( t X l ) ) 

a : 0 

1 8 / 1 8 / W | u 1 5 / c w / c — CJ / M J — 

a — 0 

< 

• = - > 

Instruct ion Fetch of IBM 7090 

Figure 1 
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S t e p 1 s h o w s t h e s e l e c t i o n of t h e n e x t i n 
s t r u c t i o n f r o m t h e m e m o r y w o r d s p e c i f i e d by t h e 
i n s t r u c t i o n c o u n t e r s_ a n d i t s t r a n s f e r t o t h e 
c o m m a n d r e g i s t e r c_. S t e p 2 s h o w s t h e i n c r e 
m e n t a t i o n ( r e d u c e d m o d u l o 2 ) of t h e c o u n t e r s , 
T h e l o g i c a l f u n c t i o n k (c_) of s t e p 3 d e t e r m i n e s 
w h e t h e r t h e i n s t r u c t i o n j u s t f e t c h e d b e l o n g s t o t h e 
c l a s s of i n s t r u c t i o n s w h i c h a r e s u b j e c t t o i n d i r e c t 
a d d r e s s i n g , t h e b i t s £ . i 2 a n < ^ — 1 3 d e t e r m i n e 
w h e t h e r t h i s p a r t i c u l a r i n s t r u c t i o n i s t o b e 
i n d e x e d , a n d a i s t h e r e f o r e s e t t o u n i t y o n l y if 
i n d i r e c t a d d r e s s i n g i s t o be p e r f o r m e d . 

2 
T h e f u n c t i o n k (c ) d e t e r m i n e s w h e t h e r t h e 

i n s t r u c t i o n i s i n d e x a b l e . If k ( c ) = 0, t h e b r a n c h 
f r o m s t e p 4 t o s t e p 7 s k i p s t h e p o t e n t i a l i n d e x i n g 
of s t e p s 5 a n d 6 . A s s h o w n by s t e p 6, i n d e x i n g 
p r o c e e d s by o r i n g t o g e t h e r t h e i n d e x r e g i s t e r s 
( i . e . , r o w s of 1/ s e l e c t e d by t h e t h r e e t a g b i t s 
t = (18 1 a ) / c , s u b t r a c t i n g t h e b a s e t w o v a l u e of 
t h e r e s u l t i n g v e c t o r f r o m t h e a d d r e s s p o r t i o n of 

15 t h e i n s t r u c t i o n c , r e d u c i n g t h e r e s u l t m o d u l o 2 , 
a n d r e s p e c i f y i n g t h e a d d r e s s p o r t i o n of c_ 
a c c o r d i n g l y . 

T h e f e t c h t e r m i n a t e s i m m e d i a t e l y f r o m 
s t e p 7 if no i n d i r e c t a d d r e s s i n g i s i n d i c a t e d ; 
o t h e r w i s e s t e p 8 p e r f o r m s t h e i n d i r e c t a d d r e s s i n g 
a n d t h e i n d e x i n g p h a s e i s r e p e a t e d . S t e p 9 l i m i t s 
t h e i n d i r e c t a d d r e s s i n g t o a s i n g l e l e v e l . It m a y 
be n o t e d t h a t a l l f o r m a t i n f o r m a t i o n i s p r e s e n t e d 
d i r e c t l y i n t h e m i c r o p r o g r a m . 

T h e d e s c r i p t i o n of t h e e x e c u t i o n p h a s e of 
c o m p u t e r o p e r a t i o n w i l l be i l l u s t r a t e d by t h e 
f a m i l y of i n s t r u c t i o n s fo r l o g i c a l f u n c t i o n s in t h e 
7 0 9 0 . R e p r e s e n t i n g t h e 3 8 - b i t a c c u m u l a t o r by 
t h e l o g i c a l v e c t o r u (wi th v ( u ) = 38, and w i t h 
u . , u . , a n d u r e p r e s e n t i n g t h e s i g n , q a n d p b i t s , 
r e s p e c t i v e l y - / , m e s e i n s t r u c t i o n s m a y u6 u.e = 
s c r i b e d a s i n F i g u r e 2 . 

O r t o s t o r a g e ORS 

O r t o a c c u m u l a t o r O R A 

And to s t o r a g e ANS 

And to a c c u m u l a t o r ANA 

E x c l u s i v e o r to a c c u m u l a t o r E R A 

C o m p l e m e n t m a g n i t u d e C O M 

C l e a r m a g n i t u d e C L M 

C h a n g e s i g n CHS 

Se t s i g n p l u s S S P 

Se t s i g n m i n u s S S M 

S t o r e l o g i c a l w o r d SLW 

C l e a r a n d a d d l o g i c a l C A L 

Add a n d c a r r y l o g i c a l A C L 

M 
_ l f £ l 5 / c _ ( ^ 2 / i i ) V M l c £

1 5 / c 

u - u v (a 2 \ M - i £ 5 / £ ) 

T U J V V C ._2, . , J cu l 5 / c 
M-1-— — -*-<a / u ) A M-4-— — 
~~ 2 v ~ | T > 1 5 / T 

u — u Afja^NyM-1- ~ ) 

u ~ ( u / ( a 2 \ M i ^ 5 / ^ ) ) 

- 1 / ^ - 1 / -
a_ /u_ •*- a /u_ 
- 1 / 
a / u "*- £ 

H - O ^ H . 0 

u — U 
- 0 

J ^ V c _2 
- L . — — • « — n M- a / u 

_ 2 u > 1 5 / c u_ "- a_ \ M J — — 

1, -2 / , | x , I CO 5 / c 

l a 2 / u - ( 2 3 6 | y ) + ( y > 236) 

Ins t ruct ions in IBM 7090 

Figure 2 
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O r d e r e d T r e e s 

A t r e e c a n b e r e p r e s e n t e d g r a p h i c a l l y a s in 
F i g u r e 3(a) and , s i n c e i t i s a s p e c i a l c a s e of a 
d i r e c t e d g r a p h , it c a n a l s o be r e p r e s e n t e d by a 
node v e c t o r n a n d c o n n e c t i o n m a t r i x C_ a s i n 
F i g u r e 3(b) . 

De f in ing a n o r d e r e d t r e e a s a t r e e in w h i c h 
t h e s e t of b r a n c h e s e m a n a t i n g f r o m e a c h node h a s 

f o r o r d e r e d t r e e s c a n be d e f i n e d in t h e m a n n e r 
i n d i c a t e d by F i g u r e 4 ( a ) . T h e d i m e n s i o n of t h e 
v e c t o r i n d e x i a s s i g n e d to e a c h n o d e i s e q u a l t o 
t h e n u m b e r of t h e l e v e l on w h i c h it o c c u r s . If T 
i s a n o r d e r e d t r e e , t h e n T . w i l l d e n o t e t h e s u b 
t r e e r o o t e d in t h e node with""index _i_. T h u s T , . 
i s t h e s u b t r e e e n c l o s e d in b r o k e n l i n e s in 
F i g u r e 4 ( a ) . M o r e o v e r , T — w i l l d e n o t e t h e 
(unique) p a t h v e c t o r c o m p r i s i n g a l l n o d e s f r o m 
t h e r o o t t o node _ i . T h u s T f1* 2 ) = (a, b ) . T h e 
m a x i m u m d i m e n s i o n o c c u r r i n g a m o n g t h e i n d e x 
v e c t o r s i s c a l l e d t h e h e i g h t of t h e t r e e a n d i s 
d e n o t e d by v ( T ) . 

T h e i n d e x v e c t o r n o t a t i o n p r o v e s v e r y c o n 
v e n i e n t in d e s c r i b i n g a l g o r i t h m s i n v o l v i n g t r e e 
o p e r a n d s . M o r e o v e r , it p r o v i d e s a s i m p l e f o r 
m a l i z a t i o n of t h e t w o i m p o r t a n t r e p r e s e n t a t i o n s 
of a t r e e , t h e L u k a s i e w i c z r e p r e s e n t a t i o n a n d t h e 
l e v e l - b y - l e v e l l i s t . 

If e a c h i n d e x v e c t o r i s a u g m e n t e d by 
s u f f i c i e n t n u l l c o m p o n e n t s ( d e n o t e d by 0) t o b r i n g 
a l l t o a c o m m o n d i m e n s i o n e q u a l t o t h e h e i g h t of 
t h e t r e e , t h e n t h e y m a y a l l be a r r a y e d in a n 
i n d e x m a t r i x _I a s i n F i g u r e 4 ( b ) . If, a s i n 
F i g u r e 4(b) , t h e node v e c t o r n i s d e f i n e d s u c h 
t h a t 11. i s t h e v a l u e of t h e n o d e i n d i c a t e d by ( the 
s i g n i f i c a n t p a r t of) t h e i n d e x v e c t o r I J, t h e n t h e 
m a t r i x o b t a i n e d by appenu i r ig n t o I p r o v i d e s a n 
u n a m b i g u o u s r e p r e s e n t a t i o n of t h e t r e e T . It i s 
c o n v e n i e n t t o a l s o a p p e n d t h e d e g r e e v e c t o r d 
s u c h t h a t d_. i s t h e d e g r e e of ( i . e . , t h e n u m b e r of 
b r a n c h e s e m a n a t i n g f r o m ) node I J . T h e r e s u l t i n g 
m a t r i x of v (T) + 2 c o l u m n s i s c a l l e d a fu l l l i s t 
m a t r i x of T . 

Any m a t r i x o b t a i n e d by i n t e r c h a n g i n g r o w s 
of a fu l l l i s t m a t r i x i s a l s o a fu l l l i s t m a t r i x a n d 
i s a g a i n a n u n e q u i v o c a l r e p r e s e n t a t i o n of t h e t r e e . 
If, a s i n F i g u r e 4 (c ) , t h e i n d e x v e c t o r s a r e r i g h t 
j u s t i f i e d a n d a r r a n g e d in i n c r e a s i n g o r d e r on 
t h e i r v a l u e a s i n t e g e r s (in a p o s i t i o n a l n u m b e r 
s y s t e m ) , t h e r e s u l t i n g l i s t m a t r i x i s c a l l e d a fu l l 
r i g h t l i s t m a t r i x a n d i s d e n o t e d by I T . If, a s 
i n F i g u r e 4(b), t h e i n d e x v e c t o r s a r e left j u s t i f i e d 
a n d a r r a n g e d in i n c r e a s i n g o r d e r a s f r a c t i o n s , 
t h e l i s t m a t r i x i s c a l l e d a fu l l left l i s t m a t r i x 
a n d i s d e n o t e d by CT. 

n = (a, c , f, k, e , d, h , g, b>) 

ft) 1 0 0 0 0 0 0 l\ 

0 0 1 1 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 

C= 0 0 0 0 0 0 0 0 0 

0 0 0 0 1 0 1 1 0 

0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 

io o o o o o o o oj 

(a) (b) 
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T h e r i g h t l i s t g r o u p s n o d e s b y l e v e l s , a n d 
t h e left l i s t by s u b t r e e s . M o r e o v e r , i n b o t h 
c a s e s t h e d e g r e e a n d node v e c t o r t o g e t h e r ( tha t 
i s , a_2 /( I T ) o r _ a 2 / ( CT)) c a n b e s h o w n to p r o -

w i t h o u t t h e i n d e x m a t r i x . If, a s i n t h e c a s e of a 
t r e e r e p r e s e n t i n g a c o m p o u n d s t a t e m e n t i n 
v o l v i n g o p e r a t o r s of k n o w n d e g r e e , t h e d e g r e e 
v e c t o r d i s a k n o w n f u n c t i o n of t h e n o d e v e c t o r 
n_, t h e n t h e t r e e m a y be r e p r e s e n t e d by t h e node 
v e c t o r n a l o n e . In t h e c a s e of t h e left l i s t , t h i s 
l e a d s t o t h e f a m i l i a r Lukas i ewicz ' ' " n o t a t i o n f o r 
c o m p o u n d s t a t e m e n t s . 

A p p l i c a t i o n s of T r e e N o t a t i o n 

r e p r e s e n t a t i o n of t h e t r e e i s t h e r e f o r e m o s t 
s u i t a b l e . T h e a n a l y s i s of a c o m p o u n d s t a t e m e n t 
p r o c e e d s by s u b t r e e s a n d t h e left l i s t ( i . e . , 
L u k a s i e w i c z ) f o r m i s t h e r e f o r e a p p r o p r i a t e . T h e 
i n d e x v e c t o r s of t h e l e a v e s of an*r t r e e clear!*7-

f o r m a l e g i t i m a t e Huf fman p r e f i x c o d e a n d t h e 
c o n s t r u c t i o n of s u c h a c o d e p r o c e e d s by c o m 
b i n i n g s u b t r e e s i n a m a n n e r d i c t a t e d by t h e f r e 
q u e n c i e s of t h e c h a r a c t e r s t o be e n c o d e d , a n d 
t h e r e f o r e e m p l o y s a left l i s t . H o w e v e r , t h e 
c h a r a c t e r s a r e f i na l l y a s s i g n e d in o r d e r of 
d e c r e a s i n g f r e q u e n c y t o t h e l e a v e s i n r i g h t l i s t 
o r d e r , a n d t h e i n d e x m a t r i x p r o d u c e d m u s t 
t h e r e f o r e be b r o u g h t t o r i g h t l i s t o r d e r . 

T h e t r e e n o t a t i o n a n d t h e r i g h t a n d left l i s t 
m a t r i c e s a r e u s e f u l i n m a n y areas ' 1 " '" . T h e s e i n 
c l u d e s o r t i n g a l g o r i t h m s s u c h a s t h e r e p e a t e d 
s e l e c t i o n s o r t , t h e a n a l y s i s of c o m p o u n d s t a t e 
m e n t s a n d t h e i r t r a n s f o r m a t i o n t o o p t i m a l f o r m 
a s r e q u i r e d in a c o m p i l e r , a n d t h e c o n s t r u c t i o n 
of a n o p t i m a l v a r i a b l e - l e n g t h c o d e of t h e 
H u f f m a n p r e f i x t y p e . T h e s o r t i n g a l g o r i t h m 
p r o c e e d s l e v e l by l e v e l a n d t h e r i g h t l i s t 

2 3 
F i r s t i n t r o d u c e d by J . L u k a s i e w i c z , a n d f i r s t a n a l y z e d by B u r k s e t a l . 

F o r d e t a i l e d t r e a t m e n t s of t h e a p p l i c a t i o n s m e n t i o n e d , s e e R e f e r e n c e 1 . 
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