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Abstract

We prove strong lower bounds on integrality gaps of Sherali—-Adams relaxations for
MAX CUT, Vertex Cover, Sparsest Cut and other problems. Our constructions show
gaps for Sherali-Adams relaxations that survive nd rounds of lift and project. For
MAX CUT and Vertex Cover, these show that even n® rounds of Sherali-Adams do
not yield a better than 2 — ¢ approximation.

The main combinatorial challenge in constructing these gap examples is the con-
struction of a fractional solution that is far from an integer solution, but yet admits
consistent distributions of local solutions for all small subsets of variables. Satisfying
this consistency requirement is one of the major hurdles to constructing Sherali-Adams
gap examples. We present a modular recipe for achieving this, building on previous
work on metrics with a local-global structure. We develop a conceptually simple ge-
ometric approach to constructing Sherali—-Adams gap examples via constructions of
consistent local SDP solutions.

This geometric approach is surprisingly versatile. We construct Sherali-Adams gap
examples for Unique Games based on our construction for MAX CUT together with a
parallel repetition like procedure. This in turn allows us to obtain Sherali-Adams gap
examples for any problem that has a Unique Games based hardness result (with some
additional conditions on the reduction from Unique Games). Using this, we construct
2 — e gap examples for Maximum Acyclic Subgraph that rules out any family of linear
constraints with support at most nd.

1 Introduction

Lift-and-project methods are systematic procedures to construct a sequence of increasing
tighter mathematical programming relaxations for 0-1 optimization problems. Such proce-
dures have been proposed by Lovész—Schrijver (LS and LS™) [15], Sherali-Adams (SA) [16]
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and Lasserre [13]. These procedures operate in a sequence of rounds starting from an LP
relaxation of an integer program; the strengthened relaxation obtained in r rounds can typi-
cally be solved in n°) time. Roughly speaking, a feasible solution to the relaxation obtained
after r rounds of lift-and-project satisfies the property that for any r variables in the original
relaxation, their values can be expressed as a projection of a convex combination of integer
solutions.

Recently, there has been significant interest in understanding the strength of lift-and-
project procedures for designing better approximation algorithms. The hope that improved
approximation algorithms could result from a better understanding of lift-and-project proce-
dures comes from the fact that several families of constraints that have been used to obtain
better approximations can in fact be derived from a few rounds of lift-and-project.

Thus far, most results in this realm have been negative, showing integrality gaps for the
relaxations obtained by a certain number of rounds by specific families of lift-and-project. A
few recent positive results [4, 5] have raised hopes that lift-and-project procedures may indeed
yield better approximations for particular problems. We view this study of the strengths and
limitations of lift-and-project as an important goal in understanding a potentially powerful
algorithmic paradigm; negative examples in this respect can be thought of as lower bounds
in a certain restricted model of computation.

In this paper, we consider the Sherali-Adams hierarchy of linear relaxations and show
strong lower bounds for several natural problems. This hierarchy is much less understood
than the weaker Lovasz—Schrijver hierarchy. In fact, we are aware of only two integrality gap
results (by de la Vega and Kenyon-Mathieu [6] and Schoenebeck [17] for Lasserre) that hold
for more than one round of the Sherali-Adams lift-and-project. Constructing new integrality
gap examples for Sherali-Adams is thus an important open question [20, Section 7.3].

In this paper, we prove that the integrality gap for the Sparsest Cut problem is at least

Q <~ / bg:ﬁ%) after r rounds of the Sherali~Adams lift-and-project. The integrality gap

for the MAX CUT and Vertex Cover problems remains 2 — ¢ even after n” rounds (for every
positive € and some ~ that depends on ¢). Our result for MAX CUT improves a result by
de la Vega and Kenyon-Mathieu [6] who proved that the integrality gap remains 2 — ¢ after
log®n rounds (where ¢ < 1 is some fixed constant). Recently several very strong negative
results were proved for other hierarchies: Schoenebeck, Trevisan, and Tulsiani [18] proved
that the integrality gap for Vertex Cover and MAX CUT is 2 — ¢ after Q(n) rounds of LS
(Lovész—Schrijver relaxation of the LP program); Georgiou, Magen, Pitassi, and Tourlakis [7]
proved that the integrality gap for Vertex Cover is 2 — ¢ after 2(y/logn/loglogn) rounds
of LS, (Lovész—Schrijver relaxation of the SDP program). Our results are not directly
comparable with these results.

Previous results constructing gap examples for lift-and-project procedures use problem
specific constructions. One of our main contributions is a systematic approach to construct-
ing gap examples for the Sherali-Adams hierarchy of relaxations. Roughly speaking, a gap
example for Sherali-Adams requires constructing a fractional solution whose objective func-
tion value is far from the objective function of any integer solution, yet all small subsets of
variables are exactly convex combinations (distributions) of integer solutions. In addition to




this, subsets of variables ought to satisfy a strong local consistency property which requires
that the distributions of local solutions for subsets S; and Sy should agree on their inter-
section, i.e. the distribution of integer solutions corresponding to S; when projected onto
S1 N Sy should be identical to the distribution of integer solutions corresponding to S, when
projected onto 51N Ssy. It is this consistency property that makes it challenging to construct
gap examples for Sherali—-Adams. Indeed the construction of such gap examples with this
local consistency is a challenging combinatorial question.

We build on our previous work on constructing metrics with a local-global structure [3] to
present a modular approach to constructing gap examples for Sherali-Adams. These metrics
satisfy the property that small subsets embed isometrically into /5, yet the entire metric is far
from ¢; embeddable. We present a conceptually simple geometric approach to constructing
locally consistent distributions on integer solutions as follows (see Section 3): Starting with
the local-global metric constructions, we obtain a construction of locally consistent SDP
solutions for every small subset of variables. (Note that our construction only applies to
linear relaxations, yet we find it convenient to produce these gap examples by appealing to
the geometry of SDP solutions). We now obtain local distributions on integer solutions by
applying SDP rounding algorithms to these local SDP solutions. Our main observation is
that the distribution of integer solutions (e.g. cuts) on a subset of points depends only on
pairwise distances between these points. This happens because the embedding into /5 is
uniquely defined by the pairwise distances (an analogous statement does not hold for ¢;).
Note, that the connection between SDPs and integrality gaps for Sherali-Adams hierarchy
was not known before. We are hopeful that our techniques can be extended to apply to the
stronger Lasserre hierarchy in the future.

This geometric approach turns out to be surprisingly versatile. We first obtain a gap
instance for Sparsest Cut using this approach (see Section 4). Then we present gap examples
for MAX CUT and Vertex Cover (see Section 5). We use the MAX CUT result together
with a parallel-repetition like procedure to obtain gap examples for Unique Games (see
Section 6). Using these, we are able to produce gap examples for any optimization problem
where there is a reduction from Unique Games to the problem with a certain structure (see
Section 7). This allows us to obtain an integrality gap for the Sherali-Adams relaxation
of Maximum Acyclic Subgraph. For Maximum Acyclic Subgraph (also known as Linear
Ordering), several specific families of constraints with finite support have been studied in
the mathematical programming literature (see e.g. [9, 10, 11]). In the past, gap examples
have been constructed which are specific to some such family of strengthened constraints.
Our result gives a unified construction which shows that no such family of constraints has
integrality gap better than 2 — e. In Section 8, we present a gap instance for Multicut.
Additionally, in Section 9, we show an integrality gap for Sparsest Cut, which is stronger
then the gap we obtain in Section 4 when the number of rounds is small (r < y/logn loglogn).



2 Preliminaries

In this section, we define the Sherali-Adams hierarchy. Then we review some results from
earlier work [3] where we constructed metric spaces locally embeddable into ¢5 that do
not (globally) embed into ¢; with small distortion. In the next section, we will present
a new method of transforming such metric spaces into integrality gap instances for the
Sherali-Adams hierarchy. Later, we show how to apply this method to many combinatorial
optimization problems.

Let us first recall the definition of the Sherali-Adams relaxation of the cut polytope (with
r rounds of lift-and-project)’. For every pair of points i and j, we introduce a variable z;;,
which denotes the distance between ¢ and j. We start with the base linear inequalities that
define the metric polytope.

Tij + Zjp — i 2 0
2—wy—xj — g > 0
Tij — x5 =0

-2 20

x>0

Now we define the lifted polytope. We introduce a variable y; for every set I = {(i1,j1), ..., (i, Ji) }
of size at most r + 1. For every two sets I and .J such that |I U J| < r, and every base
inequality of the form R(x) > 0, we write

H Tij H (1 =) | R(z) > 0.

(i,5)€l (i,9)ed

We expand the expression as the sum of products of z;;. Then we replace each product
Tiyjy v Ty, With the variable ygq, j1)....¢i..j)}- In other words, we replace each variable x;;
in R with the expression
Z(_1)|B|y{(i,j)}UIuB- (1)
BcJ
We obtain a linear inequality on variables y. The set of all such inequalities defines the lifted
Sherali-Adams cut polytope. Finally, the Sherali-Adams polytope is the projection of the
lifted polytope: a solution z;; lies in the Sherali-Adams polytope if there exists a vector of
yr in the lifted polytope such that z;; = y -
We need the following statement, which was implicitly used by de la Vega and Kenyon-
Mathieu [6] in their integrality gap construction. For completeness, we give its proof in the
appendix.

Lemma 2.1 (de la Vega and Kenyon-Mathieu [6]). Consider a set X. Suppose that for
every subset T of size at most k = 2r + 3, we are given a distribution of cuts Dy on T (i.e.

1See [16] and [14] for more background on the Sherali-Adams lift-and-project method.
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distribution of subsets of T'). Moreover, suppose that for two sets Q C T, the distributions
Dg and Dr agree in the following sense, for every A C @

Do({A}) =Dr({B: BNQ = A}).
Then the vector (a:ij)‘ijex defined by

zj = Pr (Dy; jy separates i and j) = Dy ({{i}, {7}})
lies in the Sherali-Adams relazation of the cut polytope (with r rounds of lift-and-project) .
In this paper, we use several results from our paper [3]. We list these results below.
Notation 2.1. Given a graph G, denote the shortest path metric by d(-,-).

Theorem 2.2 (Theorem 3.14 part III from [3, ECCC]). For every n and k < n, there exists
a bounded degree expander graph G = (X, E) on n vertices such that the metric space X
equipped with the distance

plu,v) = /1= (L= ) + s,

where = © (%) satisfies the following properties.

1. Every embedding of (X, p) into {1 requires distortion
1/2
logn
Q (log k+l%)g10gn) :

2. Every subset of X of size k embeds isometrically into (5.

Definition 2.3. (IMPLICITLY INTRODUCED IN ARORA, BOLLOBAS, LOVASz, AND TOURLAKIS [1].)
We say that a graph G is l-path decomposable if every 2-connected subgraph H of G contains
a path of length | such that every vertex of the path has degree 2 in H.

Theorem 2.4 (Theorem 3.3 from [3]). Suppose G = (V, E) is an l-path decomposable graph.
Let L = |1/9]; u € [1/L,1]. Then there exists a probabilistic distribution of multicuts of G
(or in other words random partition of G in pieces) such that the following properties hold.
For every two vertices u and v,

1. If d(u,v) < L, then the probability that u and v are separated by the multicut (i.e. lie
in different parts) equals 1 — (1 — ,u)d(“’”); moreover, if u and v lie in the same part,
then the unique shortest path between u and v also lies in that part.

2. Ifd(u,v) > L, then the probability that u and v are separated by the multicut is at least
1—(1—p)k.

3. Every piece of the multicut partition is a tree.

Lemma 2.5 (Lemma 3.11 from [3]). Consider a metric space (Y, p) on k points. If for every
two distinct points u and v: |p(u,v) — 1| < &, then (Y, p) is isometrically embeddable into

2k’
0.



3 Sherali-Adams Relaxations and Embedding into /

We now show how to transform a metric space locally embeddable into ¢y into a feasible
solution of the Sherali-Adams relaxation of the cut polytope via local SDP solutions to
the MAX CUT problem. If every subset of 2r + 3 points is isometrically embeddable in
the Euclidean sphere, then the solution constructed satisfies the relaxation obtained from r
rounds of Sherali-Adams.

Theorem 3.1. Let (X, p) be a metric space. Assume that every k = 2r + 3 points isometri-
cally embed in the Fuclidean sphere of radius R. Then the following solution belongs to the
Sherali-Adams relazation of the cut polytope (with r rounds of lift-and-project)

1 . . 2
Tij = - arccos (1 — p(;j’Qj?) ) .

Proof. We want to construct a distribution of cuts Dy on every set T' of size at most k£ and
then use Lemma 2.1. Embed T in the sphere of radius R centered at the origin. Apply
the MAX CUT algorithm of Goemans and Williamson [8]: Choose a random hyperplane
passing through the origin. Let one piece of the cut consist of vertices lying on one side of
the hyperplane; the other part consist of vertices lying on the other side of the hyperplane.

Note that the distribution of cuts D7 is completely defined by all pairwise distances
(p(w, v))yver since the pairwise distances uniquely determine the set of points on the sphere
(up to an isometry of the whole sphere?). Moreover, if Q C T, then the distribution of cuts
Dy restricted to ) depends only on the distances between points in (). Therefore, Lemma 2.1
applies to the distribution Dr. We conclude that the solution

z;; = Pr (D{z’,j} separates ¢ and j)

belongs to the Sherali-Adams relaxation of the cut polytope.
Let us now compute z;;. Since the angle 6;; between embeddings of ¢ and j in the sphere
equals (by the law of cosines)

p(i, j)*
t;; = arccos (1 ~ om ) )

the probability that a random hyperplane separates ¢ and j equals

Tij = y{(w)} = - arccos 9 R2 .

2Here it is important that we embedded points into 5 rather than ¢;.



4 Relaxations for Sparsest Cut

In this section, we prove that the integrality gap for the relaxation of Sparsest Cut (with
uniform demands) remains high even after n°) rounds of the Sherali-Adams lift-and-project.
We consider the following LP relaxation for the Sparsest Cut problem.

Z(i,j)eE Lij
Zi,jEV Lij

subject to: vector of x;; lies in the Sherali-Adams relaxation

min

of the cut polytope.

Theorem 4.1. The integrality gap for the Sparsest Cut relaxation is at least

O logn
logr + loglogn

after r rounds of the Sherali-Adams lift-and-project.

Proof. Consider the metric space (X, p) and the underlying expander graph G = (X, E)
from Theorem 2.2. We prove that the integrality gap of the Sparsest Cut relaxation for the
graph G is <\/log n/(logr + loglog n)>

Every k = 2r 43 points of X embed into ¢ isometrically. Moreover, we may assume that
every subset of k points is isometrically embeddable in the sphere of radius R = /1 + p.
Indeed, we can add a special isolated vertex O to the graph G (G will be still sparse,
and the theorem will be still true). Recall that the metric p is defined as (for u # v),
p(u,v) = /1 — (1 — p)¥@) + . Since the shortest path distance from O to every other
vertex equals infinity, p(u, O) = /1 + p, that is, all points u € X lie on the sphere of radius

R = /14 p centered at O.
Therefore, by Theorem 3.1, the vector

p(i,j)2>

1
Tij = Y{G5)} = = arccos <1 - SE

is a feasible solution of the Sherali-Adams relaxation.

Finally, we compute the integrality gap of this solution. Let us estimate the value of
x;;. If ¢ and j are adjacent in G, we have p(i,7) = /2p and z;; = O(y/i). For two typical
points ¢ and j, p(i, j) = ©(1) (since the graph G is an expander with diameter ©(logn)) and
z;; = ©(1). Hence the value of the solution z;; is

O (Vi) = © <\/logr—|—loglogn> '

logn

However, since the graph G is an expander the value of the optimal combinatorial solution

is O(1). O



5 Relaxations for MAX CUT and Vertex Cover

In this section, we prove that for every € > 0 there exists v > 0 such that the integrality gap
for the MAX CUT and Vertex Cover relaxations is at least 2 — ¢ after O(n”) rounds of the
Sherali-Adams lift-and-project. Below, we say that the value of MAX CUT is a € [0, 1], if
an « fraction of all edges crosses the cut. Similarly, the value of Vertex Cover is « € [0, 1],
if the vertex cover contains an « fraction of all vertices.

Our integrality gap constructions are similar to that for the Sparsest Cut problem. Essen-
tially, the only difference is that we define a different metric such that the distance between
adjacent vertices is very close to 1. Later for the Unique Games problem, we will need
this distance to be either close to 0, or 1, depending on the edge. Thus, we introduce
weights 7, € {—1,+1} for all edges (u,v); the length of the edge (u,v) will be equal to
(1 — (1 — p)muw)/2. In the case of MAX CUT and Vertex Cover, all m,, = —1. Extend
the function m,, to all pairs of vertices as follows: if d(u,v) < 2L, let m,, be the prod-
uct of the weights of all edges along the unique shortest path between w and v; otherwise
(if d(u,v) > 2L), let m,, = 0. Particularly, if all weight on edges are equal to —1, then
Tuw = (—1)4?) (when d(u,v) < 2L). We define a new distance on G:

1 — (1 o M)d(u,v)ﬂ_uv
5 .

pp(u,v) =

Corollary 5.1 implies that p7 is a metric (that is, satisfies the triangle inequality). However,
we will not use this fact in the paper. The metric pj, with 7, = (—1)4v) was previously used
in the integrality gap constructions by de la Vega and Kenyon-Mathieu [6] and Schoenebeck,
Trevisan, and Tulsiani [18]. We denote this metric by pZ“. We now prove a corollary of
Theorem 2.4.

Corollary 5.1. Suppose G = (V,E) is an l-path decomposable graph. Let L = |l/9];
we [1/L,1]; and fu, be a set of weights (as above). There exists a random mapping ¢ : V —
{=1,1} such that

L. if d(u,v) < L then Pr(p(u) # ¢(v)) = pp(u, v);

2. if d(u,v) > L then =055 < Pr(ip(u) # p(v)) < U

Proof. Consider the distribution of multicuts from Theorem 2.4. For each piece of the
multicut partition (recall that each piece is a tree) pick an arbitrary vertex u and set ¢(u)
to be +1 or —1 with probability a half. Then propagate values along the edges of the tree
so that ¢(u”) = muure(u') for adjacent (u',u”). If d(u,v) < L, then the probability that
() # o(v) equals

1
Pr (u and v are separated by the multicut) x 5

— Tww

+ Pr (u and v are not separated by the multicut) x 5



If d(u,v) > L, then the probability that ¢(u) # ¢(v) is bounded from below by

1
Pr (u and v are separated by the multicut) x 5

and from above by

1
Pr (u and v are separated by the multicut) x 3
+ Pr (u and v are not separated by the multicut) .

Plugging in bounds on the probability that « and v are separated from Theorem 2.4 concludes
the proof. O

Now we prove an analog of Theorem 2.2 for the metric p7.

Theorem 5.2. Let G = (V, E) be a graph on n vertices with mazimum degree A; let k < /n.
Suppose that for every t, every subgraph on t vertices is Q(log(n/t))-path decomposable (here
the constant in Q-notation may depend on A). Then for every subset Y of at most k vertices
there exists a mapping 1y from 'Y to the unit sphere in ly such that (for u # v)

4pr (u, v) + p

o) = ) = | R

where i = ca(logk + loglogn)/logn and ca is a sufficiently large constant. In particular,
the map 1y sends adjacent vertices u and v to “almost antipodal” points if m,, = —1:

[ (u) = ()]l = /374 = 2 = O(n); and “very close” points if my, = 1: [¢(u) — (v)[|2 =

Vi = O().

Proof. The proof goes along the lines of proofs of Theorems 3.7 and 3.13 in [3]. Choose
I = O(logn) so that every subgraph of G on 3 - (A — 1)'k vertices is [-path decomposable.
Now consider the ball By(Y,l) = {z:d(z,Y) <1}. Since it contains at most 3(A — 1)k
vertices, the graph induced by B4(Y, () on G is l-path decomposable. Therefore, there exists
a random mapping ¢ : By(Y,l) — {—1,1} satisfying the conditions of Corollary 5.1. Note
that for every w and v in Y at distance at most [, the set By(Y,[) contains the shortest
path between them. Hence all distances appearing in the conditions of Corollary 5.1 do not
depend on whether we define them with respect to the shortest path metric in G or with
respect to the shortest path metric in By(Y,1).

Extend the mapping ¢ to a new point O by ¢(O) = 0. By Corollary 5.1, for u,v €
By(Y,1):

[llo(u) — ()13 — 4p%(u, v)| = 4[Pr (6(u) # ¢(v)) — g (u,v)|
< 4(1 — ,U/)L < 46_%(10gk+loglogn)

< 1 < H

~ klogn — 2(k+1)




(when cp is sufficiently large). Define the metric 0 on Y U {O} as follows:

o(u,v) = \/u +4p(u,v) = [lo(u) = p(v)]5,

-

<u/(2(k+1))
o(u,O0) = /p.

By Lemma 2.5 (c.f. Theorem 3.13 in [3]), the metric ¢ is Euclidean. Let v be the direct
sum of the isometric embedding of (Y U {O},0) into ¢, and the embedding u — ¢(u) (the
random variable ¢(u) belongs to an L space, which is isometric to f3). Then we have

[v(u) = v()lla = /4P (u, v) + p.

We may assume that v(O) = 0. Then ||v(u)||2 = /1 + p for u € Y. By scaling v we get the
desired embedding ¥ (u) = v(u)/v/1+ p. O

We consider the following LP relaxations. The LP relaxation for MAX CUT is

subject to: vector of x;; lies in the Sherali-Adams relaxation

of the cut polytope

The base LP relaxation for Vertex Cover is
min Z T;

subject to: (i) x; +x; > 1 for every edge (4, 7); (ii) 1 — x; > 0; (iil) z; > 0.
For every set of vertices I of size at most r + 1, we introduce a variable y;. We require
that

2. For every set of vertices T' of size at most r + 3 there exists a distribution of vertex
covers on T such that y; equals the probability that all vertices from [ lie in the vertex
cover.

Our second condition implies that the vector of y; lies in the lifted Sherali-Adams polytope
(the proof is similar to the proof of Lemma 2.1).

We will use random A-regular graphs in our integrality gap constructions. These graphs
were previously used in several integrality gap constructions (e.g. [1], [6], [18]). It is known
(see [1], [6], [18]) that for every € > O there exists A such that with high probability every
cut in a random A-regular graph cuts at most 1/2 + ¢ fraction of all edges and every vertex
cover contains at least 1 —e fraction of all vertices. Arora, Bollobas, Lovasz, and Tourlakis [1]
proved that with high probability we can remove o(n) edges from a random A-regular graph
so that every subgraph on k vertices is Q(log(n/k))-path decomposable (here, the constant
in the Q-notation depends on A).

10



Theorem 5.3. I. For every € > 0 there exists v > 0 such that the integrality gap of the
relaxation for MAX CUT is 2 — e after r = n” rounds of the Sherali-Adams lift-and-project.

II. There ezist at most 1/2 + &' satisfiable instances of MAX CUT (for every positive
constant '), such that the LP value after r rounds of Sherali-Adams is at least 1 — €, where

(\/logk—l—loglogn)
e=0 )
logn

Proof. 1. Consider a graph G = (V, F') with maximum degree A such that

1. every cut cuts at most 1/2 + £/6 fraction of all edges;
2. every subgraph on k vertices is (log(n/k))-path decomposable.
Let v = ce?/ca, 7 =n7, k = 2(r + 3), and

log k + loglogn

= =(1+o(1))c-e
= e B (1+o(1))c-e
Applying Theorem 5.2 (with metric pZ“) and Theorem 3.1, we get that the vector
1 4pett(i, j) +
x;; = —arccos | 1 — —————
T 2(1 4 p)

is a feasible solution of the Sherali-Adams relaxation.
We now compute the integrality gap of this solution. The distance between every two
adjacent vertices ¢ and j is p%(i,5) = 1 — /2, hence

vy arccos(—1 4+ O(u)) 1 O(J) > 1— /6,

™

if ¢ is small enough. Therefore, the value of this solution is at least (1 — ¢/6)|E|; the value
of the optimal combinatorial solution is at most (1/2 4 ¢/6)|E|. The integrality gap is
1—¢/6
—— >2—c.
1/2+¢/6 c
I1. The same proof works for part (II) with e = ©(,/z); note that A depends only on ¢’. [

Theorem 5.4. For every € > 0 there exists v > 0 such that the integrality gap of the
relazation for Vertex Cover is 2 — € after r = nY rounds of the Sherali-Adams lift-and-
project.

Proof. Consider a graph G = (V, E) with maximum degree A such that (i) every vertex
cover contains at least 1 — /6 fraction of all vertices; (2) every subgraph on k vertices

11



is Q(log(n/k))-path decomposable. Let v = ce?/(A%ca) (where ¢ is a sufficiently small
constant) and r =n?, k= (A +1)(r +2), and

~logk +loglogn 9 A9
= ca log 1t =(140(1))c-e°/A=.

For every set T of at most r 4+ 2 vertices, let us define a distribution of vertex covers
Dy on T as follows. Denote the set of vertices in 7" and their neighbors by N(T'). Note
that N(7T) contains at most k = (A + 1)(r + 2) vertices. By Theorem 5.2, there exists an
embedding ¢ of N(T) in the unit sphere satisfying the following properties.

1. The Euclidean distance between images of adjacent vertices is 2 — O(u).

2. For every set A of at most k points, its image is completely determined by the shortest
path distances between points in A.

Choose a random hyperplane passing through the origin. Choose randomly one of the
two half-spaces. Denote it by H. Now we define the vertex cover VC. Let a vertex u be in
the vertex cover VC' if either ¢)(u) € H or there exists a neighbor v of u such that ¢(v) ¢ H.
Note that VC is a vertex cover of T: for every two adjacent vertices u and v, if u ¢ VC
then ¢ (v) € H and, hence, v € VC.

Now consider two distributions Dy, and Dp,. We claim that they agree on 77 N T5.
Denote the corresponding embeddings of sets N(7}) and N(75) in the unit sphere by ; and
9. Observe that the sets ¢y (N(T) N Tz)) and o(N (T3 N Ty)) are isometric (by property
2). Therefore, we may assume without loss of generality that ¢;(u) = 19(u) for every u €
N(TyNT3). Then u € Ty NT3 belongs to the vertex cover chosen according to Dy, if and only
if it belongs to the vertex cover chosen according to Dr, (we choose the same half-space H
when we construct both vertex covers).

For every set I of at most r + 1 vertices, let y; be the probability that all vertices in [
belong to the vertex cover chosen according to D;. Let x; = yy;;. Since for every set 1" on at
most 7 + 2 vertices, there exists a distribution of vertex covers (namely, Dr) such that y; is
the probability that all vertices in I belong to the vertex cover, the vector of z; is a feasible
solution of our relaxation.

Let us estimate the value of x;. Vertex ¢ belongs to the vertex cover if either ¢ (i) € H,
or one of the edges incident to ¢ is not cut by the random hyperplane. The former event
happens with probability 1/2. The latter event happens with probability at most A times
the probability that one edge is not cut by the random hyperplane. We obtain the following
bound:

+

N | —
| ™

1 1 4p(i, ) + p 1
RN [ R QIR EZAR ) <
5 + ( 7Tarccos( 20+ 1) 5 + OV/p) <

Therefore, the value of the solution z is at most (1/2 + ¢/6)|V|. The value of the optimal
combinatorial solution is at least (1 —e/6)|V|. Hence the integrality gap is at least 2—¢. O
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6 Relaxations for Unique Games

We now present an integrality gap construction for the Unique Games (UG) problem. The
problem is as follows: given a graph G, a set of ¢ labels S and permutations 7, : S — S
for every edge (u,v), assign a label A(u) € S to every vertex u so as maximize the number
of satisfied constraints m,,(A(u)) = A(v).

In the LP relaxation, we introduce variables z, (i) and x,,(ij) for every pair of vertices u,v
and labels ,7. In the integral solution, z,(i) = 1, if w has label i; and x,,(i) = 0, otherwise.
Similarly, z,,(ij) = 1, if u has label 7, and v has label j; and w,,(ij) = 0, otherwise. The
objective is to maximize the number of satisfied constraints: >, ez D s Tun(iTu(i)). The
LP constraints are: for all vertices u, » ;s (i) = 1; for all edges (u,v), D5 Tun(ij) =
x,(7). As before, in order to show that the vector of x,,, x,,(ij) belongs to the Sherali-Adams
LP relaxation it is enough to prove that for every set of vertices S of size at most O(r) there
exists a distribution of integral solutions Dg such that (i) z,(7) is the probability that u has
label i; and x,,(ij) is the probability that u has label 7, and v has label j; (ii) for every two
sets S C T the distributions Dg and Dt coincide on S.

Theorem 6.1. Fiz a number of labels ¢ = 2¢, a real § € (0,1) and let A = [C(q/6)*] (for a
sufficiently large constant C'). Then for every positive € there exists vy depending on € such
that for every sufficiently large n there exists an instance of Unique Games on A-regular
graph G on n vertices so that (i) The cost of the optimal solution is at most 1/q-(1+9). (i)
There exists a solution to the LP relaxation obtained after r = nY rounds of Sherali-Adams
of cost (1 —¢).

Proof sketch. The underlying graph G is as before a random A-regular expander (see Theo-
rem 5.2). The labels are elements of the multiplicative group {—1,1}. For every edge (u,v)
of the graph we pick independently (and uniformly) a random element 7, in {—1,1}'. The
constraint between u and v is A(u) = A(v) - Ty.

By the standard probabilistic argument, for sufficiently large C' the optimal solution of
the Unique Games problem has value at most (1 4 4)/g with probability close to 1. Indeed,
for a fixed assignment of labels, the expected fraction of satisfied constraints (where the
expectation is taken only over random choices of 7,,) is 1/¢. By the Central Limit Theorem,
the probability that the fraction of satisfied constraints deviates from the expectation by
more than §/q is 0o(¢™™). Since the total number of fixed assignments is ¢”, by the union
bound, the Unique Game is at most (1 4 ¢)/q satisfiable with probability approaching to 1.

We now need to show that the LP cost of the Unique Game is at least (1 —¢). Fix s
from 0 to t — 1 and consider s-th coordinate of every label, and s-th coordinate of every
Tuw- We get an instance of MAX 2LIN mod 2 — linear equations modulo 2. It is easy to
see, that Theorem 5.3 works not only for MAX CUT, but also for MAX 2LIN, we just need
to substitute the metric p%* by the metric p7" (here w5, is the s-th coordinate of m,,). The
theorem guarantees that for every set S of size at most €(r) there exists a distribution of
cuts such that if 7;, = 1, then v and v lie on the same side of the cut; and if 7, = —1,
then uw and v lie on the opposite sides of the cut with probability 1 — e. Define, A®*(u) to be
—1 or 1 depending on whether u belongs to the cut or not. Then A*(u) = 7, - A*(v) with

13



probability at least 1 —e/k (for some p and ). Thus by the union bound, A(u) = 7y, - A(v)
with probability (1 — ¢). This concludes the proof. O]

7 Sherali-Adams Lower Bounds from UG Hardness

In this section, we will show how to convert UGC-hardness results to Sherali—-Adams lower
bounds. Inapproximability proofs based on the Unique Games Conjecture usually proceed as
follows. First they show how to transform every instance U of the Unique Games Problem
(UG) to an instance Py of the given problem P so that (completeness) if U is (1 — ¢)-
satisfiable then Py has a “good” solution; (soundness) if U is not d-satisfiable then Py has
no “good” solution. To prove the completeness, they show how to convert every solution
of U to a solution of Py. Usually, this conversion is local: the value assigned to every
variable/vertex/edge in Py depends only on labels of a constant number of vertices of U;
every “constraint” in Py is satisfied if a constant number of constraints is satisfied in U.

We can apply such reduction to the Unique Games instance U presented in the previous
section. Since U is only d-satisfiable, P; has no “good” solution. However, Py has “good”
local solutions corresponding to (1 — ¢)-satisfiable local solutions for U. Using this approach
we can convert most known (if not all) UGC-hardness results to Sherali-Adams integrality
gaps.

Now we apply the approach outlined above to a recent result of Guruswami, Manokaran,
and Raghavendra [12] that states that it is NP-hard to approximate the Maximum Acyclic
Subgraph Problem within a factor of 2 — ¢ (for every ) assuming the Unique Games Con-
jecture.

Theorem 7.1. For every € > 0 there exists v > 0 s.t. for infinitely many n there exists a
weighted directed graph G = (Vg, Eg) on n vertices (the total weight of all edges is 1) with
the following properties.

1. For every ordering ¢ : Vi — [n| of Vi, the weight of edges going forward is at most
1/2+e¢.

2. There exists a Sherali-Adams solution of value 1 —e. IL.e. there exist local distributions
of orderings ¢s : S — [n] on sets S C Vg of size at most k = n? that are locally
consistent s.1.

E jere [Pr(¢{i,j}(i) < Cb{i,j}(j))] >1-—c¢,
where edges are sampled with probabilities equal to their weight (i.e. almost all edges
go forward).

First, we briefly describe the reduction of Guruswami, Manokaran, and Raghavendra [12].
They start with a Unique Games instance U on a bipartite graph (A U B, FE) with label
set §. They present a procedure that given U and € > 0 outputs a directed graph Gy .
with set of vertices B x [m]® (where m is a number, which depends on ¢). Two vertices
(b1, 21), (ba, 22) € B x [m]® are connected with an edge if b; and by have a common neighbor
a in A; the weight of the edge depends on z; and z,.
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Theorem 7.2 ([12], Theorem 7.1). For every € > 0 there exists § > 0 s.t. (soundness) if U
1s not d-satisfiable then no ordering of Gy has value more than % +e. (completeness) Given
a Unique Game labeling A : AUB — S, let the rank of a vertex (b, z) be O(b, z) = z(A(b)) €
[m]. The rank defines an ordering: sort vertices w.r.t. their rank, order vertices of the same
rank uniformly at random. Let p. be the probability that the edge e = ((b1, z1), (be, 22)) goes
forward given that the constraints between a and by, and a and by are satisfied in U (where
a is the common neighbor of by and by). Then E. [p.] > 1 —¢.

Proof of Theorem 7.1. Let U be a Unique Games instance from Theorem 6.1 that is at most
d/2-satisfiable with a Sherali—-Adams solution of value 1 — /4. Partition vertices into two
sets A and B so that at least half edges go from A to B. We remove edges within A and B
and get a bipartite instance of Unique Games.

Now we apply the reduction from Theorem 7.2 to U and get a graph Gy /2. The number
of vertices in Gy./o is linear in the number of vertices of U; denote it by n. Since U is
at most d-satisfiable, no ordering of Gy has value more than % + ¢. Now for every set of
vertices S of Gy, consider the set T' of corresponding vertices in B and their neighbors:
T =A{b:(bz) e StU{a: (a,b) € E,(b,z) € S}. Sample a local labeling Ay of vertices in
T. The labeling Ay defines a rank for every vertex in S. We randomly map vertices in S
of rank r € [m] to distinct positions in {(r — 1)n/m +1,...,rn/m} and obtain an ordering
¢s. Since local labelings A7 are consistent, local orderings ¢g are also consistent. Since
A7 satisfies each Unique Games constraint with probability at least 1 — /4, for every edge
e = ((b1, 21), (b2, 22)) within S both constraints between a and by, and a and by are satisfied
with probability at least 1 —¢/2 (here a is the common neighbor of b; and by). Therefore,
the edge e goes forward with probability at least (1 —&/2)p.. Thus

Ee—i5) [PT(Cb{i,j}(i) < Qb{i,j}(j))} > (1 —¢/2)E. [p]
>(1—-¢/2)(1—¢/2)>1—c¢.

8 Relaxations for Multicut

We now present a Sherali-Adams integrality gap for the Min Multicut problem. In this
problem, we are given a graph and a set of source terminal pairs (s;, ;). Our goal is to
find a multicut separating all source terminal pairs that minimizes the number of cut edges.
As before for every two vertices u and v we introduce a variable x,,. The objective is to
minimize » (uv)eE Luvs given that the vector x,, lies in the Sherali-Adams relaxation (with
r rounds) of the cut polytope and subject to an extra constraint z,;, = 1 for every i (i.e. s;
and t; are always separated).

Theorem 8.1. The integrality gap for the Min Multicut problem is

O logn
log r 4 log log n
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after r rounds of Sherali-Adams relaxation.

The proof is based on a black box reduction from MAX CUT. Consider a MAX CUT
instance GG. Construct a new graph G’: For every original vertex v introduce two new vertices
v_y and vy. If (u,v) are connected by an edge in G, we connect u; with v_; and u_; with
vy in G'. The source terminal pairs are (u_1,u;) i.e. the multicut should separate every u_;
from wuy. Notice, that if the cost of a multicut is §, then there exists a cut in G of cost 1 — 24:
indeed, if we remove all edges cut by the multicut from G, then the remaining graph does
not contain odd cycles and thus is bipartite (formally, we remove an edge (u,v) if (u1,v_1)
or (u_1,v1) is cut by the multicut). Thus if the cost of MAX CUT in G is less than 2/3,
then the cost of Multicut is at least 1/6. On the other hand, any feasible LP solution z;; for
MAX CUT corresponds to a feasible LP solution Z,,,, for Multicut:

Ty_qvy — Lyqo_qg — 1— Tyvy Lyjvg = Tu_qvo1 = Lyo-

Note that in the standard MAX CUT relaxation we can introduce variables x,, and add a
constraint x,, = 0, since u always lies in the same part where u, itself, lies. This implies

Ty quy = Tyy = L.

If the cost of the optimal LP solution for MAX CUT is 1 —¢, then the cost of the optimal
LP solution for Multicut is at most e. Hence, the integrality gap is Q(1/¢). By Theorem 5.3,

after r rounds of Sherali-Adams, ¢ = O (, / %) .

Thus the integrality gap is €2 (, / bgﬁ%) (the hidden constant in €2 notation depends

on A which we fix to be a small constant).

9 Integrality Gap for Sparsest Cut for Small Number
of Rounds

In this section, we will prove the following theorem. We borrow many ideas from [6].

Theorem 9.1. The integrality gap for the Sparsest Cut relaxation is at least €2 <T,+1100g%>

after r rounds of the Sherali-Adams lift-and-project.

Definition 9.2. Denote the graph obtained from a graph H by randomly and independently
removing each of its edges with probability 1 by H,. Denote the set of removed (“cut”) edges
by C,,.

We will need the following lemma. The proof is similar to the proof of Theorem 3.3 from [3].

Lemma 9.3. Consider an [-path decomposable graph H. The probability that two vertices u
and v lie in the same connected component of H, is between (1 — p)¥®¥) and (1 — p)dv) +
(1 — p)Em/L, where m is the number of vertices in H and L = |1/3].
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Proof. Denote the probability that two vertices x and y lie in the same component of H,, by
Pzy- Our goal is to prove

(1= )" < puy < (1= )" 4 (1= o) /L. (2)

4 no edge

The lower bound on p,, in (2) is obvious, since with probability at least (1 — p)
is cut on the shortest path between v and v.

Now we prove the upper bound by induction. Without loss of generality we assume that
H is connected (otherwise it suffices to prove the lemma for each connected component).

Since H is [-path decomposable, one of the following cases should hold:
1. H is an edge.
2. H is a one vertex union of [-path decomposable subgraphs.

3. H is 2-connected. It is the union of an [-path decomposable subgraph and a path
of length [. The subgraph and the path do not have common vertices except for the
endpoints of the path.

Therefore, we can iteratively decompose H into small subgraphs. We stop when each remain-
ing subgraph is an edge. Denote by D(H) the number of times we decompose a subgraph
according to item (3). We will prove that

Puo < (1= )™ + (1 — p)*D(H).

Since D(H) < m/(l —2) < m/L this bound implies the desired upper bound on p,,.

Let us verify the base case: if H is an edge, then p,, = 1 — p (for u # v). Now we prove
the induction step. Consider two possibilities.
1. H is a one vertex union of two subgraphs H; and H,. If u and v lie in the same subgraph
then the bound holds by the induction hypothesis. Now suppose that u is in H; and v is in
H,. Denote the cut point by ¢. We have,

Puv = PucPoe < MiN ((1 - M)d(u’c) + (1 — /L)LD(Hl), 1)
< min (1 — @) + (1 = )" D(Hy), 1)
< (1= p) 40O 4 (1 — )" D(H) + (1 — p) " D(H,)
= (1= p)* ™ + (1 — w)"D(H).
2. H is the union of a subgraph Hy and a path P (Hy and P intersect only at the endpoints
of P; the length of P is at least [). Divide P into 3 subpaths of length at least L each. Note
that one of these subpaths does not contain neither u nor v as an internal point. Denote

this subpath by P;. Denote the union of the other two subpaths and Hy by H;. Applying
the induction hypothesis to Hy, we get

Pr (u and v are not separated by the cut in Hy) < (1 — p)®™) + (1 — p)LD(H,).
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The probability that that P; is not cut is at most (1 — ). By the union bound,
Puv < (1= @)™ 4+ (1= ) D(Hy) + (1= p)* = (1 = @) *) + (1 = )" D(H).
O

Definition 9.4. Consider a graph H of girth at least 2L + 1. We say that two vertices u
and v are connected only by a non-canonical path if:

1. u and v are connected by a path in H,; and
2. no path of length less than or equal to L connects uw and v in H,.

In other words, the second condition means that either the distance in H between u and
v is greater than L or the shortest path between them is cut by C,,.

Corollary 9.5. Let H be an l-path decomposable graph of girth at least 2L 4+ 1. Then the
probability that two given vertices are connected only by a mon-canonical path is at most
(1 — )t (m/L + 1), where m is the number of vertices in H.

Proof. Denote these vertices by u and v. If d(u,v) > L then the probability that v and v
are connected with any path in h, is at most

(1= )™+ (1= p)rm/L < (1= p)"(m/L+1).
If d(u,v) < L then the desired probability equals

Pr(u and v are connected with a path) — Pr (the shortest path between v and v is not cut)
< (1= )" 4 (1= p)Fm /L — (1= ) < (1= p)E(m/L +1).
]

Definition 9.6. Consider a graph G of girth at least 2L + 1 and a set of vertices T'. Define
the subgraph clos(T), the closure of T, as follows:

e clos(T') contains all vertices of T;

o for every two vertices u,v € T at distance at most L, clos(T) contains the shortest
path between them.

Note that |clos(T)| < L|T|?.

Proof of Theorem 9.1. Let G = (V, E) be a bounded degree expander on n vertices of girth
at least [ such that every its subgraph on k& = 2r + 3 vertices is [-path decomposable, where
[ = O©(logn). The existence of such graph was proved by Arora, Bollobds, Lovéasz, and
Tourlakis [1] (the graph is a random 3-regular graph with o(n) edges removed).
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Let L = [1/3]. Choose p = ©(kHelen) — @(%) so that

2K (1 — )t < . (3)

For every subset T' C V of vertices, we are going to define a random cut of T’; then we
will use Lemma 2.1. However, we will proceed in two steps: first we will define distributions
of random cuts that will only approximately satisfy conditions of Lemma 2.1, and then we
will slightly change these distributions.

We cut every edge of G independently with probability p and obtain the graph G,.
Consider cut edges that lie in clos(7"). They partition the vertices of clos(7") into connected
components. Let Pr be the restriction of this partition to T'. Choose every piece of Pr with
probability 1/2. Let Sy be the union of chosen pieces.

Lemma 9.7. Given a set of vertices T' of size at most k and Q C T, consider the probabilistic
partitions Pr and Pg. Denote the restriction of Pr to Q) by 73T|Q. Then |Pr (’PT‘Q =+ PQ) ‘ <
k(1 — )"

Proof. 1f PT| 0 # Pg then there exist vertices u,v € ) that belong to one piece in one
partition and to different pieces in the other partition. Now if v and v belong to the same
piece in Py then they must belong to the same piece in PT‘ 0 since clos(7T) is a subgraph of

clos(@). On the other hand, if u and v belong to the same piece of PT‘Q but they belong to

different pieces in Pg then they are connected only by a non-canonical path in clos(7"). The
probability of this event is at most

(1 — )~ (MJ&) < (1-p)* (ICQTL+1> =K+ 1)1 —pt

The total number of pairs (u,v) is at most (g), so by the union bound (for k£ > 2)

k(k+1)(k*+1)
2

Pr (Prl, #Po) < (1 - )" < K1 - p)"

Corollary 9.8. Let T be a set of size at most k and Q C T. Then TV (Sy N Q,Sg) <
k41 — p)*, where TV is the total variation distance.

Our goal now is to construct random cuts Sy (which are perturbations of cuts S7) so that
Srn @ and SQ have exactly the same distribution. Note that by the inclusion—exclusion for-
mula, for every set T and A C T, we have Pr(Sy = A) = ZBcT\A(—lﬂB‘ Pr(AUB C Sr).
We use this identity to define a signed measure Er on subsets (cuts) of T'. Let gr = Pr(Sy =
T) and Ep({A}) = ZBcT\A(—1)|B|qAUB. The measure of sets that contain a fixed set M C T
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18

Er({A:McAcT) = > > (-1)Flgus

A:MCACT BCT\A

= Z (Z(—1)|B|> qoum = qeum = M-

ccT\M \BcC
where C'= (AU B) \ M. In particular,
E(27) = Er({A: @ C ACTY) = go =1,
where 27 is the set of all subsets of 7. By Corollary 9.8,
|gaus—Pr(AUB C Sr)| =|Pr(AUB = Saup)-Pr(AUB=SrN(AUB))| < k'(1—p)*.

Therefore, we have (we use bound (3))

Er(fAY) —Pr(Sr=A)|< Y K1-pt< i

2k:
BCT\A

Define the random set (cut) Sy as follows. For A C T, let

Pr (S’T = A) = % + (1 —p)ér({A}).

We need to verify that this definition is valid. Indeed, all the probabilities are non-negative

Pr(Sr=A) > Bt (1= (Pr(sr = 4) - 1)

olT| ok
1 u
> o (1- N)Qk > 0.

For a given set M C T the probability that Sr contains M equals

> (57 - wE(AD) = S+ (1 -

In particular, the total probability of all elementary events {Sp = A} equals s t(1—p)qe =
1. Finally,

Pr(STmQ:A) -y (—1)IBIPr(AuBcSTmQ)

BCQ\A

= Z (—1)|B| Pr (A UB C §T>
BCQ\A

- Z (_1>|B| <2|A/LLJB| +(1— ,u)(JAuB) =Pr (S’Q = A) )
BCQ\A
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Therefore, by Lemma 2.1, the solution defined by
Tij = Pr (S{Z,j} = {Z} or S{i,j} == {]})

belongs to the Sherali-Adams relaxation of the cut polytope. Let us compute the value of
this solution. Note that

Pr(Spjy = {i}) = 5 + (1= w)€uzn{i})

PN RSN R~
IR

= (50 )

Now, if d(i,j) < L then clos({7,j}) is the path between ¢ and j. Therefore, ¢y; j; equals

+ (1 — ) gy — agy) =

Pr (P{iﬂj} sep. i,j) Pr (P{i’j} doesn’t sep. i,j) 1— (1= p)®@D (1= p)d@d)
+ = +
4 2 4 2
L1 (1= )
— 7 ,
If d(i, j) > L then i and j are disconnected in clos({, j}). Therefore, g ;1 = 1/4. We have

Pr (Sqijy=q}) = {

4

—(1—p) i) . o
%_'_(1_“)%7 1fd<Z,j) §L>
5 if d(i,j) > L.

Finally, ‘
50w ) < L
L it d(i, §) > L.
The distance between adjacent vertices in G is pu(2 — u)/2 < p. The distance between
two vertices at distance ©(logn) is ©(1). Therefore, the cost of the solution z;; is O(p) =

O <%). Since the graph G is an expander, the cost of combinatorial solution is ©(1).
L]

We proved that the integrality gap is €2 ( i’ +11§§17:> gn>.
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A  Proof of Lemma 2.1

First we define the lifted solution. Consider a set I = {(i1,j1),..., (i, J:)} of size at most
r 4+ 1. Denote

Qr= {il,jl, 12,72y - - ,it,jt} :
Let y; be the probability that a cut chosen according to Dy, separates every i, from js. Note
that z;; is indeed the projection of yyu: Tij = Yy -

We verify now that the vector of y; lies in the lifted Sherali-Adams polytope. Let [
and J be two sets of pairs of points such that | U J| < r; let R(z) > 0 be one of the base
inequalities. Consider the set of points T" appearing in I, J and R. Let Z;; be the conditional
probability w.r.t. Dy that points ¢ and j are separated given that every pair of points in the
set [ is separated and every pair of points in the set J is not separated. According to (1) we
replace each variable z;; in ‘R with

Tij ~> Z(_l)‘B‘y{(iJ)}UIUB = Z(-U'B'X

BCJ BCJ
Pr(DQ{(i‘mUIUB separates every pair in {(¢,7)} U I U B)

= Z(—l)‘B‘ Pr(Dr separates every pair in {(i,7)} UI U B)
BCJ
=Pr (DT separates ¢ and j, separates every pair in [,

does not separate any pair in J )
= Ty X ll—-)’;" (every pair in [ is separated;
every pair in J is not separated).
Now it is easy to see that the constraint on the lifted polytope obtained from R is
R(z) x g:f (every pair of points in [ is separated and

every pair of points in J is not separated) > 0.
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Note that by the definition the vector (Z;;); jer equals a convex combination of cut metrics
and, therefore, lies in the cut polytope. Hence the inequality above holds.
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