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k, = K(rly) ,

k? = K(ylr) .

1 =-’ k~-k,
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2 Known properties of nlgi)ritl~mic entropy

((~t!/.lll/(r.u). ~1, f/1.ttit)tld}
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h-rlylr) = min IIp
F, P, ZI=II

(b)



3 Conversion programs

[F(p. orl ==y. [’(ply) =r.

fl
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ThI= llulnt)~mrs k: aII(i i.

a

proof Simi]?.rly to the shove proof. h’t Ihv graph G = ( .Y U }“. ~) hr now sllch

that

E=={(ry) :fi(fly) <k,}.

.Y’ = {?,,,lr):rf’ .Y. m=l.’ l,...),

l{’ = {(:.,,,,,(1).!/,):.r~: x. I .:. 1.2,.,.}.

..
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4 Distance axioms



Il;lvt?

G

Proof The

illitit~n. ‘1’hr

I?(r. y).ZD(r. y).

nonncgativity And sylnmt’try proportion are inlmwliate from ~l~’f-
aii(iitif~n th(~(m’m 2.3 im~llies that t.h~rl’ is a nonnt!gativr intv~er

(.onstaut (. sllch that

E,(r,:) <El(I. y)+ Fl(y. =)+ f..

I.ec this r be the one IISP(I in tbc statmuent of the thrw)rvm. then ll(z. y) satistiw

the triangle inequality with(~llt an wlditive ,fjrlstant.

TIIP nornlalization prqwrty ~~ WTII M the Illiniltl.dity follow from Throri’m

2.2. m
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From aIIV inllrx I IIIIP may dfwtiwly nhtain an inllox A ~uch that if d, is 1:1.
t hl’11 Ij’k = @,. The r@msib]r Turing m;whinvs { ff’k}, therrfor~~. provi(lc a

I iiitit*l-llllIllt)rriIlg of all 1: i partiaf rwllrsivo funrtion~.

TIIIS l.[~nnrrt.ion with tllc’rlIli){lvIln[llii.s I.ImlIw fnm lhr f,act that in prim-iplr
I IIISIMIly tll(.r[ll(l{lynalllicdl~ ,wstiy ri~nlpltor operations arr thost thnt im Iogi-

tally irrcwrwible. i.r. op’riltitm~ that m+ w’vrrrd Ilistillt.t Iogiml statm of rIIr
rfulllmtor onto a common surrwwr. thtwby throwinR away information abnut

tlw rillllputer”s prrvims stdr [12] [4].~1][5]. The till’rlllllrly[ lalllit.s of ronlputa.

t inn i~ Ilisc.llsswl furthrr in swtion S. Hort’ wr N!Iow that tlw minimaf pmgr:un
silt’ for il rrvvrsilde romputrr to tr:tusform input r into 4mtput y is quid wir.hin
;111.I,illitivtl collstfint tothr *izc l]f t hv mininl. af rullvr~r~il)n string p of IIlwrvnl
:!,1.

‘1.hI’ Ihmmy ~]f rrwwiblr minimal ,Jrt]grxln sin, is (“[~llv,~llivntly (Ivvrlopml
llsillK ;L rt,vc,r~ill]o :UI;LIIJgi)f tIII. Il;llvvrwd Imlix int rrl~rvlrr [r tlrliud in Sm.t.ion
,).

A Il;ul.id rwur!iiw fu!lrti{]ll F( p, r ) is rdbl ,L rl!versible prolix intm-

~mtt~r if

11)



l.(]IIl\~~lt.at.i(~ti. The progranl tape’s hPad h{.gins and etlds s(.allnillg the lvft.ul(~st

s(lllarc of th~ program, whil’11 is srlf-{i(llilllil.illg l~ot h fnr [rmward ro[:lput;itions

frnln ~~a(.h inpllt ~ M WPII a. for Iwwkward run] I, Iirat i(]lls from oaI.h olltl)llty.

A universal reversible prefix interpreter [-R. whew progr.~m +im is
Il)illimal to withiu all a~i~iitive ronstant, (:an rt’altily br shown ti) rx.ist. and III(?

rfiversib]e algorithmic entropy ~(~(yl~) fl(>hIIV!t as Illin{ /(]1) : f.”~1 /J. r i =

Yt.
In thf’ Swtion 3. it W%+ shown that for any srrillgs x and y Ihcr,’ t’xists il

t“(]llvt’rsi~jn progran] p, of 11’IIqth at Illost. lngarith IIlit. dly greater than El( r. y ) =

II Iax{K(y\J). K(rly )}. .Iut”h that U(p. lb) = y an, { C’(p. lyl = z. Hert wo sIIOW

that, thr lo[l@ll 0[ t,hls [Ilinimal c[]nvrrsion l~rn~raill is miual withirl a t~lnst.lllt

to t.hf} It’ngth of the ulinimd ret’rr.sibh’ pro~ralll ft~r Irrmsformi[:g ~ into y.

(5.1) Theorem

II



Iuit.ial ,l~nfigllration

Appoml t)tobeginningof~

(.ioml~utr y. ~iLving history

Co[)y y to blank rqgirm

[~n(lot.omp.ofy frnmz

R~rl]oveO.swap~ and y

Append 1 toy

C(>lnput~~.saving history

C’ahml i’xtra x

Untlotnmp. ofx from y



0. Initiaf c(mtiguratit~n i)prr)gqprog x

1. f’(llllplltle [ylt), trallsl-ril)ing pprl)g. ~qm)gqpro~ y pprog

2. SpacQfnrwardto st~rt nfqpn)g. pprogilprog y [II)?(’)K

3. cmlput~(:l y). pprng(lprog z pl~rog

.4. C’amd extra pprog.a.. Iwad r{%urns. i,prngqprog :



(6.1) Lemma Therr is a universal (non-s(llf-floli[l]itillg) rcvcrsiljlc Tllring ma-

chine r/J,4such that for all functions @ computdon a reversihlc Tllring machine.

WI! hav~

Ew”(r. y)< E~(r. y)+c*

ford xan~ y. whcrcro is amnsta[lt which AqMn:ls on @ hut not on ~ or y.

n

E3(I. y)= E@. (r, y).

(6.2) Theorem

E3(r. y) = K(rly) +- K(ylJ) + r’Xh)gE3(r.y)).

❑

E,(r. y) ~ff-(ylrt+li(f{y).

II



E,(r. J/) = IIMX{K(.UIX).K(JIY)}

‘~ E2(r, y) = KR(ylJ) ~ llliIl{/[l,) : (~(p,or) = y ;IIIII [r(p, ly) = J )

‘Lq K(Ily) t K(ylr) “~ I.’l(r. y)

‘2 2E,(x, y) .

7 Dimensional propcrtks

If Ii(d) C. ll,~#/lllIl,r) .’ (f K~,ll.r).

[’111’•.illl~’ 110’11111sqqlly Ill 11, (II, J’] 1) { !/ 11~) /(11),(1

l’ro~}f ‘1’1),,Ill,l,rr IJIIIIIIII iq lllllllv,li.~lu rIIIIII I’11101,11.111‘2 4, !:III 1111.I,)wrr 1)11111111,

11.1, . 2“ ~“”, ]I*t /), III, 1]14,t 1,11I,ill;il,y stllll}: III 11,11~1,11((f), ],,.1, IIS rIIII.111,,1

all ntlin~< vi r III ~il Wll(.rc. III 1111.;LII* Itilwiw 1111111Y .lll,lllit~ll, ‘1’hr II II II IIIVI II(

‘J’~ ~(’~1, \f’,. , 1,,.,llv Il;\vl.WIII h Mtrlll~s VI IX ,.

l“1(.I’,IJ,) -’ h’(l).’ (/,

9

II I-I l[llrl~.~lill~ 111,,1 A -4111111xI ,Iitll,,ll,ll,)ll II l,il II III III IIII?I ;11,.,, 1,,1 1111, l; IIp,tI

II Ic.l ,111,II I’1( r, !/) K(y[ll I A(l’1,1,1

I:,
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!;1111’1. till, 11,fl Il; lllll .lllll~ 11.u V,llllm .il II I,]* I V:dllr Il. 1111. IA IJ:IWI I wt. I ;il] t ],, ),)s1,

1,4. Ill) !(1 1111 ,111}111IIAI’Il:l 1111111IIll; Il 11’1111(J(III}:II), j!iv,~ll IIV 1 II ,$(111

I“lli! \IIIt~ 11111 111111:111,1 ,11 !/”,1 ,11( II !11,11 /.,’( , ,IJ) . ,1 ,11 1!,,1,1 ,It
. ,1811,80,11 :1, ,,11,g.11
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(7.4)

13y ;wlllllption

h“i~)=n - A(n). K(y) < n

13y th(’ all(liti(ln thvorvtn 2.3 we tiu~l

d-h(n)
rL + ——+1”~ 11+ K(/[y).

2

1311t this Int’ans that

(7.5)
d - A(n)

A-(-r]y) ~ —~2— +(:,

, .;



I, 1111.1,irl .I~,,lIi~llIv[it Wltll l,:lrl,l,kll{,r”~ I,lill, i~jlo,

( “lhIIVt.I\I.lV, it l,lll,ll)rlllJlrlp, I (Iflll)lll,tlioll llI;il ql:i IfN wItll ;I .$lrllly, ,,1 FI i,.r,l.l

.IIIII 11111111111..\ rl 1,11111{11111111,1I);iq. ,1:111,4IV III I ,il roxllll, ,111.~l~:lllitlllllll .I’Iv 1,1111111111
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c(ylr) = h-(r)– K(y).

‘“’:ulr) f’(!ll~l

1111114 l’l IIs 111.IkI~14 il J ,1(1,1,1 ,111.II IIL! ~tf III(, I l]t,tllloll~ll,lllli~. II IIt II IIJV 11111I,llvl,l

,Ik ,11..(IIq.,~.,l I,Y illlt,k I IS], Ill ,~ (V, lit 111,,, ,0,,,. II! ,, lIVIII, tlIIOt II:Ll hl,tqwt.11 ,Ic,lll(,ll

IIIIPI,IIV(I ~.IIy,IIIV illvi)lvlll~ ;h (llllhlli~tll III illltlllll,tti~,ll 11111111~111111.;I.{llll ,1111,111.
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