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ON IMPORTANCE SAMPLING WITH MIXTURES FOR
RANDOM WALKS WITH HEAVY TAILS

HENRIK HULT AND JENS SVENSSON

ABSTRACT. Importance sampling algorithms for heavy-tailed random walks
are considered. Using a specification with algorithms based on mixtures of
the original distribution with some other distribution, sufficient conditions
for obtaining bounded relative error are presented. It is proved that mixture
algorithms of this kind can achieve asymptotically optimal relative error. Some
examples of mixture algorithms are presented, including mixture algorithms
using a scaling of the original distribution, and the bounds of the relative errors
are calculated. The algorithms are evaluated numerically in a simple setting.

1. INTRODUCTION

Tail probabilities appear naturally in many applications of probability theory,
and often analytical evaluation is not possible. For many applications, Monte Carlo
simulation can be an effective alternative. For rare events, however, standard Monte
Carlo simulation is very computationally inefficient, and some form of variance
reduction method is necessary. Omne such alternative that has been extensively
applied to both light- and heavy-tailed distributions is importance sampling. In this
paper we focus on importance sampling algorithms for computing the probability

Py = P(Sn > b),
of a high threshold b, for a random walk S,, = X; +---+ X,,. The random variables
X1,..., X, are independent and identically distributed with distribution function

F and density f. It is assumed that the right tail of f is regularly varying at oo;
more precisely there exists an « > 0 such that, for each = > 0,

lim f(uz) =g oL

u—oo  f(u)
Then it is well known that f has the representation f(z) = 2= *"1L(z), x > 0,
where L is slowly varying. The joint distribution of (X7, ..., X,,) is denoted p,,.

Consider first a computation of p, using standard Monte Carlo. Then N inde-

pendent samples (X{,..., X1, ... (X¥,..., XY) are generated from y,, and p; is

n
estimated using the sample frequency

N
1 .
~MC __ 7
Py =5 E_l I{S,, > b},

where S¢ = X? + ... 4+ X. For large b, the event {S,, > b} is rare and few of the
indicator variables I{S? > b} will be 1. This leads to rather inefficient estimation.
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To see this, consider for instance the standard deviation of ﬁé‘/f ¢. An elementary
calculation shows

Stdev(ps) = \/%Vpb(l — Pb)-
When py, is small this is roughly +/pp/N. Hence, it would require N = 1/p, sam-
ples to have the standard deviation of size comparable to the quantity p, we are
estimating. When p;, is small this can be very large.

Importance sampling provides a way to possibly reduce the computational cost
without sacrificing precision, or equivalently to improve precision without increas-
ing the computational cost. The basic idea of importance sampling to generate
samples (X{,..., X1, ..., (X],..., X}) independently from a sampling measure
v? instead of yi,,. It is assumed that s, is absolutely continuous with respect to v/2,

written p, < 2 so that the Radon-Nikodym derivative 2“7;‘ exists. An unbiased

estimate of p; is constructed as

1 Ndu
Dy = — —(X1,..., X)) I{S, > b}.

The goal is to choose v? so more samples are drawn from regions that are “impor-

tant” to the event {S,, > b}. Then the event becomes less rare under v%, which
reduces variance. However, v2 must be chosen carefully so that the Radon-Nikodym
A

weights 282 (X, ..., X,,) do not cause variance to increase. A relevant quantity for
n b

deciding if a sampling measure v,,

o Var(p 1 |ER-p2 1 |ER
RE(py) = ) Py — Py _ -

is appropriate or not is the relative error

Epy VN P VNV
By Jensen’s inequality we always have Eﬁg > pg.

To quantify the efficiency of the sampling measure it is convenient to study
the asymptotics of the relative error as b — oo. This amounts to studying the
asymptotics of normalized second moment limy_,~ Ep?/pi. We say that a sampling
distribution ©® has logarithmically efficient relative error if, for some ¢ > 0,

-9

lim sup %

b—o0 pb

< 00,

it has bounded relative error if

E ~2

lim sup #
b—o0 Py

< 00,

and asymptotically optimal relative error if

EA2
lim sup # =1.
b—oco  Pp

A number of different algorithms have been proposed to simulate tail probabil-
ities of heavy-tailed random walks. |Asmussen and Binswangen (1997) study the
class of subexponential distributions, i.e. distributions for which

P(S,>0b)

1
oo nP(X1 > b)
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and use that as b — oo, all the variance of the sum comes from the largest summand.
By removing the largest term X, in each sample and calculating the probability
using the remaining n — 1 terms, they obtain a logarithmically efficient conditional
Monte Carlo estimator in the sub-class of distributions with regularly varying tails.
Here X (1) < X(2) < ... < X(y) is the ordered sample. Specifically, with the sample
Xi1,...,X,, the estimator is

F(X(n—l) \ (b B S(n—l)))
F(X(n-1))

P(Sn >b|X(1),...,X(n,1)) = s
where S,_1) = X(1) + ... X(,—1) is the sum of the n — 1 largest of the n terms in
the sample and a V b = max(a, b).

Asmussen and Kroesd (2006) propose a similar idea, using the conditioning

nP(Sn > b7 Mn = Xn|X17 ceey anl) = F(Mnfl \ (b - S(n—l)))a
where M,, = max(Xy,...,X,) to obtain an estimator with bounded relative error
for distributions with regularly varying tails.
Juneja and Shahabuddin (2002) introduce an importance sampling algorithm
with similar structure to exponential twisting in the light-tailed case. Their so-
called hazard rate twisting of the original distribution is given by

M@ dF (x)
dF, ="’ 1.1
where 0 < @ < 1 and A(z) = —log F(z) is the hazard rate. For distributions

with regularly varying tails, this is equivalent to changing the tail index of the
distribution.

In the case of importance sampling, [Bassamboo et all (2007) show that to obtain
efficient sampling distributions for heavy-tailed random walks, one must consider
state-dependent changes of measure. Simply changing the parameters in the original
distribution cannot lead to an estimator with bounded relative error.

The first algorithm of this type, for heavy-tailed random walks, was proposed by
Dupuis et all (2007). There the large values are sampled from the conditional dis-
tribution where one has to condition on exceeding a level just below the remaining
distance to b. The authors prove that their proposed algorithm has close to asymp-
totically optimal relative error. [Blanchet and Li (2008) present a state-dependent
algorithm that uses Markov chain description of the random walk under the sam-
pling measure to obtain bounded relative error for the class of subexponential dis-
tributions. [Blanchet and Liu (2008) construct a mixture algorithm with bounded
relative error for the large deviation probability P(S,, > b) where b > bonl/?te,

In this paper we take a more general look at mixture algorithms of the same
type as|Dupuis et all (2007). The underlying idea is to construct a dynamic change
of measure such that the trajectories of Xy, ..., X,, leading to S,, > b is similar to
the most likely trajectories conditional on S, > b. In the heavy-tailed case, the
most likely trajectories are such that one of the X;’s is large and the others are
“average”. Mixtures arise quite naturally as sampling distributions for producing
such trajectories; with some probability p; sample from the original density f and
with probability ¢; = 1 — p; sample from a density where it is likely to get a large
value. We provide sufficient conditions for bounded relative error and provide a
couple of new examples that are very easy to implement. We also show that, with
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some additional work, one can construct mixture algorithms with asymoptotically
optimal relative error.

The paper is organized as follows. In Section 2 we present a general importance
sampling algorithm based on mixtures and provide several examples. In Section 3
we provide sufficient condition for the mixture algorithm to have bounded relative
error. In Section 4 we provide detailed analysis of specific mixture algorithms. The
concluding Section 5 provides a proof that it is possible to obtain asymptotically
optimal relative error.

2. DYNAMIC MIXTURE ALGORITHMS

In this section we describe a general importance sampling algorithm based on
mixtures, called the dynamic mixture algorithm, and provide several examples.

The dynamic mixture algorithm for computing p, = P(S, > b) proceeds as
follows. Each replication of (X7,...,X,) is generated dynamically and the distri-
bution for sampling X; depend on the current state S;—1 = X7 + -+ X;_1 of the
random walk. At the ith step it may be that S;_; already exceeds the threshold b.
Then X; is sampled from the original density f. Otherwise, if S;—1; < b, a biased
coin is tossed with probability p; for “heads” and ¢; = 1 — p; for “tails”. If it comes
up “heads” X; is generated from the usual density f, but if it comes up “tails”, X;
is generated from another density g;(z | Si—1). The density g;(z | Si—1) depends
on the current generation 4 of the algorithm and on the current position S;_;. The
idea is to choose g;(x | Si—1) s.t. sampling from g;(z | S;—1) is likely to result in
a large variable. However, g;(z | S;—1) must be chosen with some care to control
the Radon-Nikodym weights &z (X1,...,X,) and thereby the relative error. In

dv,
the last generation, if 5,1 < b:l X, is sampled from a density g,(z | Sp—1) and
if S,,—1 > b it is sampled from the original f. In contrast to the previous steps gn
is not necessarily of mixture type. The reason is that it may be advantageous to
make sure X,, > b — 5,1 in the last step to get S, > b.
A precise description of the dynamic mixture algorithm is presented next.

Algorithm 1. Consider step ¢ = 1,...,n, where S;_1 = s;_1. Then X; is sampled
as follows.

o If 5,_1 > b, X; is sampled from the original density f,
e if 5,1 <b, X, is sampled from
pif()+¢gi(- | si-1), forl<i<n-—1,

gn(- | Sn-1), fori=n.
Here p; + ¢; = 1 and p; € (0,1).

Explicit examples of the dynamic mixture algorithm are obtained by specifying
gi and p;.

Example 2.1 (Conditional mixture, c.f. [Dupuis et al! (2007)). The algorithm
proposed by [Dupuis et al! (2007) takes g; to be a conditional distribution. For
i=1,...,n—1 the large values are sampled conditional on being at least a times
the remaining distance to b, where a € (0,1). It is important that a < 1. In the
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last step samples are generated conditional on exceeding b. More precisely,

f@)H{z > alb - s)}

gl =5y 1Sisnl
gn(r|s) = f(x)%{(xbi:)_ S}.

In their paper the authors assume that f =0 on (—00,0). That is, all the X;’s are
non-negative. This is not an important restriction and we do not impose it here.

A practical limitation of the conditional mixture algorithm is that some dis-
tributions do not allow direct sampling from the conditional distribution. If the
distribution function F' and its inverse F'< are available, the inversion method sug-
gest sampling X conditional on X > ¢ by taking U to be uniform on (0,1) and
set X = F(1 —UF(x)), see e.g. |Asmussen and Glynn (2007). In other cases it
might be necessary to use an acceptance-rejection method, but this may be time
consuming.

A simple alternative to the conditional mixture is to sample the large variables
from a generalized Pareto distribution (GPD) instead. The intuition is that the
GPD approximates the conditional distribution well.

Example 2.2 (Generalized Pareto mixture). The GPD mixture algorithm takes
g; to be a generalized Pareto distribution. As in the previous algorithm, for i =
1,...,n — 1, the large values are sampled conditional on being at least a times the
remaining distance to b, where a € (0,1). The last step is slightly different. If the
remaining distance is large, the last step is taken from a GPD, otherwise it is taken
from the original density. This is because, if S,_1 < b, but close to b, the GPD is
not necessarily a good approximation of the conditional distribution. To be precise,

gi(z | s) =ala(b—8)*c * '{x>alb-s)}, 1<i<n-—1.
gn(z|s) =ab—s) 'z >b—s{s<b—bl—a)""'}
+ f(@)I{s>b—b(1—a)"'}.
A different way to sample the large variables is to sample from the original

density and then scale the outcome by simply multiplying with a large number \b.
We call this a scaling mixture algorithm.

Example 2.3 (Scaling mixtures). The scaling mixture algorithm has, with A > 0,
gi(z | s) = (\b) L f(z/A0)I[{x > 0} + f(z)[{x <0}, i=1,....,n—1,
gn(x | 5) = Ab) " f(z/Ab)[{z > 0,5 <b—b(1—a)"'}
+ f(x)[{xr <0ors>b—b(l-a)"'}.

To simplify the analysis we will, in the context of scaling mixtures, always assume
that the orginal density f is strictly positive on (0, 00). If this is not satisfied the
situation is more involved because there may be large > 0 such that f(z) > 0
but f(2/Ab) = 0. Then such large z-value cannot be obtained by sampling a small
number from f and scale by Ab. This may cause the Radon-Nikodym weights to
be relatively large, which increase the variance.

There are several variations of the scaling algorithm. For instance, one may scale
with something proportional to the remaining distance to b, instead of something
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proportional to b as described above. Some variations of the scaling algorithm will
be treated in more detail in Section [£.3]

3. ASYMPTOTIC ANALYSIS OF THE NORMALIZED SECOND MOMENT

The efficiency criteria presented in the introduction are all based on the asymp-
totic properties of the normalized second moment Ep?/p?. We are following the
weak convergence approach initiated by [Dupuis et all (2007) to study its asymp-
totics. By the subexponential property, p? ~ n?F(b)%, where a, ~ ¢, denotes
limp—, 00 ap/cp = 1, the normalized second moment can be written as

Ep; 1 / djin 1 / 1 dpn

Py A at (¥)pn(dy) = — =) dvz( y)my(dy) (3.1)
Spn>b sp>1

where the measure my, = p,(b(- N {s, > 1}))/F(b). To calculate the limit of

this integral we will use the weak convergence of the measure m; to a measure m

and uniform convergence of an upper bound Rj(y) > ﬁ‘;ﬁg (by) =: Rp(y) to a

bounded continuous function R(y). Then we (?) establish the convergence

lim sup / Rydmy < lim / Rydmy = / Rdm.
b—s oo b—ro0
{sn>1} {sn>1} {sn>1}

To do this it is convenient if the normalized Radon-Nikodym derivative Ry(y) is
bounded. This criteria is certainly stronger than necessary but appears to be de-
sirable. It implies the the normalized g-moment is asymptotically bounded for any
€ (1,00). Indeed, if R} is bounded and R* — R uniformly, then for any ¢ € (1, c0)
Ep 1 1 dunp a-1 1
lim sup # = limsup — (_— a (by)) my(dy) < — /quldm < 0.
n

b—oo Dy b—oo NI F(b) dv},
sp>1

Next we provide sufficient conditions for R to be bounded.

Lemma 3.1. Consider Algorithm [ with p; > 0 for 1 <i < mn — 1. Suppose there
exists a € (0,1) such that

i(by | bs) —

lim inf inf MF(b) >0, 1<i<n, (3.2)
oo s<i-(-ot f(by)
y>a(l—s)

: [ (by)
limsup sup ———F— < o0. 3.3
PSP by | B &

y>1—s

Then the scaled Radon-Nikodym derivative Ry(y) = =— -2 (by) is bounded on

(b) dvi,
{yr 4+ +yn>1}

Proof. Let s, =y1+ -+ yn. On {s, > 1} it must hold that y; > a(l — s;—1) for
some i =1,...,n. Otherwise s; <1 — (1 —a)’ <1 for each i.

Take y € {y € R" : s, > 1} and let ¢ = min{j : y; > a(1l —s;_1)}. Note that for
this ¢

yi >a(l—s;i_1)>a(l—a)" ' >a(l —a)" = a, >0.
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For any Yj, .] % {ivn}a

f(by;) L

p;if(by;) + q;9;(by; | bsj—1) ~ p;

It follows that, for 1 <i<n—1,

1 dup 1 f(by)I{y; > a(l — s;— 1
F(b) dvy, F(b) pif(byi) + ¢igi(byi | bsi—1) jé{in} pj
WEUBLESCI

gn(byn | bsn—l)

The first term can be written as

I{sn_1 <1} +I{sn_1 > 1}). (3.4)

1 flyi){yi>al—sia)}  Hyi>a(l-si1)}
F(b) pif(byi) + qigi(byi [ bsi-1)  p;F(b) + ql%p(b)

By (B.2) this term in (84) is bounded. The second term is bounded because p; > 0
by assumption. The last term is bounded by (33).
Similarly for ¢ = n,
1 du fbynfyn>a1—sn
F(b) dvy, 9n(byn | bsp—1)

which is bounded by (B2). O

Next we present the main result. It provides sufficient conditions for the mixture
algorithms to have bounded relative error. This is obtained by showing that the
normalized second moment remains bounded.

Theorem 3.2. Suppose B2) and B3) hold for a € (0,1). Suppose in addition
that there exist continuous functions h; : R™ — [0, 00) such that
f(byi)
9i(byi | bsi—1)F(b)
uniformly on {y € R" :8;_1 <1— (1 —a)"t,y; >a(l —s)}. Then,

= hi(yi | si-1), (3.5)

Ep 1 &S 11 [
lim =2 < — ——/ hi(y; | 0)ay;“ tdy;,
booo pp T n? 1:1;1;[1 pi¢i )1 (v | Qe '

with the convention that g, = 1.

Proof. First rewrite the normalized second moment as in (B.1)):

Ep? 1 1 duy 1 /
e F0) ot (by)ms(dy) = — b(y)mp (dy)
sp>1
By regular variation of f and independence of Xj,..., X, the joint distribution

w,

Ly is multivariate regularly varying. In particular the Weak convergence my — m
holds, where m has the representation

m(A) = Z/Al{y ER™:y; > 1,y; = 0,7 #i}ay; > 'dy;. (3.6)
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This is well known, see e.g. [Resnick (1987), Section 5.5. A proof is also given by
Dupuis et all (2007). We see that the measure m puts all its mass on the coordinate
axes. That is, on trajectories where one jump is large and the rest are zero.

The next step is to decompose the integral as

/Rbdmb = / Rydmy, + Rydmy, (3.7)
A Ac

where A = U | A; is a finite union and the A;’s have disjoint closures. We will
find A; such that the second integral converges to 0 and determine an upper bound
R} > R, on A;.
Define the sets A; to be
Ai={yeR" 1 y; <a(l—sj_q)for1<j<i—1y;>1—s_1,
and s > 1,k=i+1,...,n}.

Note that the A;’s have disjoint closure and m(9A4;) = 0. In particular my(A;) —
m(4;) for each i =1,...,n. Moreover, m(N_; A) = 0. Indeed,

m(Niy A7) = m({sn > 1} \ UiA;) = m{s, > 1} — Zm A

n

=Y [ Hye R Ly =0 £y Ny,
{Sn>1}

—Z/ HyeR":y; > 1,y; =0,j #i}ay; * 'dy; = 0.

By LemmaBIl Ry is bounded and since my(A°) — m(A°) = 0, the second integral
in (37) converges to 0. For the first integral we construct a function R; that
dominates Ry on A and a continuous function R such that R} — R uniformly on
A. Then it follows from weak convergence that

limsup/ Rydmy < hm R;dmy :/ Rdm < cc.
A A A

b—o0 —+00

For y € A,

L fOy)H{yi>1—sia} T
Fol9) < B0 pef byi) + asgn oy | boi1) H

To see this, construct a bound as in (84) and notice that on A;, s > 1 for each
k > 4. Then the contribution to the Radon-Nikodym weights from yx, k& > 7 is
equal to 1. By assumption (3.5

9i(byi | bsi—1)+ 1
G 105y oy~
f(byi) 2 hi(yi | si-1)
uniformly on A;. For y € A; define R(y) = h;(y; | si—1) H; 11 7=+ Then Ry — R

uniformly on A. With the representation ([B.6]) of the limiting measure m, the upper
bound for the normalized second moment can now be calculated as
i—1

Rdm_nQZHquz/ y1|0ayza 1dyZ

=1 j=1
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4. EXAMPLES

In this section we provide a detailed analysis of the algorithms presented in
Section 2l In particular we verify the conditions of Lemma [B.] and Theorem
for these algorithms.

4.1. The conditional mixture algorithm. Recall from Example 2] that the
conditional mixture algorithm has, with a € (0,1),

f@)H{z > a(b—s)}

gi(z | s) = —= , 1<i<n-—1,
Fa(b - s))
Hzx>b-s
(| 5) = fx) I 3
F(b—s)
Then, for i = 1,...,n — 1, the uniform convergence F(bx)/F(b) — %, for x >
o > 0, implies
gi(bz | bs) F(b)
L Fb)==——I{z>a(l—9)} = a“(1—95)"I{z > a(l —s)},
Fipey ) = g P T > all =)} = a™(1 = 9T > a1 = )
uniformly for s <1 — (1 —a)"!, 2 > a(1 — s). Similarly,
gn(bz | bs) = F(b)
F(b) = = Her>1-s}t— (1 —5)%{x>1-s},
Fra 0 = o> 1= s} o (L= 9T (> 1= 5)
uniformly on s <1—(1—a)"" !, 2>1—s, and
f(bx) =
_ I\ _ <
7oz ] b5) F(b(1-s)) <1,

on s < 1. Tt follows that both (8:2) and (B3] are satisified and hence the normalized
Radon-Nikodym derivative is bounded.

By the above calculation (3] holds with h;(y | s) =a *(1—s)"*,1<i<n-—1
and h,(y | s) = (1 — s)~*. It follows from Theorem B2 that

) Eﬁb 1
lim < — [ R(y)dm = ( ) 4.1
b—o0 p% n2 Z 7, Hl p] JH1 ( )
The right hand side is minimized at
(n—i—1)a"*?41

pi = a1 ¢ =1-pi, (42)

with minimum n=2[(n — 1)a=*/2 + 1]2, and it is possible to show that the limit is
equal to the right hand side of ([@I]), see [Dupuis et al. (2007), Lemma 3.2.1. For
each n this can be made arbitrarily close to 1 by choosing a close to 1.

4.2. Generalized Pareto mixture. Recall from Example 2.2 that the GPD mix-
ture algorithm has, with a € (0, 1),
gi@ | 5) = ala(b — 5)°e"" {z > a(b—5)}, 1<i<n—1.
gn(z | 9) —a(b—s)o‘ e >b—sH{s<b—b(l—a)" "}
+ f(@2)I[{s >b—b(1—a)"'}.
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First we check [3.2)) and ([@3.3)). Karamata’s theorem implies aF'(b) ~ bf(b). Then,
for any s < 1,
a(bz)™* 1 (ba(1 — s))*F(b)

[ (bx)
_ aF(bx) a®(1 —s)*F(b)
~bef(bz)  xoF(bx)

gi(bx | bs)

o) 0=

= a®*(1—s)™. (4.3)

uniformly for z > a(1 — s). In particular (32)) is satisfied. Since

floy) bf (bx) et
oy [b9) ~ a=spayatiw>1-sH{s< 1= -a)""}

+H{s>1—(1—a)" '}

is bounded on s < 1, y > 1 — s, (B3) also holds. By Lemma [B1] the normalized
Radon-Nikodym derivative is bounded. By the arguments above (83) holds with
hi(y|s)=a*1—s)"* 1<i<n-—1and hy(y|s)=(1—-s)" It follows by
Theorem [3.2] that

EAQ n—1 1 n—1 1 Jj—1 1
lim # :n_2(H —+a_aZ—H—).
b—oo Py iy Pi oY P

This is identical to (@Il), so p; can be chosen according to (42]) to minimize the
relative error.

4.3. Scaling mixtures. In the scaling mixture algorithm presented in Example
2.3 the large variables are generated by sampling from the original density and
multiplying with a large number. In this section we study some variations of this
algorithm. Recall that, in the context of scaling mixtures, always assume that the
orginal density f is strictly positive on (0, c0).

The first scaling mixture algorithm, called scaling mizture I, is constructed as
follows. Write f(x) = 2~ 1 L(x) with L slowly varying. Suppose inf,~,, L(z) =:
L, > 0 for some xg > 0. The scaling mixture algorithm, with A > 0, has

gi(z | 8) = (Ab) L f(x/Ab)[{x >0} + f(x)[{x <0}, i=1,...,n—1,
gn(x | 5) = Ab) " f(z/Ab)[{z > 0,5 <b—b(1l—a)"'}
+ f(x)[{xr <0ors>b—b(l-a)"'}.
To generate a sample X from g; proceed as follows. Generate a candidate X’ from
X' <0put X =X’ and if X' >0, put X = \oX'.

Take a € (0, 1), using Karamata’s theorem, aF (b) ~ bf(b), we have, for 1 < i <
n,and s <1— (1 —a)"!

3
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uniformly for x > 1 — s. Since 2T f(z/)\) > A*T1L, > 0, the condition (B.2))
holds. Note, however, that [82) fails if L, = 0. Since

fbx)  Abf(ba)
gn(bx | bs) f()\)

is bounded on s < 1, z > 1 — s condition ([B.3) also holds. From the calculation
above we see that (3.5 is satisfied with h(z | s) = aA[z** f(x/)\)]!. In particular,
the asymptotic upper bound for the normalized second moment is

1 > "1 1
L [ Reyydm = La-2e d —
n2 (v) n2 /1/)\ 220 a+1)f v Z H

with g, = 1. It is straightforward to check that > >7" % ; ) pl is minimized
i j
at

Her>0,s<1-(1-a)" '} +H{z<0+s>1—-(1—-a)" '}

1

B =1 —p,
pi i @ pi,

with minimum equal to 1. The parameter A can be chosen to control the factor

2o /OO de
1n w2t )

In some cases this can be minimized analytically.

Example 4.1. Consider a Pareto density of the form f(z) = a(1+2)~*"1, 2 > 0.

Then
0 2 0 1+ a+1
Dl I :/\*2“/ da.
/1/A 172(0‘“)]“(3:) xz 1/Aa( ) ) X

If & = 1 this is minimized at A = v/3 with minimum 2"’\'/‘3/5.

In the scaling mixture algorithm we assume L, > 0. This rules out distributions
whose slowly varying function tends to 0. However, this is not a severe problem.
One way to avoid it is to slightly modify the previous algorithm. The scaling
mizture II algorithm has, with A > 0, w € (0,1), 6 > 0, and a € (0, 1),

gi(w | s) = g()
= (A) "L f(2/AD)T{0 < = < Mbu}
1

*m(%)m S/ A0 I 2 Nou ™} + f(a) I{ < 0},

gn(x|s)=g(x)[{s <b—>b(1—a)" '} + f(z)[{s >b—b(l—a)"'}.
The density g; is based on the following sampling procedure. To generate a sample
X from g;, first generate a candidate X’ from f. If X’ < 0 put X = X/, if
0< X' <u, put X = AbX', and if X’ > u put X = \b(X")! 19,
Similar to the scaling mixture I algorithm it follows that, for 1 <i <mn,
gi(bx | bs)—=
————F(@
fr)
s

— gotl I& >I{O <z <} —|— T 53[;6;?\1;)[{20 > 't}
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uniformly for x > 1 — s and s. Since
2T f ([N ) = AT 0T L)/ ),

is bounded from below for z > 1 — s (B2) holds. Just as for the scaling mixture I
algorithm (B3] also holds. (B3] hold with

a?\ (1+ 6)042)\1%5

hi(y | s) = Y202 f(y /) T y2a+1—i(5+1f([y/A]1—Ls)'

The asymptotic upper bound for the normalized second moment is hence

1

N R |

R =N —J]=

| ZH
Mo g2 >0 (1+0)aATH

) (/1 Wd$+/Aul+s x2a+1—i5+1f([x//\]¢ls)d$)' (4.4)

1—1 1
with ¢, = 1. As above > Y7 | o HJ 1 5; s minimized at

1
- =1,
pi i Pi,
with minimum equal to 1. The remaining parameters A and u can be chosen to
control the integrals in (£4).

5. ACHIEVING ASYMPTOTICALLY OPTIMAL RELATIVE ERROR

In the previous section we observed that the conditional mixture algorithm and
the GPD mixture algorithm can be designed to have almost asymptotically optimal
relative error. A small asymptotic relative error is obtained by choosing the param-
eter a close to 1. In this section we prove that these algorithms have asymptotically
optimal relative error. This is accomplished by letting the parameter a depend on
the threshold b in such a way that a — 1 slowly as b — oo. For simplicity, we
assume that X; > 0 throughout this section.

Theorem 5.1. Let 12 be the measure defined by the conditional mizture algorithm.

Let p; = n’j—;ril, g =1—p;, and assume that 1 —a =1—ap ~ O(b_2<"1*1>+5) for
some 0 < § < m Then, the conditional mizture algorithm has asymptotically
optimal relative error for computing py. That is,
EAQ
lim =2k =1
b—o0 Dy

Remark 5.2. In Theorem [B.1]the conditional mixture algorithm can be replaced by
the GPD mixture algorithm.

Proof. First rewrite the normalized second moment as in (B.1)):

Ep2 1 / 1 dun 1 /
R o) dot (by)ms(dy) = — b(y)m (dy)
sp>1 sn>1
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Fix ap € (0,1). Define the sets

Ai={yeR":y;>1—-s;1,y; <1—5;_1,j <i},
Bi={yeR":y; <ao(l—si1)},
Ci={yeR":a0(l —s;-1) <yi <a(l—s;_1)},
Di={yeR":a(l—s;—1) <y; <1—3s;_1}.

Then {s, > 1} C U™, A; and each A; can be written as the disjoint union of the
31 sets of the form

LHNnhnNn---N1li_q ﬂAi, (51)

where each I; is either B;, C;, or D;. Each intersection (G.I)) is of one of the types
below.

(i) I; =Bj foreach j =1,...,i— 1.

(ii) among the sets I, ..., I;—q there is at least one j for which I; = C; and no
j with I; =D
(iii) among the sets I, ..., ;1 there is at least one j for which I; = D;.

Next we treat the integrals

1 (/ Ro(y)ms(dy),

n
IiNn---NI;_1NA;

separately. The intersection belongs to one of the three types.

Type (i): Consider y € By N---NB;_1NA;. Then s, 1 <1— (1 —ag)"! and

. y 1 77 L 1 F(ba(l - si-1))

1

- - < —
7 __T0) ; F(b

1P piFO) iy m1 P (b)

%

Ri(y) <

H:j

Fix arbitrary € > 0. Then, for b sufficiently large, a, > 1 — ¢ and the expression in
the last display is bounded above by

i—1

11 F(b1 -0~ sim0))
=1 P i F(b)

=: Ry (y).

It follows that R;(y) — HJ 1 p " L(1—¢e)7*(1 — s;_1)~* uniformly on By N---N
B;_1 N A; and then it follows by the arguments in the proof of Theorem that

1 15511
hzxi)sogpn2 / Ry (y)myp(dy) < n_Hp__ 1—e)™x
Bin--NB;_1NA; j=1
Since € > 0 was arbitrary we can let ¢ — 0 to get
1 =
lim sup 75 / Ry(y)ma(dy) < — H [, qz.

BiN---NB; _1NA;
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Type (ii): Fory € [ NI N---N1I;_1 NA; it holds that s, 1 < 1— (1 —a)"%
Proceeding as in the Type (i) case, for e > 0 and b sufficiently large,
i—1

1 1
Row) < JT - — i)
=P piFO) by
B 11 F(ba(l - si1))
“ F(b)
T L LFG( -0 - a) )
=L F(b)
It follows that
1
x Ry (y)ms (dy)

LNNT_1NA,

1 T LIFG1 - -a)h

~ n2 P F(b)
Let k be the first index between 1 and 7 — 1 such that I, = C). Then I; = B, for
each 1 <I1<k—1,and sp_1 <1— (1 —ag)* !, whereas s; 1 <1— (1 —a) 1,
P(Yy > bag(l — sx—1),Y; > b(1 — s;_1))

mb(Il N---NIi_4 ﬂAi). (52)

mb(Il N---NI1li—_1 ﬁAZ) <

F(b)
P(Yy > bag(1 — ag)*=1,Y; > b(1 —a)'~ 1)
- F(b)
~ F(bag(1 —ag)* 1)F(b(1 —a)'!)
- F(b)
F(bag(1 — ag) " HF(b(1 —a) 1)
< T0) (5.3)
Putting this into (52 yields the upper bound
¥ Ry (y)mo(dy)
LNnenT_1NA;
15 11 [F(b(1—e)(1—a)~1)12— "
= ﬁj_lﬁi[ R0 | Fbao(t — a0 ™)
1594 11 [F(b(1—e)(l—a)1)2— _
o) ! E;[ ) } F(bag(1 —ag)" ™).

This converges to 0 as b — oo by the choice of a = ay,.

Type (iii): For 1 NIN---NI;_1NA; of type (iii) we let j denote the first index
for which I; = D;. Suppose first that I, = By, for each k = 1,...,5 — 1. Then,
sj—1 <1—(1—ap)’~! and, for arbitrary £ > 0 and b sufficiently large,

Ry(y) < ——__ : (5.4)
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which is bounded in b. In addition,

P(Y; € Dj,Sj-1<1—(1—ag) ")
F(b)

F(ba(l —sj-1)) = F(b(1 —s5-1))

< / ) fin(dy) — 0, (5.5)

mb(Bl ﬁ-'-ﬂBj_l ﬂDj) <

Blﬁ~"ﬂB]‘71

as b — oo, by the bounded convergence theorem. Combining (5.4) and (B8] we see
that

lim sup / Rydmy, = 0.
b—o0
Blﬂ---mijl
Finally, suppose I, = Cj, for some k = 1,...,5 — 1. Then, s;_1 <1—(1—a)’~!
and, for arbitrary € > 0 and b sufficiently large,

Jj—1 = _
1 1Fb(1—-¢e)(1—a)?)
<l 2 (5.6)
In addition, just as in (B.3)),
F(bao(1 —ao) " )F(b(1 —e)(1 —a)’™*
my(lyN---NIj_1ND;) < (bao ( ao) )_( ( e)( a) ) (5.7)
F(b)
Combining (5.6) and (B.7)) we see that
lim sup / Rydmy,
b—o0
Blﬁ"'ﬁB]‘71
j—1 - -
1 17FbB1—-¢)(1—a) 2 .
§limsupH—— (5 8_)( a) )} F(bao(1 — ap)’ ') =0,
b—oo 5 Pk 4y F(b)
by the choice of a = ap. O

6. NUMERICAL ILLUSTRATIONS

In this section we examine the performance of the scaling mixture algorithm,
referred to as the SM algorithm. We perform a preliminary test using Pareto-
distributed positive random variables and compare the algorithm with the condi-
tional mixture algorithm in [Dupuis et all (2007), which we refer to as the DLW
algorithm, and the conditional Monte Carlo algorithm in |Asmussen and Kroese
(2006). For comparision, we first consider the same setting as in [Dupuis et al.
(2007), Table TV, pp. 18. The so-called true value in Table [l was obtained from
the same table. Each estimate was calculated using N = 10* samples of S,,. This
estimation was repeated 100 times and the mean estimate, the mean standard er-
ror and the mean calculation time were calculated. The parameter a in the DLW
algorithm was chosen equal to 0.999 and the parameter A in the scaling mixture
algorithm was chosen equal to 1 in Table [ and equal to /3, the optimal value, in
Table

The standard Monte Carlo estimation is inferior to both importance sampling
algorithms. The conditional Monte Carlo algorithm performs best for most proba-
bilites in this study.
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TABLE 1. Simulations of P(S, > b), where S,, = > | X, and
P(X;>z)=(1+2)""2,a=0999 and A = 1. N = 10* samples
were used for each estimation, repeated 100 times..

n b True value MIS DLW CMC MC
5 | 5e+05 | 0.007071 | 0.0070744 | 0.0070714 | 0.00707034 | 0.0069960 Avg. est.
(7.26e-05) | (6.10e-06) | (4.89e-06) | (4.88e-05) | (A. std. err.)
[0.816] [0.799] [0.731] [0.685] [A. time (s)]
Se+11 | 7.0711e-06 | 7.0776¢-06 | 7.0710e-06 | 7.0711e-06 | 1.8000e-05
(7.53e-08) | (1.86e-09) | (2.71le-11) | (1.56e-05)
[1.005] [0.990] [0.908] [0.840]
15 | 5e+05 | 0.02121 0.021188 | 0.021215 | 0.021210 | 0.021724
(2.07e-04) | (4.15e-05) | (2.72e-05) | (2.05e-03)
[1.224] [1.219 ] [1.092] [1.006]
Be+11 | 2.1213¢-05 | 2.1224¢-05 | 2.12146-05 | 2.1213¢-05 | 1.800e-05
(2.25e-07) | (5.82¢-09) | (3.09e-10) | (1.80e-05)
[1.450] [1.456] [1.283] [1.179]
25 | 5e+05 | 0.035339 | 0.035330 | 0.035348 | 0.035347 | 0.035462
(3.32e-04) | (9.06e-05) | (5.89¢-05) | (2.61e-03)
[1.712] [1.729] [1.478] [1.366]
Se+11 | 3.5355¢-05 | 3.5338¢-05 | 3.5355e-05 | 3.5355¢-05 | 3.8000e-05
(3.77e-07) | (1.04e-09) | (1.32¢-09) | (3.68e-05)
[1.993] [2.016] [1.689] [1.559]
TABLE 2. Simulations of P(S, > b), where S, = Yo | X;,
P(X; >z) = (1+2)7' a =099 and A = V3. N = 10*
samples were used for each estimation, repeated 100 times.
n b True value MIS DLW CMC MC
5 | 5e+05 | 1.0001e-05 | 1.0020e-05 | 1.0001e-05 | 1.0001e-05 | 6.000e-06 | Avg. est.
(1.07e-07) (2.78e-09) (2.58e-10) (6.00e-6) (std. err.)
[0.429] [0.415] [0.433] [0.346] [time (s)]
Set11 | 1.0000e-13 | 9.9996e-12 | 9.9999e-12 | 1.0000e-13 0
(1.07e-13) | (2.79e-15) | (8.59e-22) (0)
[0.433] [0.418] [0.430] [0.352]
15 | 5e+05 | 3.0010e-05 | 3.0004e-05 | 3.0011e-05 | 3.0010e-05 | 3.0000e-05
(3.21e-07) | (1.12¢-08) | (1.74e-09) | (2.71e-05)
[0.491] [0.445] [0.437] [0.375]
Be+11 | 3.0000e-11 | 2.9990e-11 | 3.0000e-11 | 3.0000e-11 0
(3.22e-13) | (9.06e-15) | (1.75e-20) (0)
[0.490] [0.445] [0.431] [0.365]
25 | 5e+05 | 5.0029¢-05 | 5.0098¢-05 | 5.00274e-05 | 5.00290e-05 | 3.7000e-05
(5.37e-07) | (1.90e-08) | (4.10e-09) | (3.34e-05)
[0.561] [0.485] [0.432] [0.386]
Be+11 | 5.0000e-11 | 4.9970e-11 | 4.9998¢-11 | 5.0000e-11 0
(5.38¢-13) | (1.65¢-14) | (1.54e-20) (0)
[0.556] [0.479] [0.439] [0.382]
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