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1 Introduction

The aim of the package to be described is to try modularizing the investigation of
differential equations for which there are no complete algorithms available yet.
All, that is available for such problems are algorithms for special situations,
e.g. when first integrals with a simple structure exist (e.g. polynomial in first
derivatives) or when the problem has infinitesimal symmetries. In all such cases,
finally a system of differential equations has to be solved which is overdetermined
in the sense that more conditions have to be satisfied than there are unknown
functions. To do a variety of such investigations efficiently, like a symmetry
analysis, application of symmetries, determination of first integrals, differential
factors, equivalent Lagrangians, the strategy is to have one package (CRACK)
for simplifying DEs and solving simple DEs as effective as possible and to use
this program as the main tool for all the above mentioned investigations. For
each investigation there is then only a short program necessary to just formulate
the necessary conditions in form of an overdetermined DE-system and to call
CRACK to solve this, possibly in a number of successive calls. The examples
below shall indicate the range of possible applications.

2 Examples

Example 1.
The program LIEPDE formulates conditions for point- and contact-symmetries


http://crossmark.crossref.org/dialog/?doi=10.1145%2F214441.214444&domain=pdf&date_stamp=1995-06-01

for single ODEs/PDEs and systems of them and calls CRACK to solve these
conditions. By splitting the whole calculation in a succession of formulating
conditions and solving them to simplify the formulation of the next conditions,
the efficiency could be increased.

The following are the Karpman equations which play a role in plasma physics.
In their real form, which is used to determine symmetries, they are [3]
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with the three functions p,¢,v of four variables ¢,z,y,z and with constant

parameters a;, §;, w;.
The corresponding input for LIEPDE is

depend r,x,y,Zz,tt;
depend f,x,y,Zz,tt;
depend v,x,y,z,tt;

de := {{df(r,tt)+viedf(r,z)+si(df(x,x)*df(f,x)+df(x,y)*df (£, y)+T*
df(f,x,2)/24xedt(t,y,2) /2)+82%(df (x,z) #df (£, z)+r*df (£,2,2)/2),
df(f,tt)+uisdf (f,2)~(s1%(df (v, x,2) /r+dt(r,y,2) /r-df (f,x) #+2
~df (£,y)#¢2)+s2¢(df (v,z,2) /r-df (f,2)#%2)) /2+alsv,
df(v,tt,2)-w2#+2¢(af (v,x,2)+df (v,y,2) +df (v,2,2))
- 2%a2#r¢(df(r,x,2)+df (r,y,2)+df(r,z,2))
~ 2¢a2#(df (r,x) ##2+df (x,y) ##2+df (x,2) *+2) },
{r,f,v}, {x,y,z,tt}};

wo := {0, nil, nil};

LIEPDE(de,mo);

The general solution for the symmetry generators then reads

€ = —yate =0

& = zcrtes n* = ajcst? +aert +cs
f' = ¢4 17" = —-65t—67

£ = ¢

with constants ¢;,...,cs. The corresponding 8 symmetry generators are

X1=0;, Xs=8; Xs=yb;—2z0;, X7=a1tds—0y,
X2=0y, Xyu= 8y,  Xe =04, Xsg = a1t26¢ - 2t6,.

The time for this calculation (without outputing intermediate steps) on a PC486
with 33 MHz and 4MB RAM is less than § min.



Example 2.
Two ways to apply known infinitesimal symmetries of differential equations are
a) to generalize an additionally known special solution by one free parameter
for each known symmetry or b) to calculate symmetry and similarity variables
and to transform the DE. The second methods effectively lowers the order of
an ODE by one or reduces the number of variables of a PDEs to obtain special
solutions.

The following ODE for h = h(p) resulted from an attempt to generalize
Weyl’s class of solutions of Einsteins field equations ([4])

0=23802hh" —5p> h'? 4 5ph b’ — 20ph3h' — 20 h* + 16 h® + 4 K2,
where / = d/dp. Calling LIEPDE through

depend h,r;
prob:={{-20&h**4+16¢he#6+3*r**2+h*df (h,r,2) +5+rshedf (h,r)
=20%h3sredf (h,r)+4shes2-5%ras2edf (h,r) #«2},
{n}, {r}};
sym:=liepde(prob,{0,nil,ni1});

gives the two symmetries —p®8, + hp? 8, and pd,. Corresponding finite trans-
formations can be calculated with APPLYSYM through

newde :=APPLYSYM(de,rest sym);

If in the following interactive session (for details see [5]) the user wants to find
symmetry- and similarity variables and specifies a linear combination of these
two symmetries or one of them - to get the result below the first symmetry is
used - and answers several times with ‘yes’ to the choice the program offers then
APPLYSYHM returns the finite transformation

p=(2u) Y2 h=(2u)/?y
and the new ODE
0 = 3uv — 16u"3v® — 20u?v® + 5u’

where u = u(v) and ’ = d/dv. Using the second symmetry, this first order
equation for u’ can be integrated by hand to obtain the parametric solution:

_ (. 3d(ep-1) -y
p - p1/2(p+ 1)1/2 + C2

(cap*/?(p + 1)1/2 + 6cip — 3c})!/2p!/?

h ci(d4p+1)

where ¢y, ca = const (details in [5)).



Example 3.
To find similarity and symmetry variables in the previous example the program
has to solve first order linear PDEs. The corresponding procedure can also be
used alone to solve quasilinear first order PDEs. Though the solution of the
related characteristic ODE-system can not be assured and by that the solution
of the PDE, the program is successful in more than half of the quasilinear first
order PDEs in [1].

The following equation comes up in the elimination of resonant terms in
normal forms of singularities of vector fields ([6]).

O==zf+yfy+22f.-2f—-zy for [f=f(z,y2).
The input
QUASILINPDE (Af (f,x)*x+df (f,y) *¥y+2#df (f,z) #z-2%f-x#y,f,{x,¥,2}) ;
produces the result:

The general solution of the PDE is given through

- log(z)exsy + 2%¢f sqrt(z)sx sqrt(z)*y
0= £f( ) ) )
z z z

with arbitrary function ££(..).

The second PDE solved below is equation 3.12 from [1]:
0 = 2w,y +(az + by)w,y +(cz + dy + f2)w,,, a,b,c,d,f = const
QUASILINPDE returns that the general solution of the PDE is given through

_ az+by—y cx(b— f)+dy(l - f) — adz z
o= F (gt TNyt )

with arbitrary function F'. This means that w is an arbitrary function of the
first two arguments of the function F.

Example 4.

To solve equations of motion in General Relativity, symmetries of space-times
have to be determined. Symmetries are also an essential criterion for classifying
solutions of Einsteins field equations. With programs written by Guy Gre-
bot ([7]) in the computer algebra system CLASSI the conditions for symmetries
(Killing vectors, homothetic and conformal Killing vectors, Killing tensors) can
be formulated and afterwards CRACK be called to solve them. In the simplest
case of Killing vectors these are 10 first order linear PDEs for 4 functions of 4
variables, The Killing equations for Kimura-metric together with a number of
integrability conditions are:



DEPEND V0,7T,R,H,P$

DEPEND V1,T,R,H,P$

DEPEND V32,T,R,H,P$

DEPEND V3, T,R,H,P$

LISTOFFUNS := LIST(V0,V},V3,V3)s
KILEQS =

LIST(3*DF(V0,T)+3*R**(-1)*V1,B**(1/2)*R**2* DF(V0,R).B**(-1/2)*R**(-2)*DF(V1,T)
+~B**(1/2)*DF(V3,T)4B**(-1/3)*DF(V0,H),-B**(1/3)*SIN(H)*DF (V3,T)+B**(-1/2)*(SIN(

.
;{')I))F.((V:),P).-2’DF(V1.R)+2‘R“(-l)‘Vl.-B‘R"2‘DF(V2.R)-B“(-l)'n“(-z)‘DF(V!.H).-B

SRe**SIN(H
)*DF(V3,R)-B**(-1)*R**(:3)*(SIN(H))**(-1)*DF(V1,P) -2* DF(V2,H)-2*R4*(-1)*V1,-SIN

(H)*DF(V3

H)-(sm(x{)i"(-x)'Dr(va.P).-rvz'cosm)*(sm(u))"(-t)-z'bF(V;,P)-z‘ﬂ"(-x)'vx.l
/3*B*R*DF(

VO,T,R)+B*DF(V0,T)+B*R**(~1)* V141/2*R**(-3)*DF(V1,T,3),1/2*B**(3/3) *"R**3*DF(VO,R
.‘2‘)(-:7;)!3‘R"3‘DF(VO.R)+l/2‘B"(l/a)‘R"(-l)‘DF(Vl.T-R)-B"(V’)’R”('?)'DF(‘N-T)l
2;;:;?1;;(%,1‘)“/2'3"(l/z)'n'ov(vo.n.,n)+1/z°a°°(1/z)°or(vo,u)+x/a°a°°(-1/2)‘n"
(-3)*DF(V1

/T H),-1/2*B**(3/3)*SIN(H)*DF(V3,T)+1/2*B**(1/2)*R*(SIN(H))**(-1)*DF(VO,R,P)41/2
.B.‘ 1

YS(SIN(H))**(-1)*DF(VO,P)+1/3%B*%(-1/3)*R**(-3)*(SIN(H))**(-1)*DF(V1,T,F),-1/2*B

ssqeneege
DF(V3,R)+1/2*B*R**(-1)*DF(V3,T,2)+1/2°R**(-1)*DF(V0,T,H)+1/3*R**(-3) *DF(V1,H),1/

2*BY*(3/
2)*R*DF(V2,T,R)+1/3*B**(1/2)*R*DF(VO,R,H),1/2*B**(3/2)*R**2*DF(VO,R)+1/2*B**(1/2

DR (V3T H)41/2%B4(1/2) SRO¥(2) DE (VLLT)H1/39B (-1 /3)RO*(-1)*DP(VO,H,2)-1 /2%

‘B;L:(‘l((la))'cos(ﬂ)‘DF(Va,T)+l/:‘B“(llz)‘R“(-l)‘(SIN(H))"(-l)‘DF(V?.’I‘.P)-1/2‘8"(

- sRee
(f;/):o)cgs(u)t(sxN(u))“(.:)Opp(vo,P)-q-t/a03“(.1/2)‘3"(.x)'(sm(u))"(-x)*DF(vo,H

"l:)a';:l/":ﬁsm(H)‘DF(V;.RH-1/2‘B'R"(-1)‘s1N(H)'DF(V:.T.2)+1/9‘R"(-1)‘(SIN(H))"(

~1)*DF(Vo0
T\P)+1/3°R**(-2)*(SIN(H))**(-1)*DF(V1,P),1/2*B**(3/2)*R*SIN(H)*DF(V3,T,R)+1/2*B

*e L]
R‘(lSIIQN(H))“(ul)‘DF(VO,R,P).I/:‘B“(l/2)°R“(-l)‘COS(H)‘DF(V.!,'I‘)-{-I/Q‘B"(I/?)‘R‘

*(.1}*SIN
(&)l‘)D?"(VS,T.H)-1/2‘5“(-1/2)‘3“(-l)‘COS(H)‘(SIN(H))“(-2)‘DF(VO,P)+1/2’B“(-1/2

e (.
'(st((Hl))"(-1)°Dr(vo,H.p),;/a‘aﬂ(a/a)'n"a‘DF(vo.R)+x/a°a°'(1/a)°n°'(-1)'c05(H

)S(SIN(H))
**(-1)*DF(V3,T)41/2*B**(1/3)*R**(-1)*DF(V3,T,P)-+1/2°B**(1/2)*R**(-3)*DF(V1,T) 41/

epes(,
72)°R£'1(-1)‘cos(H)°(sm(H))“(.1)'Dp(vo,H)+1/a'B"(-l/a)'n“(-x)°(sm(n))"(.z)~

DF(V0,P,3)
,1/303"(3/3)0;;0Dp(vz,T,n)+x/a'B“(s/z)‘DF(V:.T)-!/:‘B"(l/:)‘DP(Vo.H)-z/a'B"(.

1/2)*R*%(
-3)°*DPF(V1,T,H),1/3*B**2°R**3*DF(V3,R,2)43*B**3*R**2*DF(V2,R)-1/3*R**(-1)*DF(V1,R

H Re**(.
)':))'S(vxfua).;/ra°a°pr(vz,n.m+a'DF(V=.H)+B‘R"(-l)‘v1-l/=‘B“(-1)‘R"(-8)‘DF(VI.

Ho " *
'Rz)cé,sa(ul;mF(vs,n)+1/a'a'n'(sm(H))"(-l)'DF(Vﬁ-R.P)H/9‘8‘5"4(H)‘DF(W.H)H/?‘B

S(SIN(H))
00(_1)oop(v3'p)+llzoaoo(_l)onoc(.g)'cos(ﬂ)‘(SlN(H))“(-?)‘DF(V1,P)-1/2‘B“(.1)‘R

**(-3)*(sIN(



H))**(-1)*DP(V1,H,P),1/3*B**(3/2)*R*SIN (H)*DF(V3,T,R)+1/3*B**(3/2)*SIN(H)*DF(V3,

T)-1/2°B
“(l/ﬁ)‘(SlN(H))"(-l)‘DP(VD.P)—1/2‘8”(-]/'J)‘R“(-a)‘(SIN(H))“(-I)'DF(VI,T,P),

1/2'5'.3.
R**3°SIN(H)*DF(V3,R,2)+3*B**2*R**3*SIN(H)* DF(V3,R)-1/3*R**(~1)*(SIN(H))**(-1)*DF

V1,R,P)4+R
*#(-2)*(SIN(H))**(-1)*DF(V1,P),1/2*B*R*COS(H) *DF(V3,R)-+1/2*B*R*SIN(H) *DF (V3,R,H)

+1/3*B*SIN
(H)*DP(V3,H)+1/2*B*(SIN(H))**(-1)*DF(V32,P)+1/2*B**(-1)*R**(-3)*COS(H)*(SIN (H))**

(-3)*DF(V1
1P)+1/2B**(-1)*R**(-3)*(SIN(H)) **(-1)*DF (V1,H,P),1 /2*B*R*COS(H)*(SIN(H))**(-1)*

DF(V3,R)+1
/3*B*R*DF(V3,R,P}+B*V3*COS(H)*(SIN(H))**(-1)+B*DF(V3,P)4B*R**(-1)*V1.1/2%B**(-1)
*spee_3)*
COS(H)*(SIN(H))**(-1)*DF(V1,H)-1/2*B**(-1)*R**(-3)*(SIN(H))**(-2)*DF(V1,P,2),B**
(1/3)*R**(-1)
*COS(H)*DF(V3,T)+1/3*B**(1/2)*R**(-1)*SIN(H)*DF(V3,T,H)-1/3*B**(1/3)*R**(-1)*(S1
N()H))"(

-1)*DF(V3,T,P),B*R*COS(H)*DF(V3,R)+1/2*B*R*SIN(H) *DF(VS,R,H)-1/2*B*R*(SIN(H))**(
-1)*DF(V3,R
,P),x/:'B"2‘R“2°SIN(H)‘DF(Vs,n)+a/:'n"(-1)'cos(H)‘DF(va,H)+1/:‘R“(-1)‘cos(H)
*(SIN(H))**
(-3)*DF(V2,P)+1/3°R**(-1)*SIN(H)*DF(V3,H,3)-1/2%R**(-1)*(SIN(H))**(-1)*DF(V3,H,P
)-1/2*R**
<2)*(SIN(H))**(-1)*DF(V1,P),-1/3*B**2*R**3*DF(V2,R)-R** (-1)*V34+R**(-1) *COS(H)* (S
IN(H))**(~
ll)q‘(Dg’)(Vg.PH-l/n‘R“(-l)‘DP(VS,H.P)-l/:‘R“(-l)‘(SIN(H))“(-:)‘DF(V:,P.?)+l/2‘R“
(-2)*DF(V1

1H),-3*B**2*DF(V0,T)-3*B**2*DF(V1,R) -B**3*R**2*DF(V2,R)-B*R**(-2)*DF (V1 ,H),.B**

3*R**2*SIN
(H)*DF(V3,R)-B*R**(-3)*(SIN(H))**(-1)*DF(V1,P),-B**(5/3) *DF (V3,T)+B**(3/2) *DF (V0

,H),-B**
5/)2)‘SIN((H)‘DF(V8,T)+B"(a/?)‘(SIN(H))“(-1)‘DF(VO,P),-2‘B"Q‘DF(VD,T)-Q‘B"Q‘DF
(V3,H)-4

B**2%R**(-1)*V1,-B**3*SIN(H)*DF(V 3,H)-B**2%(SIN(H))**(-1)*DF(V3,P),-B**(5/2) *R*

*3*DF(VO,R
)+B“és/2)'R“(-2)‘DF(Vl,T),-B"(s/ﬁ)‘SlN(H)‘DF(Vs.’I‘)+B”(a/2)‘(SlN(H))“(-l)‘DF

Vo,P)4+B
£‘(1/2)).tn“(-2)'8m(H)‘DF(VS.’!‘),—Q‘B"Q‘VQ'COS(H)‘(SIN(H))“(-I)-Q‘B“?‘DF(VO.T)

-2*B**3*DP
(V3,P)-4*B**2°R**(-1)*V1,.B**(5/2)*R**2*DF(V0,R)+B**(3/3)*R**(-2)*DF(V1,T),B**(5

/3)*DF (V2
+T)-B**(3/3)*DF(V0,H)-B**(1/3)*R**(-2)*DF(V2,T),2*B**2*DF(V1,R)+2*B**3* DF(V3,H),

B**2*SIN(H)
*DF(V3,H)+B**2%(SIN(H))**(-1)*DF(V2,P),-B**3*R**2*SIN(H)*DF(V3,R) + B*SIN (H)*DF(V3

,R)-B*R**
(-2))‘(SIN(H))“(-1)‘DF(Vl.P),2‘B“2‘V2‘COS(H)‘(SIN(H))“(-l)+2‘8"2'DF(Vl,R)+2‘B

**3*DF(VS,
P),B**3*R**2*DF(V3,R)-B*DF(V2,R)4B*R**(-2)*DF(V1,H),2*B**3*Va* COS(H)*(SIN(H))**(

-1)43*B**3
*DF(V2,H)43°B**2°DF(V3,P)44*B**2*R**(-1)*V1-2*R**(-2)*VI*COS(H)* (SIN(H))**(~1)-2

‘R“(-Q)‘DF

(V3,H)-2*R**(-2)*DF(V3,P)-2*R**(-3)*V1)$
SOL:=CRACK(KILEQS,LIST(),LISTOFFUNS,LIST())$

On a SUN SPARK II CRACK finds after 45 sec that for b # 0 this space-time has



the 4 Killing vectors
Or, 8p, —cos(P)dy + cot(H)sin(P)dp, sin(P)dy + cot(H) cos(P)bp

and therefore is spherically symmetric and time independent.
Often some symmetries can easily be spotted but it is more difficult to show
that there are not more than these symmetries.

Example 5.

When numerical methods are used to solve DEs it might be interesting to know
a corresponding Lagrangian in order to use other more efficient numerical meth-
ods. The program LAGRAN aims at finding Lagrangians polynomial in the first
derivative for second order ODEs. For example, to investigate the 6’th tran-
scendental Painlevé equation

v'= b (bt ) - (e k) v

—1)}y-~=x b e(z—~1 dz(z—1
+ z3(z-1)? (a + ;T{g' + ig,l-lig + 7;7‘—7?2) (1)
concerning equivalence to a Lagrangian of the structure

L = u(z,y)(¥)? + v(z, )
the input would be

depend y,x;

de:={df(y,x,2) = (1/y+1/(y-1)+1/(y-x))*df(y,x) #*2/2 -
(1/x+1/(x=1)+1/(y-x))*d£(y,x) + y*(y-1)*(y-x)/xex2/ (x-1) %x2x
(atbex/yes2tce(x-1)/(y-1) e#2+dsex+ (x-1)/(y~x)*%2) , y, x };

LAGRAN(de,{0,{}});

for which LAGRAN finds
L = 1[zy(z - y)(z + )z~ )(y - 1)) [(z + 1)(z — 1)>z2y?
=2a(zy+z+y)z—y(y - Dy+2W(z+y+1)(z—y)(y - 1=
+2c(z + y)(z — y)(z — 1)y — 2d(z - 1)(y + 1)(y ~ 1)zy].

3 Availability

The programs run under REDUCE 3.4.1 or later versions and are available by ftp
from galois.maths.qmw.ac.uk (138.37.80.15), directory ftp/pub/crack. Man-
ual files CRACK.TEX, APPLYSYM.TEX give more details on the above applications.
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