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ABSTRACT

Mirrored mutations as well as active covariance matrix adap-
tation are two techniques that have been introduced into the
well-known CMA-ES algorithm for numerical optimization.
Here, we investigate the impact of active covariance matrix
adaptation in the IPOP-CMA-ES with mirrored mutation
and a small initial population size. Active covariance ma-
trix adaptation improves the performance on 8 of the 24
benchmark functions of the noiseless BBOB test bed. The
effect is the largest on the ill-conditioned functions with the
largest improvement on the discus function where the ex-
pected runtime is more than halved. On the other hand, no
statistically significant adverse effects can be observed.

Categories and Subject Descriptors

G.1.6 [Numerical Analysis]: Optimization—global opti-
mization, unconstrained optimization; F.2.1 [Analysis of
Algorithms and Problem Complexity]: Numerical Al-
gorithms and Problems

General Terms
Algorithms

Keywords

Benchmarking, Black-box optimization

1. INTRODUCTION

The covariance matrix adaptation evolution strategy (CMA-

ES) is considered as one of the standard stochastic optimiza-
tion algorithms for continuous domain. In recent years, sev-
eral algorithmic improvements of the original version have
been made. One is the idea of increasing the population
size (by a factor of two) after each restart of the algorithm
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(IPOP-CMA-ES,; [2]). Two other improvements, are the ac-
tive covariance matrix update [9] and mirrored mutations
[1]. In an accompanying paper [3], it is shown that both ac-
tive covariance matrix adaptation and mirrored mutations
can be easily combined in the standard IPOP-CMA-ES.
Here we pursue the question how strong is the influence
of the active covariance matrix adaptation on the overall
performance. To this end, we compare the IPOP-CMA-ES
with mirrored mutations and a small initial population size
with the algorithm enhanced by active covariance matrix
adaptation on the noiseless BBOB test bed. We find that
the additional active covariance matrix adaptation improves
the algorithm significantly on about one third of all functions
while no detrimental effect can be observed.

2. ALGORITHM PRESENTATION

The baseline algorithm for our comparison is the IPOP-
CMA-ES with mirrored mutations and an initial population
size of | (4 + [3log(D)])/2], i.e., a population size that is
half as large as in the original IPOP-CMA-ES where D is
the problem dimension. The reason is that in initial exper-
iments, mirrored mutations showed a larger impact when
the population size is small [4]. We denote this baseline
algorithm as CMA,n'. On the other hand, we have the al-
gorithm CMA ., with additional active covariance matrix
adaptation which is implemented according to [§].

Both algorithms are run for a maximum of 2 - 10° - D
function evaluations and restarted up to 10 times. Besides
the reduced initial population size, all parameters are set
as recommended in the original CMA-ES. The MATLAB
source code is version 3.54.beta.mirrors of the CMA-ES and
can be found at http://canadafrance.gforge.inria.fr/
mirroring/.

3. TIMING EXPERIMENTS

In order to see the dependency of the algorithms on the
problem dimension, the requested BBOB’2012 timing exper-
iment has been performed for the two algorithms CMA ),
and CMA ., on an Intel Core2 Duo T9600 laptop with
2.80GHz, 4.0GB of RAM, and MATLAB R2008b on Win-
dows Vista SP2. The algorithms have been restarted for
up to 2 - 10°N function evaluations until 30 seconds have

The index 'm’ stands for mirrored mutations and the index
’h’ for half the standard population size.



passed. The per-function-evaluation-runtimes were 22; 19;
12; 8.3; 5.8; 5.8 and 12 times 10~* seconds for the CMA .y
and 21; 19; 11; 8.3; 6.1; 5.7 and 11 times 10™* seconds for
the CMAan in 2, 3, 5, 10, 20, 40, and 80 dimensions re-
spectively.

4. RESULTS

Results from experiments according to [6] on the bench-
mark functions given in [5, 7] are presented in Figures 1,
2 and 3 and in Tables 1. The expected running time
(ERT), used in the figures and table, depends on a given
target function value, fi = fopt + Af, and is computed over
all relevant trials as the number of function evaluations exe-
cuted during each trial while the best function value did not
reach f;, summed over all trials and divided by the number
of trials that actually reached f; [6, 10]. Statistical signifi-
cance is tested with the rank-sum test for a given target A f;
(107® as in Figure 1) using, for each trial, either the number
of needed function evaluations to reach Af; (inverted and
multiplied by —1), or, if the target was not reached, the best
A f-value achieved, measured only up to the smallest num-
ber of overall function evaluations for any unsuccessful trial
under consideration.

The main observation is that the IPOP-CMA-ES variant
with additional covariance matrix adaptation is never statis-
tically worse than the one without active covariance matrix
adaptation. The strongest positive effect of the additional
covariance matrix adaptation can be observed for the ill-
conditioned functions (Fig. 3) where for all test functions
in this class the CMA,an statistically significantly outper-
forms the CMA, for a target of 1078 (Fig. 1). The fac-
tor of improvement in terms of ERT for these functions lies
between 1.3 (for the ellipsoid function) and 2.24 (for the
discus function) in 40D, see Table 1. Also on the separable
ellipsoid, the CMA a1 statistically significantly outperforms
the CM A1 for all tested dimensions. Also on other func-
tions, statistically significant improvements can be observed,
mainly found for larger dimensions: for 20D and 40D on fs,
for 10D, 20D, and 40D on f7, for 20D on fs, for 20D and
40D on fi2, and for 40D on fig. Overall, there are only two
functions where the CMAn, is (slightly) better in 20D for
difficult targets than the CMA ,an. Furthermore, within the
given budget, for fs, fi, fio and for all weakly structured
functions, unsuccessful runs occur for both algorithms with
a slight advantage for the CMApan (with 6 successful runs
more than the CMAp).

In summary, active covariance matrix adaptation regu-
larly improves the performance of IPOP-CMA-ES with mir-
rored mutations, also when the initial population size is
smaller than the standard population size.
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Figure 3: Empirical cumulative distributions (ECDF) of run lengths and speed-up ratios in 5-D (left) and 20-
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f13 132 250 1310 1752 2255 15/15 " F 5 652 2751 18749 24455 30201 15/15
1: CMA| 4.7(5) 8.9(2) 2.2(0.8) 2.5(1) 2.8(0.9) [15/15 1. cMA| 3.7(3) 6.4(6) 1.8(0.7) 2.4(1.0) 2.7(0.7) 15/15
2: CMA| 4.0(4) 5.6(3)* 1.7(0.8) 1.7(0.6) 1.6(0.5)*215/15 2. cma|  3.6(3) 4.2(3) 1.3(0.4) 1.4(0.6) 1.8(0.9)* 15/15

f1a 10 58 139 251 176 [(5/15  f14 75 304 932 1648 15661 15/15
1: CMA| 1.4(2) 2.5(0.9) 4.1(2) 6.4(0.8) 5.1(0.6) [15/151: CMA| 2.3(1) 1.9(0.3) 2.8(0.3) 5.7(0.7) 1.2(0.1) 15/15
2: CMA| 1.4(1) 2.4(0.6) 3.4(0.9) a.1()*3 3.5(0.4)*315/15 2. cma|  2.0(0.6) 1.9(0.3) 2.3(0.3)*2 3.4(0.4)*3 0.66(0.0)*3+415/15

f15 511 19369 20073 20769 21359 14/15 ™ F15 30378 3.1eb 32eb 41.5e5 4.6e5 15/15
;3 811:;2 23535 iiggg; 11583; }128‘;; i}gg‘;i igﬁg 1: cMA|  0.98(0.6) 0.66(0.3) 0.67(0.3) 0.50(0.3)+2 0.50(0.3)%2  [15/15
4f16 56 5665 YT it 20955715 2.CMA| 0.92(0.6) 0.64(0.3) 0.65(0.3) 0.48(0.2)+2 0.49(0.2)¥2  |h5/15
Y o Y SR B 2
2. CMA| 2.3(1 2.4(2 .94(0. . . 0. 6) [5/15 - : -1(0. -0(0. -1(0. -0(0.

:; 3(5; 8é9) 03966(9 ) 06?5(10 6) 39%(3 5) 1;;1; 2: CMA| 2.3(3) 0.90(0.6) 0.92(0.5) 1.3(1) 1.2(0.9) 15/15
1: CMA| 2.5(2) 2.6(3) 1.5(1.0) 1.4(0.6) 1.5(0.6) [15/15 f17 63 4005 30677 56288 80472 15/15
2. OMA| 3.1(2) 21(2) 113(0.8) 11(0.5) 10(0.4) [15/15 11 OMAl 1.8(0.8) 7.7(6) 1.4(0.8) 1.3(0.7) 1.3(0.6) 15/15

Tis 103 3068 5280 10905 12460 Ji5/15 2:fCMA 2'06(211) 4'10;321 0'9627(?;;) 0'916(30'9 0'9;‘(9"? 12;1?

5 5 "3cb 5ot 5/15

1: CMA| 0.51(0.3)%  1.1(1) 1.3(0.6) 1.3(0.6) 1.300.6) [15/15 1, 384l 3.3(3) 1.2(0.7) 1.1(0.7) 1.1(0.3) 1.1(0.3) 15715
21fCMA 6-2(21> 1-2511; 1-1250;6) 1-11;0-5” 1-11;0;6") 12;12 2: cMA| 0.95(0.5) 1.2(0.7) 0.79(0.3) 0.88(0.4) 0.91(0.3) 15/15
265 TS 205 5/1¢ =

1: Ghiali2(15) 421(494) 2.5(2) 2.5(2) 25(2) 157151, 39 82(521> 3_‘;‘(?)5 1_8?‘2%66 2_9?'3?6 2_8?é§66 12?1;
2: cMAli7(12) 518(491) 2.4(2) 2.4(2) 2.3(2) 15/15 5. onial 950469 25(a) 0.91(0.8) 1301 13(1) 6/15

20 16 38111 54470 54861 55313 [14/15 —p- =5 RS 5o =555 =65 TI/T5
1: CMAf 2.6(1) L.7(2) 1.3(1) 1.3(1) 1.3(1) 15/15 1. EMA| 2.6(0.8) 1.3(1) 10(12) 10(11) 10(12) 1/15
2: CMA| 2.3(2) 1.6(2) 1.2(1) 1.2(1) 1.2(1) 15/15 5. cma| 2.5(0.8) 0.87(0.4) 2.4(3) 3.2(4) 3.2(4) 3/15

f21 41 1674 1705 1729 1757 [14/15 = 561 14103 14643 15567 17589 [15/15
1: CMA} 3.3(1) 40(62) 41(63) 42(70) 42(69) 14/15 1. &Mma| 8.7(7) 75(95) 73(118) 69(111) 61(72) 8/15
2: CMA| 3.6(4) 5.7(10) 5.9(11) 6.0(11) 6.1(11)  [15/15 5. Gnial 25(22) 76(36) 73(34) 69(109) 61(72) /15

f22 71 938 1008 1040 1068 14/15 ¢ 167 23491 24948 26847 1.3¢5 12/15
1: CMA| 5.3(8) 288(414) 436(590) 424(548) 414(526) 7/15 1. &ial 6.9(8) oo o oo ol 1ot o/1s
2: CMA| 6.3(14) 289(412) 346(449) 336(512) 329(385) 8/15 5. onialist(29) o o - ool ee 0/15
1 f021:\1]/1A 4 5312 3811'17%49 23313(;54 223?;?30 2134'132156 13/155, f23 32 oras? 4-9¢5 8.1eb 8 ded 1o/18
2. CMA 1:552)) :52571; 23533; 225:31; 22?293 9;1:5 1 OMAL 2.8(3) 519(602) > o2 o024el o/1s

2: CMA| 2.9(3) 516(590) oo oo 00 2.4e6 0/15

Toa 1622 G.4c6 9.606 1.3e7 137 3555, 156 T =57 =57 T 3715
1: CMA| 1.4(1) 2.2(2) 1.5(2) 1.1(1) 1.1(1) 1/15 1 3314l 42(42) - - - c04.006 /15
2: CMA| 1.6(1) oo oo oo 00 1.0¢6 0/15 5, vl 42(a8) - o - o4 066 0/1s

Table 1: ERT in number of function evaluations divided by the best ERT measured during BBOB-2009 given
in the respective first row with the central 80% range divided by two in brackets for different Af values.
#succ is the number of trials that reached the final target fop¢ + 1078. 1:CMA is CMA _mh and 2:CMA is
CMA _mah. Bold entries are statistically significantly better compared to the other algorithm, with p = 0.05
where k € {2,3,4,...} is the number following the x symbol, with Bonferroni correction of 48. A |
indicates the same tested against the best BBOB-2009.

or p=10"

k



