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We give new methods for calculating the time-domain response for a finite-length distributed
RC line that is stimulated by a ramp input. The following are our contributions. First, we
obtain the solution of the diffusion equation for a semiinfinite distributed RC line with ramp
input. We then present a general and, in the limit, exact approach to compute the time-domain
response for finite-length RC lines under ramp input by summing distinct diffusions starting
at either end of the line. Next, we obtain analytical expressions for the finite time-domain
voltage response for an open-ended finite RC line and for a finite RC line with capacitive load.
The delay estimates using this method are very close to SPICE-computed delays. Finally, we
present a general recursive equation for computing the higher-order diffusion components due
to reflections at the source and load ends. Future work extends our method to response
computations in general interconnection trees by modeling both reflection and transmission
coefficients at discontinuities.
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1. INTRODUCTION

Estimating delays on VLSI interconnections is a key element in timing
verification, gate-level simulation and performance-driven layout design.
Because of the highly resistive nature of the wires, present-day tools model
the wires inside integrated circuits as distributed RC lines. The analysis of
finite RC transmission lines with step input is widely discussed in the
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literature, e.g., [Antinone and Brown 1983; Peirson and Bertnolli 1969;
Wilnai 1971; Sakurai 1983]. The standard approach is to first calculate the
transfer function; then, by approximating the transfer function, both trans-
form-domain and time-domain responses are obtained for different configu-
rations of the finite RC line with step input. Using different approaches to
invert the Laplace transform of the response, Kahng and Muddu [1994,
1996], Mattes [1993], and Rao [1995] have all obtained the exact time-
domain response for a finite-length open-ended RC line. The most recent of
these works, by Rao, also extends the traditional transform-domain analy-
sis to calculate the time-domain response for a finite RC line with capaci-
tive load impedance. A direct solution of the open-ended finite RC line
response, i.e., directly in the time-domain as an infinite series, was first
given by Kaufman and Garrett [1962]. Kahng and Muddu [1994, 1996]
calculated the time-domain response in a finite distributed RC line with
source and load impedances; the total response was shown to be equal to an
infinite sum of diffusion equation solutions, with each diffusion starting at
either the source or load end of the line.

None of these previous works gives an understanding of the interconnect
response to input signals with nonzero transition time. It is more reason-
able to model the input signal from drivers to interconnect lines as a finite
ramp input. However, analysis of finite RC transmission lines under ramp
input has received comparatively little attention. Kaupp [1989] analyzed
RC interconnections under finite ramp input by assuming infinitely long
transmission lines. Extending this work, Abuelma’atti [1990] approximated
the transfer function of a semiinfinite line using a linear function, and
proposed a model for RC lines under ramp input. Recently, Menezes et al.
[1994] proposed a methodology for RC interconnect synthesis under ramp
input using the first few moments of the transfer function. Nevertheless, no
analytical solution for the time-domain transient response of a finite
distributed RC line with source and load impedances under finite ramp
input has been obtained in the literature.

We analyze finite distributed RC lines under ramp input, using a new
technique based on solving the diffusion equation and applying the method
of images [Kahng and Muddu 1994, 1995]. Using this new technique, we
are able to analytically obtain the transient time-domain response of a
finite RC line for different cases of source and load impedances. Our
contributions are the following:

—We first obtain the time-domain response of a semi-infinite RC line for
both infinite and finite ramp inputs by solving the diffusion equation
with appropriate boundary conditions. This result matches the semi-
infinite ramp response given in Kaupp [1989].

—We then provide a general approach to compute the time-domain re-
sponse for finite RC lines by summing distinct diffusions starting at
either end of the line; each of these can be viewed as traveling either
forward or backward along the line, in analogy with reflections. In the
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Fig. 1. A semi-infinite distributed RC line and position x along the line.

limit, this approach gives an exact analysis, but only a few reflections are
needed to achieve accurate response computations.

—We obtain the analytical expressions for the time-domain voltage re-
sponse under ramp input for an open-ended finite RC line and for a finite
RC line with capacitive load. To the best of our knowledge, these results
are completely new; there is no previous literature on this subject. We
compare delay estimates from our approach and from SPICE with URC
(Uniform Distributed RC) model for RC lines: using only the first few
reflected diffusion components in the voltage response, our delay esti-
mates are very close to SPICE-computed delays. Finally, we present a
general recursive equation for computing the higher order diffusion
components due to reflections at the source and load ends of the intercon-
nect line. Our method is simple and can be extended to response
computations in general interconnection trees by modeling both reflec-
tion and transmission coefficients at discontinuities.

2. SEMI-INFINITE RC LINE ANALYSIS

Consider the semi-infinite distributed RC line shown in Figure 1. The
voltage and current on a uniform distributed RC line is governed by the
diffusion equation

dv(x, t) d%w(x, t)
ot dx>

(1)

rc

where v(x, t) is the voltage on the line at position x and at time ¢, and r
and c¢ are resistance and capacitance per unit length, respectively. The
solution to the diffusion equation under various boundary conditions has
been well studied [Kevorkian 1990]. The work of Kahng and Muddu [1994]
showed that the time-domain response of a finite-length RC line with step
input was equal to an infinite sum of diffusion equation solutions, with
each diffusion starting at either the source or the load end of the line.
Here, we are interested in calculating the response for a finite RC line
under finite ramp input. For a semi-infinite RC line the total voltage on the
line is due to only the incident diffusion component, i.e., the incident
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Fig. 2. A ramp input function: (a) finite ramp with rise time T; and (b) finite ramp
decomposed into two shifted infinite ramps.

propagation of voltage. We will first solve the above diffusion equation for
the semi-infinite line, then address the more general case where the total
voltage response on the line is the sum of incident and reflected diffusion
components. The initial and boundary conditions for the semi-infinite line
under finite ramp input (Figure 2) are

IC: v(x,0)=0 forall x=0

BC1: v(0, t) = v,(¢t) = ;:vo[tU(t) —(t—-—TrpU@ — Tr] forall t=0
R

where U(¢) denotes the step function.

We first consider an infinite ramp input since any finite ramp can be
expressed as the sum of two shifted infinite ramps (Figure 2); the time-
domain response for a shifted infinite ramp can be derived from the infinite
ramp response by a change of time variable and the response for a finite
ramp is obtained by adding the responses due to two infinite ramps. Using
u(x, t) to represent the response for an infinite ramp input, the diffusion
equation and new boundary conditions are:!

dul(x, t) %u(x,t)
C =
at dx”

r
IC: u(x,0)=0 forall x=0

v
BC1: u(0, ¢) = T—“-t-U(t) for all ¢=0

R

n the transform and time domains, we use U(x, s) and u(x, t) to, respectively, indicate the
response for the infinite ramp input, and V(x, s) and v(x, ¢) to, respectively, indicate the
response for the finite ramp input.
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The diffusion equation for step input has a boundary condition that is
constant with respect to time. For a ramp input this boundary condition is
a function of time, so it is difficult to derive the solution in the same way as
for a step input. However, differentiating the diffusion equation in time
and using the variable w(x, t) = du(x, t)/0t, we again obtain a diffusion
equation,

dw(x, t) 92w (x, t)

re
ot dx?

with initial and boundary conditions obtained by taking the time derivative
of the boundary conditions of u(x, ¢). The initial condition remains the
same, but the boundary condition for the new diffusion equation becomes
constant in time, i.e., similar to that for a step input:

IC: w(x,0)=0 forall x=0

1%
BC1: w(0, t) = T—" U(t) forall t=0

R

The solution for the diffusion equation under step input can be obtained
using the parabolic substitution of the variable n = xVrc/(2¢) [Kahng and
Muddu 1994] as

w(n) = C, f Ty + C,
0

The initial condition (IC) that the line is quiet at ¢ = 0 implies
C, = —V2/(m)C,. The boundary condition BC1 implies that the derivative
of voltage with respect to time at the front end of the line (i.e., at position
x = 0) is constant and equal to V /Ty for all ¢ > 0. Using this condition in
the above equation yields Cy, = (V/Ty). Therefore,

w(x, —TR erf \E —TR erfe \,Et ,

where x is the position at which the response is calculated and b = x\Vrc =
VR,C,., R, = xr, C, = xc. From this, the incident diffusion component for
the semi-infinite RC line under infinite ramp input, which we denote as
u,(x, t), can be derived as:?

20bserve that Eq. (3) also applies for the finite-length distributed RC line with perfectly
matched load because there is no reflection at the load, i.e., there is only the incident diffusion
voltage along the line.
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uix, t) = JH w(x, 7)dr

Vol R.C, R.C, R.C.t
=2t + erfc - e~ BCIED) | Ty (¢)
TR_ 2 4t T

_E_ biz b i —b2/(4¢)
_TR_(t+ 2)erfc(\/@) b\/;e U(t). (3)

Then, the time-domain response for the incident diffusion component
v;(x, t) with a finite ramp input can be written in terms of the infinite

ramp response:3

vi(x, t) =ulx, t) —ulx, t —Tg)

b? b t
(t +2>erfc<\/a) - b\/;e b/(‘“] Ul(t)

(t r +bz) f( b
- —|erjc| 77—
t2 V(¢ — T)

- T 2
+b \/ﬁ eb/(4(tTR))1 Ut —Tp). (4)
ko

As expected, the second term in the above equation is zero for ¢ = T,
so the finite ramp response is given by Eq. (3) for ¢ = Tz and by Eq. (4) for
t = Tp.

The infinite ramp response in the transform domain can be obtained by
taking the Laplace transform of the time-domain response given in Eq. (3),

which yields Uy(x, s) = (Vo/Tgs?) +e” VRCs - Similarly, the finite ramp

Vo

Tk

3We can also compute the response for ramp input by using the transfer function of the
semi-infinite RC line, H,(x, s) = e *V"** and the infinite ramp input, U,,(s) = V,/Tx - 1/s2.
The incident diffusion component in the transform domain is

- Vo
‘e VR:Cis =

NG
RS2 TR82

UI(xa S) =

The time-domain response obtained by applying the inverse Laplace transform tables in
Campbell and Foster [1957] is exactly equal to the response computed in Eq. (3).
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Fig. 3. Response behavior for semi-infinite line with step and finite ramp inputs. The
rise-time and the position time constant R,C, are both taken to be 15 ps.

response in the transform domain from the corresponding time-domain
expression given in Eq. (4) can be obtained as

Vo

V[(x, S) = (1 — e*sTR)e*\/m: Vin(s)e—bv’g (5)
TR82
where V,,(s) = Vy/Tgs® (1 — e *7%) represents the finite ramp input

shown in Figure 2(a). Figure 3 shows the substantial difference in the
response for step versus ramp input.* The above analytical expressions for
the ramp input response allow direct and efficient computation of delay
estimates for ramp and piecewise-linear inputs, which may enhance
present-day iterative methodologies for interconnect optimization.

We may rewrite the infinite ramp response of Equation (3) in terms of a
new time variable 7 = (¢/R,C,) to obtain

(7 + ;)erfc< 417> - ;-_el/(‘“)] U(¢)

where 7, = Ty/R,C, is a “relative” rise time (i.e., normalized to the time
constant of the position x of the line). Observe that the response at a given
position on the semi-infinite line is a function of only the input rise time
and the new time variable 7. Thus, the relative delay (defined as threshold

Vo
uI('x, t) =
TR

“Recall that the response for the semi-infinite line under step input [Kahng and Muddu 1994]
is v (x, t) = Voerfe(b/V4t).
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Fig. 4. Response for finite ramp input under different relative rise times 7, = Tx/R,C,. The
position time constant R,.C, is taken to be 15 ps.

delay D,, divided by R,.C,) under ramp input is a function of only 7, i.e.,

Dy,
R.C,

= flma).

Figure 4 plots the ramp input response for various example rise times. An
accurate model for interconnect delay under ramp input can be obtained by
fitting a polynomial in the single variable 7, but we do not discuss such
methods in the present paper.

3. FINITE RC LINE ANALYSIS

For a general finite RC line with source and load impedance as shown in
Figure 5, the incident propagation of voltage in the transform domain can
be obtained as

Vix, s) = Va(s)e VRCs,
The voltage at the front end of the line (i.e., at A) is

Z 1-T
Va(s) = Vy(s) - ﬁ = Vi(s) (28(8))
0 S

where I'g(s) is the reflection coefficient at the source. So, the incident
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Fig. 5. A distributed RC line of length - and position x along the line.

voltage on the line is

(1= Ts(s))

Vila, 8) = Vi(s) 7 e O

The total voltage for a finite line (Figure 5) is the summation of the
incident diffusion component and reflected diffusion components that arise
at the source (S) and load (L) discontinuities. In other words, the time-
domain expansion for total voltage is

©

Vo, t) = vi(x, t) + X vgl(x, t)
=1

where v;(x, ¢) = voltage due to the incident diffusion and vg(x, ) =
voltage due to the ith reflection. (In our notation, R; refers to the ith
reflected diffusion starting from either the source or the load discontinuity;
I basically represents the number of trips up and down the line.) Similarly,
the total voltage in the transform domain is

VTot(x’ S) = Vl(x’ S) + E VRi(x7 S)'

=1

In general, vg (x, t) can be calculated through convolution of the reflected
diffusion (taking into account position displacement) with the reflection
coefficients yg(¢) or vy, (t). (Note that, e.g., ys(t) = £ {T's(s)}.)

The reflection coefficient at the source in the transform domain is
I's(s) = (Zg — ZY)I(Zg + Z,), and the reflection coefficient at the load is
I (s) =(Z, — Z)I(Z, + Z,). As shown in Kahng and Muddu [1996], the
voltage at the position x in Figure 5 due to the first reflection at the load
can be calculated from the incident wave and shifting in position by 2 +
h —x=2h — x,ie.,

Ve(x, s) =T'(s)Vi{(2h — x, s).
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The corresponding time-domain expression is

t
UR1(x, t) = J yL(t - T)UI(2h - X, T)dT’

=0

i.e., the first reflected voltage travels distance 2 to the end of the line
before reflection, then additional distance A~ — x to reach the specified
location. Another explanation for the reflection voltages is by applying the
symmetry argument in the Method of Images (or Reflections) [Kevorkian
1990; Kahng and Muddu 1996] to satisfy the boundary condition at the end
of the line x = h. The total voltage on the line can also be proved to be
equal to the sum of incident and reflected diffusion components by consid-
ering the response obtained from the 2-port transfer function of the line
[Kahng and Muddu 1996]. The total voltage can be expressed in the
transform domain as a summation of various reflected components

VTot(x, 8)

=Vix,s)+ > (TUs) T2 WVi(2nh — x, s) + Ti(s)T(s)V(2nh + x, s))

n=1

(6)

and the time-domain response is

vz, t) + D la,(t) Qui2nh +x, t) + b,(t) Qu2nh + x, t)]

n=1

vTot(x7 t)

vix, t) + D

n=1

Jt a,(t — v (2nh —x, T)dT (7)

=0

t
+ J’ b,(t — T)v(2nh + x, T)dT

=0

where a,(t) and b,(¢) represent odd and even nth reflection coefficient
values. This methodology allows us to compute the response under ramp
input for various cases of the finite-length line. The total response can be
approximated by considering the analytical expressions for the first few
reflection components; for higher accuracy, additional terms can be incor-
porated by using numerical techniques.
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4. OPEN-ENDED FINITE RC LINE ANALYSIS

As noted in the Introduction, the finite open-ended line with step input has
been extensively treated in the literature. Such a line with ideal source has
Zgs =0(@.e., 'g(s) = —1 and yg(¢t) = 6(¢)) and Z; = » (i.e.,[';(s) = 1 and
v..(t) = 8(¢)). Proceeding from Eqgs. (3) and (4), the time-domain response
of incident diffusion component for the infinite ramp can be expressed in
terms of the line time constant R, C;, as

ulx, t) = E t+ b* erfc b b ie_bmt) U(@)

JATL) TR_ 2 \"@ m

_VO— t+szC f : RhCh

T| op2 VR |CTIC\ G 4y

_ % \/m e(x/h)ZRhCh/(4t)] U(t)
T

where b = VR,C, = (x/h)VR,C,, and R, = hr and C, = hc respectively
denote the total resistance and total capacitance of the finite RC line. Hence,
the time-domain response of the incident diffusion component for the finite

ramp is
Vo b? b t
_ 7 . | = 5 )
vix, t) T, (t + 5 )erfc( \’@) b\ﬂe DNU(¢t)
- — - — |erfe| ———
T "2 V4t — Ty) (8)

+b ﬂ ebz/(4(the)>] Ut — Ty).
\ T

Since all the coefficients of reflection are constants for an open-ended line
with an ideal source, the total response can be computed from the incident
diffusion component via shifts in the time variable, i.e., the total response
in the transform domain is

Via(x, §) = Vi(x, s) + Z[TLs)TE (s)Vi(2nh — x, 5)

n=1

+ I'l(s)I4(s)Vi(2nh + x, s)]

=Vix, s)+ 2 [(=1)"" 'V (2nh — x, s) + (=1)"V(2nh + x, s)]

n=1
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Fig. 6. Response at the end of an open-ended line for a finite ramp with rise time Ty =
R, C,,, using SPICE and an approximation which sums up to the first four reflected diffusion
components.

and the corresponding time-domain expression is

Vi, 8) = vg(x, t) + D [(=1)" v (2nh —x, t) + (—1)"v(2nh + x, t)]

n=1

where V;(x, s) and v;(x, ¢) represent the incident diffusion per Eqgs. (5)
and (8). Figure 6 compares the voltage response at the end of the line
between SPICE and an approximation which sums only up to the first four
reflected diffusion components.

5. FINITE RC LINE WITH CAPACITIVE LOAD

In this section, we derive the time-domain response under ramp input for a
finite distributed RC line of length A with capacitive load C; at the end of
the line (Figure 7). To our knowledge, the results of this section are also
completely new. Recall from Equation (7) that the total response on the line
is obtained by summing an infinite series of diffusion components due to
reflections at the load and source. We will see that approximating the total
response by considering up to just the first four reflections is already quite
close to the SPICE-computed response. We now review the calculation of
these four components (some details must be omitted for space reasons). If
desired (e.g., for larger loads than those we consider), more reflection
components can be calculated by using numerical techniques which, along
with a general recursive equation for computing the higher order diffusion
components, are discussed in Section 6.
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Fig. 7. Distributed RC line of length 2 with capacitive load C;.

Incident Diffusion. The first component of the total response is the
incident diffusion voltage, derived in Eqgs. (3) and (4):

ulx, t) = Yo (t + N)erfc(b> -b \ﬁ e 74 | (1)
n Tr 2 \/E T

vilx, t) = — t+b—2 erfc i -b ie’bz/(‘”) U®)
’ TR 2 \‘r4t T
b? b (t — Tr)
0 R 2
U= T+ erfe| ————| + by e AT U — Th).
TR( i 2) f(\/4<t—TR>) m ] i

Diffusion components for reflections are computed by multiplying the
reflection coefficients with the incident diffusion response in the transform
domain as described in Section 3.

First Reflection. The reflection coefficient at the load for a load imped-
ance of Z; = 1/(sC;) is

Z,—Zy 1-q\s
ZL+Z0 1+q\/;

[(s) =

where ¢ = C; VR,/C, = (C./C,)VR,C,,. The voltage response of the first
reflected diffusion can be obtained from Eq. (7):

Ve (x,s) =TV, (2h — x, s)

-

\% 1—qg+s 2h—x =

= 02 (1- e’STR)LVh exp(—( ) \,sRhCh>.
TRS 1+q \/S h
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The infinite ramp input response is

-
Vo 1 —qys (2h—x) —

Ur(x, s) = ————exp| ———sR,C
Ry ) Tes® 1 +q\,g P p VST

—
— VO 1 B q \’/S e_b \E
T’RS2 1+ q \/;

where b = ((2h — x)/h)VR,C,,. To compute the time-domain response we
express the response in the transform domain in the form of F(\Vs)/Vs. Let

Vo 1 —gs Vol 1 2 2q2 2q2
Fy(s) = o LT aS 4 _ 0[ q q_q:|e—bs

b= o = 24
Trs®1 + gs Tel s® s2 s (s + 1/q)

The response in the transform domain can be expressed as

F( \,‘g) . Wl 1 2q 2q2 2q2 ]eb r

3/2

Ur/(x,s) = +
" s? s s \s(ys + 1/q)

\Jg TR
The inverse transform of Ug (x, s) can be computed by inverting each term

of the above equation using the identity proved in Appendix A, so that the
time-domain response for the first reflected diffusion is obtained as

b? b It It
i i I 2 bt _ b b4
(t+ 2>erfc( \’@) b 71_e 4q Tre

b
+ 2qb erfe| —
q f(\’@)

up(x, t) = :T
R

+ 2¢° f(b) 2%’ f(\/ng b) U()
q®erfe| ——| — 2q% erfe| —+ —¢ .
\J@ q 2\//;

(9)
Thus, for a finite ramp input the time-domain response is given by

Up(x, ) = up(x, t) —up(x, t — Th).

Second Reflection. The voltage response of the second reflected diffu-
sion component due to the source discontinuity with I'¢(s) = (Zg — Z,)/
(Zg + Zy) = —1 is given by

Valx, s) =Ts(s)I'1(s)V{(2h + x, s) = —T'1(s)V(2h + x, s).
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The time-domain response for infinite ramp input can be calculated from
the first reflected diffusion component as

b? b t t
t+ —|erfel —| +b4]— e+ 4q (| e &)
2) 4 (@) ( Qﬁ

b
— 2qb erfe| —
q f(\/@)

Ug(x, t) =—
r(X, £) T,

b 92 2 (t+qb)/q F b U 10
Tt + 2qg% erfc ;4—27 (¢) (10)

— 2q? erfc(
y \t

where b = ((2h + x)/h)VR,C,, whence the time-domain response under
finite ramp input is

Up,(%, t) = up(x, t) — ug(x, t — Tg).

Third Reflection. In the transform domain, the third reflected diffusion
component is

Vi(x, s) = Tg(s)T(s)?V(4h — x, s)

-V, (1—qys)? o (_(4h—x) ﬁ)

= (1 — e~Tr)

TR82 (]_ + Q\,‘/g)Q

and the infinite ramp response is

[\2

Vo (1 —gqy 4h—

Ug,(x, s) = (2) ( d \i)z exp( —( %) \/sRhCh)
Tgrs* (1 +q \,/s) h

Ve (1-qys)? b
TRS (1 + q \8)2

_Fy(is)
\s

where b = ((4h — x)/h)VR,C,, and the function F,(s) is given by

Vo [1—gs)\®
Fys) = - ( qs) et

Trs®\1 + gs
\% 1 4 8q? 8q? 4
= 70 -4+ 7q_ i_*_ q + q —bs
Ter| s® s2 s (s +1/q) (s + 1/q)?
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Thus, the infinite ramp response can be expressed as

R
Fy(ys)
Ug(x, ) =
V8

Vol 1 4q 8¢° 8q* 4q

= + + e
Tzl s s¥2 s \,E( \,E+ 1/q) V’g( \,g+ 1/q)?

~
—b\/s

The inverse transform of Ug (x, s) can be computed by inverting each term
of the above equation; the inverse transform of the first four terms can be
obtained from the analysis of the First Reflection, above. The time-domain
expression for the last term can be calculated by considering the function

4
Fys)= 1 ots
(s + 1/q)?

whose corresponding time-domain function is f,(¢) = 4q(t — b)e ¢ ~ 4

U( — b). The inverse transform of the last term is obtained using the
identity in Appendix A as

fulx, t) = 1ﬁ fm e *M0f,(x)dx

_ - 7x2/(4t)( —b) ~(x=bllg g
= ﬁf e x e x

In 2
t t b t+qgb
=8q,exp(—(\+ F) +( 2q ))

-
2t ) t b

— 4q( + b)e(”qb)/‘? erfc(\ + F)'
q q 2.\t

The time-domain response for the third reflected diffusion for an infinite
ramp is

\% b? b 4 > 4 2
up(x, t) = | — t+)erfc - +b\[eb/(4”+8q\feb/(4”
Tx 2 V4t T T

b
q erfc( \/47)
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8q2 f(b>+8 2 (+abVig® f(\ng b)
— 8q* erfc| — q’e erfe| —+ —
4t q 24t
[ 2
t It b t+qgb
+8\[exp(—(\+ F) +( Z ))
boob
_ blg’ N, 7
4(2t + gb)e T erfe + Ut) (11)
q 2\/2
and the finite ramp time-domain response is vg (x,?) = ug/(x,?) —

uRa(x,t - TR)

Fourth Reflection. Similarly, the voltage response of the fourth reflection
at the source is Vg (x,s) = Ig(8)’T(8)2V,(4h + x,8) = [ (s)?V(4h + x,s),
and the time-domain response for infinite ramp input is

Vo b2 b t t
up(x,t)=—| |t +—|erfec| —| —b—e ™ —8q ,[— et
w0 R( 2) f(\’@) \/; q\/;
+ 4qb erfc(b) + 8¢ erfc(b) - 8q2e(”qb)’q2erfc<\’g + b)
\J@ \f@ q 2 \J/;
/7 2
t Vb b (t +qb)
— 84— e -|—+ +
\/; Xp( ( q 2&) q* (12)
R
+ 4(2t + gb)e T erfe| — + - U(t)
q 2 \Jt

where b = ((4h + x))/VR,C,; the response for the finite ramp input is
vep(x,t) = ug(x,t) — ugp(x,t — Tg). If we approximate the total

response for infinite ramp input by considering only up to these first four
reflections, we have

Ure(x, t) = ufx, t) + ugp,(x, t) + uplx, t) + ug(x, t) + ug(x, t) (13)
and the total response for the finite ramp input is
Urot(X, £) = Uyy(x, ) — trex, t — Tr)
=~ [vdx, t) + vg(x, t) + vg(x, t) + vg,(x, ) + vg(x, £)]. (14)

We call the approximation of Eq. (14) the Diff4 model. Table I compares
Diff4 delay estimates at different threshold values for a wide range of
capacitive loads, versus the SPICE URC (Uniform Distributed RC) model.
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Table 1.

A comparison of delay values at the end of the line (x = h) between SPICE URC model
and the analytical expression computed from diffusion analysis using up to the first four
reflection components. The input rise time considered to be equal to line time constant,
Tr = R,C, = 15 psec.

Load factor | 10% Threshold delays(R,C) || 50% Threshold delays (R,C})
(&~ SPICE Diff4 SPICE Diff4
0.0 6.20 6.30 14.20 14.25
0.25 7.60 7.70 16.90 16.85
0.5 8.70 8.80 19.35 19.30
1.0 10.50 10.50 24.30 24.25
2.0 13.10 13.15 34.20 33.50
5.0 18.50 17.55 64.00 56.00
Load factor || 63.2% Threshold delays(R,Cy) || 90% Threshold delays(R,Ch)
(& SPICE Diff4 SPICE | Diff4
0.0 16.50 16.50 24.75 24.70
0.25 19.75 19.70 32.00 30.00
0.5 23.30 23.30 40.00 38.90
1.0 30.50 30.60 57.50 57.75
2.0 45.10 44.70 92.00 99.00
5.0 89.50 80.00 199.00 235.00

The delay estimates using our new diffusion equation approach are very
close to the SPICE-computed delays, even though only four reflections are
considered. Figure 8 gives a comparison of the voltage response between
SPICE and the Diff4 model for the case of load factor C;/C, = 1.0. Since
the response is computed solely by evaluating of diffusion component
expressions, the efficiency of this approach is at least 2 or 3 orders of
magnitude faster than SPICE.

6. GENERALIZATION OF THE REFLECTED COMPONENT COMPUTATION

While the previous section gave analytical expressions for the first four
reflection components, we now discuss methods to compute higher-order
components of the infinite ramp response; from these, the components of
the finite ramp response easily follow. In general, the (infinite or finite)
ramp response in the transform domain is a function of reflection coeffi-
cients and the incident voltage. From Eq. (6), the 2nth reflected component
at the source is given by Ug, (x, s) = I's(s)"TI'1(s)"U(2nh + x, s), and the
(2n —1)th reflected component at the load is similarly given by Ug, (%, s)
= I'g(s)" T (s)"U(2nh — x,s). The time-domain response for each
reflected diffusion component can be computed using the above method
(Section 5) for obtaining an exact analytical expression. To generalize the
computation of each time-domain reflected diffusion component, we may
apply two different techniques: (i) a numerical integration approach, and
(i1) recursive error function evaluation.
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Voltage
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Fig. 8. Response for a finite RC line with capacitive load under finite ramp input, calculated
using both the SPICE URC model and the Diff4 model. The rise time of the input is Tx =
R, C, and the load factor is C,/C, = 1.0.

6.1 A Numerical Integration Approach

Here and in the next section, we consider the time-domain expression for
the 2nth source reflection component (the (2n —1)th load reflection compo-
nent is analogous). Assuming resistive source and capacitive load imped-
ances, the reflection coefficients can be represented as

(1-pys) (1-q\s)
r =_ ZN7 — - 1N
s =71 +pys) {9 =0y q\s)

where p = Rg/R,VR,C, and q = C./C,VR,C,. Substituting for the
reflection coefficients and incident voltage and using b = ((2rh + x)/h)VR,C,,
the infinite ramp response in the transform domain is given by

V. €7b Js
Ug,(x, 8) =T'1(s)['5(s)V(2nh + x, s) = FZ(S)FZ(S);,is2
R
-
Vo (1 —p\@ " A mgys)" g

= (-1 e
Trs* (1 + ps)™* (1 + g s)"

The response in the time domain for this reflected component can be
evaluated by expressing Upg, in the form F(Vs)/Vs and applying the
identity of Appendix A. To evaluate the integral in the identity we need the
time-domain expression f(¢) of the function. Hence, we first apply partial
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fraction expansion to the function as

Vo (1—-ps)" (1—gs)"

F(s) = (-1)"
(8)=(=1) Trs® (1 + ps)""1 (1 + gs)” ¢
Vo(=1)"| Dy D, Ds Ay A,
kit + +...
pTx s s? s (s+1/p) (s+ 1/p)?

An+1 Bl BZ Bn
+ + + e
(s + 1/p)"™'  (s+ 1/q) (s + 1/q)? s+ 1/q)"

where A;, B;, and D; are the coefficients corresponding to each pole of the
function. The inverse transform for this function is easily obtained as

Vo(—1)" t—b)?
f(t) — 0()|:1)1 + Dg(t _ b) + D3 ! + Ale(tfb)/p
PLlg 2
T A
n!

B
T (p — p)rlplt-blg -
(n— 1)l (t—5b)""'e }U(t b)

and the time-domain response for the reflection component Ug, (x, s) can
be calculated by numerical integration as

1 * 2
uRzn(x’ t) = /7"‘ e*x /(4t)f(x)dx

\/’ZTt =0

6.2 Recursive Error Function Evaluation

A final (an alternative) for calculating the time-domain response is by
recursive error function evaluation. Instead of calculating the inverse
transform of the function F(s) and using numerical integration, we may
rewrite the reflected component in the transform domain in the form
F(Vs)/Vs and then calculate the inverse transform, i.e.,

F(ys)
Ug,(x, s) = \f
V8

_Vo-1[Dy Dy Dy A A
pTr | s s s \s(Js+1/p) \s(|s + 1/p)?
An+1 + Bl + BZ
Js(\s + Up)™t  \s(\s + 1/q)  \s(\s + 1/q)?

+...+
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The inverse transform for Ug, (x, s) can now be obtained by taking inverse
transforms separately for each term in the above expression. The time-
domain expression for the 2nth reflection component can be obtained in the
form of recursive error functions as (see Appendix B)®

—+

up,(x,t) = Vo(—1)" Derfc b + 2D \ﬁe‘bz/(‘“) — bDerfc b
f ’ pTR ! \r@ 2 o z \J@
b? b t .,
+ Dy|t + —|erfe| ——| — ng\[eb““”
2 V4t ™
n+1
t b b — (2¢/,
+ > A (4¢) @V 2exp — — —lerfeuy #
k=1 p-p V4t
. t b b — (2t/
+ E Bk(4t)(("‘1)’2)exp o erfeq, 1 # (15)
h=1 q q \J4t

which can be evaluated using the recursive expression for the error
function [Abramowitz and Stegun 1972], i.e.,

z 1
erfecp(z) = ——erfecu-1(2) + ——erfe, 9(2)
n 2n

2 © (¢t —2z)" 2
L[y
t

\an- n‘

=z

Thus, the time-domain response for the finite ramp input can be obtained
as

Ur, (%, t) = ug,(x, t) — ug,(x, t — Tg).

7. CONCLUSIONS

We have analyzed finite distributed RC lines under ramp input via a new
technique based on solving the diffusion equation and using reflected

5Appendix B gives two general transform pair relationships that can be used to invert the
terms of general reflection component expressions. The time-domain expression of either
transform pair can be written in a compact form consisting of recursive error functions, or
directly as an integral form obtained from the identity in Appendix A.
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diffusion components to account for reflections at the source and load end of
the line. Our general and, in the limit, exact approach computes the
time-domain response for finite RC lines under ramp input by summing
distinct diffusions starting at either end of the line. We then derived the
time-domain voltage response for various configurations of the RC line. To
the best of our knowledge, these results are completely new; there is no
previous literature on this subject. Delay estimates using our new approach
(the Diff4 model incorporating up to the first four reflection components)
are very close to SPICE-computed (URC model) delays. Finally, we present
two methodologies, including a general recursive equation, for computing
the higher-order diffusion components due to reflections at either the
source or load end. Ongoing work extends this approach to response
computations in arbitrary interconnection trees by modeling both reflection
and transmission coefficients at discontinuities, e.g., we might derive the
input ramp for each interconnect from the response at the end of the
previous (upstream) interconnect.

APPENDIX A: LAPLACE TRANSFORM IDENTITY

We present the following identity, which is useful in calculating time-
domain expressions for the distributed RC line from the corresponding
transform domain expressions.

THEOREM. Let f(t) and F(s) be a Laplace transform pair. Then

~
F(ys 1 o .

(\ﬁ ) & = J e “"f(u)du.
VS \J’JTt _

u=0

PrOOF. Any function f(z) can be expressed using the delta function as

flu) = f T fw)d(u — wo)duy = f T flue)d(u — ug)du,.

uo= uo=0

Applying this to the time-domain function that is to be inverted, we get

1 ” —u?/(4¢) 1 - —u?/(4¢8) ”
— e “""f(u)du = — e du f(uog)d(u — uy)du,
Vth u=0 \"ﬂ-t u=0 uo=0
1 *® @ 2
= ﬁj f(uo)duof e “8(u — ug)du
\,"’ﬂ't uo=0 u=0

1 @ 2
= ﬁJ flugle ¥ “du,.
VT,
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Taking the Laplace transform for the above equation,

f e dt ﬁf e “"f(u)du =J e dt ﬁJ’ fug)e “Wdy,
=0 Ve =0 VTt ) so

u=0 uo=

%

S 1 5
= f f(uo)duof — e W We st
=0

o= =0 \r’TTt

Note [Healey 1967] that the integral with respect to ¢ is a Laplace transform of

» 1 ) e uoNs

- 4 - —

f — e WSt =
=0 \,/7Tt VS

Substituting in the above equation and using the definition of Laplace
transform, we get

o 1 o . o e W
J e dt ﬁf e V' f(u)du | = J flug)——du,
t=0 Ve =0 VS

wo=

.
1 (= F(
=T f e Nl g)dug = V.
\r.S‘ \E

uo=0

Therefore, the transform pair is given by

1 (- F(\s
ﬁf e () du o T,
\J'ﬂ-t u=0 \,/S

APPENDIX B: TRANSFORM PAIR RELATIONS FOR FUNCTIONS OF Vs

Here we present general transform pairs for functions of Vs with repeated
poles, which are used in computing the time-domain diffusion response
components for distributed RC lines. Using these transform pairs, the
diffusion components can be expressed in a compact form consisting of
recursive error functions. Because of the recursive nature of the expres-
sions, they can be easily used within a simulation methodology to compute
the response as a function of time.

Transform Pair 1

~b 5

b
n—1
o & (4¢) erfc(Zn_2)< \Zt)‘
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PrOOF. Consider the following function F(s) = e °%/s?"~1 and the
function in the time-domain is given by

t _WUt_b
F6) = gy U= D)

where U(t) is a step function. Now from the identity in the Appendix A, we
can express the required transform pair in terms of the function as

et F(\s)
s" \/; ‘

Therefore, the inverse transform is obtained as

e_bvg<:>L i e 4y du
s" \/;

u=0

8

_ 2n—2
e —uz/(4t)(u b)

1
¢ﬁf , (2n - 2)!

u=

=

du

2
S(4t)—
\m

s , _b//Zth—2
f AT b dx

e
—9)!
bl D (2n—2)!

b
<:>(4t)”1erfc(2n2>( Et)

\

We can express the last integral in the form of nth error function by using
the integral definition [Abramowitz and Stegun 1972],

2 = (t—2)" e
erfcy(z) = - — e dt

\Jﬂ' n!

t=z

where n = 1, 2, 3, .... The nth error function can also be expressed
recursively as

z 1
erfecp(z) = ——erfe,1(2) + ——erfe, 9(2)
n 2n

with the initial cases given by

2 ) 2 |- 2
erfc-1(z) = ——e “erfcp(z) =erfc(z) = — f e 'dt. O
\/; \/; =0
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Transform Pair 2. Using the Transform Pair 1 approach, we can also
obtain the following relationship:

e bVs , b + 2ta
= (4t)(n71)/2e(a t+ab)erfc oyl ——|-
\E( \/; - a)” ( \r@
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