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ABSTRACT

We study the Chance-Constrained Integer Feasibility Prob-
lem, where the goal is to determine whether the random
polytope

P(Ab) ={z e R": Ajz < b;,i € [m]}

obtained by choosing the constraint matrix A and vector
b from a known distribution is integer feasible with prob-
ability at least 1 — e. We consider the case when the en-
tries of the constraint matrix A are i.i.d. Gaussian (equiv-
alently are i.i.d. from any spherically symmetric distribu-
tion). The radius of the largest inscribed ball is closely
related to the existence of integer points in the polytope.
We find that for m up to 20V constraints (rows of A),
there exist constants co < c¢1 such that with high probabil-
ity (e = 1/poly(n)), random polytopes are integer feasible if
the radius of the largest ball contained in the polytope is at
least c14/log (m/n); and integer infeasible if the largest ball
contained in the polytope is centered at (1/2,...,1/2) and
has radius at most coy/log (m/n). Thus, random polytopes
transition from having no integer points to being integer fea-
sible within a constant factor increase in the radius of the
largest inscribed ball. Integer feasibility is based on a ran-
domized polynomial-time algorithm for finding an integer
point in the polytope.

Our main tool is a simple new connection between integer
feasibility and linear discrepancy. We extend a recent al-
gorithm for finding low-discrepancy solutions to give a con-
structive upper bound on the linear discrepancy of random
Gaussian matrices. By our connection between discrepancy
and integer feasibility, this upper bound on linear discrep-
ancy translates to the radius bound that guarantees integer
feasibility of random polytopes.
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1. INTRODUCTION

Integer Linear Programming (IP) is a general and pow-
erful formulation for combinatorial problems [29, 23]. One
standard variant is the integer feasibility problem: given a
polytope P € R"™ specified by linear constraints Az < b,
find an integer solution in P or report that none exists.
The problem is NP-hard and appears in Karp’s original list
[15]. Dantzig [10] suggested the possibility of IP being a
complete problem even before the Cook-Levin theory of NP-
completeness. The best-known rigorous bound on the com-
plexity of general IP is essentially n®™) from 1987 [14] with
only small improvements in the constant in the exponent
since then [13, 9].

While IP in its general form is intractable, several special
instances are very interesting and not yet well-understood.
One such simple and natural family of instances is ran-
domly generated IP instances, where the constraints describ-
ing random polytopes are drawn from a distribution. The
class of optimization problems defined by such probabilistic
constraints is known as Chance-Constrained Programming
in Operations Research and their continuous optimization
versions have been well-studied [7, 22, 26]. In its general
form, a Chance-Constrained Linear Program (CCLP) with
a joint probabilistic constraint is given by: max{ch cAlx <
b',Pr(Az <b) > 1 — €} for some chosen confidence param-
eter € as required in the application. Here the probability
is over the random choice of (A,b). CCLPs are powerful in
modeling uncertainty in the availability of the resources and
have found applications in supply chain management, circuit
manufacturing, energy production, telecommunications, etc.
[26, 27].

In this paper, we address the Chance-Constrained Integer
Feasibility problem, where the goal is to determine whether
the random polytope {x : Az < b} obtained by choosing
A and b from a known distribution is integer feasible with
probability at least 1 — ¢, We assume the constraint matrix



A is chosen randomly while the choice of b is deterministic,
and e is taken to be inverse polynomial in the dimension.
Random instances have been studied for several combina-
torial problems e.g., random-SAT [4, 5, 8, 3, 11], random
knapsack [1], and various other graph problems on random
graphs [2]. Chance-constrained subset-sum IP was first stud-
ied by Furst and Kannan [12]. Their results were general-
ized to multi-row IP by Pataki et al. [25]. They showed
that if each entry in the constraint matrix A is chosen in-
dependently and uniformly at random from the discrete set
{1,2,..., M}, then with high probability, a certain reformu-
lation of such random IP instances can be solved efficiently
by the branch-and-bound algorithm provided that M is suffi-
ciently large. These and other models for chance-constrained
programs [28, 19, 18, 32] address the finite-case scenario in
which the number of possible outcomes of (A, b) is finite. In
contrast, here we addresse the continuous scenario.

Model for random IPs. A random IP instance in our
model is described by a random constraint matrix A € R™*"
and an RHS vector b. Formally, we obtain random IP in-
stances by generating random polytopes P(n,m,zo, R) =
{r € R" : A;x < b; Vi € [m]} as follows: pick a random
m X n matrix A with i.i.d. entries from the Gaussian dis-
tribution N(0,1); and a vector b such that the hyperplane
corresponding to each constraint is at distance at least R

from xg, i.e., denoting the i'th row of A as A;,
bi — Aixo
e e )

[ A

or

Figure 1: A Random IP instance P(n,m,zo, R) with
facet normals being random unit vectors A; and each
facet at distance at least R from xg.

An equivalent geometric interpretation for our model of
random polytopes is the following (see Figure 1): we re-
call that if each row of the constraint matrix A is a unit
vector, then they describe the normals to the facets of the
polytope P = {z : Az < b}. Thus, the random polytopes
P(n,m,x0,R) in our model are obtained using m facets

whose normal vectors are independent uniform random unit
vectors in R™ and such that each facet is at distance R from
the point xo.

The condition that all facets are at distance at least R
from z¢ is equivalent to the condition that P(n,m,zo, R)
contains a ball of radius R centered at xo. We study the in-
teger feasibility of P(n,m,zo, R) for every xo as a function
of the radius R. As R increases, intuitively it is more likely
that the polytope contains an integer point.

Contributions. We show a phase-transition phenomenon
regarding integer feasibility of random polytopes with re-
spect to the radius used to generate these polytopes — we
show an upper bound on R needed to guarantee integer fea-
sibility with high probability for every zo € R™; we show a
lower bound that guarantees integer infeasibility with high
probability for a fixed zo = (1/2,...,1/2); our upper and
lower bounds differ by a constant factor when m is at most
20vV™)  We show our upper bound via an efficient algo-
rithm to find an integer feasible solution in the feasibility
regime. This is an application of a recent constructive proof
in discrepancy theory [17].

Alternatively, our results can be reinterpreted to bear re-
semblance to the well-known random SAT threshold: con-
sider random polytopes in n-dimensions obtained by picking
m random tangential hyperplanes to a ball of “constant” ra-
dius centered at xo. If m < con, then random polytopes
are integer feasible for every xo with high probability and
if m > cin, then random polytopes are integer infeasible
for g = (1/2,...,1/2). Thus, integer feasibility of random
polytopes exhibits a phase transition-like behavior when the
number of hyperplanes increases beyond a constant times
the number of variables, closely resembling the behaviour of
random k-SAT.

Our main conceptual (and simple) contribution is a new
sufficient condition to guarantee integer feasibility of arbi-
trary polytopes. The idea is that a polytope is likely to con-
tain an integer point if it contains a large ball. In fact, any
polytope in n-dimensional space that contains a Euclidean
ball of radius at least \/n/2 is integer feasible. We refine
this radius 7(A) of the largest inscribed ball that guarantees
integer feasibility as a function of the constraint matrix A
describing the polytope. This refined radius function is help-
ful in deriving bounds on the radius of the largest inscribed
ball that guarantees integer feasibility of random polytopes.

For R = Q(y/logm) and zo = (1/2,...1/2), there is a triv-
ial algorithm: pick a random 0/1 vector. Most such vectors
will be feasible in P(n,m,xo, R). But with smaller R, and
arbitrary centers xo, only an exponentially small fraction of
nearby integer vectors might be feasible, so such direct sam-
pling/enumeration would not give a feasible integer point.
We use a more careful sampling technique for smaller R. As
mentioned earlier, this is a straightforward extension of a
recent algorithm for finding low discrepancy solutions [17].

1.1 Results

Our main theorem is stated as follows.



THEOREM 1. Let 1000n < m < 2" and

/1
Ro = glog%,
R, — 384 < /log% n \/logmlog (mn)nlog (m/ logm)) .

Then,

1. there exists a randomized polynomial time algorithm
that with probability at least 1 — (4/m®) — 2me™™ finds
an integer point in the random polytope P(n, m,xo, R)
for any xo € R"™ and R > Ry,

2. with probability at least 1 —27™" — 2me™ ", the random
polytope P(n,m,zo = (1/2,...,1/2), R) does not con-
tain an integer point if R < Ry.

‘We remark that these results continue to hold in the equiv-
alent random polytope model P(n,m,zo, R) obtained using
random matrices A whose rows are chosen i.i.d. from any
spherically symmetric distribution.

Remarks.

1. For m = 2°Y™  the second term in Ry is of the same
order as the first and so Ry and R; are within a con-
stant factor of each other. Thus, in this case, the
transition between infeasibility and feasibility happens
within a constant factor increase in the radius.

2. When m = cn for some sufficiently large constant
¢, our theorem shows that a constant radius ball in-
scribed in random polytopes is sufficient to guarantee
integer feasibility with high probability (as opposed to
the y/n/2 radius ball needed in the case of arbitrary
polytopes).

Underlying the above theorem is a simple yet powerful
connection between the radius of the largest inscribed ball
that guarantees integer feasibility and the linear discrepancy
of the constraint matrix. If the radius is at least the linear
discrepancy of the normalized constraint matrix (each row
is normalized to a unit vector), then the polytope contains
an integer point.

The linear discrepancy of a matrix A € R™*" is defined
as follows [20, 30, 31]:

lin-disc(4) := max  min | A(z — o)., -
zo€[0,1]™ z€{0,1}"

ProrosiTION 1. FEwvery polytope
P,y (A) = {z € R"||Ai(z — z0)| < b; fori € [m]}

where b; > lin-disc(A) contains an integer point for any
zo € R".

We elaborate on Proposition 1 in Section 1.2. To apply this
connection to random IPs, we bound the linear discrepancy
of Gaussian matrices.

THEOREM 2. Let A € R™*™ be a random matriz with
ii.d. entries from N(0,0%), where 2n < m < 2". There
exists an algorithm that takes a point xo € R™ as input and

outputs a point x € Z" by rounding each coordinate of xo
either up or down such that, for every i € [m],

|As(z — mo)| < 1920 (, /nlog%

+ \/logmlog (mn) log 1L> .

ogm

with probability at least 1— (4/m>). Moreover, the algorithm
runs in expected time that is polynomial in n and m.

In terms of classical discrepancy theory, Theorem 2 is
equivalent to a bound of O (¢ R14/n) on the linear discrep-
ancy of random Gaussian matrices. The integer feasibility
in Theorem 1 (part 1) follows from Theorem 2 by choos-
ing 02 = 1 and observing that with probability at least
1 —2me™", all m random Gaussian vectors in n-dimension

have length O(y/n).

1.2 The Discrepancy Connection

To understand this connection, we begin with a simpler
problem where zop = 0 and our goal is to find a point in
the polytope with all coordinates in {—1,1} (as opposed to
integer points). Given a matrix A € R™*", and a real pos-
itive value r, consider the polytope P(A,r) = {z € R" :
|Asz| < r Vi€ [m]}. The discrepancy of a matrix A is de-
fined to be the least  so that the polytope P(A,r) contains
a —1/1 point. This is equivalent to the classical definition
of discrepancy [20, 30, 31]:

disc(A) ;= min |4z

ze{—1,+1}n oo -

The following proposition is an immediate consequence of
this definition.

PROPOSITION 2. The polytope P(A, disc(A)) = {z € R™:
|[Aiz| < disc(A) V i € [m]} contains a point with all —1/1
coordinates.

To see this, observe that the point x € {—1,4+1}" that
minimizes discrepancy is in fact contained in the polytope
P(A,disc(A)). Thus, if we can evaluate the discrepancy of
the constraint matrix A, then by verifying whether the in-
finity norm of the RHS vector is at least disc(A), we have an
easy heuristic to verify if the polytope contains a —1/1 point.
Hence, if each row of A is a normalized unit vector, then the
polytope Az < b contains a —1/1 point if it contains a ball
of radius at least disc(A) centered at the origin.

The related notion of linear discrepancy helps in provid-
ing a sufficient condition for integer feasibility (as opposed
to —1/1 feasibility) of arbitrary polytopes. Proposition 1,
similar to Proposition 2, is an immediate consequence of the
definition of linear discrepancy. This is because, by linear
transformation, we may assume that xo is in the fundamen-
tal cube defined by the standard basis unit vectors. Thus, if
each row of the matrix A € R™*"™ is a unit vector, then the
linear discrepancy of the constraint matrix gives a radius for
the largest inscribed ball that guarantees integer feasibility
of polytopes described by the constraint matrix A.

The approach suggested by Proposition 1 to verify inte-
ger feasibility of arbitrary polytopes requires the computa-
tion of linear discrepancy of arbitrary matrices. The related
problem of computing the discrepancy of arbitrary matrices
even to within an approximation factor of \/n is known to be
NP-hard [6]. In recent work, Nikolov, Talwar and Zhang [24]



have shown that hereditary discrepancy, which is an upper
bound on linear discrepancy (see Theorem 4 below), can
be efficiently computed to within an approximation factor
of poly(logm,logn); this could potentially be useful as a
heuristic to verify integer feasibility (approximately).

In order to understand the integer feasibility of random
polytopes using this approach, we seek a bound on the linear
discrepancy of random matrices that holds with high prob-
ability. We obtain such a tight bound for random matri-
ces algorithmically by extending a recent constructive algo-
rithm that minimizes discrepancy [17] to an algorithm that
minimizes linear discrepancy. Our infeasibility threshold is
also based on discrepancy — we begin with a lower bound
on the discrepancy of random matrices, which excludes any
0/1 point from being a feasible solution for P(n,m,zo =
(1/2,...,1/2), Ry), and then extend this to exclude all inte-
ger points.

2. PRELIMINARIES
2.1 Related Work

The central quantity that leads to all known bounds on
discrepancy and linear discrepancy in the literature is hered-
itary discrepancy defined as follows:

herdisc(A) := ;nca[,x] disc(A®)

where A° denotes the submatrix of A containing columns
indexed by the set S. For a matrix A € R™*™ and any
S C [n], let A;S denote the i'th row vector A; restricted to
the coordinates in S. The best known bound on discrepancy
of arbitrary matrices is due to Spencer [30].

THEOREM 3. [30] For any matriz A € R™*", any subset
S C [n], there exists a point z € {—1,+1}5! such that for
every i € [m],

2m
A-S)<11,/51 m Al
‘ A= |S]log 15| ke[%?ﬁes' kil

Lovész, Spencer and Vesztergombi [16] showed the fol-
lowing relation between hereditary discrepancy and linear
discrepancy.

THEOREM 4. [16] For any matriz A,
lindisc(A) < herdisc(A).

2.2 Concentration Inequalities

We will use the following well-known tail bounds.

LEMMA 3. Let Y be a random wariable drawn from the
Gaussian distribution N(0,02). For any A > 0,

1 A _2aZ 1
< < mi —\/ = \/=— V.
Pr(Y_/\U)_rmn{l o ()\2 1)6 ERND 271_}

LEMMA 4. Let Y be a random wvariable drawn from the
Gaussian distribution N(0,0?). For any A > 1,

2

A
Pr(|X]| > Xo) <2 7.

LEMMA 5. Let X1,...,X, be independent random vari-
ables each drawn from the Gaussian distribution N(0,c?).
For any A\ > 1,

Pr| | Z X7 —no®| > edy/no® | < 2

J€ln]

for an absolute constant c.

LEMMA 6. [21] Let X1,...,Xn be independent random
variables each drawn uniformly from {—1,4+1}. For a fized
set of vectors ai,...,am € R", a fized subset S C [n], and
any A >0,

___a?
" (| > auX;| = A) < 2e *Ties

jES

3. LINEAR DISCREPANCY OF RANDOM
MATRICES

Our first step towards an algorithm to identify an inte-
ger point in random polytopes is an algorithm to find small
linear discrepancy solutions for random Gaussian matrices.
The main goal of this section is to prove the bound on linear
discrepancy of Gaussian matrices (Theorem 2).

Implications of known bounds. It is tempting to use
known concentration inequalities in conjunction with Spencer’s
result (Theorem 3) to bound the hereditary discrepancy of
Gaussian matrices; this would in turn lead to a bound on the
linear discrepancy of Gaussian matrices by Theorem 4. In
this setting, each entry A;; is from N(0,0?). Using standard
concentration for | A;;| and a union bound to bound the max-
imum entry |A;;| leads to the following weak bound: with
high probability, the polytope P = {z € R"||A;(z — z0)| <
b; for i € [m]} with b; = Q(o+/nlogmnlog (2m/n)) con-
tains an integer point for any zo € R™. This is too weak for
our purpose (recall that /n radius ball in arbitrary poly-
topes already guarantees integer feasibility and our goal is
to guarantee integer feasibility with smaller inscribed ball in
random polytopes).

Our Strategy. Our overall strategy to bound discrepancy
is similar to that of Spencer’s: As a first step, show a partial
coloring with low discrepancy — i.e., for any subset U C [n],
there exists a point z € {0, —1,+1}Y! with at least |U|/2
non-zero coordinates such that |AY z| is small. Next for any
S C [n], repeatedly use the existence of this partial vector
to derive a vector z € {—1,1}!! with small discrepancy —
start with z = 0, U = S and use z to fix at least half of the
coordinates of z to +1 or —1; then take U to be the set of
coordinates that are set to zero in the current = and use z to
fix at least half of the remaining coordinates of x to +1 or
—1; repeat this until all coordinates of = are non-zero. Since
at most |U|/2 coordinates are set to zero in each round of
fixing coordinates, this might repeat at most log|S| < logn
times. The total discrepancy is bounded by the sum of the
discrepancies incurred in each round of fixing. Thus, the
goal is to bound the discrepancy incurred in each partial
coloring round.



The discrepancy incurred for the i’th constraint by the
partial coloring can be bounded as follows?:

2
AV 2 < 4[| A7 |y [log ﬁ vie[m, UCh. (1)
Bounding discrepancy of partial vector. The discrep-
ancy bound for the #’th constraint given in (1) depends on
the length of the vector A;V. We describe a straightforward
approach that does not lead to tight bounds.

Approach 1. It is straightforward to obtain [|A;V| <
20+/|U|logmn with high probability for random Gaussian
vectors A; using well-known upper bound on the maximum
coefficient of A;V. This leads to an upper bound of

2m

80\/|S log (mn) log 5]

on the discrepancy of AS. Although this bound on the dis-
crepancy of AS is good enough when the cardinality of S is
smaller than some threshold, it is too large for large sets S.
E.g., when S = [n], this gives a total discrepancy of at most

O(o+/nlog (mn)log (2m/n)).

New Approach. In order to obtain tighter bounds, we
bound the length of partial vectors A;V when each entry
in the vector is from N(0,0?) (as opposed to bounding the
maximum coefficient). Using Lemma 5, we will show that

1
en \ 4
AV =0 ov|U 10g—)
J4 ( 01 (roe 7 )

for every U C [n] of size larger than log m with probability at
least 1—1/m®. Consequently, the total discrepancy incurred
while the number of coordinates to be fixed is larger than
log m is bounded by a geometric sum which is at most

0 (o fniog™ ).

When the number of coordinates to be fixed is less than
logm, we use Approach 1 to bound the length of partial
vectors, which in turn implies the required bound on the
total discrepancy.

3.1 Bounding lengths of Gaussian subvectors

LEMMA 7. Let A € R™*" be a matriz whose entries are
drawn i.i.d. from the Gaussian distribution N(0,02). Then,
with probability at least 1 — 1/(mn)?,

|A:% || < 20+/|S|logmn VS C [n], Vi € [m].
ProoF. By Lemma 4 and union bound over the choices
of i € [m], j € [n], all entries |A;;| < 20+/log mn with prob-
ability at least 1 — 1/(mn)®. Now, the squared length is at

IThis is an improvement on the bound shown by Spencer:
|A;5z| = O (maXie[m],jeS |Aiz|/|S|log %"‘) which can be
recovered from (1). The proof of (1) is identical to the proof
of Spencer’s bound except for a stronger concentration in-
equality. We avoid the non-constructive proof for simplicity
of presentation; we use an alternative algorithmic proof that
follows from Lovett-Meka’s partial coloring algorithm (see
Lemma 9).

most the squared maximum entry multiplied by the number
of coordinates. [

Next we obtain a bound on the length of A;5 when |S| is
large.

LEMMA 8. Let A € R™*™ be a matriz whose entries are
drawn i.i.d. from N(0,0%) where m < 2". Then,

Pr(3S C [n],|S| > logm,3i € [m] :

1
A% > 20%18]4 [log [ ) + -1
451 = 20151, og (51 ) + 57 om

1
S e

As 1= 2\/5 log (%) + logm.

Fix a subset S C [n] of size |S| = s and ¢ € [m]. Then, by
Lemma 5, we have that, for any A\s > 1

A \2
Pr(]|A4:5]? > s0? (1 s < 2e7 s,
r(” 1”2 s ( +2\/§>)‘ ¢

Pr(3S C [n],|S]| =s,3i € [m] :
As

512 > g2
A |? > so (1+2\/§))

2 2 s
< 2¢7 s . <n> .m < 2¢ s . (@) -m
S S

e

)2 en _ en
S %2¢ A +slog " +logm S % 3(slog " +logm)

PROOF. Let

Hence,

Therefore,

Pr(3S C [n],|S| > logm,3i € [m] :

JASI? > 18]0% (14 8
NI

=Pr(3s € {logm,...,n},35 C [n],|S| =s,3i € [m] :

A
A5 >s0 (1 s
| ||_SU(+2\/5))

n 2 n

en n

¢ S atmaen) L (2) 55 s
< 2 5

s=logm s=logm
2n _ en 1
S e 3log mlog Togom S )
m3 mp

The last but one inequality is because the largest term
in the sum is e~3losmlos(en/logm)  The Jagt inequality is
because n > logm.

Now, substituting for As, we observe that

A 1

2 |S| 2 en

c’|S| |1+ —= | <20°|5]|/log (—) + — logm.
| ( 21/|S|> 151/ 151

O




3.2 Algorithmic Linear Discrepancy

Our algorithm is essentially a variation of Lovett-Meka’s
algorithm for constructive discrepancy minimization [17].
Lovett-Meka [17] provide a constructive partial coloring al-
gorithm matching Spencer’s bounds. The main difference
in their approach from that of Spencer’s is that, the partial
coloring algorithm outputs a fractional point z € [—1, 1}‘U‘
such that at least |U|/2 coordinates are close to being 1 or
—1. After at most log|S| rounds, all coordinates are close
to being 1 or —1; a final randomized rounding step increases
the total discrepancy incurred only by a small amount.

Their partial coloring algorithm can easily be extended
to minimize linear discrepancy as opposed to discrepancy.
In each partial coloring round, their algorithm starts with
a point x € [—1,1]" and performs a random walk to arrive
at a vector y such that the discrepancy overhead incurred
by y (ie., |Ai(y — x)|) is small. Further, at least half of
the coordinates of x that are far from 1 or —1 are close
to 1 or —1 in y. This can be extended to an algorithm
which, in each phase, starts with a point z € [0,1]", and
performs a random walk to arrive at a vector y such that
the discrepancy overhead incurred by y (i.e., |A:(y — z)|) is
small. Further, at least half of the coordinates of x that are
far from O or 1 are close to 0 or 1 in y. The functionality
of such a partial coloring algorithm is summarized in the
following lemma. In the rest of this section, given = € [0, 1]7,
deR, let B(x):={je[n]:d<x(j) <1-4}

LEMMA 9. [17] Givenz € [0,1]", § € (0,0.5], A1,...,Am €
R"™, c1,...,cm > 0 such that 31" | exp(—ci/16) < |B(z)|/16,
there exists a randomized algorithm which with probability at
least 0.1 finds a point y € [0,1]" such that

1Ay — 2)| < il APPs Vi € [m],
2. |B(y)| < |B(x)]/2

3. If j € [n] \ B(x), then y(j) = x(j).
Moreover, the algorithm runs in time

O((m +n)*6~%log (nm/4)).

We denote the algorithm specified in Lemma 9 as Edge-
Walk. To minimize the linear discrepancy of random Gaus-
sian matrices, we repeatedly invoke the Edge-Walk algo-
rithm. We repeat each invocation until it succeeds, so our
algorithm is a Las Vegas algorithm. FEach successful call
reduces the number of coordinates that are far from being
integer by at least a factor of 1/2. Thus, we terminate in
at most logn successful calls to the algorithm. Further, the
total discrepancy overhead incurred by «x is at most the sum
of the discrepancy overhead incurred in each successful call.
The sum of the discrepancy overheads will be bounded us-
ing Lemmas 7 and 8. Finally, we do a randomized rounding
to obtain integer coordinates from near-integer coordinates.
By standard Chernoff bound, the discrepancy incurred due
to randomized rounding will be shown to be small.

ProOOF OF THEOREM 2. Without loss of generality, we
may assume that xo € [0,1]™ and our objective is to find
z € {0,1}" with low discrepancy overhead. We use Algo-
rithm Round-IP given in Figure 1. We will show that, with
probability at least 1 —4/m?, it outputs a point z € {0,1}"

Algorithm 1 Algorithm Round-IP

Input: Point zp € R", matrix A € R™*"™ where each
Aij ~ N(O,O‘2).

Output: An integer point
z.

1. Initialize. z = zo— [20], § = 1/8logm, B(z) :={j €
[n] : 6 < z(j) <1—4}, ¢ = 84/log(m/|B(z)|) for every
i € [m)].

2. While(|B(z)| > 0)

(i) Edge-Walk.
Cly-enyCm).

(ii) Verify and repeat. B(y) :={j € [n] : § < y(j) <
1 -6} If | B(y)| > [B(2)/2 or [Ai(y — «)| > eil |42
for some ¢ € [m], then return to (i).

(iii) Update. z <y, B(z) = {j € [n] : § < z(j) <
1 -6}, ¢i = 84/log (m/|B(z)|) Vi € [m].

3. Randomized Rounding. For each j € [n] set

z(4) —{

4. Output z.

y <+ Edge-Walk(z, §, Ai,...,Am,

[20(j)] with probability z(j),
|zo(j)] with probability 1 — z(j).

such that

|Ai(z — z0)| < 1920 ( nlog n
\ n
+\/logmlog (mn) log m ) .
logm

Let T denote the vector at the end of Step 2 in Algo-
rithm Round-IP and let x) denote the vector = in Algo-
rithm Round-IP after k successful calls to the Edge-Walk
algorithm. By a successful call, we mean that the call passes
the verification procedure 2(ii) without having to return to
2(i). Let Sy = B(zk). We first observe that after k —
1 successful calls to the Edge-Walk subroutine, we have
S exp(—ci/16) < |Sk|/16 by the choice of ¢;s. By Lemma
9, the discrepancy overhead incurred in the k’th successful

call to the Edge-Walk subroutine is
m
log —.
VB TS

Consequently, the total discrepancy is bounded by the
sum of the discrepancy overhead incurred in each run. The
discrepancy overhead incurred in the k’th successful run,
where k : |Si| > logm, is at most

1
m en 1 4
80, /2|Sk|log — [ log — 4+ —— logm
215 g|sk|< SEARETARS >
%
m en
Sillog — [ log —
s (1 5)

with probability at least 1—(1/m"). This is using the bound
on the length of A;°* by Lemma 8.

Let ki1 be the largest integer such that |[Sk,| > logm.
Thus, with probability at least 1 — (1/m?), the discrepancy
overhead incurred after kq successful calls to the Edge-Walk

|Ai (2 — z11)| < 8 HAZ_SJC

< 160



subroutine is at most

o n
log og'm
e

B m
D; := 160 ; n2-k (log m) logﬁ

< 9604 /nlog m
\ n

The upper bound on D; follows from the following inequal-
ities (by setting A = m/n),

A / e

S(\/logAJr klog?) (1Jrklog2)i VA>1, (2)

2% (log A) (1 + klog 2)% < 5¢/log A, (3)

M 11

2% klog2 (1 +klog2)T < 2(log2)** 3" va-Fg*/4
k=0
< 10. (4)

B
Il
<)

By Lemma 9, the discrepancy overhead incurred in the
k’th successful call to the Edge-Walk subroutine, where k :
|Sk| < logm, is

m

|[Ai(zr — 2K-1)| < 8 HAlSkH log @

<16 27k1 1
< O‘\/’I’L og (mn) log -

with probability at least 1 — 1/(mn)*. Here, the second
inequality is by using Lemma 7 and |Sx| < n27%. Since each
successful call to the Edge-Walk subroutine reduces B(z) by
at least half, the number of successful Edge-Walk subroutine
calls is at most logn.

Thus, with probability at least 1 — 1/(mn)?, the discrep-
ancy overhead incurred by Step 2 in successful rounds k :
|Sk| < logm is at most

logn

Dy := Z

— n
k=log log m

m
n2—k

160\/712*’C log (mn) log

Now, using the inequalities (2), (3) and (4),

Dy < 320\/10g mlog (mn) log Togm’

Hence, with probability at least (1 —1/m®)(1—1/(mn)?),
at the end of Step 2, we obtain a point Z such that = € [0, 1]
and T(j) > 1 — 6 or Z(j) < ¢ for every j € [n] and the total
discrepancy overhead is bounded as follows:

max |Ai(ZT — x0)| < D1+ D2
i€(m

< 960 ( nlog m
\ n

+\/log mlog (mn) log lorgnm) .

Next we show that the randomized rounding performed
in Step 3 incurs small discrepancy. Consider a coordinate

Jj € [n] that is rounded. Then,

and thus,
A} = Var (Z Aij(2(4) - I(i))) <[4 %8
j=1
Therefore, for ¢ € [m], by Chernoff bound,

S N 2
Pr <|2Aij(Z(J) ROE 4Ai\/1ogm> <2
j=1
Hence, by union bound, we get that
|A;(z —T)| < 4A;y/logm < 4| A4;]|

for every i € [m] with probability at least 1 — 1/m”. Now,
applying Lemma 5, with A = y/logm and using the condi-
tion that logm < n, we get that |A;(z — T)| < 20+/n with
probability at least (1—1/m®)(1—1/m") > 1—2/m®. Thus,

|Ai(z — wo)| < [Ai(z — Z)| + |Ai(T — z0)

<1920 (,/nlogm
n

+ \/log mlog (mn)log

logm) Vi€ [m]
with probability at least (1—1/m?)(1—1/(mn)®)(1—-2/m®) >
1—4/m?.

Finally, we compute the running time of the algorithm.
Each call to the Edge-Walk subroutine succeeds with prob-
ability 0.1. Hence, the expected number of calls to the Edge-
Walk subroutine is at most 10logn. Since each call to the
Edge-Walk subroutine takes

O((m + n)* log® mlog (nmlogm))

time, the expected number of calls is O(logn) and the num-
ber of steps before each call is O(m+n), the total number of
steps is at most O((m +n)*lognlog® mlog (nmlogm)). O

4. INFEASIBILITY RADIUS

The upper bound R; for the radius in Theorem 1 will
follow from the linear discrepancy bound given in Theorem
2. For the lower bound, we show the following result for
Gaussian matrices.

LEMMA 10. For m > 1000n, let A € R™*™ be a matrix
whose entries are chosen i.i.d. from the Gaussian distribu-
tion N(0,02). Let zo := (1/2,...,1/2) € R™. Then,

1/nlog% Vi € [m])

We first show a lower bound on the radius necessary for
the random polytope P(n,m,0,R) to contain an integer
point with all nonzero coordinates. Lemma 10 will follow
from the choice of zg.

Pr(EIJ:EZ":Ai(CE—ﬂUO)S

2ol 9

<L
< om



LEMMA 11. For m > 1000n, let A € R™*™ be a matrix
whose entries are chosen i.i.d. from the Gaussian distribu-
tion N(0,0?). Then,

Pr(3zeZ":|z;| >0V j€[n],

Az <oy /nlog% Vi € [m])

<L
S o
PRrOOF. For each r > 0, we define the set

U, :=2"N{z:||z|| =7, |z;| >0Vj € [n]}.

We will show that with probability at least 1—27" (over the
choices of the matrix A), there does not exist * € Ur>oUr
satisfying all the m inequalities. We first observe that U, is
non-empty only if r > y/n. Fix r > \/n and a point z € U,.
Now, for i € [m], since each A;; is chosen from N(0,0?),
the dot product A;x is distributed according to the normal
distribution N(0,r%6?%). Let

P, :=Pr <Aim§0\/mVi€ [m]),
n
/ m ., .
Pr;:Pr(HmeUr:Aiazga nlogEVze[mD.

By union bound,

P. < Z P, < IUrlgé%sz.
zeUy,

We will obtain an upper bound on P, that depends only on
r. To bound the size of the set U,, we observe that every
point in U, is an integer point on the surface of a sphere of
radius r centered around the origin and hence is contained in
an euclidean ball of radius 7 + 1 centered around the origin.
Thus, |Ur| can be bounded by the volume of the sphere of
radius r + 1 < 2r centered around the origin:

2me " 100\ "
| <vol (2rBg) < [ 2 — <[ — .
|U|_Vo(7“o)_<m/n> _(\/ﬁ>

Next we bound P,.. We have two cases.
Case 1. Let r € [\/ﬁ,\/nlog (m/n)] Since Az is dis-

tributed according to N(0,r%0?), by Lemma 3,

Pr (Aicc < o4/nlog %)

1 1 ry/nlog ™ (ﬁ)#j
- Vor \r? +nlog 2 m ’

Since each A;; is chosen independently, we have that

- / m

Pz:”P Az < log —

11 r( z<o nogn)
<<1—

1 ry/nlog = (2) e "
V2r \ 2 +nlog m
ry/nlog 2

n
1 nol(2)2r2.m
Var <7‘2+nlog%> (m)

<e

Therefore, by union bound, it follows that

(r‘ /nlog T ).(%)#-m-‘rnlog%

r2+n log %

Po<e V7

<e—n10g1\/0% (\/ﬁ)n

10r

Case 2. Let r > y/nlog(m/n). Since A;z is distributed
%)

according to N(0,7°0“), by Lemma 3, we have that

PrlAiz <o nlogE Sl\/inlogmgi nlogm.
n rV 2r n o1 n

The random variables A;x,..., A,x are independent and
identically distributed. Therefore,

O / m
P, = Pr{|Aiz| < log —
il:[l r<| z| <o nogn>
< (i,/nlogm> .
or n

Hence, by union bound,

—n| 2 log <75T )—logﬁ)
Pr <e (" 4,/nlog% Vv

Finally,

Pr (Hm € Up> mUr : Aiz < oy [nlog % Vi € [m])

> P

r>\/n

= > P+ Y P
re[vm,y/nlog 22] 7>y/nlog =

L[~ (@>ndr

W r=yn T
4\ T [ /nlog ™\ 2
+(*> / < g > dr
5 r=4/nlog r

3 (2 /nlog ™
< LoV () (2mloe
— 10" n-1 5 m— 2

(since m > 1000n).

IN
|

[}
PROOF OF LEMMA 10. There exists © € Z™ such that

o | m
Ai(x — < — log — Vi
(z :co)_2 noganE[m}

if and only if there exists c € Z"N{z € R" : |z;| > 1V j €
[n]} such that

Az < U,/nlog% Vi € [m].

The result follows by Lemma 11. []



S.  PROOF OF THRESHOLD RADIUS

‘We now have all the ingredients needed prove Theorem 1.

PROOF OF THEOREM 1. Let P ={z € R" : a;z < b; Vi €
[m]}, where each a; is chosen from a spherically symmetric
distribution. Then a; = a;/ ||a;|| for ¢ € [m] is distributed
randomly on the unit sphere. A random unit vector «; can
be obtained by drawing each coordinate from the Gaus-
sian distribution N (0,0 = 1/n) and normalizing the re-
sulting vector. Thus, we may assume «; = A;/ || Ai|| where
each coordinate A;; is drawn from the Gaussian distribution
N(0,1/n). Here, we show that the probability that there ex-
ists a vector A; that gets scaled by more than a constant is
at most 2me "/,

Taking 0® = 1/n in Lemma 5, we have

Pr (Eli e ml: | Al?—1] > %) < 2me".

Hence, with probability at least 1 — 2me™"/%% we have that
V1/2 < |JAi|| < /3/2 for every i € [m]. We now show the
upper and lower bounds.

1. Since P contains a ball of radius Ri, it follows that
P D @ where

Q ={z e R"||as(x — z0)| < Ry for i € [m]}.
Using Theorem 2 and ¢ = 1/n, we know that there
exists a randomized algorithm that takes as input A

and zo and outputs an integer point x € Z™ such that
for every i € [m)]

|Ai(z — zo)| < 192 <1 [log m
n
Jr\/logmlog (mn) log m > .
n logm

with probability at least 1 — (4/m?®). Thus, with prob-
ability at least 1 — (4/m?) — 2me™", we obtain x € Z™
satisfying

|Ai(z — z0)|
[ Adll

< 384 (, flog
n
n \/logmlog (mn) log m )
n logm

for every i € [m]. Thus we have an integer point in
the polytope @ and hence, an integer point in P.

2. For zo = (1/2,...,1/2), let
P={zeR":

|lavi(z — z0)| =

1 .
Ai(w = 20) < [ Al 5 log% Vi € [m]} .

Then, P contains a ball of radius Ry centered around
xzo and hence is an instance of the random polytope
P(n,m,x0, Ro). Further, with probability at least 1 —
2me~", P is contained in

Q:{xGRn:Ai(xfxo)S%Ulog% Vi e [m]}

By Lemma 10, with probability at least 1 — 27", we
have that Q@ NZ"™ = (. Thus, with probability at least
1—27" —2me™", we have that PNZ" = .

O

6. OPEN QUESTIONS

Propositions 1 and 2 hold for arbitrary constraint matri-
ces describing the polytope. Are these observations useful
for solving IP formulations of combinatorial optimization
problems for families of instances? A concrete question is
whether we can efficiently compute discrepancy or linear dis-
crepancy for a reasonably general family of matrices.

Another open question is the complexity of integer linear
optimization on random polytopes as given by our model,
with an arbitrary, or even a random objective direction. Our
work only addresses integer feasibility.

A natural question that arises there exists a sharp feasi-
bility threshold R* for the radius, i.e., with high probability,
the random polytope P(n,m,0, R) is integer infeasible (for
a nonzero integer point) if R < R* and is integer feasible if
R > R".

Finally, it would be interesting to explore similar phase
transition phenomena when the rows of the matrix A are
sparse, a setting that can be viewed as a geometric analog
of random k-satisfiability.
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