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ABSTRACT

We present an algorithm for computing shortest paths on
polyhedral surfaces under convex distance functions. Let
n be the total number of vertices, edges and faces of the
surface. Our algorithm can be used to compute L; and
Lo shortest paths on a polyhedral surface in O(n?log* n)
time. Given an ¢ € (0, 1), our algorithm can find (1 + ¢)-
approximate shortest paths on a terrain with gradient con-
straints and under cost functions that are linear combina-
tions of path length and total ascent. The running time is

0] (%n2 logn + n?log* n). This is the first efficient PTAS

for such a general setting of terrain navigation.

Categories and Subject Descriptors

F.2.2 [Analysis of Algorithms and Problem Complex-
ity]: Nonnumerical Algorithms and Problems— Geometrical
problems and computations

General Terms
Algorithms, Theory

Keywords

shortest path, convex distance function, polyhedral surface,
terrain

1. INTRODUCTION

Finding shortest paths is a classical geometric optimiza-
tion problem. In recent years, the spatial database and geo-
graphical information system communities show interest in
the shortest path problem on terrains under anisotropic cost
models, i.e., the path cost at any point on the terrain de-
pends on the travel direction [10, 12, 15, 17]. The moti-
vations are two-fold. First, when planning a roadway or
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hiking on a terrain, it is impossible to ascend or descend
along slopes that are too steep. Second, the cost of a sub-
path may depend on the its slope. Anisotropic cost models
on polyhedral surfaces also relate to or generalize previous
results in the algorithm community: the shortest path prob-
lem on polyhedral surfaces [6, 13, 16], the weighted region
problem [4, 14], the anisotropic shortest path problem in the
plane [8, 9], and the consideration of total ascent or descent
of paths on a terrain [5]. The shortest descending path prob-
lem [1, 2, 7] and the shortest gently descending path prob-
lem [3] are special cases obtained by enforcing particular
gradient constraints.

For Euclidean shortest paths on a polyhedral surface of
n vertices, edges and faces, Mitchell et al. [13] presented an
algorithm that runs in O(n?logn) time, which was subse-
quently improved by Chen and Han [6] to O(n?). Varadara-
jan and Agarwal [16] proposed two approximation algorithms
that run in subquadratic time: 7(1 + €)- and 15(1 + ¢)-
approximate shortest paths can be found in O(nf’/3 log‘r’/3 n)
and O(n®/®1og®? n) time, respectively.

In the weighted region problem, each face f has a weight
wy and the subpath cost within f is wy times the sub-
path length. A shortest path may bend when crossing edges
(which also happens under anisotropic cost models). Mitchell
and Papadimitriou [14] presented an algorithm for planar
weighted regions that runs in O(n® log(NW/§)) time, where
N is the largest integer coordinate, W is the ratio of the
maximum weight to the minimum weight, and § is a pre-
cision parameter. Aleksandrov et al. [4] developed an algo-
rithm for polyhedral surfaces that has a running time linear
in n and dependent on some geometric parameters.

Cheng et al. [8] proposed a (1 + ¢)-approximation algo-
rithm for the anisotropic shortest path problem in a pla-
nar subdivision in which every face has a convex distance
function. Later, a data structure was developed to answer
(1 + e)-approximate anisotropic shortest path queries [9].

De Berg and van Kreveld [5] studied some path query
problems on terrains with height constraints, and they posed
the optimization of path length and total ascent as an open
problem. There are (1 4 ¢)-approximate algorithms for the
shortest descending path problem [1] and the shortest gently
descending path problem [3] that have running times depen-
dent on some geometric parameters. Recently, we developed
a (1 + e)-approximate shortest descending path algorithm
that runs in O(n* log(n/¢)) time [7].

This paper presents an algorithm for a shortest path prob-
lem on a polyhedral surface, which we call the POLYPATH
problem. Each face f is associated with a convex polygon



Hy that induces a convex distance function dy. The length
of a subpath in f is measured using dy. Given two points s
and ¢ on the polyhedral surface and an integer m, the goal is
to find a shortest one among all paths that have at most m
links and no critical refraction at any surface edge.® The lat-
ter constraint can be removed if d¢(p, q) = dg(p, q) for every
two adjacent faces f and g and every two points p,q € fNg.
Our algorithm runs in O(hmnlogmn + mnlog? mlog? hm)
time, where h is the maximum size of the convex polygons
associated with the faces. It follows that an L1 or Lo
shortest path on a polyhedral surface can be computed in
O(n?log" n) time.

On terrains, for every constant c¢; > 0 and every con-
stant c2 > 0, we can optimize c; - Euclidean path length
plus ¢z - total ascent with a relative error € under gradient
constraints. The total ascent is the total increase in heights
of all ascending subpaths, which measures the energy spent
in increasing the potential energy. The weighted sum of
the path length and its total ascent gives rise to a convex
distance function, which can be approximately induced by
a convex polygon of size O(1/+/e). This allows us to re-
duce the problem to an instance of POLYPATH such that
m = O(n) and h = O(1/+/e). Gradient constraints are
specified by the maximum ascent and descent gradients al-
lowed in 7.2 This only changes the convex distance function
slightly. Section 4 describes these reductions. In all, our
algorithm can return a (1 + ¢)-approximate shortest path

in O (%rﬂ logn + n? log* n) time, which makes it the first

PTAS for such a general setting of terrain navigation. A
(1 + e)-approximate shortest descending path can thus be
computed in O (\%Tﬁ logn + n?log? n) time.

Our results address the problems in the applications [10,
12, 15, 17] mentioned earlier. A shortest path that satisfies
gradient constraints is sought on a terrain in [12]. So our
terrain algorithm is directly applicable. A main problem
treated in [10, 15, 17] is to optimize path length and penalize
large slopes. As illustrated in Figure 5 in [10], one may
model the cost function as a convex function in slope. Such
a convex function translates to a convex distance function
in a face. Therefore, if an upper bound m on the number of
links can be specified, our POLYPATH algorithm can be used
to obtain a (1 + ¢)-approximation after approximating the
convex distance function as in our terrain algorithm.

There are several difficulties in solving the PorLyPATH
problem. A locally shortest path (LSP) for a sequence o
of edges is a shortest path that crosses the edges in 0. An
algorithm needs to extend an LSP from one face to the next.
In the Euclidean and weighted region cases, the extension
is determined locally by unfolding to a straight line and fol-
lowing Snell’s law, respectively. In our case, we first discover
how an LSP bends at a surface edge. In fact, an LSP may
bend in various ways, and we focus on a special LSP in order
to characterize the bending. However, the extension is not
determined locally. In the Euclidean and weighted region
cases, the local extension allows to construct a function to
describe the costs of the LSPs that start from an interval on
an edge, cross the edges in o, and end at an interval on the

LA path makes a critical refraction at an edge e if there are
two non-collinear links such that one lies on e and these two
links meet at a node in the interior of e.

2The ascent and descent gradient bounds may be different,
but they are the same for all faces.
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last edge in . This is important as an algorithm cannot ex-
tend an infinite number of LSPs. We show that such a func-
tion can be constructed in our case by proving that LSPs are
preserved under sliding, i.e. translating each segment of the
path while keeping it parallel with the original one. Thus,
after constructing one LSP for some edge sequence, the cost
of another LSP with the same edge sequence is a function of
the amount of sliding. Our third contribution is to compose
a shortest path by combining shorter LSPs in a hierarchical
fashion using Chen and Han’s sequence tree [6], which yields
the claimed running time.

2. PRELIMINARIES

Let 7 denote the input polyhedral surface with n ver-
tices, edges and faces. Without loss of generality, assume
that each face of 7 is a triangle, and the source s and the
destination ¢ are vertices of 7. Each face f of T is asso-
ciated with a convex polygon Hy, which contains the ori-
gin, lies in a plane parallel to f, and induces the distance
function dy. We allow the origin to be on the boundary of
Hy. The cost of a directed segment pg C f is cost(pqg) =
ds(p,q) = inf {A>0:$(¢ —p) € Hy}, which can be com-
puted in O(log|Hy|) time by binary search.

We use 4 to denote a vector and @ to denote the unit
vector in the same direction as @. Given @ and ¥, 0(@, )
denotes the angle measured from # to ¥’ in counter-clockwise
direction, which takes value in [0, 27). The inner product of
# and ¥ is denoted by (i, 7).

All polygonal paths in this paper are oriented from their
sources to their destinations. A link of a polygonal path is
a maximal segment in a face or on an edge of 7, and its
endpoints are called nodes. We assume that every node is
either a vertex or a point in the interior of an edge because a
node in the interior of a face can be removed by shortcutting
without increasing the path cost. By the requirement of the
POLYPATH problem, we can further assume that every node
in the interior of an edge is a transversal node, that is, its
two incident links lie in the interiors of two distinct faces.

Let p;, @ € [0,k], be the nodes in order along a path P.
Let ¥; = p; — pi—1 for i € [1,k]. The direction vector of
P is (01,...,0,). We can specify P as (po,p1,...,Pk) OF
as (po, (01,...,0%)). The subpath of P from a point z to
another point y is denoted by P[z,y]. Define cost(P) =
> tace § COst(P N f) and || P|| to be the length of P.

The edges that P crosses in order is its edge sequence.
It includes the edge containing P’s destination but not the
edge containing P’s source. A path may have multiple edge
sequences if its interior passes though a vertex. Suppose that
the edges e1, e, ..., e, are incident to a vertex v in circular
order. If a path moves from the face bounded by e; and ey to
v onward to the face bounded by e; and e;+1, then one edge
sequence contains the substring e1es . .. e;, and another edge
sequence contains the substring exer—1...€,41. A shortest
path from s to ¢ is a shortest LSP over all edge sequences.

3. SOLVING PoLYPATH

We first characterize the LSPs by their direction vectors
in Section 3.1. Then we propose an algorithm in Section 3.2
to solve the POLYPATH problem.

3.1 Properties of LSPs

Let o = (e1, ez, ..., er) be the edge sequence of some LSP



that starts from a point pp on some face boundary and ends
at a point pr on some other face boundary. Thus, e; and
ei+1 are distinct edges of the same face, and e; and e;42 do
not bound the same face. Let eg denote an edge adjacent to
e1 that contains the source of the LSP. For i € [1, k], let f;
denote the face bounded by e;—1 and e;.

For i € [1,k], define the positive and negative sides of a
point on e; as follows. Orient e; to obtain a directed segment
a;b; so that f; and f;+1 are on the left and right of a;b;,
respectively. Let €; denote the vector b; — a;. Given two
points p, q € e;, we say that q lies on the positive or negative
side of pif (¢g—p, &) > 0 or (g—p, €; ) < 0, respectively. The
head and tail of the oriented e; are the positive and negative
endpoints of e;, respectively.

There may be multiple LSPs that start from po, end at py,
and share an edge sequence o. Let P = (po, (01, ..., 0%)) and
let @ = (po, (W1,...,wx)) be two such LSPs. We say that
03 is smaller than w; if 0(€;,0;) < 0(&;,w;). The canonical
LSP from pg to pi with edge sequence o is the LSP that has
the lexicographically smallest direction vector. Intuitively,
the canonical LSP hits every oriented e; at a point closest
to its negative endpoint.

LeMMA 3.1. Let P = (po,p1,...,pk) and Q = (qo =
Do, q1,---,qx = pk) be two LSPs from po to pr, with the same
edge sequence. If P is a canonical LSP, then fori € [1,k—1],
qi does not lie on the negative side of p;.

PROOF. Let j be the smallest integer such that p; # g;.
Since P is the canonical LSP and P[po,pj—1] = Q[qo, ¢j—1],
p; must be on the negative side of ¢;. If for all i > j,
pi = ¢; or p; is on the negative side of ¢;, then we are done.
Otherwise, let ¢ be the smallest integer such that p; is on
the positive side of ¢;. Then p;,—1p; must cross ¢;—1q:, say
at x. Since both P and Q are LSPs, Plz, pix] and Q[z, pk]
are both LSPs and have the same cost, implying that

cost(Plpo, pi-1]) + dy; (pi-14:) + cost(Qlgs, px])
< cost(P[po, x]) + cost(Q[x, pr]) = cost(P).

We obtain a new LSP R = (po,pl, ey Pi—15Gis Qit1y - qk),
where 6(€;, ¢; — pi—1) < 0(€;,p; — pi—1). But then the direc-
tion vector of R is lexicographically smaller than that of P,
contradicting the assumption that P is a canonical LSP. [

We will characterize a canonical LSP via the derivative of
its cost, which may not change smoothly as its destination
moves. Thus, we define the derivative using limit and it
depends on how the limit is approached. Recall that o =
(e1,...,ex) and e is an edge adjacent to e; containing the
source pg of P. Let o;; = (€i41,...,€;). For every point
p € e;, define a function Cp ., () to be the cost of an LSP
with edge sequence o;; from p to a point « € e;. For every
point g € e;, define the function Dy,.,;(x) be the cost of an
LSP with edge sequence o;; from a point € e; to q. We
use ' — 21 and ' — =~ to denote =’ approaching = from
the positive and negative sides of x, respectively. Define:
va”ij (zl)—cp,vij (x)

[EZ ’

QC;GU (z) = limy/ .+

c"ij (Pvz)—cp,aij (1/)

an,dU‘ (.’,L') = hmz’%z* Tz )
Dy,0,.(¢')=Dg.o..(x)
+ T 9,045 9,045
0Dy o, (%) = limgs_, .+ ezl , and
Dy, (2)=Dg.o,.(z")
_ Ty 9,05 994
aD(LUij ([L‘) - hmz/ﬁz* IEEd]
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LEMMA 3.2. Cp o, () and Dy,0,; () are convex piecewise
linear functions in x. If y is on the positive side of x in e;,
then dCy,,.(y) > 8Cy 4, (y) > 0CH,, (x) > IC, ,. ().
If y is on the positive side of x in e;, then 0D, (y) >

q,04j
0Dy, (y) > GDIU”, (z) 2 0Dg 0, (2).
PROOF. Cy, o, ; (2) is the minimum of Z%:i+1 cost(ze—1x0),

where ©; = p, z; = x, x¢ € e¢ for £ € (i,7). The function

cost(ze—1x¢) is convex and piecewise linear in x¢—1 and z,

50 Cp,o,; () is the minimization of the cross-section of a con-

vex piecewise linear function. This implies the properties of
+ — .

Cp,oi;5 GC’pyoij and 801,,017 stated in the lemma. The same

argument works for Do, (x). O

Our algorithm will form new LSP by concatenating shorter
ones. It is clear that if we split a canonical LSP (po,...,pr)
at p;, we obtain two shorter canonical LSPs. Lemma 3.3 be-
low shows that the converse is true under some conditions.

LeMMA 3.3. If a path P = (po, p1,...,Pk) 1S a canonical
LSP with edge sequence o, where p; € e;, then the following
conditions hold for every i € [1,k — 1].

(i) Plpo,pi] and Plpi,px] are canonical LSPs with edge
sequences oo; and ok, respectively.

(ii) p; is the positive endpoint of e; or
ac;;),a(]i (pl) + 8D;_k,o'ik (pl) 2 0

(iii) p; s the negative endpoint of e; or
80170,001, (p’b) + 8D;ka0'ik (p'”) <0.

Conversely, if the conditions above hold for some i € [1,k —

1], then P is a canonical LSP from po to pr with edge se-

quence o.

PROOF. Suppose that P is a canonical LSP. Then P|po, p;]
and P[p;, px] are canonical LSPs as well. If p; is not the pos-
itive endpoint of e;, pick a point p; on the positive side of p;
and arbitrarily close to p;. By the definition of the functions
80;%7007: and 8D;kygik, we obtain

Cpo,o0s (p;) + Dpy o (p;) = Cpy,o0: (Pi) —
+ +
= (aCPOaUOi (pl) + aDm-,,ch (pl)) : |p;p2”

Since P is an LSP7 Cpoydoi (p;) + Dpk»ﬂik (p;) > CPOaUOi (pl) +
Dy, 0.1 (Pi), which implies that 80;%7001, (pﬁ—i—@D;fbaik (ps) >
0. If p; is not the negative endpoint of e;, we pick p; € e;
on the negative side of p; and sufficiently close to p;. Then,

Cpoyffoz: (pl) + D;Dk,ffik (pl) - Cpo,ffoqz (plz) + Dpkva'ik (p;)
= (aczjo,ﬂ'oi (p’b) + 8D;k,0'ik (pz)) : |p:.p1||

By Lemma 3.1, Cpg,o,(Pi) + Dpy,o0, (1) > Cpo o0, (pi) +
Dyp,..04 (i), and therefore, dCp ... (pi) + 9D, ., (pi) < 0.

Conversely, suppose that the three conditions are satisfied
for some i € [1,k — 1]. Let p; be the intersection point
between e; and the canonical LSP from pg to px with edge
sequence o. If p; = p;, we are done. Suppose that p] # p;.

Consider the case of p} lying on the positive side of p;.
By Lemma 3.2, Cp.00; and Dy, o, are convex functions.
Therefore,

CPOsUOi (p;) Cpoyam (pl) + 80;),00,i(pi) : lep;H
Dy, o4 (i) > Dpyoi (Pi) + aD;k,,aik (pi) - lpaps |

Dpy 04, (pi)

\Y]



Combining these two inequalities and condition (ii) in the
lemma gives

Chro,00: (p;) + Dpo,o0: (p;) > Chpg,00; (Pi) + Dpg,o0; (Pi),

which shows that P is also an LSP. However, p; is on the
negative side of p;, which is a contradiction to Lemma 3.1.

Consider the case of p} lying on the negative side of p;.
By the convexity argument again, we obtain

CPO:UOi (p;) > Cpoyaoi (pl) + 801770,00 i (pl) . szp;H
Dy o4, (p;) > Dypyoir (i) + 0Dy, o, (pi) - ”pzp;H

But then these two inequalities and condition (iii) in the
lemma imply that

Cpo,o0: (p;) + Dpo,00: (p;) > Chpo,00; (Pi) + Dpo,o0; (Pi)-

But P cannot be shorter than an LSP, a contradiction. []

Lemma 3.4 below shows that when we slide an LSP, the
path cost changes linearly.

LEMMA 3.4. Let P = (po,...,pr) be an LSP with edge
sequence o, where p; lies in the interior of e; for i € [1,k].
Let Q = (qo,-..,qr) be another path such that q; € e; for
i € [0,k] and qi—1q; is parallel to p;—1p; for i € [1,k]. For
i,7 € [0, k] such that i < j, define d;; and v;; by the relations
lpigi|| = di; - Ipsg;ll and cost(Qlgs, q;]) = cost(Plpi, ps]) +
~ij - {q; —pj, €5 ). Then, d;; and ~;; depend on the direction
vector of P[pi,p;] only, di—1,; and vi—1,; can be computed in
O(1) time, and for all £ € [i + 1,5 — 1], di; = 0iede; and
Vis = OejYie + Vej -

PrOOF. Let v; be the direction of p;—1p;. By the sine
law, 8;—1,; = sin(6(d:,€;—1))/sin(0(0;,€;)). The edges e;—1
and e; share a negative endpoint a or a positive endpoint b,
and [|gi—1qil| = sin(0(é;,€-1)) - |lagil|/sin(6(:, ;1)) and
llgi-1gi|| = sin(0(éi-1,é:)) - [lq:b|l/sin(0(i, éi-1)), respec-
tively. Similar identities hold for ||p;—ip:||. Thus, vi—1,: =
ci - sin(0(é;,€;-1))/ sin(6(d;, €;,—1)), where ¢; is the cost of a
unit segment with direction ¢; in the face bounded by e;—1
and e;. So d;—1,; and v;—1,; depend on ¥; only. Assume
that ¢ < 7 — 1. For all £ € (i,7), ||pig:|| = dic - ||peqel] =
Siede; - ||p;q; ||, and

cost(Q[a:, ;1)
= cost(Qai; qe]) + cost(Qlar, g5])
= cost(Plps,pe]) + vie - (e — pe, ée)
+ cost(P[pe, p;]) +ves - (45 — pis €5)
= cost(P[pi, p;]) + (3¢;vie + ves) - {45 — Pis &5 )-
So di; = iede; and i = de7vie + Yej. Inductively, d;; and
~i; depend on the direction vector of P[i, j] only. [

We want to show that 801;;,0%» 0Ch0 o0k BD;;,(,M,
0Dy, ., depend on the direction vector only, i.e., not on the
location of pg and px. Then, Lemmas 3.3 and 3.4 allow us
to form canonical LSPs by sliding and concatenating shorter

ones. The first step is a conditional version of this result.

and

LEMMA 3.5. Let P = (po,...,pr) be an LSP with edge
sequence o, where p; lies in the interior of e; for i € [1,k].
Define 6;; and vi; as in Lemma 3.4. If there exists i €
[1,k — 1] such that OCY, .. and dCpy .. depend only on
the director vector of Plpo,pi], and Dy, .. and 0D,

depend only on the direction vector of Plp:,pk], then:

Pk:%ik
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Figure 1: Three cases depending on the position of
r relative to p; and pj.

(1) 803;10% (pr) = min{@C’;mk (pr),
~ik} and
8Cp0 o0k
Yik}-
(ii) aD;kaUOk (po) = min{aD;iaUm (po)’ %maD;kank (p’b) +
s} and
8D;ka0'0k (po) = min{aD;mUOi(pO) 1 8D;;07001( i) +
20i}
605 1 °
PROOF. Consider the derivation of Cy, .. (pr) in (i).
The derivation of C,; ,,, (px) is symmetric. Take a point
Pl € e on the positive side of pi and arbitrarily close to px.
For j € [i, k], let pj be the point in e; such that pjp},, is
parallel to p;p;+1. Since pj, is arbitrarily close to px, pj is
also arbitrarily close to p;. Therefore,

Chpo,o0: (pi) +C 0Tk (p;c)
= Cpo,00i(Pi) + Cpyoir, (1) + 0Cy, o, (Pi) - |PEPE
CPO o0k (pk) + 60;:: Uzk( k) : Hpkpk:”a and

Cro.o0

5ik . acz-;),ool' (pl) +

(pr) = min{dCy, ., (Pr), Gir - OCp, o0, (Pi) +

i) + Cpt o,y (1)
i) + 9C5, o0, (pi) - llipi ]| +
Cp; o (Pr) + vike - Hpkpk”
= Cpooor (P) + (Jik - OC;y 00, (1) + Yir) - [Pkl

The correctness of (i) follows if we can show that Cpy,oq, (D)
equals Cpoyffoi, (pl) =+ Cpia”ik (p;c) or Cpoyffoqz (pz) + Cp JOik (p;g)

Let Q be an LSP from pg to pj, with edge sequence oor =
o. Let r be the node of ) on e;. There are three cases as
shown in Figure 1 depending on the position of r.

Suppose that r is on the negative side of p;. See Fig-
ure 1(a). Q[r,py] and P[p;, px] cross in this case, say at point
x. Since P and @ are LSPs, their subpaths are also LSPs.
Thus, cost(P[po,z]) = cost(Q[po, z]), and so Cpy o0, (Pr) =
cost(Q) = cost(Plpo,z]) + cost(Qz,pi]) > Cpg,e0; (Pi) +
Chp,;,oir (Pk). An LSP to pj, cannot cost more than any path
to pj, via pi. Thus, Cpg,eq), (Pk) = Cpo.oo; (Pi) + Cpy o (PR)-

Suppose that r is on the positive side of p,. See Fig-
ure 1(b). Since Cpy,00; is a convex function by Lemma 3.2,
C’POﬁ"’Oi (T) 2 CPOaUOi (p1)+aczj;) 001( ) Hpﬂ”” - p07UOL(p1)+
OCH 0. (D) - |[pir||, where the last equality follows from the
fact that pj is arbitrarily close to p;. Because pipj, is par-
allel to p;pj41 for all j € [i, k — 1], we obtain BD;LJ“C (pi) =
8D?,'k o (Pi) by the assumption that aD,,k o depends on
the direction vector of P[i,j] only. Thus, Dy o, L) >
Dp’ ik (pz)+aD; in (p;)”p;r” = Cp’,aik (p;c)+aDpk,oik (pl)
|lpir|l. By combining the two inequalities above, we ob-
tain Cpy o0y, (p;e) = Cpyo0: (1) + Dp’ o; k( 1) = Cpo,o0; (p;) +

o
= Cp 04 (

»T0¢



Pi — Pi—1
Wi+

Figure 2: Left: The ray in the direction of p; — p;—1
crosses the boundary of Hy, at a point that is not a
vertex. W;— = wW; 4. Right: The ray in the direction
of p; —p;—1 crosses the boundary of Hy, at a vertex, so
w;,— and W; 4+ are defined by the edges of Hy, incident
to that vertex.

Cp/g k( %)+ (BCJO,(,”c (pi) + aD;k,[,Zk (pl)) lpir||, which is at
least Cpyg, o0, (PF) + Cpto, k(pk) by Lemma 3.3.

Suppose that r € p;p;. See Figure 1(c). Since ||p;7||
and ||rp;|| are arbitrarily small, C’,,M,O,c (P%) = Chpg,o0; (1) +
DkaUzk (7") = CPOJ’Oi (pl)—i—aOPO,UOz le’r‘H—i_Dpk Tik (p;)_

oDt (p})-||pir||, which is linear in ||p;r|| by our assump-

Plik
tion that E)CJO 0o, and 6Dpk o, depend only on the direc-
tion vectors of Plpo,p;| and P[i, k] (hence GD;';C,UM (pi) =
0D} .. (pi)). Thus, Cpyop, (p) is minimized when r
p; or r = p;. which means Cpy,00, (Pk) = Chpo,o0: (Di)
ngc,aik (pz) = Cp,00: (i) + Cpj o4, (p;c) or Cpgo0k (pk)
CPOVUOi (p;) + Dp;wcrik (p;) = Chy, 04 (pz) + C ik (pk)

The correctness of (ii) can be proved in a snmlar way. [

=+

Lemma 3.5 lends itself to an inductive proof to establish
the same result unconditionally, as stated in Lemma 3.6.

LEMMA 3.6. Let P = (po,...,pr) be an LSP with edge
sequence o, where p; lies in the interior of e; for i € [1 k].
Let §;; and vi;j be defined as in Lemma 3.4. Then 00 20,00k 2
0Ch0 00 s 8Dpk oorr and 0Dy, . depend only on the direc-
tion vector of P. Moreover, the formulae in Lemma 3.5 hold
forallie [1,k—1].

PROOF. We first show that 80+ Cen

on the direction of p; —pi_1. D1V1de all directions into cones,
each being the set of directions from the origin to all points
in one edge of the polygon Hy, defining the distance function
for the face f bound by e;—; and e;.

If p; — pi—1 points to a vertex of Hy,, there are two cones
that contain p; — p;—1. We use /_ to denote the support
line of the edge of Hy, defining the cone that comes first
in anticlockwise order among these two cones, and ¢4 de-
notes the support line of the edge of Hy, that defines the
other cone. If p; — p;—1 points to the interior of an edge
of Hy,, then both £ and /_ denote the support line of
this edge. Let w; 4+ and w;_ be the vectors that are or-
thogonal to ¢+ and ¢_, respectively. See Figure 2. It fol-
(P —Pi—1,%i 1)

10, + 11

(pi) depends only

lows that cost(p;—1p}) = and cost(p;—1pi) =
il So 9], | (. (pi) = {57, which only
depends on the dlrectlon of p; — p;—1. Similarly, one can

verify that oC . (pi) = %, 8D;’(ei)(pi_1) =

[ls,

(éi—1,W; 4 ) ) o (&i—1Wi )
a2z 9D, (e Pim1) = ===z They all de-

— p;—1 only.
OCY 50, (p1) and OC,, ., (p1) depend only on the direc-

tion of p1 — po as discussed above. Applying Lemma 3.5(i)

pend on the direction of p;
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Figure 3: Illustration for the proof of Lemma 3.7.

with i = 1 and k = 2 shows that 9C}}, ,, (p2) and 9C,, ., (p2)
depend only on the directions of p1 — po and p2 — p1. By
repeatedly applying Lemma 3.5(i) with k = 7 + 1, one can
show that dCy .. (pi) and dC,, o0; (pi) depend only on the
direction vector of P[po,p;] for all i € [1,k — 1].

By Lemma 3.5(ii), one can similarly show that 0D}, ., (p:)
and 0D,, ., (pi) depend only on the direction vector of
Plpi,pr]. Thus, the conditions on Lemma 3.5(i) and (ii)

can be removed. [J

Lemma 3.7 below follows from Lemmas 3.2, 3.3, and 3.6.
It implies that once two canonical LSPs diverge, they cannot
cross afterward.

LEMMA 3.7. Let P = (po,...,pr) and Q = (qo, - .., qk) be
two canonical LSPs with edge sequence o such that p; and q;
lie in the interior of e; fori € [1,k—1]. If 0(p; — pi—1,€;) >
0(qi — qi—1, €;) for some i € [1,k—1], then 8(p; —pj—1,€;) >
0(q; — qj-1,€;) for all j > 1.

PRrOOF. It suffices to show that if 6(ps—pe—1,€e) > 0(qe—
qe—1,€¢) for all £ € [1,i] and O(pe—pe—1,€e) > 0(qe—qe—1, €r)
for some £ € [1,4], then 0(pi+1—pi, €i+1) > 0(qi+1—qi, €it1)-
By Lemma 3.6, we can assume that po = qo. So ¢; is on the
positive side of p;. Assume that p;p;+1 and ¢;q;4+1 are not
parallel because we are done otherwise.

Translate the segments p;p;+1 and ¢;qi+1 to obtain parallel
segments pix and gz, respectively, that meet at some point
x € e;+1. Refer to Figure 3. The choices of pj, ¢} and = are
quite arbitrary as long as p;pi+1 and ¢;q;+1 are parallel to
pix and ¢ix, respectively

We claim that D (eirn (@ qi) < 0D (e +1>( p;). Suppose
not. Then, 8D (s +1)( 4) > 0D, .. +1)( qi) > 0D (E'Hrl)( ;)
as Dq (e;,,) is convex and p, # ¢q;. Lemma 3.6 implies
that 0D .. (%) = ‘9D;(ei+1>(q£) > oD} (e (P pi) =
8D;’7+1,<e +1)(p2) Since ¢; is on the positive 51de of pi, by
Lemma 3.2, 0Cp o, (¢i) > 30;%,(;01( i). Then 0C}, ., (q:)+

in+1’(€7‘,+1)( ) 2 an07‘70b(pl)+aDP +1,(e; +1)(p’)’ which is
non-negative by Lemma 3.3(ii). This is a contradiction be-
cause 9C}, »,.(qi) + 0D (i) should be negative by
Lemma 3.3(iii).

By our claim, ¢, lies on the negative side of p;. Since g;
is on the positive side of p;, the relation 6(p;+1 — pi, €i+1) >
0(gi+1—qi, €i+1) must hold in order that the sliding switches
the order of p; and ¢; to align p;+1 and giy1. U

3.2 Algorithm

Chen and Han introduced the sequence tree to capture the
edge sequences of LSPs in the Ly case [6]. The tree is grown

qit+1,(€i+1)



until the number of tree levels meets the input upper bound
on the number of links allowed in the solution path. The
best path discovered from s to ¢ is the shortest path desired.
Constructing a new tree node involves finding a new shortest
path with a particular edge sequence. The key is to use the
structural properties in the last subsection to carry out this
step and do it fast.

A sequence tree node « is a vertex-node or an edge-node
which represents a vertex, denoted v,, or an edge of T,
denoted eq. A face corner (f,v) is the corner at a vertex
v of a face f. An edge-node o annexes a face corner (f,v)
if eq is the edge of f opposite v and the parent of o does
not correspond to another vertex or edge of f. (Since eq is
opposite two face corners, the second condition ensures that
a annexes the face corner just included by the growing tree.)

The root corresponds to the source s. The nodes on the
tree path from the root to a correspond to an edge sequence,
denoted o,. Let ag be the nearest ancestor vertex-node of
a. The edge-nodes on the tree path from ap to a correspond
to a suffix of 04, denoted &,. The edge sequences o, and &,
are used in the analysis, but they are not stored at a. If «
is a vertex-node, P, denotes the canonical LSP from s to v,
that passes through the edges in 0,. We compute cost(Px)
and store it at «, but P, is used in the analysis only.

The sequence tree is grown in a breadth-first manner un-
til the number of tree levels meets the input upper bound
m. When an edge-node annexing a face corner (f,v) is ex-
panded, it gains at most one vertex-node corresponding to
v and two edge-nodes corresponding to the edges of f in-
cident to v. When a vertex-node « is expanded, it gains
at most one vertex-node for each vertex adjacent to v, and
one edge-node for each edge opposite v,. Multiple nodes
may correspond to the same edge or vertex. To control the
tree size, Chan and Han introduced the one-corner one-split
property: at any time, at most one vertex-node correspond-
ing to the same vertex is allowed to have any child node; at
most one edge-node annexing the same face corner is allowed
to have two child edge-nodes. This property ensures that at
most O(n) tree nodes are ever created at each level [6, Theo-
rem 8]. This is the reason why we forbid critical refractions.
If they are allowed, the one-corner one-split property cannot
be enforced and the sequence tree may be much larger.

A notion of dominance is needed to maintain the one-
corner one-split property. Let o and 8 be two vertex-nodes
corresponding to the same vertex v or two edge-nodes annex-
ing the same face corner (f,v). Let ap and Sy be the nearest
ancestor vertex-nodes of o and 3, respectively. Let P and
Q@ be the canonical LSPs from v, and vg, to v that pass
through the edges in 6, and 3, respectively. We say that «
dominates B if cost(Pa, )+ cost(P) < cost(Ps, )+ cost(Q), or
cost(Pag ) +cost(P) = cost(Pgs, ) +cost(Q) but « is expanded
before 8 in growing the tree. Assume that o dominates .
Suppose they are vertex-nodes. If 8 has been expanded,
we remove all tree nodes descending from it; otherwise, we
will not expand . Suppose that o and 3 are edge-nodes.
There is an edge e incident to v such that every LSP from
vg, to e through the edges in 63 crosses P. If § has been
expanded, we prune the child node of 8 corresponding to e;
otherwise, when we expand 3, we will not generate a child
node corresponding to e.

After we construct a new leaf a of the sequence tree, it
takes O(log mn) amortized time to test the dominance and
prune the tree, modulo the time to compute the costs of

This is the Pre-Published Version

LSPs: cost(Py) if a is a vertex-node, or the costs of LSPs
from v, to eq with edge sequence G, if o is an edge-node.
In the rest of this subsection, we describe the dominance
testing, the pruning, and the computation of the costs of
LSPs when constructing a new leaf.

3.2.1 Dominance checking and tree pruning

The vertex-node case is easy. For each vertex of T, we
record the current corresponding vertex-node 8 that domi-
nates all other vertex-nodes corresponding to vg. When a
new vertex-node a corresponding to v is created, we com-
pare o and B to see which of the two dominates the other.
If 8 is dominated, we delete all descendants of 8. A node
can only be deleted at most once. We charge the pruning
work to the creation of the pruned nodes. Thus, it takes
only O(1) amortized time modulo the time for computing
the cost of the LSP from s to v, with edge sequence o4.

It takes more time to handle edge-nodes. For every face
corner (f,v), we record the edge-node 3 that annexes (f,v)
and dominates all other edge-nodes annexing (f,v). We say
that B occupies (f,v). Suppose that a new edge-node «
annexing (f,v) is generated. Let o’ and 8’ be the nearest
proper ancestor vertex-nodes of  and [, respectively. Let
P and @ be the LSPs from v, and vg to v through the
edges in 6, and &3, respectively. We must have computed
and recorded cost(Pg/) + cost(Q) beforehand as 5 occupies
(f,v). Therefore, modulo the time to compute cost(P), we
can compare cost(P,) + cost(P) with cost(Pg) + cost(Q)
to decide the dominance in O(1) time. Without loss of gen-
erality, assume that o dominates 5. Then, « replaces [ as
the edge-node that occupies (f,v).

To decide which child edge-node of 8 to prune, we need
to refine the notion of dominance. Consider the two edge
sequences o, and og. Let e denote the first edge in the
longest common suffix of o, and og.

o If 0, is not a suffix of og, let eo be the edge in oo
before e. Then o dominates 8 on the positive side
(resp. negative side) if e, and e share the positive (resp.
negative) endpoint. Refer to Figure 4(top).

o If 0, is a suffix of o, let eg be the edge in og before e,
and « dominates 8 on the positive side (resp. negative
side) if eg and e share the negative (resp. positive)
endpoint. Refer to Figure 4(bottom).

We use e and e~ to denote the two edges of f incident to v
such that v is the negative and positive endpoints of e™ and
e~ , respectively. Suppose that a dominates 3 on the positive
side. If 8 has been expanded, we delete the child node of
corresponding to e™ as well as its descendants. Again, this
pruning takes O(1) amortized time. If 8 has not yet been
expanded, we will not let 5 gain a child node corresponding
to eT. The pruning is symmetric if o dominates 8 on the
negative side.

Tracing 0. and o to decide whether o dominates 8 on the
positive or negative side would take ©(min{|oq|, |og|}) time.
Instead, we use some data structures for making this deci-
sion. For every face corner (f,v), we maintain an ordered
list of edge-nodes annexing it. These edge-nodes correspond
to the same edge e of f. Let ut and u~ be the positive and
negative endpoints of e, respectively. Let g = wuTu™ be the
face of T that shares e with f. The ordering of two edge-
nodes a and S in the ordered list for (f,v) is determined



Figure 4: o dominates 8 on the positive side. The
child-node of 3 corresponding to et will have no de-
scendant in the sequence tree.

as follows. Let o' and 3’ be the parent nodes of a and f3,
respectively.

e Suppose that o’ and 8’ are edge-nodes annexing differ-
ent corners of g. If e,/ and e share the common positive
endpoint ™, then o precedes 8 in the ordered list for
(f,v); otherwise, 8 precedes a.

e If o’ and ' are edge-nodes annexing the same corner
of g, and o' precedes 8’ in the ordered list for that face
corner, then « precedes 8 in the ordered list for (f,v).

e If 8’ is an edge-node annexing (g,u") and o is a
vertex-node corresponding to w, then « precedes f in
the ordered list for (f,v).

e If 5’ is a vertex-node corresponding to w and o’ is an
edge-node annexing (g,u~ ), then « precedes 8 in the
ordered list for (f,v).

Assume that o dominates 3. If a precedes 8 in the ordered
list for (f,v), then o dominates 8 on the positive side; oth-
erwise, & dominates 8 on the negative side. The rules above
are based on the information at the parents of o and 8 in
such a way that the decision process is equivalent to tracing
oo and og. This explains the correctness. Since an edge-
node annexing (f,v) can change, we need to represent the
sorted list for (f,v) with a balanced binary search tree. The
total size of such sorted lists is at most the sequence tree
size which is O(mn). Therefore, the dominance testing can
be done in O(logmn) time.

The following lemma was originally proved for L., metric.
Since the proof only uses the triangle inequality, the result
can be generalized to our case.

LEmMMA 3.8 ([7, LEMMA 3.1]). Let o and B be two edge-
nodes annexing the same face corner (f,v) such that o dom-
inates B on the positive side (resp. negative side). Let e be
the edge in f whose negative (resp. positive) endpoint is v.

(i) « is not a descendant of 5.

(ii) Let ap and Bo be the nearest proper ancestor vertex-
nodes of o and (3, respectively. For every point x € e
and every LSP Q with edge sequence &g - (€) from vg,
to v, the LSP P with edge sequence &« - (€) from va, to
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v satisfies cost(Pa,) + cost(P) < cost(Pgs,) + cost(@),
and if they are equal, then a is expanded before [3.

3.2.2 Edge-node creation

Let a be a new edge-node created at tree level £. Let agp
be the nearest ancestor vertex-node of « at tree level £y < /.
For j € (Lo, /], let e; be the edge corresponding to the edge-
node at tree level j on the tree path from ag to a. Let eg,
denote the edge incident to v, and adjacent to e 41 in oq.
We do some processing at a to aid the future growth of the
subtree rooted at «. For all ¢ > 0 such that 2° divides ¢,
we compute a data structure £, to represent the canonical
LSPs from any point in e,_5: to some point in ey, which can
be represented by their direction vectors by Lemmas 3.3
and 3.6. The insight is that only some critical direction
vectors matter, and the rest can be linearly interpolated
from them.

Let Inv C ey_oi be the interval of origins of canonical
LSPs that reach e, with direction vector v and edge sequence
(ep_giy1,-- .,62).3 Let Aoy :Iav > Rand agyv : Inyv — €0
be functions such that Aa,v(p) is the cost of the canonical
LSP from p to e; with direction vector v and edge sequence
(e_9it1,---,€e), and aq,v(p) is the destination of this LSP.
Let Bayv : Ga,v[lav] = Rand bav : da,v[la~v] = €, 9 be
functions such that Ba v (q) is the cost of the canonical LSP
from e,_,: to g with direction vector v and edge sequence
(eg_2iy1,---,ee), and ba,v(q) is the source of this LSP. These
four functions are affine and they can be stored in O(1) space
and evaluated in O(1) time. The direction vectors in £, are
stored in lexicographic order: two directions v; and w; for
the links hitting e; are ordered by comparing 6(é;, ;) and
0(é;,1;). The following properties are enforced on L.

P1: Each direction vector in £, is the direction vector of
some canonical LSP from e,_,: to eq.

P2: Any two adjacent direction vectors differ in exactly
one entry. These two different directions point to the
same edge of the convex polygon defining the distance
function for the corresponding face.

P3: Let v and w be two adjacent direction vectors. For
every p € Inv N Ia,w and every t € [0, 1], the cost of
an LSP from p to t aa v (p)+(1—t)aa,w(p) is tAa v(p)+
(1 —t)Aaw(p).*

P4: Let v and w be two adjacent direction vectors. For
every ¢ € aa,v|[la,v] N @a,wl[la,w] and every t € [0,1],
the cost of an LSP from ¢ bav(q) + (1 — t)ba,w(q) to g
is tBav(q) + (1 — t)Ba,w(q).

The first direction vector in £% is stored in its full form.
For any other direction vector, we only store the directions of
the first and last links and the difference from its predecessor
in £%,. By P2, the storage required by £% is O(2) plus the
number of direction vectors in the list.

3Let P be the canonical LSP from I, to e, with di-
rection vector v and edge sequence (e, oiyq,...,€¢). By
Lemma 3.6, we can slide P until it is stuck, and the path
remains a canonical LSP during the sliding. Thus, Iov is
an interval, and so is aa,v[la,v]-

“By Lemma 3.3, given two canonical LSPs from p to e, with
adjacent direction vectors v and w, any linearly interpola-
tion of the two different directions yield another direction
vector for which there is a canonical LSP from p to e;. The
same holds for two canonical LSPs with adjacent direction
vectors v and w from e,_,: to the same point in e,.



The construction of L%, proceeds in increasing i. The base
case is £8. Let H, denote the convex polygon that induces
the distance function for the face bounded by e;,—1 and ey.
L0 consists of the direction vector (—€¢—1,€r) or (é¢—1,—€r)
depending on whether e;—; and e; share a negative or pos-
itive endpoint, respectively, and every vector consisting of
a single direction that points to a vertex of Hy, and can be
used to go from ey—;1 to e;. For i > 0, let 8 be the ancestor
edge-node of a at level £ — 271 and let (u1,...,u,) and
(vi,...,v,s) be the sequences of direction vectors in £;;1
and L4571, respectively. E;;l has been computed as ( is at
tree level £ — 271 and 2° divides £. Choose an arbitrary
point p € Igu, NIgu,,,-

For all k € [1,r — 1], take an arbitrary p € I, NIg,
Ap g (P)=Ap uy ()

U1

and compute g = By P3, Agk

8.0 ) aguy s @)
equals OC}7, at ag,u, (p), where 0 = (€p_gipy1,..-,€o_9i-1),
which is consistent with Lemma 3.6: 80;70 is independent of
the source p and the destination. Similarly, for k € [1,7'—1],
take an arbitrary ¢ € aa,vy,[la,vi,] N Ga,vy g Havy,,] and

BCX v 7BCX v M
Vg1 (@) vy (@) , which equals 8D3:o' at

compute Ty = Hb"“’k(q) ba,le(q)H

ba,v, (). By Lemma 3.3, L%, consists of every concatenation
u; vy such that A\g; + 7o,k > 0 and Agj—1 + Tak—1 < 0.
By Lemma 3.2, A\g,; < Ag,j+1 and 7o,k < Mo k+1, SO We can
scan Mg, ; in increasing j and 7, in decreasing k to iden-
tify the good concatenations. We first find ko € [1,r'] such
that A\g,1 + Ta,ke > 0 and Ag,1 + Ta,ke—1 < 0, and so w3 vy,
is a good concatenation. Note that A\g 1 + 7o,k < 0 for all
k < ko. Next, we find k1 < ko such that Ag2+7a,k, > 0 and
Ag2+Ta,k;—1 < 0. Thus, Ag2+ma,k > 0and Ag,1+7Ta,k—1 <
0 for all k € [k1, ko], which makes usvy a good concate-
nation for all k& € [k1,ko]. Repeating the above gives L.
When adding a concatenation uv, we compute in O(1) time
Ia,uv = bB,u[aﬂ,u[I,B,u] N Ia,v}, Aa,uv = Aﬂ,u + Aa,v O ag,u,
Qo,uv = Aa,v 43 u, Ba,uv = Ba,v +Bﬂ,u Oba,v: and ba,uv =
bg,u © ba,v, where the operator o composes two functions.

LEMMA 3.9. For everyi >0, L, satisfies P1-P4.

Proor. Consider the base case of i = 0. P1 holds because
any direction vector added has only one link. P2 holds by
the choices of directions picked by the algorithm. Suppose
that v; = (9;) and v;41 = (9;41) are two adjacent direction
vectors. The direction of the oriented segment from p to any
point between aa,v, (p) and aa,ijrl(p) lies between 9, and
Dj41. Since 95 and 0541 point to the same edge of the convex
polygon that defines the distance function, the cost of the
segment from p to a point between aa,v; (p) and aa,v;; (P)
is a linear interpolation of Au,v,(p) and As,v;,, (p). Thus,
P3 holds. P4 can be proved similarly.

Consider the case of @ > 0. Let ¢ be the level of a. Let
B be the ancestor edge-node of « at level £ — 2¢~1. Assume
that P1-P4 hold for both £ " and £} '. P1 holds for £,
by our method to identify good concatenations.

Consider P2. Any two successive concatenations added to
L, share either a prefix, i.e. uv and uv’, or a suffix, i.e. uv
and u'v. By P2, u and u’ differ in exactly one entry, and
so do v and v'. Tt follows that £ satisfies P2.

Consider P3. Take any two adjacent direction vectors in
L7 and L. They differ in one entry by P2 and we can
write them as u = w (o) w’ and v = w (1) w’. Let P
and @ be the canonical LSPs from p t0 aa,u(p) and aa,v(p)
respectively. Consider the canonical LSP R from p to a
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point ¢ = (1 — t)aa,u(p) + t aa,v(p) for some t € [0,1]. By
Lemma 3.3, the direction vector of R is w () w’, where
W lies between wo and w;. Let rz, ry and rz be the seg-
ments of P, R and @, respectively, that have directions o,
w and i, respectively. Because R[y,q|, P[z,aa,u(p)] and
Q[z,aa,~v(p)] have the same direction vector, we get y =
(1—t)x+tz, and cost(Ry, q]) = (1 —1t) cost(P[z, aa,u(p)]) +
tcost(Q|z, aa,v(p)]). By P2, cost(ry) = (1 — t)cost(rz) +
t cost(rz). Therefore, cost(R) = (1 — t) cost(P) + t cost(Q).
P4 can be proved similarly. [

LEMMA 3.10. An edge-node at level £ takes O(2'h) time
to create, where 2 is the largest power of 2 that divides ¢,
and h is the mazximum size of the convex polygons associated
with the faces.

PROOF. Let a be a new edge-node at level £. L stores
O(h) direction vectors. For i > 0, let 3 be the edge-node
at level £ — 2°71 the size of £ is at most the total size
of £i71 and ﬁ%_l. Inductively, we obtain a time bound of

S5 0@'h) =0(2'h). O

3.2.3 Compute an LSP to a vertex

Suppose that we expand an edge-node « at tree level £ that
annexes a face corner (f,v). Let ag be the nearest ancestor
vertex-node of « at tree level £y < £. Let (egy41,-..,€r) be
the edge sequence corresponding to the edge-nodes on the
tree path from ap to a. We are to create a vertex-node [
for v and compute the cost of the canonical LSP Pg from s
to v through the edges (ego+1,- - -, €e).

For ¢ = 1,2,..., find the largest ¢; such that ¢; < ¢ and
l; —£;_1 is a power of 2 that divides both ¢; and ¢;_1. This
gives a sequence £y < {1 < ... < £, = £, where r = O(log¥).
For i > 1, let k; = £; — £;—1 and let «; be the ancestor edge-
node of o at level ¢;. We also use «, to denote o. Let o;
denote the edge sequence (egy+1,...,er,) for i € [1,r]. Pgs
is the concatenation of P,, and the canonical LSP P from
Vo, to v through the edges (eg,+1, .- ., e¢). We already know
cost(Pag). We compute cost(P) by combining the £i’s in
at most r + 1 stages. At the end of the i-th stage, i € [1, 1],
we fix the prefix @Q; of P up to ey, 5

Assume that Q;_; is fixed. Let x;,—1 denote its destina-
tion. Assume that we have computed 803;0,51.71 (zi—1) and
(9C;ao’ai71(a:i_1). Consider the canonical LSPs from vq,
through (e¢, ,+1,-..,€e¢) with Q;—1 as a common prefix. By
Lemmas 3.2 and 3.7, these LSPs spread out from x;_1 to ey
and form a fan that contains v,. We want to construct a
path R from z;_1 to a point y € ey, such that @Q; = Q:—1R
and the canonical LSPs that spread out from y to e; form
a fan that contains v,. Let u;_1 be the direction vector of
Qi—1. The idea is to find the direction vector v in C’;j by
binary search such that uv is the direction vector of Q;.

The binary search works as follows. Let v be the “median”
direction vector in the sublist of £’§ji that we are working
on. If ;1 & I, v, we remove half of the sublist of [,(’?7 and
recurse. Suppose that xz;_1 € I, v. We find the smallest
direction vector w and the largest direction vector w’ such
that w;_;vw and u;_1vw’ extend Q;_1 to two canonical
LSPs through (es, ,+1,...,e¢) and the face f. (We will

®We define the prefix @, of P only up to e;, = e, instead
of an edge of f incident to v. It is because we will apply
Lemmas 3.4-3.6, which require the nodes the path other
than its source to be in the interior of edges.



describe how to find w and w’ shortly.) If these two LSPs
lie on the same side of v, by Lemma 3.7, we can remove half
of the sublist of Eg’]b. and recurse. If these two LSPs sandwich
Vo, then u;_1v extends Q;—1 to @;. The destination of Q;
I8 Y = aa,,v(xi—1) and cost(Q;) = cost(Qi—1) + Aa, v(Ti-1).
By Lemmas 3.4-3.6, 80;;0701. (y) and OC,, ,,(y) can be
computed in O(1) time. Then we fix the next prefix Q;+1. If
we proceed all the way to stage r and fix @, then cost(P) =
cost(Qr) +cost(z,rv), where z, is the destination of Q.. The
binary search may also finish with two adjacent direction
vectors in EZQ without fixing @Q;, a terminating case that we
discuss after the next paragraph.

How do we find the smallest and largest direction vec-
tors w and w'? By Lemma 3.3, we find the smallest di-
rection vector w41 in L'Zﬁll by binary search such that
vwi;1 is the direction vector of some canonical LSP from
xi—1 through (es,_,11,...,€,,,). Let Yy = aa,; v(zi—1) and
let 2 = Ga,,y,w;1 (¥). We apply Lemmas 3.4-3.6 to com-
pute OC;F (2) and 0C,, (2) in O(1) time. Then,

l/ao,()'i+1 UQ070'7',+1

we find the smallest direction vector w; 2 in Eiﬁfj by binary
search and extend to vw;+1w;+2. Repeating the above gives
Wit1Wit2 ... W,. Finally, we pick the smallest direction
Wyr41 according to Lemma 3.3 that extends w;+1wWit2... W,
through f, and wW;t1Wiy2 ... W, (Wr41) is the desired w.
The largest direction vector w’ is obtained symmetrically.

Recall the terminating case that @; cannot be fixed and
the binary search finishes with two adjacent direction vectors
v and v’ in E';Ll We find the largest direction vector w
as before to extend v through (e, 4+1,...,e¢) and f. Note
that vw and v'w extend Q;_1 to two canonical LSPs that
sandwich v, so w is the direction vector of the subpath of P
from ey, to v. The last direction W,41 in w brings us from
v to a point z € eg, and the cost is cost(zv). We continue
t0 ba,.,w, (2) € er, _, and the cost accumulates to cost(zv) +
B, w,.(z), and so on to a point y € ey, between aa, v(zi—1)
and aq, v/ (zi—1), where x;_1 is the destination of Q;_1. Let
C be the cost of the path that we have retraced from v to ey, .
Suppose that y = (1 — ¢)aa;,v(Ti-1) + t @a, v (zi—1). By P3
and Lemma 3.3, cost(P) = cost(Qi—1)+ (1 —t)Aa, v(xi-1)+
tAai,v’ (-Tifl) +C.

THEOREM 3.1. Let T be a polyhedral surface with n ver-
tices in an instance of POLYPATH. Given a source s, a desti-
nation t and an integer m, the shortest path from s tot on T
with no more than m links can be found in O(hmnlogmn +
mnlog® mlog® hm) time, where h is the mazimize size of
the convex polygons that define the distance functions in the

faces of T.

ProOF. Consider the correctness of the algorithm. Let
Py be the shortest path from s to ¢ with no more than m
links. By the requirement of the POLYPATH problem, we can
assume that every node of Py is either a transversal node or
a vertex of 7. If there are multiple choices for Py, we pick
Py to be one that has the fewest nodes.

The sequence tree is grown to contain the prefix of Py until
the vertex-node corresponding to t is reached or an edge-
node «p is dominated by some other edge-node 8 such that
the child node of ap that would contain a longer prefix of
Py is pruned. In the former case, the sequence tree captures
the edge sequence of Py, and the algorithm computes the
cost of the LSP with respect to that edge sequence, so we
are done. Consider the latter case. Let « be the intersection
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point between Py and the edge corresponding to «ap and
5. By Lemma 3.8, there exists a path @ from s to z with
edge sequence og that is at least as good as P[s,z]. Let
P, = Q- P[z,t]. By our choice of Py, cost(P1) = cost(F),
P;1 has the same number of nodes as Py, and 3 is at the
same depth as ap but expanded earlier. Note that 8 cannot
be dominated by any other edge-node. The subtree of
grows to contain P;, or a descendant «y of 8 is dominated
by some other edge-node and the child of «; that would
contain a longer prefix of P; is pruned. We can then repeat
the analysis above, which can happen at most m times. The
correctness thus follows.

Consider the running time. We spend O(logmn) amor-
tized time in each invocation of dominance testing and prun-
ing. So we create O(mn) tree nodes in O(mnlogmn) time.

Divide the edge-nodes into O(logm) groups such that
an edge-node is in group i if its level is a multiple of 2°
but not 2°*'. Group 4 contains O(mn/2%) edge-nodes. By
Lemma 3.10, creating a node in group i takes O(2°h) time.
So it takes O(hnmlogm) time to create all the edge-nodes.

To compute the cost of an LSP for a vertex-node, we
fix O(logm) prefixes Q;’s. To extend Q;—1 to Q;, we bi-
nary search in £ in O(log2'h) = O(log th) = O(log hm)
probes by Lemma 3.10. Each probe requires O(logl) =

O(logm) binary searches among the lists E’;ﬁll, LZ’;@, e
So it takes O(log? mlog® hm) time to compute the cost of
an LSP. The total time spent on all vertex-nodes is thus
O(mnlog? mlog® hm). We can reconstruct the direction
vector of the shortest path in a similar way as in dealing
with the terminating case of not fixing some Q;. So con-

structing the path takes only O(m) time. []

4. APPLICATIONS

Under the L; and Lo metrics, h = O(1). Under the
L, metric for some p > 2, Dudley’s result [11] allows us to
approximate the “unit disk” by a polygon of O(1/1/€) ver-
tices such that the polygon diameter is approximated with
an ¢ relative error, i.e., h = O(1/4/€). In the above cases,
m = O(n) because there exists a shortest path that visits a
face no more than once.

THEOREM 4.1. Given a polyhedral surface of size n, the
L1 and Lo shortest paths between two vertices can be com-
puted in O(n?log* n) time, and for every constant p > 2 and
every € € (0,1), a (1+ €)-approzimate L, shortest path can

be computed in O (\%Tf logn + n?log? n) time.

o &

Figure 5: Left: The face f makes an angle ¢;
with the horizontal, and the ascent is len-sin¢sin ¢;.
Right: The bold segment represents the clipping.

Consider path planning on a terrain with the cost function
c1 - Euclidean length + ¢ - total ascent for some constants
c1 > 0 and co > 0. Refer to the left image in Figure 5.
The ascent within a face f is len - sinpsin¢y, where len
is the distance travelled in f, ¢ is the gradient of a face



f, and ¢ is the angle between the travel direction and the
horizontal. Let Sy denote the “unit disk” induced. On the
uphill side, the boundary of S satisfies the equation 1 =
(c1 + co2sinpsin ¢y) len; on the downhill side, the boundary
of Sy is the half-circle with radius 1/c1. Sy is convex with
bounded aspect ratio, so we can approximate it by Dudley’s
result [11] to obtain a POLYPATH problem instance with h =
O(1/+/€) and m = O(n).

We can incorporate uphill gradient constraints. Let 1 be
the input limit on the uphill path gradient. Let pg be an
oriented segment in the interior of f that makes an angle
larger than ¢ with the horizontal. We can traverse a zigzag
path within f from p to ¢ in which each segment makes an
angle ¥ with the horizontal. The path length is equal to
the height difference between p and ¢ divided by sin v, irre-
spective of the exact zigzag pattern. Under this constraint,
the top part of Sy that makes an angle at least ¢ with the
horizontal should be clipped. Refer to the right image in
Figure 5. We can similarly handle downhill gradient con-
straints. Note that such a zigzag is treated as a “single”
link.

There are some technical issues. Let P be a shortest path
from s to t that satisfies the gradient constraints. Consider
the intersections between P and a face f. Let p be the first
point of entry. Let g be the last point of exit. Suppose that
neither p nor ¢ is a vertex of f. Without loss of generality,
assume that ¢ is higher than p. Let ¢ be the ascent gradient
bound. We assume that the gradient of pg exceeds v; oth-
erwise, we can connect p and ¢ directly. Let po and go be
in the interior of f arbitrarily close to p and ¢, respectively,
such that ppo and qoq satisfy the gradient constraints. We
can follow ppo, then a zigzag path from po to go and then
qoq to reach ¢ from p with constant ascent gradient ). The
lengths of segments ppo and qoq are negligible, so the length
of this path is H/(sinv), where H is the height difference
between p and q. The subpath of P from p to ¢ cannot be
shorter because the same height difference H is covered with
a ascent gradient no greater than . At the same time, the
ascent of the zigzag path is the smallest possible because it
goes monotonically upward. If q is a vertex of f, it may be
impossible to move from any point in f straight to ¢q. After
O(n)-time preprocessing, for every vertex, we can determine
if it can be reached from some point in its close neighbor-
hood under the gradient constraints. If there is a point ¢”
in a face f” incident to ¢ such that ¢”’q satisfies the gradient
constraints, then we can first move from p to a point ¢’ € f
near q using a zigzag path such that every segment of the
zigzag path has uphill gradient ¢, then to ¢” and then to
g. We can make ¢’ and ¢ arbitrarily close to g, so the de-
tour cost can be made negligible. A similar detour may be
needed for p if it is also a vertex.

This gives an instance of POLYPATH with h = O(1//¢)
and m = O(n). The algorithm need to be slightly modified
due to the technical issues we mentioned earlier. If a vertex
cannot be reached locally, then we never create the corre-
sponding vertex-node in the sequence tree. If no path can
be extended from from a vertex, then we do not expand the
corresponding vertex-node.

THEOREM 4.2. Given a source s and a destination t on a
polyhedral terrain of size n, we can find a (1+4¢)-approzimate
shortest path under the cost function of c1 length + c2 ascent
for some constants c1 > 0 and ca > 0, where length is
the Fuclidean path length and ascent is the total ascent.
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Gradient constraints can be imposed. The running time is
(0] (%nz logn + n? log* n) .
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