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1 I n t r o d u c t i o n  
This note reports a tight asymptotic solution to the following recurrence on all 

positive integers n: 

T(n) = c-n °- log o n + E,~I ai.T(Fbi-n]) for n _> no, (1) 

0 < T(n) < d for n < no, (2) 

where 

• ~ >_ 0 , /~_> 0, c > 0, d > 0, 

• k is a positive integer, 

• a i > 0 a n d l > b i > 0 f o r i = l , . . . , k ,  

/ r  1 
• no ~> marx,_-  1 

- -  - -  1 - - b i  " 

Since no _> max,= 1 1---~,1 Fbi.nl < n -  1 for all b~ and n >_ no. Thus, the T(n) term 
on the left-hand side of (1) is defined on T-terms with smaller n, and (2) properly 
specifies the initial values of T. 

A special case of this recurrence, namely, k = 1, is discussed in [2, 5] and s tandard 
textbooks on algorithms and is used extensively to analyze divide-and-conquer strate- 
gies [1, 4]. A specific recurrence with k - 2 is used to analyze a divide-and-conquer 
algorithm for selecting a key with a given rank [1, 3, 4]. 

*A version of this work appeared in Proceedings of the International Conference on Algorithms, 
the 1996 International Computer Symposium, pages 159-161, National Sun Yat-Sen University, 
Kaohsiung, Taiwan, Republic of China, 1996. 
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= ~ i=1  ai-b~. T h e  characteristic equation of t he  genera l  r ecu r rence  is Le t  g(x) k 
t he  e q u a t i o n  g(x) = 1. O u r  so lu t ion  to t he  genera l  r ecur rence  is s u m m a r i z e d  in  t he  

fo l lowing theo rem.  

T h e o r e m  1 I f  r is the solution to the characteristic equation of the general recur- 
rence, then 

O ( n  r) i f  r > rv; 

T ( n )  -- O ( n  ° log 1+• n) i f  r = r~; 
o ( n  ° l o ]  n) g T < 

T h e  key i n g r e d i e n t  of our  p roo f  for th i s  t h e o r e m  is t h e  n o t i o n  of a c h a r a c t e r i s t i c  
equa t ion .  W i t h  th i s  new no t ion ,  our  p roo f  is e s sen t i a l ly  the  s a m e  as t h a t  of t h e  
case w i t h  k -- 1 [1, 2, 4, 5]. T h i s  no te  concen t r a t e s  on e l a b o r a t i n g  t h e  c h a r a c t e r i s t i c  
e q u a t i o n ' s  role in our  p r o o f  by  d e t a i l i n g  an  u p p e r  b o u n d  p roo f  for a c e r t a i n  case. 
Once  th i s  e x a m p l e  is u n d e r s t o o d ,  i t  is s t r a i g h t f o r w a r d  to  r e c o n s t r u c t  a genera l  p r o o f  
for T h e o r e m  1. Consequen t ly ,  we omi t  the  genera l  p roo f  for t he  sake  of b r e v i t y  a n d  

clar i ty .  

2 An  E x a m p l e  
T h i s  sec t ion  discusses  t h e  genera l  recur rence  w i t h  k : 3. To f u r t h e r  focus  our  

a t t e n t i o n  on the  cha r ac t e r i s t i c  e q u a t i o n ' s  role, we a s sume  t h a t / 3  = 0, r is a pos i t ive  
in teger ,  a n d  r > rv. T h e n ,  accord ing  to  T h e o r e m  1, T(n)  = e ( n ' ) .  We  wil l  on ly  
prove T(n)  = O(n' ) .  T h e  lower b o u n d  p roo f  is s imi lar .  

Le t  S(n)  = f l - n ' - f 2 " n  "-1 - f 3 " n  °. I t  suffices to  Show t h a t  t h e r e  ex is t  some pos i t i ve  
c o n s t a n t s  fx, f2, f3 such t h a t  T(n)  = O ( S ( n ) ) .  T h e s e  c o n s t a n t s  and  some o the r s  are  
chosen as follows. W i t h o u t  loss of genera l i ty ,  we a s sume  bl < b2 < b~. 

C 
A i g(~)- 1' 
f2 ---- a n y  pos i t ive  cons t an t ;  

f l  = f 2 + f 3 + l ;  / / 2 
1 / l ' 2 r ' ~  

rno = max{no,~-~- 1, f2.(g(r_])_l), } ;  

- - -  m a x  M ,<, ,o{1,  T ( n ) } .  

No te  t h a t  s ince 0 < bi < 1 for all  bi, g is a dec reas ing  func t ion .  T h e n  s ince r > o a n d  
r > r -  ] ,  g(c  0 > 1 a n d  g ( r -  ½) > 1. Thus ,  t he  above c o n s t a n t s  are all  pos i t ive .  We  
nex t  cons ider  the  fo l lowing new recurrence:  

R(n)  = c.n" + a l .n ([b , .n] )  + a2-R([b~-n]) + aa-R(Fba'n'l) for n _> rno, (3) 

R(n)  = 1 for n < rn0, 

I t  can  be shown  by  i n d u c t i o n  t h a t  T(n)  <_ M . R ( n )  for all  n. Thus ,  to  prove T(n )  = 
O(S(n) ) ,  i t  suffices to  show R(n)  <_ S(n)  for all  n. 
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Base Case: R(m)  <_ S(m)  for all m < m0. This  follows from the choice of f l -  
Given some n >_ rn0, we need to show R(n) <_ S(n).  
Induction Hypothesis: R(m)  <_ S(m)  for all integers m where m0 _< m <: n. 
Induction Step: 

R(.n) < 

< 

< 

In this above derivation, 

+ + a2-S(Fb2"nl) + a -a(rb.,-nl) (4) 
1 ) ,  1 .  ,. t 

c . n  a -I- f l - g ( r ) . ( n  -t- b l  - f 2 . g ( r -  ~ ) . n  - ~  - f3-g(~)-'n" (,5) 

c.n,~ + fl .g(r).nr + f l .2 r .n r_  1 1 1 r 1 "b-~ -- f 2 "g ( r -  ~).n -+ -- f:]-g(~).n a (6) 

• (4) follows from (3), the inequal i ty  mo _> no, the base step and the induct ion 
hypothesis;  

• (5) follows from the fact tha t  [bi..n] < bi.(n + ~); 

2 r nr--1 1 • (6) follows from the fact tha t  (n + ~ ) "  < .n" + - . ~  because r is a posit ive 
1 integer and m0 _> ~ .  

To finish the induct ion step, note tha t  the r ight -hand side of (6) is at most  S(n)  as 
desired for the following reasons. 

• By the choice of f3, c "n~ + ]3"g('v)''n ~ <_ - fa-n% 

[" l,-2".~ ~2 ,._! 
:t f2.gCr - +)-n ~-+ < - f 2 . n  ,. • Since m0 ~ kS+.(g(r_+)_l)  ] , y l " 2 r ' n  r -1  bl 
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