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Learning Mixtures of Gaussians in High Dimensions

Rong Ge* Qingqing Huang! Sham M. Kakade?

Abstract

Efficiently learning mixture of Gaussians is a fundamental problem in statistics and learning
theory. Given samples coming from a random one out of £ Gaussian distributions in R", the
learning problem asks to estimate the means and the covariance matrices of these Gaussians.
This learning problem arises in many areas ranging from the natural sciences to the social
sciences, and has also found many machine learning applications.

Unfortunately, learning mixture of Gaussians is an information theoretically hard problem:
in order to learn the parameters up to a reasonable accuracy, the number of samples required
is exponential in the number of Gaussian components in the worst case. In this work, we show
that provided we are in high enough dimensions, the class of Gaussian mixtures is learnable in
its most general form under a smoothed analysis framework, where the parameters are randomly
perturbed from an adversarial starting point.

In particular, given samples from a mixture of Gaussians with randomly perturbed parame-
ters, when n > Q(k?), we give an algorithm that learns the parameters with polynomial running
time and using polynomial number of samples.

The central algorithmic ideas consist of new ways to decompose the moment tensor of the
Gaussian mixture by exploiting its structural properties. The symmetries of this tensor are
derived from the combinatorial structure of higher order moments of Gaussian distributions
(sometimes referred to as Isserlis’ theorem or Wick’s theorem). We also develop new tools for
bounding smallest singular values of structured random matrices, which could be useful in other
smoothed analysis settings.
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1 Introduction

Learning mixtures of Gaussians is a fundamental problem in statistics and learning theory, whose
study dates back to [Pearson| (1894). Gaussian mixture models arise in numerous areas including
physics, biology and the social sciences (McLachlan and Peel (2004])); |Titterington et al.| (1985))), as
well as in image processing (Reynolds and Rose| (1995))) and speech (Permuter et al.| (2003)).

In a Gaussian mixture model, there are k unknown n-dimensional multivariate Gaussian distri-
butions. Samples are generated by first picking one of the k Gaussians, then drawing a sample from
that Gaussian distribution. Given samples from the mixture distribution, our goal is to estimate
the means and covariance matrices of these underlying Gaussian distributions{ﬂ

This problem has a long history in theoretical computer science. The seminal work of Dasgupta;
(1999)) gave an algorithm for learning spherical Gaussian mixtures when the means are well sepa-
rated. Subsequent works (Dasgupta and Schulman/ (2000); Sanjeev and Kannan| (2001); Vempala,
and Wang (2004); Brubaker and Vempala| (2008])) developed better algorithms in the well-separated
case, relaxing the spherical assumption and the amount of separation required.

When the means of the Gaussians are not separated, after several works (Belkin and Sinha
(2009); Kalai et al.| (2010])), Belkin and Sinha| (2010) and Moitra and Valiant| (2010) independently
gave algorithms that run in polynomial time and with polynomial number of samples for a fixed
number of Gaussians. However, both running time and sample complexity depend super expo-
nentially on the number of components kﬂ Their algorithm is based on the method of moments
introduced by [Pearson| (1894)): first estimate the O(k)-order moments of the distribution, then try
to find the parameters that agree with these moments. Moitra and Valiant| (2010)) also show that
the exponential dependency of the sample complexity on the number of components is necessary,
by constructing an example of two mixtures of Gaussians with very different parameters, yet with
exponentially small statistical distance.

Recently, Hsu and Kakade (2013) applied spectral methods to learning mixture of spherical
Gaussians. When n > k + 1 and the means of the Gaussians are linearly independent, their
algorithm can learn the model in polynomial time and with polynomial number of samples. This
result suggests that the lower bound example in Moitra and Valiant (2010) is only a degenerate
case in high dimensional space. In fact, most (in general position) mixture of spherical Gaussians
are easy to learn. This result is also based on the method of moments, and only uses second and
third moments. Several follow-up works (Bhaskara et al.| (2014)); Anderson et al. (2013)) use higher
order moments to get better dependencies on n and k.

However, the algorithm in Hsu and Kakade| (2013) as well as in the follow-ups all make strong
requirements on the covariance matrices. In particular, most of them only apply to learning mixture
of spherical Gaussians. For mixture of Gaussians with general covariance matrices, the best known
result is still Belkin and Sinha| (2010)) and Moitra and Valiant| (2010), which algorithms are not
polynomial in the number of components k. This leads to the following natural question:

Question: Is it possible to learn most mixture of Gaussians in polynomial time using a polynomial
number of samples?

Our Results In this paper, we give an algorithm that learns most mixture of Gaussians in high
dimensional space (when n > Q(k?)), and the argument is formalized under the smoothed analysis
framework first proposed in Spielman and Teng (2004).

! This is different from the problem of density estimation considered in [Feldman et al.| (2006); |Chan et al.| (2014)
% In fact, it is in the order of O(eo(k)k) as shown in Theorem 11.3 in [Valiant| (2012]).



In the smoothed analysis framework, the adversary first choose an arbitrary mixture of Gaus-
sians. Then the mean vectors and covariance matrices of this Gaussian mixture are randomly
perturbed by a small amount p El The samples are then generated from the Gaussian mixture
model with the perturbed parameters. The goal of the algorithm is to learn the perturbed param-
eters from the samples.

The smoothed analysis framework is a natural bridge between worst-case and average-case
analysis. On one hand, it is similar to worst-case analysis, as the adversary chooses the initial
instance, and the perturbation allowed is small. On the other hand, even with small perturbation,
we may hope that the instance be different enough from degenerate cases. A successful algorithm
in the smoothed analysis setting suggests that the bad instances must be very “sparse” in the
parameter space: they are highly unlikely in any small neighborhood of any instance. Recently,
the smoothed analysis framework has also motivated several research work (Kalai et al.| (2009)
Bhaskara et al.| (2014))) in analyzing learning algorithms.

In the smoothed analysis setting, we show that it is easy to learn most Gaussian mixtures:

Theorem 1.1. (informal statement of Theorem In the smoothed analysis setting, when n >
Q(k?), given samples from the perturbed n-dimensional Gaussian mizture model with k components,
there is an algorithm that learns the correct parameters up to accuracy € with high probability, using
polynomial time and number of samples.

An important step in our algorithm is to learn Gaussian mixture models whose components
all have mean zero, which is also a problem of independent interest (Zoran and Weiss (2012]).
Intuitively this is also a “hard” case, as there is no separation in the means. Yet algebraically, this
case gives rise to a novel tensor decomposition algorithm. The ideas for solving this decomposition
problem are then generalized to tackle the most general case.

Theorem 1.2. (informal statement of Theorem In the smoothed analysis setting, when n >
Q(k?), given samples from the perturbed mizture of zero-mean n-dimensional Gaussian mizture
model with k components, there is an algorithm that learns the parameters up to accuracy € with
high probability, using polynomial running time and number of samples.

Organization The main part of the paper will focus on learning mixtures of zero-mean Gaussians.
The proposed algorithm for this special case contains most of the new ideas and techniques. In
Section [2| we introduce the notations for matrices and tensors which are used to handle higher
order moments throughout the discussion. Then in Section [3| we introduce the smoothed analysis
model for learning mixture of Gaussians and discuss the moment structure of mixture of Gaussians,
then we formally state our main theorems. Section [4] outlines our algorithm for learning zero-mean
mixture of Gaussians. The details of the steps are presented in Section [l The detailed proofs for
the correctness and the robustness are deferred to Appendix (Sections |B| to @[) In Section |§| we
briefly discuss how the ideas for zero-mean case can be generalized to learning mixture of nonzero
Gaussians, for which the detailed algorithm and the proofs are deferred to Appendix [F}

2 Notations

Vectors and Matrices In the vector space R™, let (-,-) denote the inner product of two vectors,
and || - || to denote the Euclidean norm.

3See Definition in Section for the details.



For a tall matrix A € R™*", let A[ ; denote its j-th column vector, let AT denote its transpose,
AT = (ATA)71AT denote the pseudoinverse, and let oy (A) denote its k-th singular value. Let I,
be the identity matrix of dimension n x n. The spectral norm of a matrix is denoted as || - ||, and
the Frobenius norm is denoted as || - [[7. We use A > 0 for positive semidefinite matrix A.

In the discussion, we often need to convert between vectors and matrices. Let vec(A) € R™"
denote the vector obtained by stacking all the columns of A. For a vector x € R™ let mat(z) €
R™*™ denote the inverse mapping such that vec(mat(z)) = x.

We use [n] to denote the set {1,2,...,n} and [n] X [n] to denote the set {(4,5) : i, € [n]}. These
are often used as indices of matrices.

Symmetric matrices We use R{ 77 to denote the space of all n x n symmetric matrices, which

subspace has dimension (";“1). Since we will frequently use n x n and k x k symmetric matrices, we

n+1

denote their dimensions by the constants ny = ("} ") and kg = (kgl) Similarly, we use Rg " to

denote the symmetric k-dimensional multi-arrays (tensors), which subspace has dimension ("ﬂﬁfl).

If a k-th order tensor X € RE7-*", then for any permutation 7 over [k], we have Xp, ., =
X

Nr(1)s-Nr (k) "

Linear subspaces We represent a linear subspace S € R™ of dimension d by a matrix S € R"*¢,
whose columns of S form an (arbitrary) orthonormal basis of the subspace. The projection matrix
onto the subspace S is denoted by Projg = SS', and the projection onto the orthogonal subspace
St is denoted by Proj gL =1,—5S8 T. When we talk about the span of several matrices, we mean
the space spanned by their vectorization.

Tensors A tensor is a multi-dimensional array. Tensor notations are useful for handling higher
order moments. We use ® to denote tensor product, suppose a,b,c € R", T = a ® b® ¢ € R"*"*"
and T}, ,.is = Qi biyciy. For a vector x € R™, let the t-fold tensor product z®" denote the ¢-th order
rank one tensor (z®");, i, i, = H;Zl T,

Every tensor defines a multilinear mapping. Consider a 3-rd order tensor X € R"AX"BX"C  For
given dimension m4, mp, mc, it defines a multi-linear mapping X (-,-,-) : R"AX™MA x R"BXMB x
Rrexme — RMaxmexmc defined as below: (Vi1 € [mal,j2 € [mp], j3 € [mc])

[(X(V1, V2, V3)]j1,j2,j3 = Z Xiy inis [Vl]jhil [VQ]jz,Zé [Vzi]js,is'

i1€[nalyiz€ngliis€nc]

If X admits a decomposition X = Zle AL @B @Cp, for A € Rraxk B c RrBxk O ¢ Rrexk,
the multi-linear mapping has the form X (V7, V5, V3) = Ele(vlTA[zyi]) ® (VQTB[:’i]) ® (‘@TC[:J’}).

In particular, the vector given by X(e;,e;,I) is the one-dimensional slice of the 3-way array,
with the index for the first dimension to be ¢ and the second dimension to be j.



Matrix Products We use ® to denote column wise Katri-Rao product, and ®j, to denote
Kronecker product. As an example, for matrices A € R™A*X" B ¢ R™8*" (' ¢ RMc*™;

n
A®@B®C e R™X™M5Xm - [AQ B®Clj s = > AjiiBiiCisis

=1
A®BeR™™BX"  [A@® B, ;) = A}, j] @k Bl.).
A B - AnB
A@p BER™™BX  Ag B= S z :
Am1B - Ap,nB

3 Main results

In this section, we first formally introduce the smoothed analysis framework for our problem and
state our main theorems. Then we will discuss the structure of the moments of Gaussian mixtures,
which is crucial for understanding our method of moments based algorithm.

3.1 Smoothed Analysis for Learning Mixture of Gaussians

Let G, denote the class of Gaussian mixtures with & components in R"™. A distribution in this
family is specified by the following parameters: the mixing weights w;, the mean vectors u(l) and
the covariance matrices ¥, for i € [k].

k
gn,k = {g = {(wwﬂ(l)az(”)}ze[k] fwi € R-‘r? Zwi =1, /J’(Z) € Rna E(Z) € R?yxnga E(Z) = 0} .
i=1
As an interesting special case of the general model, we also consider the mixture of “zero-mean”
Gaussians, which has u(9 = 0 for all components i € [k].
A sample z from a mixture of Gaussians is generated in two steps:

1. Sample h € [k] from a multinomial distribution, with probability Pr[h = i] = w; for i € [k].
2. Sample z € R” from the h-th Gaussian distribution A (u(®, £(")).
The learning problem asks to estimate the parameters of the underlying mixture of Gaussians:

Definition 3.1 (Learning mixture of Gaussians). Given N samples x1,x2, ...,xN drawn i.i.d. from
a mizture of Gaussians G = {(w;, p?, Z(i))}ie[k], an algorithm learns the mizture of Gaussians with

accuracy €, if it outputs an estimation G = {(@;, p», E(i))}ie[k] such that there exists a permutation
7 on [k], and for all i € [k], we have |0; — wr)| <€, 1D — pTD)|| < € and | — @@ <.

In the worst case, learning mixture of Gaussians is a information theoretically hard problem
(Moitra and Valiant| (2010])). There exists worst-case examples where the number of samples
required for learning the instance is at least exponential in the number of components k (McLachlan
and Peel (2004)). The non-convexity arises from the hidden variable h: without knowing h we
cannot determine which Gaussian component each sample comes from.

The smoothed analysis framework provides a way to circumvent the worst case instances, yet
still studying this problem in its most general form. The basic idea is that, with high probability
over the small random perturbation to any instance, the instance will not be a “worst-case” instance,
and actually has reasonably good condition for the algorithm.

Next, we show how the parameters of the mixture of Gaussians are perturbed in our setup.



Definition 3.2 (p-smooth mixture of Gaussian). For p < 1/n, a p-smooth n-dimensional k-
component mizture of Gaussians G = {(@;, 1V, E(i))}ie[k] € Gk 1s generated as follows:

1. Choose an arbitrary (could be adversarial) instance G = {(wi, u®, E(i))}ie[k] € Gp - Scale the
distribution such that 0 < %) < 31, and @) < % for alli € [K].

2. Let A; € R’;ﬁ;ﬁf be a random symmetric matriz with zeros on the diagonals, and the upper-
triangular entries are independent random Gaussian variables N'(0,p?). Let 6; € R" be a

random Gaussian vector with independent Gaussian variables N'(0, p?).
3. Set LNOZ = Wi, /j(l) = ,U,(Z) + 51‘7 i(l) = E(Z) + Ai.

4. Choose the diagonal entries of (@) arbitrarily, while ensuring the positive semi-definiteness of
the covariance matriz ¥, and the diagonal entries are upper bounded by 1. The perturbation
procedure fails if this step is infeasibl(ﬂ

A p-smooth zero-mean mizture of Gaussians is generated using the same procedure, except that we
set i = p@) =0, for all i € [k].

Remark 3.3. When the original matrix is of low rank, a simple random perturbation may not lead
to a positive semidefinite matriz, which is why our procedure of perturbation is more restricted in
order to guarantee that the perturbed matriz is still a valid covariance matriz.

There could be other ways of locally perturbing the covariance matriz. Our procedure actually
gives more power to the adversary as it can change the diagonals after observing the perturbations
for other entries. Note that with high probability if we just let the new diagonal to be 5v/np larger
than the original ones, the resulting matrix is still a valid covariance matriz. In other words, the
adversary can always keep the perturbation small if it wants to.

Instead of the worst-case problem in Definition |3.1} our algorithms work on the smoothed
instance. Here the model first gets perturbed to G = {(@;, i®, E(i))}ie[k], the samples are drawn
according to the perturbed model, and the algorithm tries to learn the perturbed parameters. We
give a polynomial time algorithm in this case:

Theorem 3.4 (Main theorem). Consider a p-smooth mizture of Gaussians G = {(@s, 1D, i(i))}ie[k] €
Gn i for which the number of components is at leastlﬂ k > Cy and the dimension n > C1k?, for some
fized constants Co and Cy. Suppose that the mizing weights W; > w, for alli € [k]. Given N samples
drawn i.i.d. from G, there is an algorithm that learns the parameters of G up to accuracy €, with
high probability over the randommess in both the perturbation and the samples. Furthermore, the
running time and number of samples N required are both upper bounded by poly(n, k,1/w,, 1/€,1/p).

To better illustrate the algorithmic ideas for the general case, we first present an algorithm for
learning mixtures of zero-mean Gaussians. Note that this is not just a special case of the general
case, as with the smoothed analysis, the zero mean vectors are not perturbed.

Theorem 3.5 (Zero-mean). Consider a p-smooth mizture of zero-mean Gaussians G = {(&;, 0, i(i))}ie[k] €
Gn.i: for which the number of components is at least k > Cy and the dimension n > C1k?, for some
fized constants Cy and Cy. Suppose that the mizing weights &; > w, for all i € [k]. Given N

4 Note that by standard random matrix theory, with high probability the 4-th step is feasible and the perturbation
procedure in Definition [3.2|succeeds. Also, with high probability we have ||Z”|| <1 and 0 < %% < T, for all i € [k].

®Note that the algorithms of [Belkin and Sinhal (2010) and Moitra and Valiant| (2010) run in polynomial time for
fixed k.



samples drawn i.i.d. from 5, there is an algorithm that learns the parameters onN up to accuracy €,
with high probability over the randomness in both the perturbation and the samples. Furthermore,
the running time and number of samples N are both upper bounded by poly(n,k,1/w,,1/€e,1/p).

Throughout the paper we always assume that n > C1k? and @; > w,.

3.2 Moment Structure of Mixture of Gaussians

Our algorithm is also based on the method of moments, and we only need to estimate the 3-rd,
the 4-th and the 6-th order moments. In this part we briefly discuss the structure of 4-th and 6-th
moments in the zero-mean case (3-rd moment is always 0 in the zero-mean case). These structures
are essential to the proposed algorithm. For more details, and discussions on the general case see
Appendix [A]

The m-th order moments of the zero-mean Gaussian mixture model G € G, are given by the

following m-th order symmetric tensor M,, € R{, "

(M), g =Bl o2, = sz {yﬂ .. J(Z} y Y1, ..., Jm € [n],

where y(*) corresponds to the n-dimensional zero-mean Gaussian distribution A(0, 2(®). The mo-
ments for each Gaussian component are characterized by Isserlis’s theorem as below:

Theorem 3.6 (Isserlis’ Theorem). Let (y1,...,y2) be a multivariate zero-mean Gaussian random

vector N'(0,X), then

y?t ZHEU vy

where the summation is taken over all distinct ways of partitioning yi, ...,y into t pairs, which
correspond to all the perfect matchings in a complete graph.

Ideally, we would like to obtain the following quantities (recall ny = ("erl))

Xy = Zwlvec N@? € Rm2Xn2, szvec 20))@3 e Rr2xnexnz, (1)

Note that the entries in X4 and X4 are quadratic and cubic monomials of the covariance
matrices, respectively. If we have X4 and Xg, the tensor decomposition algorithm in |Anandkumar
et al. (2014) can be immediately applied to recover w;’s and %(?’s under mild conditions. It is easy
to verify that those conditions are indeed satisfied with high probability in the smoothed analysis
setting.

By Isserlis’s theorem, the entries of the moments M4 and Mg are indeed quadratic and cubic
functions of the covariance matrices, respectively. However, the structure of the true moments My
and Mg have more symmetries, consider for example,

k k
[Mil1254=) wi(EES) + 20z + =08, while [Xa](1,9), 3.0 = > wiB)Es).
i=1 i=1
Note that due to symmetry, the number of distinct entries in My ( (”13) ~ n*/24) is much smaller

than the number of distinct entries in Xy (("2;r 1) ~ n*/8). Similar observation can be made about
M6 and Xﬁ.



Therefore, it is not immediate how to find the desired X4 and Xg based on M4 and Mg. We
call the moments My, Mg the folded moments as they have more symmetry, and the corresponding
X4, Xg the unfolded moments. One of the key steps in our algorithm is to unfold the true moments
My, Mg to get X4, Xg by exploiting special structure of My, Mg.

In some cases, it is easier to restrict our attention to the entries in M, with indices corresponding
to distinct variables. In particular, we define

My = [[Ma]jy jojsja - 1 < J1 < ja <z <ja<n]eR™, (2)

where ny = (Z) is the number of 4-tuples with indices corresponding to distinct variables. We
define Mg € R™ similarly where ng = (Z) We will see that these entries are nice as they are
linear projections of the desired unfolded moments X, and Xg (Lemma below), also such
projections satisfy certain “symmetric off-diagonal” properties which are convenient for the proof

(see Definition in Section [C).

Lemma 3.7. For a zero-mean Gaussian mixture model, there exist two fized and known linear
mappings Fu : R™2X"2 — R™ gnd Fg : R"2*"2x72 5 R™ sych that:

My =\3F(Xy), Mg=V15Fs(Xs). (3)

Moreover F4 is a projection from a n2 1) _dimensional subspace to a ny-dimensional subspace, and
2

Fe is a projection from a ("2;'2) -dimensional subspace to a ng-dimensional subspace.
4 Algorithm Outline for Learning Mixture of Zero-Mean Gaus-
sians

In this section, we present our algorithm for learning zero-mean Gaussian mixture model. The
algorithmic ideas and the analysis are at the core of this paper. Later we show that it is relatively
easy to generalize the basic ideas and the techniques to handle the general case.

For simplicity we state our algorithm using the exact moments My and Mg, while in implemen-
tation the empirical moments My and Mg obtained with the samples are used. In later sections,
we verify the correctness of the algorithm and show that it is robust: the algorithm learns the
parameters up to arbitrary accuracy using polynomial number of samples.

Step 1. Span Finding: Find the span of covariance matrices .

(a) For a set of indices H C [n] of size |[H| = /n, find the span:

S= span{ifi)j] ci €[k, je ’H} C R™. (4)

(b) Find the span of the covariance matrices with the columns projected onto S*, namely,

Us = span{vec(Projsli(i)) NS [k]} CR". (5)

(¢) For two disjoint sets of indices H1 and Ha, repeat Step 1 (a) and Step 1 (b) to obtain Uy and
Uz, namely the span of covariance matrices projected onto two subspaces Sf and SQL. Merge
U1 and Uy to obtain the span of covariance matrices U:

U= span{i(i) 1€ [k]} C R™2. (6)



Step 2. Unfolding: Recover the unfolded moments )~(4, )~(6.

Given the folded moments M4, MG as defined in , and given the subspace U € R™2** from Step

1, let Y4 € R’;;n’fb and Yﬁ € R];;n’fbm be the unknowns, solve the following systems of linear equations.
My = VBEUYUT), Mg =VIsF(Ts(UT,UT,U7)). (7)

The unfolded moments )?4,)?6 are then given by )~(4 = U)NC;UT,)N((; = %(UT, U'T, UT).

Step 3. Tensor Decomposition: learn w; and (@ from Y4 and Y6
Given U, and given Yy and Y6 which are relate to the parameters as follows:

k k
)74 = Z&z(UTi(Z))@ﬁ, ?6 = Z@Z(UTi(Z))@):S
i=1 =1
we apply tensor decomposition techniques to recover Y@ s and w;’s

5 Implementing the Steps for Mixture of Zero-Mean Gaussians

In this part we show how to accomplish each step of the algorithm outlined in Section [4] and sketch
the proof ideas.

For each step, we first explain the detailed algorithm, and list the deterministic conditions on
the underlying parameters as well as on the exact moments for the step to work correctly. Then we
show that these deterministic conditions are satisfied with high probability over the p-perturbation
of the parameters in the smoothed analysis setting. In order to analyze the sample complexity, we
further show that when we are given the empirical moments which are close to the exact moments,
the output of the step is also close to that in the exact case.

In particular we show the correctness and the stability of each step in the algorithm with two
main lemmas: the first lemma shows that with high probability over the random perturbation of
the covariance matrices, the exact moments satisfy the deterministic conditions that ensure the
correctness of each step; the second lemma shows that when the algorithm for each step works
correctly, it is actually stable even when the moments are estimated from finite samples and have
only inverse polynomial accuracy to the exact moments.

The detailed proofs are deferred to Section [B]to [D]in the appendix.

Step 1: Span Finding. Given the 4-th order moments M4, Step 1 finds the span of covariance
matrices U as defined in @ Note that by definition of the unfolded moments X4 in , the
subspace U com(ndes with the column span of the matrix Xy

By Lemma we know that the entries in M4 are linear mappings of entries in X4 Since the
matrix X4 is of low rank (k < ng), this corresponds to the matriz sensing problem first studied
in Recht et al.|(2010). In general, matrix sensing problems can be hard even when we have many
linear observations (Hardt et al.|(2014b))). Previous works (Recht et al.| (2010)); Hardt et al.| (2014a);
Jain et al. (2013)) showed that if the linear mapping satisfy matriz RIP property, one can uniquely
recover X4 from M4

However, properties like RIP do not hold in our setting where the linear mapping is determined
by Isserlis’ Theorem. We can construct two different mixtures of Gaussmns with different unfolded
moments X4, but the same folded moment M, (see Section Therefore the existing matrix
recovery algorithm cannot be applied, and we need to develop new tools by exploiting the special
moment structure of Gaussian mixtures.



Step 1 (a). Find the Span of a Subset of Columns of the Covariance Matrices. The
key observation for this step is that if we hit M, with three basis vectors, we get a vector that lies
in the span of the columns of the covariance matrices:

Claim 5.1. For a mizture of zero-mean Gaussians G = {(w;, 0, ¢ )}16 € Gnk» the one-dimensional
slices of the /-th order moments My are given by:

M4(ejl,ej2, ej3, sz <E§ll j2 ] + Egi)]?)gf,)p] + 252%,2%1)]1]) Vj1,j2,j3 S [n] (8)

In particular, if we pick the indices ji, j, j3 in the index set H, the vector My(ej,,ej,, €, 1)
lies in the desired span & = {E[(z)j] cie k] je 7-[}

We shall partition the set 7 into three disjoint subsets H® of equal size v/n/3, and pick j; € H (@)
for i = 1,2,3. In this way, we have (|#|/3)3 = Q(n!-5) such one-dimensional slices of My, which all
lie in the desired subspace S. Moreover, the dimension of the subspace S is at most k|H| < n'o
Therefore, with the p-perturbed parameters 2(’s, we can expect that with high probability the
slices of My span the entire subspace S.

Condition 5.2 (Deterministic condition for Step 1 (a)). Let Qg € R™*(M/3* be the matriz whose
columns are the vectors My(ej, ,ej,,ej,,1) for j; € HD . If the matriz Qg achieves its mazimal
column rank k|H|, we can find the desired span S defined in by the column span of matriz Qg.

We first show that this deterministic condition is satisfied with high probability by bounding
the k|H|-th singular value of Qg with smoothed analysis.

Lemma 5.3 (Correctness). Given the exact 4-th order moments M4, for any index set H of size
|H| = /n, With high probability, the k|H|-th singular value of Qg is at least Q(wop®n).

The proof idea involves writing the matrix @5 as a product of three matrices, and using the
results on spectral properties of random matrices Rudelson and Vershynin| (2009) to show that with
high probability the smallest singular value of each factor is lower bounded.

Since this step only involves the singular value decomposition of the matrix @5, we then use
the standard matrix perturbation theory to show that this step is stable:

Lemma 5.4 (Stability). Given the empirical estimator of the 4-th order moments ]\74 = M4 + Ey,
suppose that the entries of E4 have absolute value at most 0. Let the columns of matriz S € R ><kIH]
be the left singular vector of QS, and let S be the corresponding matriz obtained with M4 When
§ is inverse polynomially small, the distance between the two projections ||Projg — Projs|| is upper

bounded by O <n1'255/0k|7{|(@5))-

Remark 5.5. Note that we need the high dimension assumption (n > k) to guarantee the cor-
rectness of this step: in order to span the subspace S, the number of distinct vectors should be
equal or larger than the dimension of the subspace, namely |H|> > k|H|; and the subspace should be
non-trivial, namely k|H| < n. These two inequalities suggest that we need n > Q(k%5). However,
we used the stronger assumption n > Q(k?) to obtain the lower bound of the smallest singular value
in the proof.



Step 1 (b). Find the Span of Projected Covariance Matrices. In this step, we continue
to use the structural properties of the 4-th order moments. In particular, we look at the two-
dimensional slices of M, obtained by hitting it with two basis vectors:

Claim 5.6. For a mizture of zero-mean Gaussians G = {(w;, 0, 8¢ )}ze € Gn i, the two-dimensional
slices of the 4-th order moments My are given by:
i T .
M4<ej1’ej2717 I sz ( .717.]22(1 + Zf}]l](z[(zm)jﬂ) + EEZ;Z}( flz).]l]) ) ’ vjl’.]2 < [n] (9)
Note that if we take the indices j; and j» in the index set H, the slice My(ej,,e€j,,1,1) is
almost in the span of the covariance matrices, except 2k additive rank-one terms in the form of
n® (E(Z). ). These rank-one terms can be eliminated by projecting the slice to the subspace S+

[-.1] [:,72]
obtained in Step 1 (a), namely,

k
vec(Projgi My(ej,, ej,,I,1)) = ZwiE§i)7j2vec(Pr0jSLE(i)), Vi1,J2 € H,
i=1

and this projected two-dimensional slice lies in the desired span Ug as defined in Moreover,
there are ('MH) Q(n) such projected two-dimensional slices, while the dimension of the desired
span Ug is at most k.

Condition 5.7 (Deterministic condition for Step 1 (b)). Let éUs € ReXHI(HIAD/2 be o matriz
whose (j1, j2)-th column for is equal to the projected two-dimensional slice vec(Projg. ]Tﬂ(eh €y, I, 1)),
for 1 < jo and j1,j2 € H. If the matriz @Us achieves its mazximal column rank k, the desired span
Us defined in is given by the column span of the matrix @US.

_ We show that this deterministic condition is satisfied by bounding the k-th singular value of
Qug in the smoothed analysis setting:

Lemma 5.8 (Correctness). Given the exact 4-th order moments M4, with high probability, the k-th

singular value of QUS is at least Q(w,p?nt?).

Similar to Lemma the proof is based on writing the matrix Qg as a product of three
matrices, then bound their k-th singular values using random matrix theory. The stability analysis
also relies on the matrix perturbation theory.

Lemma 5.9 (Stability). Given the empirical 4-th order moments J/\4\4 = JTL + E4, assume that the
absolute value of entries of Ey are at most 0. Also, given the output Projg, from Step 1 (a), and
assume that || Projg, — Projg. || < 1. When 61 and d2 are inverse polynomially small, we have

| Projgs, — Projg, Il < 0 (n3 (8 + 261) /ox(Qus) ).

Step 1 (c). Merge U;,U> to get the span of covariance matrices U/.  Note that for a given
index set H, the span Us obtained in Step 1 (b) only gives partial information about the span of
the covariance matrices. The idea of getting the span of the full covariance matrices is to obtain
two sets of such partial information and then merge them.

In order to achieve that, we repeat Step 1 (a) and Step 1 (b) for two disjoint sets Hq and Ha,
each of size \/n. The two subspace S; and Sy thus correspond to the span of two disjoint sets of
covariance matrix columns. Therefore, we can hope that Uy and Us, the span of covariance matrices
projected to Si and Sy contain enough information to recover the full span U.

In particular, we prove the following claim:

10



Condition 5.10 (Deterministic condition for Step 1 (c)). Let the columns of two (unknown) ma-
trices Vi € R™* and Vo € R™F form two basis of the same k-dimensional (unknown) subspace
U CR™, and let U denote an arbitrary orthonormal basis of U. Given two s-dimensional subspaces
S and So, denote S3 = Si- U Sﬁ-. Given two projections of U onto the two subspaces SIT and SQT :
Ui = Projg. Vi and Uy = Projg. V5. If 025([S1, S2]) > 0 and oy (Projs,U) > 0, there is an algorithm
for finding u robustly.

The main idea in the proof is that since s is not too large, the two subspaces Sf and 82l have a
large intersection. Using this intersection we can “align” the two basis V; and V5 and obtain ‘/IT‘/Q,
and then it is easy to merge the two projections of the same matrix (instead of a subspace).

Moreover, we show that when applying this result to the projected span of covariance ma-
trices, we have s = k|H| < n/3, and the two deterministic conditions o94([S1,S2]) > 0 and
or(Projg, V1) > 0 are indeed satisfied with high probability over the parameter perturbation. The
detailed smoothed analysis (Lemma and and the stability analysis (Lemma are
provided in Section in the appendix.

Step 2. Unfold the moments to get )?4 and )2'6. We show that given the span of covariance
matrices U obtained from Step 1, finding the unfolded moments )?4, )?6 is reduced to solving two
systems of linear equations.

Recall that the challenge of recovering X, and )?6 is that the two linear mappings F, and Fg
defined in are not linearly invertible. The key idea of this step is to make use of the span U to
reduce the number of variables. Note that given the basis U € R"2** of the span of the covariance

matrices, we can represent each vectorized covariance matrix as 20 = U5, Now Let V; € R’;;n’j
and Y, € R’;;kak denote the unfolded moments in this new coordinate system:
k k
Yyi=> @ioVe? Yo=Y @o .
i i=1

Note that once we know Y4 and Y6, the unfolded moments X4 and X6 are given by X4 U 174U T
and Xg = YG(U ot uh. Therefore after changing the variable, we need to solve the two linear
equation systems given in with the variables Y; and Y6

This change of variable agmﬁcantly reduces the number of unknown variables. Note that the
number of distinct entries in Y, and Yy are ky = (kH) and k3 = (]HZ) respectively. Since ko < ng

and k3 < ng, we can expect that the linear mapping from Y4 to M. 4 and the one from }76 to M, ¢ are
linearly invertible. This argument is formalized below.

Condition 5.11 (Deterministic condition for Step 2). Rewrite the two systems of linear equations
n in their canonical form and let Hy € R™ XN’“Q and Hg € R"6*k3 denote the coefficient matrices.
We can obtain the unfolded moments X4 and Xg if the coefficient matrices have full column rank.

We show with smoothed analysis that the smallest singular value of the two coefficient matrices
are lower bounded with high probability:

Lemma 5.12 (Correctness). With high probability over the parameter random perturbation, the
ko-th singular value of the coefficient matriz Hy is at least Q(p*n/k), and the ks-th singular value
of the coefficient matriz Hg is at least Q(p>(n/k)'?).

To prove this lemma we rewrite the coefficient matrix as product of two matrices and bound
their smallest singular values separately. One of the two matrices corresponds to a projection of

11
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Figure 1: Flow of the algorithm for learning mixture of zero-mean Gaussians.

the Kronecker product 5 Rk 3. In the smoothed analysis setting, this matrix is not necessarily
incoherent. In order to provide a lower bound to its smallest singular value, we further apply a
carefully designed projection to it, and then we use the concentration bounds for Gaussian chaoses
to show that after the projection its columns are incoherent, finally we apply Gershgorin’s Theorem
to bound the smallest singular value ﬁ

When implementing this step with the empirical moments, we solve two least squares problems
instead of solving the system of linear equations. Again using results in matrix perturbation theory
and using the lower bound of the smallest singular values of the two coefficient matrices, we show
the stability of the solution to the least squares problems:

Lemma 5.13 (Stability). Given the empirical moments ]\//.74 = M, + By, ]\76 = M@ + Eg, and
suppose that the absolute value of entries of B4 and Fg are at most 1. Let 17, the output of Step 1,
be the estimation for the span of the covariance matrices, and suppose that ||{U — U|| < d2. Let Yy
and ?6 be the least squares solution respectively. When 01 and do are inverse polynomially small,

we have ||Yy — Yal|p < O(/71(61 + 02/ 0min(Ha)) and ||Ys — Y|l < O(\/7i6(61 + 02/ min(H))-

Step 3. Tensor Decomposition.

Claim 5.14. Given }74, 176 and (7, the symmetric tensor decomposition algorithm can correctly and
robustly find the mixzing weights w;’s and the vectors &;’s, up to some unknown permutation over
[k], with high probability over both the randomized algorithm and the parameter perturbation.

The algorithm and its analysis mostly follow the algorithm of symmetric tensor decomposition
in [Anandkumar et al.| (2014), and the details are provided in Section @ in the appendix.

Proof Sketch for the Main Theorem of Zero-mean Case. Theorem [3.5 follows from the
previous smoothed analysis and stability analysis lemmas for each step.

First, exploiting the randomness of parameter perturbation, the smoothed analysis lemmas
show that the deterministic conditions, which guarantee the correctness of each step, are satisfied
with high probability. Then using concentration bounds of Gaussian variables, we show that with
high probability over the random samples, the empirical moments ]/\4\4 and ]\/4\6 are entrywise d-close
to the exact moments M, and Mg. In order to achieve € accuracy in the parameter estimation, we
choose § to be inverse polynomially small, and therefore the number of samples required will be
polynomial in the relevant parameters. The stability lemmas show how the errors propagate only
“polynomially” through the steps of the algorithm, which is visualized in Figure

A more detailed illustration is provided in Section [E]in the appendix.

5Note that the idea of unfolding using system of linear equations also appeared in the work of [Jain and Oh/ (2014]).
However, in order to show the system of linear equations in their setup is robust, i.e., the coefficient matrix has full
rank, they heavily rely on the incoherence assumption, which we do not impose in the smoothed analysis setting.
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Figure 2: Flow of the algorithm for learning mixtures of general Gaussians.

6 Algorithm Outline for Learning Mixture of General Gaussians

In this section, we briefly discuss the algorithm for learning mixture of general Gaussians. Figure
shows the inputs and outputs of each step in this algorithm. Many steps share similar ideas to
those of the algorithm for the zero-mean case in previous sections. We only highlight the basic
ideas and defer the details to Section |[F]in the appendix.

Step 1. Find Z = span{i : i € [k]} and &, = spcm{PronLi](")PronL 24 € [k]}.  Similar
to Step 1 in the zero-mean case, this step makes use of the structure of the 4-th order moments
My, and is achieved in three small steps:

(a) For a subset H C [n] of size |H| = /n, find the span:

S = span {;z@,iff)ﬂ cie[k],j eH} C R™. (10)

(b) Find the span of the covariance matrices with the columns projected onto S, namely,

Us = span {VeC(PI‘Ojsi »0) e [k]} c R™. (11)

(c) For disjoint subsets H; and Ha, repeat Step 1 (a) and Step 1 (b) to obtain ¢ and Us, the
span of the covariance matrices projected onto the subspaces Sll and Sj-. The intersection
of the two subspaces U; and Us gives the span of the mean vectors Z = span {ﬁ(i),i € [k]}
Merge the two subspaces U; and Us to obtain the span of the covariance matrices projected

to the subspace orthogonal to 2, namely i‘o = span {Proj—Zli‘,(i)Pronl 11 € [k]}

Step 2. Find the Covariance Matrices in the Subspace Z+ and the Mixing Weights
w;’s.  The key observation of this step is that when the samples are projected to the subspace
orthogonal to all the mean vectors, they are equivalent to samples from a mixture of zero-mean
i)

Gaussians with covariance matrices ig = Projz Lf](i)Plroj 7. and with the same mixing weights

w;’s. Therefore, projecting the samples to A L the subspace orthogonal to the mean vectors, and
use the algorithm for the zero-mean case, we can obtain EE,”’
to this subspace, as well as the mixing weights w;’s

s, the covariance matrices projected

Step 3. Find the means With simple algebra this step extracts the projected covariance
OF

i)

matrices E( ’s from the 3-rd order moments Mg, the mixing weights w; and the projected covariance

matrices E(() s obtained in Step 2.

13
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Step 4. Find the full covariance matrices In Step 2, we obtained EE}'), the covariance
matrices projected to the subspace orthogonal to all the means. Note that they are equal to
matrices () 4+ @ ()T projected to the same subspace. We claim that if we can find the
span of these matrices (X + 7@ (7)) T)’s), we can get each matrix (X + 5@ (7)) T), and then
subtracting the known rank-one component to find the covariance matrix 3@, This is similar to
the idea of merging two projections of the same subspace in Step 1 (¢) for the zero-mean case.

The idea of finding the desired span is to construct a 4-th order tensor:

k
Mi =My+2 Z@i(ﬁ(i)®4),
=1

which corresponds to the 4-th order moments of a mixture of zero-mean Gaussians with covariance
matrices £ 4+ 1) ()T and the same mixing weights @;’s. Then we can then use Step 1 of the
algorithm for the zero-mean case to obtain the span of the new covariance matrices, i.e. span{ ») 4

AOED)T i e (K]}

7 Conclusion

In this paper we give the first efficient algorithm for learning mixture of general Gaussians in the
smoothed analysis setting. In the algorithm we developed new ways of extracting information from
lower-order moment structure. This suggests that although the method of moments often involves
solving systems of polynomial equations that are intractable in general, for natural models there is
still hope of utilizing their special structure to obtain algebraic solution.

Smoothed analysis is a very useful way of avoiding degenerate examples in analyzing algorithms.
In the analysis, we proved several new results for bounding the smallest singular values of structured
random matrices. We believe the lemmas and techniques can be useful in more general settings.

Our algorithm uses only up to 6-th order moments. We conjecture that using higher order
moments can reduce the number of dimension required to n > Q(k'*¢), or maybe even n > Q(k¢).
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A  Moment Structures

In this section we characterize the structure of the 3-rd, 4-th and 6-th moments of Gaussians
mixtures.
As described in Section the m-th order moments of the Gaussian mixture model are given

by the following m-th order symmetric tensor M € R "

k
(M), g =Bl o2, = Z%‘E {y](i)yj(:ﬂ y Y1, ..., Jm € [n],
i=1

where y(® corresponds to the n-dimensional Gaussian distribution A(u(, (®).
Gaussian distribution is a highly symmetric distribution, and in the zero-mean case the higher
moments are well-understood by Isserlis” Theorem:

Theorem A.1 (Isserlis). Lety = (y1,...,y2) be a multivariate Gaussian random vector with mean
zero and covariance Y, then

y2t ZHEU vy
E[@/l coy2—1] =0,

where the summation is taken over all distinct ways of partitioning yi, ...,y into t pairs, which
correspond to all the perfect matchings in a complete graph. Thus there are (2t — 1)!! terms in the
sum, and each summand is a product of t terms.

The non-zero mean case is a direct corollary using Isserlis’ Theorem and linearity of expectation.

Corollary A.2. Lety = (y1,..-,yt) be a multivariate Gaussian random vector with mean p and
covariance Y, then

t] = ZHEu,vHMw-
where the summation is taken over all distinct ways of partitioning yi, ...,y into p pairs of (u,v)

and s singletons of (w), where p >0, s >0 and 2p + s = t.
As an example, Ely1yoys] = p1pops + p1¥e3 + po¥ 3 + p3di 2.

A.1 Proof of Lemma [3.7]

We shall first prove Lemma, [3.7] in Section [3.21 Recall that this lemma shows that for mixture of
zero-mean Gaussians, the 4—th moments My and the 6-th moments Mg with distinct indices can
be viewed as a linear projection of the unfolded moment X4 and Xg defined in (|1)).

Proof. (of Lemma
By Isserlis Theorem the mapping v/3F is characterized by: (V1 < ji < jo < j3 < ja < n)

(2) (4) (4) () ()
[M] J1,52,93,J4 — Z Wi Zh J2 ]3 \Ja + Z]l ,J3 E]Q 4 + Ej17j4 Ejmjs)

= [X4](j1,j2)7(j37j4) + [X4](j1,j3),(j2,j4) + [X4](j1,j4)7(j2,j3)'
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Therefore, with the normalization constant v/3, the (j1, j2, j3, j4)-th mapping of F; is a projection
of the three elements in X4. Similarly, we have for v15Fs: (V1 < j1 < jo < --- < jog < n)

[M6]31,127]3734,157J6
:[Xﬁ](hdz) (j3ja)s(Gssds) T [Xﬁ](hd;% (92,34),(35,36) + [Xe (j1,44),(32,33), (5 46) T [XG](jlvjs)V(j27j3)7(j47j6)

Xf’] (1j2), (s ,d3)s (Gards) T [X6](j1,j3),(j2,]5 (ja.J6) X

[ ) T 161 (j1,2), (anis) (s ods) T [XG](j1,j4),(j2,j5),(j3,j6)
[XGJ(JLJE) ),(j2.44),(j3de) T [XG](j17j3)7(j4,J5 (z.js) T
[ )+

JGr.d
[X6](
[X6] 1,4, Gisis) Gzuds) + [X61Gir s (3.2 ()
Xe] [X6]

+ + +

(j2.j3)s(Gards)s(irrde) T [X6](j27j4)7(j305 (41.J6) (42,35),(93,44), (41,46 *

Thus with the normalization constant v/15, the mapping Fg4 is a linear projection. 0

A.2 Slices of Moments

Next we shall characterize the slices of the moments of mixture of Gaussians.
For mixture of zero-mean Gaussians, a one-dimensional slice of the 4th moment tensor is a
vector in the span of corresponding columns of the covariance matrices:

Claim A.3 (Claimrestated). For a mizture of zero-mean Gaussians, the one-dimensional slices
of the 4-th moments My are given by:

(@ (i) () (ONRS10) o
M4(ej17ej27ej37 sz < n ]2 ,Js} + 231 ]32[:’ 2] 232 ]32[;’1-1]) , Vi1,72,73 € [n]
Proof. By the definition of multilinear map, My(e;,, €j,, €j;, ) is a vector whose p-th entry is equal
to My(ej,, €j,, €545, €p). We can compute this entry by Isserlis’ Theorem:
k

N @) (D) (@) () () (0
Mi(esy, €520 €js, €p) = D_wi (Eal 2 Zigs) T i S 2].273.32[%].1]) )
=1

this directly implies the claim. O

For mixture of zero-mean Gaussians, a two-dimensional slice of the 4th moment M} is a matrix,
and it is a linear combination of the covariance matrices with some additive rank one matrices:

Claim A.4 (Claim[5.6|restated). For a mizture of zero-mean Gaussians, the two-dimensional slices
of the 4-th moment My are given by:

k
Miy(ej,,ej, 1,1) =Y w; (zg?pz( ) 4 zf}jl](z@ﬂ) + zf”m(zf >j ])T) . Vi1, j2 € [n].
=1

Proof. Again this follows from Isserlis’ theorem. By definition of multilinear map this is a matrix
whose (p, ¢)-th entry is equal to

k
_ (B () () () () ¢ (9)
Ma(ejy, €z, €pyeq) = Z (Zh 322[17 gt 25 Pz[q g2 T Eh pz[qm])
i=1

and this directly implies the claim.
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Similarly, for mixture of general Gaussians, we prove the following claims:

Claim A.5 (Claim restated). For a mizture of general Gaussians, the (j1,j2,Jj3)-th one-
dimensional slice of My is given by:

- (0 (0 0 e
M4(ej1’ej2’€j3’ Z (uh ”]2 Hjs 'u()+ Z (ZSU)ME[ 7r3]+'ugrl)'u()2[ 7r3]+27(rl)7r2”§r3)/’6()))‘
i=1 (j17j27j3)7
WE{(jmjg,jl),}
(j37j1’j2)

Proof. This is very similar to Claim and follows from the corollary of Isserlis’s theorem (Corol-
lary [A.2]). There are 10 ways to partition the indices {j1,j2,73,7J4} into pairs and singletons:

((j1)7 (j2)7 (j3)7 (]4))’ ((jlan)v (jB)v (]4))7 ((jhji’))a (j2)> (]4))a ((j13j4)a (jQ)a (]3))3 ((j27j3)7 (jl)v (]4))7

((j27j4)a (jl)a (33))7 ((j37j4)7 (j1)7 (]2))7 ((jlvj?)? (j37j4))7 ((j17j3)7 (j27j4))7 ((j17j4)7 (]27.73)) From
this enumeration, we can specify each element in the vector of the one-dimensional slice. O

Claim A.6 (Claim restated). For a mirture of general Gaussians, let the matriz M3y € R0’
be the matricization of Mz along the first dimension. The j-th row of My is given by:

Ml Z“ (6 vee(=D) + D © p + £ © p 4 4O 0 Epﬂ)

Proof. Note that [Ms)]; = |vec(E[z;jzz"])| = vec(E[z;z ® z]). Again following the corollary of
Isserlis’s theorem (Corollary there are 4 ways to partition the indices {j1, jo, j3} into pairs and

singletons: ((]1)7 (j27j3))7 ((.71)7 (j2)7 (.73))7 ((jlva)? (]3))7 ((.72)7 (jl)j?))? and they correspond to the
four terms in the summation.) O

A.3 Two mixtures with same M, but different X,

Since My gives linear observations on the symmetric low rank matrix Xy, it is natural to wonder
whether we can use matrix completion techniques to recover Xy from My. Here we show this is
impossible by giving a counter example: there are two mixture of Gaussians that generates the
same 4th moment My, but has different X4 (even the span of ¥ ()5 are different).

By ((a,b), (¢,d)) we denote a 5 x 5 matrix A which has 2’s on diagonals, and the only nonzero
off-diagonal entries are A, = Apq = Acd = Age = 1. For example, ((1,2),(4,5)) will be the
following matrix:

2 1
1 2
2 1
1 2

where all the missing entries are 0’s. Now we construct two mixtures of 3 Gaussians, all with mean 0
and weight 1/3. The covariance matrices are ((1,2),(4,5)),((1,3),(2,5)), ((1,4), (3,5)) for the first
mixture and ((1,2),(3,5)), ((1,3),(4,5)),((1,4),(2,5)) for the second mixture. These are clearly
different mixtures with different span of Y(@’g: in the first mixture, 251)2 = Zy% for all matrices,
but this is not true for the second mixture.

These two mixture of Gaussians have the same 4th moment My. This can be checked by using
Isserlis’ theorem to compute the moments. Intuitively, this is true because all the pairs (1,7)
and (i,5) appeared exactly twice in the covariance matrices for both mixtures; also, every 4-tuple
(1,7,7,5) appeared exactly once in the covariance matrices for both mixtures.
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B Step 1: Span Finding

Recall that in Step 1 of the algorithm for learning mixture of zero-mean Gaussians, we find the
span of the covariance matrices in three small steps. In this section, we prove the correctness and
the robustness of each step with smoothed analysis.

For completeness we restate each substep and highlight the key properties we need, followed by
the detailed proofs.

B.1 Step 1(a). Finding S, the span of a subset of columns of LY

Input: 4-th order moments My, set of indices H.
Output: span{Egl) :i € [k],j € H}, represented by an orthonormal matrix S € R™*I#lk,

Let Q be a matrix of dimension n x |H|? whose columns are all of My(e;,, ei,, €i5, I), for
11,12,13 € H.
Compute the SVD of Q: Q =UDV .
Return: The first k[H| left singular vectors S = [U. 1], - - -, U gn]-
Algorithm 1: FindColumnSpan

In Step 1 (a), for any set H of size /n, we want to show that the one-dimensional slices of
My span the entire subspace S = span {f]fz)]] i€ k], je 7—[}, which is the span of a subset of the

columns in the covariance matrices.
Recall that in Claim we showed:

1)jl]> ) vjlaj27j3 € [TL]

.

k
Y3 _ ~ ($() $F0) SIORESIO) s 2 (
Ma(ejy, ey ejsn 1) = ) G (Ejhjzz[:,jsl 25 0 2] T Zhaia ]
=1

This in particular means when j1, jo, j3 € H, the vector M4(ej1,ej2, €js, 1) is in S. We need to
show that the columns of the matrix ¢ indeed span the entire subspace S.

It is sufficient to show that a subset of the column span the entire subspace. Form a three-way
even partition of the set #, i.e., |[HD| = [H®)| = [H®)| = |H|/3 = /n/3, and only consider the
one-dimensional slices of ]\74 corresponding to the indices j; € HD for i = 1,2, 3. In particular, we
define matrix @S with these one-dimensional slices of My:

Qs = “[1\74(63‘1763‘2763‘371) (i3 € HO)p e U i e H(l)] e R/, (12)

Define matrix ﬁs with the corresponding columns of the covariance matrices, forming a basis
(although not orthogonal) of the desired subspace S:

Ps = [

O el jerD] 1= 1,2,3] — [i[:%l)},i[ﬁ(z)],E[Z,Hw)]} e RVHHL (13)

In the following two lemmas, we show that with high probability over the random perturbation,

the column span of Qg is exactly equal to the column span of Pg, and robustly so.

Lemma B.1 (Lemma restated). Given M4, the exact 4-th order moment of the p-smooth
mizture of zero-mean Gaussians, for any subset H € [n] with cardinality |H| = /n, let Qg be the

matriz defined as in with the one-dimensional slices of My. For any ¢ > 0, and for some
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Figure 3: Structure of the matrix Bg

absolute constant C1,Ca,C3 > 0, with probability at least 1 — (Cr€)“2", the k|H|-th singular value
of Qg is bounded below by:

Uk\?—ﬂ(éS) > Cwoe?p?n. (14)

In order to prove this lemma, we first write @S as the product of three matrices.

Claim B.2 (Structural). Under the same assumptions of Lemma the matriz Qg can be written
as

Qs = Ps (Dg @, Iiy)) (Bs) T, (15)

where ]55 e R¥KIH g5 defined in Equation has columns equal to the columns in ifz)ﬂ], the
diagonal matriz in the middle is the Kronecker product of two diagonal matrices and depends only

on the mizing weights W;’s

With the observation that the columns of PS form a basis of the subspace S, and each column
of QS is a linear combination of the columns in PS, the rows of Bs e RUHI/3) ka' can be viewed
as the coefficients for the linear combinations, and has some special structures. In particular, it

consists of three blocks: Bg = [E(l)’§(2)7§(3)]_ The first tall matrix B e R(WV?’)BX’“(‘H'/?’),
corresponding to the coefficient of the linear combinations on the subset of basis i[;,y(n]- By the

indexing order of the columns in @S, the matrix B(M) is block diagonal with identical blocks equal
t0 X,(2) 39, defined as follows:

S ) = {[iﬁ)m 1 eHP jo e HOT 1ie [k]] e RUMI/D >k
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With some fixed and known row permutation 71(2) and 7, the matrix B® and B® can be made
block diagonal with identical blocks equal to ZH(U o) and ZHU) %2, Tespectively. Note that the

three parts B(l), B(Q)7 B® do not have any common entry, nor do they involve any diagonal entry
of the covariance matrices, therefore the three parts are independent when the covariances are
randomly perturbed in the smoothed analysis.

It is easier to understand the structure by picture, see Figure [3] The rows of the matrix should
be indexed by (j1,7j2,43) € HMD x H?) x 7—63), which can also be interpreted as a cube (in the
right). The block structure in the first part B(!) correspond to a slice in H?) x H3) direction (for
each block, the element in () is fixed, the elements in H?® and H® take all possible values).
Similarly for B® and B®) (as shown in figure).

Proof. (of Claim) The proof of this claim is using glaim the definition of matrices and the
rule of matrix multiplication. Consider the column in Qg corresponding to the index (j1, j2, j3) for
j1e MW jo e HP j3 € HB), and the row of BS together with the mixing wights specifies how this
column is formed as a linear combination of 3k columns of Pg. By the structure of My in Claim .
the (41,72, J3)- th row of B has exactly k entries corresponding to Eg ) j, fori € [k], these entries
are multiplied by w; in the middle (diagonal) matrix. Therefore, these directly correspond to the k

terms in Claim |5 Slmllarly the entries in B® and B®) correspond to the other 2k terms. O

Using Claim [B:2] we need to bound the smallest singular value for each of the matrices in order
to bound the k|H|-th singular value of QS, this is deferred to the end of this part. The most
important tool is a corollary (Lemma of the random matrix result proved in [Rudelson and
Vershynin| (2009)), which gives a lowerbound on the smallest singular value of perturbed rectangular
matrices. B

By Lemma E we know Qg has exactly rank k|#H|, and is robust in the sense that its k|H|-
th singular value is large (polynomlal in the amount of perturbation p). By standard matrix
perturbation theory, if we get Qg close to QS up to a high accuracy (inverse polynomial in the
relevant parameters), the top k|H| singular vectors will span a subspace that is very close to the
span of @5. We formalize this in the following lemma.

Lemma B.3 (Lemma restated). Given the empirical estimator of the 4-th order moments
M4 = M4 + E4. and suppose that the absolute value of entries of Ey are at most 6. Let the columns
of matriz S € R”XMH' be the left singular vector of QS, and let S be the corresponding matric
obtained with M4 Conditioned on the high probability event ka‘(Qs) > 0, for some absolute
constant C we have:

1.25
| Projg — Projg|| < Lé. (16)
Tijr| (@)

Proof. Note that the columns of S are the leading left singular vectors of QQg. We apply the
standard matrix perturbation bound of singular vectors. Recall that S is defined to be the first
k|H| left singular vector of Qg, and we have

1Qs — Qsll < Qs — Qsllr < v/n([H|/3)%62.
Therefore by Wedin’s Theorem (in particular the corollary Lemma [G.5), we can conclude (16]). O

Next, we prove Lemma
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Proof of Lemma We first use Claim to write @g = ]35 (Dg, Rk I|H|) (ES)T, note that
the matrix (Dg ®p, Ij3|) has dimension k|H| x k|H|, therefore we just need to show with high
probability each of the three factor matrix has large k|#H|-th singular value, and that implies a
bound on the k|H|-th singular value of @S by union bound. The smallest singular value of ﬁs and
Bg are bounded below by the following two Claims.

Claim B.4. With high probability oy (Ps) > Q(py/n).

Proof. This claim is easy as Pg € RHHM| g a tall matrix with n > 5k|H| rows. In particular, let
ﬁé be the block of Pg with rows restricted to HC = [n]\H. Note that ]Sé is a linear projection
of Pg, and by basic property of singular values in Lemma the k|H| singular values of é’g
provide lower bounds for the corresponding ones of ﬁs. We only consider the restricted rows so
that ]5§ does not involve any diagonal elements of the covariance matrices, which are not randomly
perturbed in our smoothed analysis framework.

Now Pg is a randomly perturbed rectangular matrix, whose smallest singular value can be lower
bounded using Lemma and we conclude that with probability at least 1 — (C)%-2°",

) (Ps) > epy/n.

Next, we bound the smallest singular value of Es.
Claim B.5. With high probability oy (Bs) > Q(pv/n).

Proof. We make use of the special structure of the three blocks of Bg to lower bound its smallest
singular value. B

First, we prove that the block diagonal matrix B(!) has large singular values, even after pro-
jecting to the orthogonal subspace of the column span of B and B®). This idea appeared several
times in our proof and is abstracted in Lemma Apply the lemma and we have:

O’k|7.,5|(§5) > min {Uk(2|H/3)([B(2), B(3)])’ O'k(PrOj([E(Q)’E(S)]{ @ H(S))LiH(z)’H(g)) 1] € 'H(l)}
jIx X
(17)

S p®) 1 J € H(l)} :

> min {Uk(2|7{/3)([§(2)7 B™)), a3,(Proj 50, yoProjs.

B(3)]{j}><7-£(2)><7-£(3> 1(2) 4(3)

where the j-th block of [B®, B®)] has dimension (|H|/3)? x 2k|H|/3. Since
(|H]/3)% = k — 2k|H|/3 = Q(n/9 — k — 2kn®3/3) > Q(n),

this means for each block, even after projection it has more than 3k rows. Note that by definition
the three blocks BV, B®? and B®) are independent and do not involve any diagonal elements
of the covariance matrices, so each block after the two projections is again a rectangular random
matrix. We can apply Lemma for any j, for some absolute constant Cy,Cy, C3 (not fixed

throughout the discussion), with probability at least 1— (C€)“2"™ over the randomness of INOENOR
we have:

ok (Proj jProjs. Sy 2®) > epy/Can. (18)

B(Q)’B(S)]{j}xv-t@)x?{(?') 1(2) 2(
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Now we can take a union bound over the blocks and conclude that with high probability, the
smallest singular value of each block is large.

In order to bound ak(2|7{|/3)([§(2), E(?’)]), we use the same strategy. Note that B® also has a
block structure that corresponds to the () x H®) faces (see Figure . Again check the condition
on dimension (|#|/3)? — k — k|H|/3 > Q(n) > 3k, we can apply Lemma again to show that
for any j, with probability at least 1 — (C1€)“2" over the randomness of 1) 343, we have:

3 ZHOH®) 1]
(19)

ok(a3) (B, BP)) = min{oy 05 (BY), ok(Proj( ) yLProj

EL
Dx{i3xH®) #(1) #(

Again by Lemma for any j, with probability at least 1 — (C1€)“?"™ over the randomness of
(1) 343, we have:

Uk(Proj([B,(?,)} )LPI'OjEJ_ " iﬂa)ﬂ(g)) > epy/ Csn. (20)

HD % 53xHB) (1),

Finally, for B® it is a block diagonal structure with blocks correspond to H(!) x H(2) faces (see
Figure [3). Each block is a perturbed rectangular matrix, therefore we apply Lemma to have
that with high probability over the randomness of ¥3,1) 2,

or(i/3)(B®) > 0k (Sy0 40) > epv/n. (21)

Now plug in the lower bounds in into the inequalities in and . By union
bound we conclude that with high probability:

oy (Bs) > epy/Can.
]

Finally, the diagonal matrix in the middle is given by the Kronecker product of ;3 and Dg.
Recall that Dz is the diagonal matrix with the mixing weights w;’s on its diagonal. By property
of Kronecker product and the assumption on the mixing weights, the smallest diagonal element of
Dy Qpr I‘g_” is at least wg. Therefore Uk|’}-[|(DI; ke I|H|) > wo.

We have shown that the smallest singular value of all the three factor matrices are large with
high probability. Therefore, apply union bound, we conclude that with probability at least 1 —

exp(—Q(n)),
Tri) (Qs) = 0o (P)oia) (D ®kr Ly )onppy (Bs) = Owopn).

B.2 Step 1 (b). Finding Us, the span of >(’s with columns projected to S*.

In Step 1 (b), given the subset of indices H and the subspace S obtained in Step 1 (a), we want to
show that the projected two-dimensional slices of M, span the subspace Ug defined in , which
is the span of the covariance matrices with the columns projected the subspace S*:

Us = span {VeC(PI‘Osti(i)) 1€ [k:]} C R,

Recall that in Claim we characterized the two dimensional slices of the 4-th moments My
of mixture of zero-mean Gaussians as below:

SO, Vinjell  (22)

)

k
Y3 _ ~ () F[6 (@) @) T | @)
Miej, e 1, 1) =) @i (ijéz( S ) T+ I
=1



Input: 4-th order moments My, set of indices H, subspace S C R™
Output: span{vec(Projg. X)) : i € [k]}, represented by an orthonormal matrix
Us € RnQXk .

Let @ be a matrix whose columns are vec(Projg1 My(e;, e;,1,1)) for all 4,5 € H, i # j.
Compute the SVD of Q: Q =UDV .

Return: The first k left singular vectors Us = [Up. 1y, - - -, UL y]-
Algorithm 2: FindProjectedSigmaSpan

For notational convenience, we let J denote the set J = {(j1,72) : j1 < Jo, J1,J2 € 7-[} and
note that the cardinality is | J| = (‘H‘;l) (n++/n)/2. First, we define the matrix QU e R 17|

whose columns are the vectorized two-dimensional slices of M4 with the columns projected to the
subspace St:

@Us = [VeC(PrOjSiM4(€jlv€jsz: 1)) : (j1,J2) € j} . (23)
Similarly we define QVUO € R"**|7| with the slices without the projection:
Quy = |vee(Maes, e, 1.1)) : (jn.j2) € T |

Observe the structure in and we see the columns of @Uo is “almost” in the span of covariance
matrices, except for some additive rank one terms. Note that all the rank one terms lie in the
subspace S obtained from Step 1 (a), and they vanish if we project the slice to the orthogonal

subspace S*. In particular, Projg. ifz)ﬂ =0 for all j € S. Let the columns of the matrix JBUS €

Rk he the vectorized and projected covariance matrices as below:
Py, = |vec(Projs1 5@ 1 i e [kﬂ . (24)

In the following claim, we show that the columns of @Us indeed lie in the column span of ]SUS:

Claim B.6. Given S obtained in Step 1(a), the span of i[(z)j] for j € H and for all i, then for
J1,J2 € H, we have:

k
Projs. Ma(ejy, 50 I, 1) = D G5, Projos 59, Vi1, ja € [n]
i=1

Similar as in Step 1( ), in the next lemma we show that the columns of QUS indeed span the
entire column span of PUS Since the dimension of the column span of PUS is no larger than k, it
is enough to the k-th singular value of QUS~

Lemma B.7 (Lemma restated). Given M4, the exact 4-th order moment of the p-s -smooth
mixture of Gaussians , define the matriz QUS as with the two-dimensional slices of M4 For
any € > 0, and for some absolute constant Cy,Cs, C3 > 0, with probability at least 1 — 2(Cye)®2",
the k-th singular value of @Us 18 bounded below by:

ok(Qug) = Cawo(ep)*n'?.
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Similar as before, we first examine the structure of the matrix @US:

Claim B.8 (Structural). Under the same assumption as Lemma we can write éUs in the
following matriz product form:

Qus = PuyDzX) . (25)

The columns of the matriz ﬁUs € Rk gre the vectorized and projected covariance matrices as
defined in ; Dy is the diagonal matrix with the mizring weights w; on its diagonal; and the
matriz X j is defined as:

S, = [vec[zgzm) (Jrrj2) € J) i € [K]] € RWIF,
Proof. This claim follows from Claim and the rule of matrix product. The coefficients &lig? i
for the linear combinations of vec(Projg. i(i)) are given by the columns of the product D f} The
coefficients are then multiplied by P, to select the correct columns. O

To prove Lemma[B.7] similar to the proof ideas of Lemma[B.1] we lower bound the k-th singular
value of all the three factors.

Proof of Lemma By the structural Claim we know the matrix QVUS can be written as
a product of the three matrices as @US = ISUS D;E}.

We lower bound the k-th singular value of each of the three factors. It is easy for the last two
matrices. Note that by assumption o;(Dg) > w,, and since i} is just a perturbed rectangular
matrix, we can apply Lemma and with high probability we have O'k(ij) > Q(py/n).

The first matrix ﬁUS is more subtle. Let us define the projection Dg1 = Projg: ®g, I, € R" xn?
This is just a way of saying “apply the projection Projg: to all columns” and then vectorize the
matrix. In particular, for any matrix A we have Dgivec(A) = vec(Projg. A), therefore by definition
of IBUS we can write IBUS = DsLi.

However, we cannot apply the same trick to directly bound the smallest singular value of Dg.
and Proj D1 v separately. The problem here is that Ds. and S are not independent, as the subspace

S obtained in Step 1(a) also depends on the perturbation on i, therefore Proj Dy Lf) is not simply
a projected perturbed matrix. Instead, we show that even conditioned on the part of randomness
that is common in S and i, ¥ still has sufficient randomness due to the high dimensions, and we
can still extract a tall random matrix out of it. This is elaborated in the following claim:

Claim B.9. Under the assumptions of Lemma with high probability the matriz ﬁUs = DsJ_i
has smallest singular value at least Q(pn).

Let £ be the set of the (j1,j2)-th entries of 2 for all i and one of ji, jo is in the set . By Step
1(a), the subspace &’ = span(S,e; : j € H) is only dependent on the entries in £. Here we need
to include the span of e;’s for j € ‘H because the diagonal entries can depend on the other random
perturbations. By adding the span of the vector e;’s for j € ‘H the subspace remains invariant no
matter how the diagonal entries change.

Let Z = span(X, S’ Q. I,), and recall that the columns of X are the factorization of the
unperturbed covariance matrices. The subspace Z has dimension no larger than |H|(k+ 1)n+k <
n?/10, and depends on the randomness of L.

Let ¥ = Y+F where E is the random perturbation matrix. Now we condition on the randomness
in £. By definition the subspace Z is deterministic conditional on £. However, even if we only
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4

consider entries of E'\L there are still at least ( > n?/4 independent random variables. We

shall show the randomness is enough to guarantee that the smallest singular value of Proj D1 Y is
lower bounded with high probability conditioned on L:

or(Pug) = ox(Dg.Y)

> 01,(Projz. )

= O’k(PronLz + PrOjZLE)

= O'k(PI‘OjZLE).
Here we used the fact that projection to a subspace cannot increase the singular values (Lemma.

Conditioned on the randomness of entries in £, F\L still has at least n?/4 random directions,

while the dimension of the deterministic subspace Z is at most n?/10. Therefore we can apply
Lemmaagain to argue that conditionally, for every e > 0, with probability at least 1—(C} 6)02”2
we have:

or(Pyg) > epy/Csn2.

In summary, apply union bound and we can conclude that with probability at least 1—(Che)

ok(Qus) = 01(Pug)ok(Dz)or(Ey) > Cawolep)?nt.

Can
M

O
Next, we again use matrix perturbation bounds to prove the robustness of this step, which
depends on the singular value decomposition of the matrix Q.

Lemma B.10 (Lemma restated). Given the empirical 4-th order moments ]/\4\4 = M4 + Ey,
and given the output Projg, from Step 1 (a). Suppose that HProng — Projg, || < 61, and suppose
that the absolute value of entries of E4 are at most o2 for do < ||@US||F/\/7? Conditioned on the
high probability event Uk(@US) > 0, we have:

n2> (1 + 251/52)
= da.

or(Qus) 26)

| Projg, — Projg || <

Proof of Lemma Note that the columns of Ug are the leading left singular vectors of @Us-
We want to apply the perturbation bound of singular vectors.

Similar to the proof of Lemma we first need to bound the spectral distance between @Us
and éUs- In fact we will even bound the Frobenius norm difference:

1Qus = Qusllr = D5 Quy — D Quo|l»
= [|Ds+(Quy — Quy) + (Dgr — Ds1)Quy, + (Dss — Ds)(Quy — Quy) 1 ¢
< | DsellrlQus — Quollr + 2 Dsx — Dy |[#l|Quy I
< Vn?||Dg. [2l|Quy — Quollr + 2v/n|[Projg. — Projg. || r||Quyllr
< ny/n2|7103 + 2v/n\/n?| T ||[Projg. — Projg. ||
< n2\7/{§|(1 + 2||Projg. — Projgz. [|2/d2)d2,
where we used the assumption Hi(’lH < 1 to bound 1Qu, | F, used the upperbound on ||C§U0 -
Qup |l to bound the term [[(Dg. — Dg1)(Quy — Quo)llF < [|(Dse — Dgu)l[rd2y/n2T| < (D —

Dg.)|| FHCNQUOH r, and used the fact that Frobenius norm is sub-multiplicative. Apply Wedin’s
Theorem (in particular the corollary Lemma [G.F]), we can conclude ([26]). O
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Figure 4: Step 1(c): Merging two subspaces.

B.3 Step 1 (c¢). Finding & by Merging the Two Projected Span

Input: two subspaces Si, Sy € R™*$ two subspaces Uy, Uy € R xk (the span of covariance
matrices projected to the corresponding Si-, S3-).
Output: span{S® :i € [k]}, represented by an orthonormal matrix U € R™* %,

Let A be the first 2ks left singular vectors of [S1, Sa.
Let S3 be the first (n — 2ks) left singular vectors of I — AAT.
Let Q = [Inz,Proj(S3®MI")ProjU1}TU2, compute the SVD of Q.

Return: matrix U, whose columns are the first k left singular vectors Q.
Algorithm 3: MergeProjections

Pick two disjoint sets of indices H1, H2, and repeat Step 1 (a) and Step 1 (b) on each of them
to get SjL and Uj for j =1,2. In Step 1 (c), we merge the two span U; and U to get U.
If we are given two projections Proj Sf_U and Proj S2¢U of a matriz U, and if the union of the

two subspaces Si- and Sy have full rank, namely dim(S; U S2) = n, then we can recover U by:

U =

. T .
PI‘OJSIJ_ PI‘OJSf_ U
Projszl Projsé U

However, it is slightly different if we are given two projections of a subspace U, since a subspace
can be equivalently represented by different orthonormal basis up to linear transformation.
In particular, in our setting for j = 1,2, we can write U; = (Projg. ®p, I,,)EW); for some fixed
J

but unknown full rank matrix W; (which makes the columns of matrix in an orthonormal basis
of U). Recall that we define & = [vec(Z®) : i € [k]], and DS]; = PrOjS;_ Qpr I, for j =1,2.

The following Lemma shows that we can still robustly recover the subspace U if the two pro-
jections have sufficiently large overlapping. The basic idea is to use the overlapping part to align
the two basis of the subspace which the two projections act on.

Lemma B.11 (Robustly merging two projections of an unknown subspace). This is the detailed
statement of Condition [5.10,
Let the columns of two fized but unknown matrices Vi € R™* and Vo € R™* form two basis
(not necessarily orthonormal) of the same k-dimensional fized but unknown subspace U in R™.
For two s-dimensional known subspaces S1 and S, Let the columns of A be the first 2s singular
vectors of [S1,S2], and let the columns of Ss correspond to the first (n — 2s) singular vectors of
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(I, — Proj,), therefore Sz C (S1U S2)*. Suppose that oi(Projg,U) > 0 and that o25([S1, S2]) > 0.
Define matrices Uy = Projslﬂ/l and Uy = PTOijVQ and we know that UlTUl = UQTUQ = I;.

We are given §1,§2 and (71,(72, and suppose that for j = 1,2, we have H§J — Sjllr < 05 and
|U; — Ujllr < 8u, for 65 < 1,6, < 1.

Let the columns OfA\ be the first 2s singular vectors of [§1, §2], and let the columns of §3 be the
first (n — 2s) singular vectors of (I, — Projz). Define matriz U € R™2% 10 be:

~

U= 0 0:i(800)(5]00) (27)
If o (Projg,U) > 0 and 025([S1, 52]) > 0, then for some absolute constant C' we have:

CVkE(5y 4 65/02([S1, Sa])
ok(Projs,U)?o2s([S1, S2])%

| Projg; — Projy|| <

Proof. The proof will proceed in two steps, we first show that if we are given the exact inputs,
namely ds = d,, = 0, then the column span of U defined in is identical to the desired subspace
U. Then we give a stability result using matrix perturbation bounds.

1. Solving the problem using exact inputs.

Given the exact inputs Sp, Se, Uy, Us, first we show that under the conditions o94([S1, S2]) > 0
and oy (Projg,U) > 0, then the column span of the matrix [Us, Ui (S4 Up)T(S4 Us)] is indeed
identical to U = span(V1) = span(Va).

Claim B.12. Under the same assumptions of Lemma given a matriz V€ RF*F such that

V = VlTVg, let Projy, be the projection to the column span of Uy = [Us, U V], then we have
Projy, = Projy .

Proof. Given V = VlTVQ, then U1V = Projslﬂ/lV = ProijVg. Recall that by definition Uy =
Proj St V5, then the problem is now reduced to the simple problem of merging two projections
(Uy = Projszﬂfg and U1V = Projslﬂfg) of the same matrix (V). Therefore, to show that the

columns of Uy = [Us, U1 V] indeed span V5 and thus the desired subspace U, we only need to show
that [Proj S Proj Ss_] has full column span. We show this by bounding the smallest singular value
of it:

. i : . S1 0
O'n([PI'OJSé_,PI'OJSf_]) 2023([Pr0J52L,ProJSH [ 1 ])

0 S
:023([ (In_SZSQT)Sly (In_Slsir)SZ ])
I, -S's
:O-QS([ S1752] |:_S;Sl _[13 2:|)
ST
:023([ 51,52 ] |: _éT :| [ S1, =52 ])
2

:O’QS([ Sl,SQ ] [ Sl,—SQ ]T [ Sl,—SQ ])

=025([S1, 52])°
>0, (28)

where the last inequality is by the assumption that oo4([S1, S2]) > 0. O
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Next, we show that in the exact case, the matrix V = VlTVQ can be computed by V =
(S§U1)T(S{ Uz). The basic idea is to use the overlapping part of the two projections U; and
Us to align the two basis V1 and V. Recall that by its construction, Sz = (S; U Sg)L = SlL N SZL,
and Projg, = PI'O'].SlJ_nSé_. Then for j =1 and 2, we have:

S5 Uj = S3 Projg.V; = Sy (Projgy Projs. + Projg,Proj1)V; = Sy (0 + Projs,)V; = S5 V.

Moreover, since U; = Projg.Vj is an orthonormal matrix, we have that all singular values of

J
Vj are equal or greater than 1. Also note that U is an orthonormal matrix, so we have that
o1 (Projg,V;j) = 03(Projg,U) > 0. In other words, S4 V; has full column rank k. Therefore,

S5 V1)1(S4 V2)

Vi’ 8353 Vi)' V;T S5(S5 Va)
= (V," 8354 Vi)'V, S35 ViV, 'V
A

V = (S5 U1)1(S;5 Uy)
= (
= (

where the third equality is the Moore-Penrose definition, the fourth equality is because V; and V;
are basis of the same subspace, there exists some full rank matrix X € R¥*¥ such that Vo = V1 X,
so we have ViV, Vo = ViV 1 X = Vi X = V%,

2. Stability result.

Given 51,59 and Uy, Uy which are close to the exact S, .59, U; and Us, we then need to bound
the distance [|[Proj; — Proj||. This follows the standard perturbation analysis. In order to apply
Lemma we need to bound the distance between ||[U — Up||r, and lower bound the smallest
singular value of Uy, namely o (Up). Recall that we define Uy same as in for the exact case
with 6, = 6, = 0. R

First, we bound ||U—Up| r. Note that we can write Uy as U, = Uy B, where B = [I, Uj(S; U1)1S3]".

Recall that S3 = (S; U S2)*, apply Lemma and we have:

(51, S5] = [S1, Sallle 225,
o2s([S1, S2]) ~ 02([S1,52])

Next, note that ||S5 — Ss| < 1 and ||U; — U] < 6, < 1, apply Lemmawe have:
185 01 = 5§ U | < 2(1185 = S31| + 1|01 = Ua])-

~ . . [
1S5 — Ss]| < ||Projg, 5, — Projs,us, |l < V2

Next, note that oy (S5 Uy) = o(Projg,V1) > 0 by assumption. Apply Lemma we have:

212|158 U, — 57 Uy

STUN — (STuptl <
1053 U1)" = (S5 U)'| < ok (Projg, V1)?

Next, apply Lemma again we can bound the perturbation of matrix product:
T — Vol = |U:B — U2 B||
< 2(|T> — Ual| + 1B - BI))
= 2(|Uz = V|| + [[02(S5 01)"85 — Un (S5 U1)'55])
< 2(|Uz = Usll + 4(| 01 = U1l + [1(8500)" = (S5 U0 + 185 = Ssl)-

C(0u + 05/ 025([S1, S2]))
Uk(PrOjSBW)Q

<
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where C' is some absolute constant, and the last inequality summarizes the previous three inequal-
ities, and used the fact that oy (Projg,V1) < 1. Note that U - Uollr < VE|U — Uy

We are left to bound o4 (Up). Recall that ox(V2) > 01(U2) = 1, and we have shown that in
the exact case Uy = [Proj 52LV27 Proj s V3]. Then we can bound the smallest singular value of Uy
following the inequality in ([28):

a,(Uo) 20n([Projgy, Projg1]) > 02s([S1, S2])°.
Finally we can apply Lemma to bound the distance between the projections by:

V2|U = Uol| < CVE(du + 65/024([S1, 52])
or(Uo) = ox(Projg,Vi)?o2,([S1, S2])%

[Projg — Projy, || <

O

In Step 1 (c), we are given the output Uy and Us from Step 1 (b), as well as the output S}
and §2l from Step 1 (a). Recall that U = span{vec(X?) : i € [k]}, and for j = 1,2, the matrix ffj
given by Step 1 (b) corresponds to the subspace U projected to the subspace Ej = gj‘ Qkr In.

Let matrix S5 = S{- NS5 = (51U Sy)* (obtained by taking the singular vectors of (I,, — AAT),
where A corresponds to the first 2k|H| singular vectors of [51, 52]), and denote §3 = §3 Qkr In.
Define the matrix @U to be:

Qu=|Ts, Tu(BsT)' BsTh) |, (29)
and similarly define the perturbed version @U to be:
QU = |: (72, ﬁl(égﬁl)TE;gﬁg) i| .
Now we want to apply Lemma to show that Projs = Projg and bound the distance
||Proj 5, —Projs ||. In order to use the lemma, we first use smoothed analysis to show (in Lemma
and Lemma )that the conditions required by the lemma are all satisfied with high probability

over the p-perturbation of the covariance matrices, then conclude the robustness of Step 1 (c) in
Lemma [B.15]

Lemma B.13. With high probability, for some constant C

or(Projg, %) = Cepn.

Proof. This is in fact exactly the same as Claim N N
Given ¥ = X + E, by the definition of S3 and Bs we know that B3 only depends on the
randomness of P;FE for i = 1,2, where

J ={(1,72) 1 j1 € H1 UHa, or j1 € H1 UHal,

and Pj denotes the mapping that only keeps the coordinates corresponding to the set 7. Therefore,
we have:

o (Projg, %) = o(Proj 1 Projg E).

(Bi %)

Note that the rank of E?)l is 2nk|H|) and | 7| = 2n|H|, thus no — | T | —2nk|H| —k = Q(n?) > 2k. So
we can apply Lemma to conclude that for some absolute constants C1, Ca, C3, with probability
at least 1 — (C1e)2™", o (B4 X) > epy/Can?. O
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Lemma B.14. With high probability, for some constant C,
U2k|H|([§1, S5]) > Cuwolep)®n020.

Proof. For 1 = 1,2, recall that S is the singular vectors of QS , where QS is defined with the set
H; as in . We can write the singular value decomposition of Qs as QS = S;D; V for some
diagonal matrix D; and orthonormal matrix V“ and

[§17 §2] = [@SN QSQ]

D7t o
0  VeDy' |’

Note that we can write [Qs,, Qs,] = [Ps,, Ps,](diag(B 5B 52))T, and following almost exactly with

the proof of Lemma we can argue that, with probability at least 1 — (Cye)“?",

ook ([Qs1+ Qs,]) = Cuwolep)’n

Moreover, by the structure of My and the bounds on £ < 31, we can bound ||©SZ | < 3v/n(|H|/3)3,
and thus:
1
~ >
Um(w(QSi) 3 ”(|7'”/3)3

Therefore, we can conclude that, for some absolute constant C', we have:

= Q(n 1),

oy (ViD; ) =

O2k|H| ([gl, 52]) > Cwo(ep)Qn_O-Q?
d

In the next lemma, we apply Lemma[B.11]to show that under perturbation, with high probability
the column span of Proj Oy = Projg, and this step is robust.

Lemma B. 3.15. Given the output Sl, Sy and Ul, U2 from Step 1 (a) and (b) based on the empirical
moments My. Suppose that for i = 1,2, ||1S; — Si||p < 6s, HU Uillp < 6u for 05,00 < 1. Let
the columns of U € R™%k be the k leading singular vectors of Qu defined in . Then for some
absolute constants C, with high probability,

C\/%(éu + 55n0'75/(w062p2))
wieSpPnl 25 :

| Projg — Projg| < (30)
Note that oo ([B1, Ba]) = gz ([S1, S2]), and for i = 1,2, we have IB; — Billr < v/2||Si —

S; |7 < \/nds. Therefore, with the above two smoothed analysis Lemmas showing polynomial bound
of a3/ ([S1, S2]) and ok (Projz, (X)), the proof of Lemma [B.15 follows by applying Lemma

C Step 2. Unfolding the Moments

In the second step of the algorithm, we solve two systems of linear equations to recover the unfolded
moments.
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Input: 4-th order moments My € R™, 6-th order moments Mg € R™, the span of
(vectorized with distinct entries) covariance matrices U € R™2*F,
Output: Unfolded moments in the coordinate system of U: Yy € REXF Yy e RExkxk

sym> sym
Let Y4 be the solution to miny, pixi IV3FL(UY,UT) — My||%.
Let Yg be the solution to minYGGRI;;rsxk IVIBFsYs(UT,UT,UT) — Mg||%.
Return: Yy, Ys.

Algorithm 4: EstimateY,;Ys

C.1 Unfolding the 4-th Order Moments
Recall the first system of linear equations is

My =V3Fy0 X (Yy).

In the equation, Y; € REXF is the unknown variable which can be viewed as a k x k symmetric matrix.

sym
Given U € R™**_ the column span of Y that we learned in Step 1, the first linear transformation
&Y is simply &Y (Yy) = U Y,UT. Tt is supposed to transform Y; into the unfolded moments
Xy € RgZn™?, which is defined to be Zle wivee(SM)vee(S)T. The next transformation v/3F,
maps the unfolded moments X4 to the folded moments M4 € R™. As we showed in Lemma
the mapping F; is a projection.

Since U is the column span matrix of f], there must exist a Yy such that X, = f]Dg,fJT =UY, U’
(recall that D is the diagonal matrix with entries @;), so the system must have at least one solution.

Rewrite the system of linear equations M,/ V3=F,o Xf (Y}) in the canonical form: M43 =
Hyvec(Yy) where the variable vec(Y;) € R*2, and the coefficient matrix Hy € R™**2 is a function
of U and therefore also a function of the parameter ¥ (recall ny = (}) and ky = (kgl)) The system
has a unique solution if the smallest singular value of the coeflicient matrix Hy is greater than zero.

The main theorem of this section shows that with high probability over the p-perturbation the
system has a unique solution:

Theorem C.1. With high probability over the p-perturbation of i, the smallest singular value of
the coefficient matriz Hy is lower bounded by omin(Hs) > Q(p?n/k). As a corollary, the system
has a unique solution.

In order to prove this theorem, we first need the following structural lemma:

Lemma C.2. The coefficient matriz I:i’4 18 equal to /1454. The first matriz /~l4 e Ruxk2 pgg
columns indexed by pair {(i,j) : 1 <i < j <k}, and the (i, j)-th column is equal to C’i,j]:4(vec(§(i))®
vec(i(j))). Here C;j =1 ifi=j and C;; =2 if i < j. The second matriz By € Rkz2xk2 transforms
a k x k symmetric matrices Yy into:

Byvec(Ys) = vee((STU)YL(ETU)T).

_ Next we need to prove the bounds on the smallest singular values for ;L; and §4. The first matrix
Ay is essentially a projection of the Kronecker product (¥ ®g, ). In particular, this projection
satisfy the “symmetric off-diagonal” property defined below:

Definition C.3 (symmetric off-diagonal). Let the columns of matriz P € R73xd2 form an (arbi-
trary) basis of the subspace P, and index the rows of P by pair (i,7) € [n2] X [n2]. The subspace P
and the matriz P is called symmetric off-diagonal, if (i,i)-th row of P is 0 (“off-diagonal”), and
the (i,j)-th row and (j,1)-th row are identical (“symmetric”).
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Remark C.4. Since symmetric off-diagonal is a property on the structure of rows of the basis
P. If one basis of the subspace P is symmetric off-diagonal, then any basis is too. Moreover, any
orthogonal basis of the subspace P will still be symmetric off-diagonal.

Consider a Kronecker product of the same matrix £ € R"2*k. The columns of F ®y, E are
indexed by pair (i, ) € [k] x [k]. Consider applying a symmetric off-diagonal projection PT to the
Kronecker product. By the property of symmetry the projection will map two columns EJ. ;; © E. j
and E}, ;) © E.; to the same vector. Therefore the projected Kronecker product P'(E @ E)
will not have full column rank k?. However, we will show that the ko “unique” columns after the
projection are linearly independent.

To formalize this, we define the matrix (E ®p, E)uniq € R™*k2 with the “unique” columns of

E ®y, F labeled by pairs {(i,7) : 1 <14 < j < k}. In particular,
(B ®kr E)uniqll: 1.5 = L) © B -

In the following main lemma, we show even after projection to any symmetric off-diagonal space
with sufficiently many dimensions, the “unique” columns of a Kronecker product of random matrices
still has good condition number.

Lemma C.5. Let E € R™** be o Gaussian random matriz (each entry distributed as N'(0,1)).
Let P € Rm%% pe g symmetric off-diagonal subspace of dimension dy = Q(n3). Then for any
constant C > 0, when ny > k*t¢ we have with high probability Omin(PT(E Qpy E)uniq) > Q(n2).

Let us first see how Theorem follows from the two lemmas (Lemma and Lemma ).

Proof. (of Theorem [C.1) Using the structural Lemma we know we only need to bound the
smallest singular value of A4 and By separately. The following two claims directly imply the
theorem.

Claim C.6. 0,in(A4) > Q(p*ny).
Claim C.7. 0pin(Bs) > 1/(4|Z|2) > 1/(4nk).

Next we prove the two claims.

We apply Lemma to prove Claim Note that the p-perturbed covariances Y is not a
random Gaussian matrix, yet it is equal to the unperturbed matrix ¥ plus a random Gaussian
matrix Fy, = ,0 Since we consider arbitrary X, the columns of 3 as well as the columns Ay may
not be incoherent.

Instead, we project 114 to a subspace to strip away the terms involving the original matrix .
Let S be the range space corresponding to the projection Fy. Recall that |S| = ny = Q(n2), and
by the definition of F4, S is symmetric off-diagonal. Define the subspace S’ = span(S*, ¥ ®p,
Loy, Iny @k %) Let P = (S")1. By construction |P| > |S| — 2kns = Q(n2). Also, since P = (S')+
is a subspace of S, it must also be symmetric off-diagonal (see Remark . After projecting Ay
to P, we know that the (i,)-th column (1 < i < j < k) of PT Ay is given by:

TrA T
P A4 ) = Cig P (Zi) © B g + pELi) © B gy + o5 © B g + 0Bl © Ely))
e Ci7jp2PTE[;’i] © Epj-

"Note that the diagonal entries are then arbitrarily perturbed, but we will project on a symmetric off-diagonal
subspace so changes on diagonal entries do not change the result.
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Thus in PT A4 all the terms involving ¥ disappears. Therefore
Umin(fz{4) > O'min(PT"le) = O'min(PT(i Qe iv])unzq) = pzo'min(PT(E Rk E)unzq) > Q(PQnQ)a

where the first inequality is because the smallest singular value cannot become larger after projec-
tion, the first equality is by definition, the second equality is by the property of P, and the final

step uses Lemma |C.5)
For Claim Pick any Y, € Ri?;n’fb, we have

1Ba(Ya)[| = [[vec((ETD)Ya(ST) )| = |(ETO)Ya(ET) lr = Vil pomin(ET0)? = [Valle/IIZ]1%,

where the inequality is because ||AB|p > omin(A)||B|F if A € R™*™ and m > n. Since |[vec(Yy)l|
is within a factor of v/2 to ||Ya||r, and by the assumption %) < 31 we can bound 12| < Q(Vnk),

we have the desired bound for amm(B4). O

Structure of the Coefficient Matrix In this part we prove the structural Lemma

Proof. (of Lemma First, assume we know the truegl matrix, then in order to get the unfolded
moments X4, we only need to solve the equation F4(XD4X") = M, with the k& x k symmetric
variable Dy, and the solution should be equal to the diagonal matrix Dg.

However, we only know U which is the column span of 3, so we can only use UY U T and
let UY,UT = ED4ET Note that there is a one-to-one correspondence between Y, and D4s. In
particular we know Dy = (ETU)}Q(ETU)T this is exactly the second part Bj.

Now the first matrix A4 should map vec(D4) to My. By construction, the (i,j)-th column
(i < j) of Ay is equal to F4(20 @ 20 4 B0 0 £0) = 27,0 © £U)), since Fy is symmetric
off-diagonal we know Fy(v; ©® v2) = }-‘L(W ® 21) for any two vectors vy, ve. For the (i,7)-th column,
by construction they are equal to F4(X © X)) as we wanted. O

Main Lemma on Projection of Kronecker Product In this part we prove Lemma

The singular values of Kronecker Product between two matrices are well-understood: they are
just the products of the singular values of the two matrices. Therefore, the Kronecker product of
two rank k matrices will have rank k2. However, in our case the problem becomes more complicated
because we only look at a projection of the resulting matrix. The projected Kronecker product may
no longer have rank k? because of symmetry. Here we are able to show that even with projection
to a low dimensional space, the rank of the new matrix is still as large as (kgl)

The basic idea of the proof is to consider the inner-products between columns, and show that
the columns are incoherent even after projection.

uniq
matrix is diagonally dominant and hence its smallest singular value must be large. In order to do

that we need to prove the following two claims:
Claim C.8. For any i,j <k, i < j, with high probability |PT(Ej. ;4 © Ep. j1)|* > Q(n3).
Claim C.9. For any i,j <k, i < j, with high probability

Proof. (of Lemma D Consider the matrix (E @, E)} .. PPT(E ®k E)unig, we shall show the

3 [(PT(BLj © Bl.j)), PT () © Ep o)) | < o(n).
1< <5" <k, (3,5)# @ ,5")

8Note that although diagonal entries are not perturbed, we also have P, = 0 so we can still apply the lemma.
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With this two claims, we can apply Gershgorin’s Disk Theorernto conclude that opin ((EQp,
E)Im.qPPT(E Rk E)uniqg) > Q(n3). Therefore opmin(PT(E @y E)uniq) > Qn2).

Now we prove the two claims. For Claim|[C.8§] it essentially says the projection of a random vector
to a fixed subspace should have large norm. If the vector has independent entries, this is first shown
in Tao and Vu| (2006). Recently |Vu and Wang (2013) generalized the result to K-concentrated
vectors, see Lemma By Lemma we know conditioned on [|Ep |, [ £ ;]| < 2y/n2,
(E[:yﬂ ©) E[:J])pyq(p # q) is O(y/nz)-concentrated. By assumption P ignores all the (E[:,i] O B j)pp
entries. Therefore Pr[|[|PT(Ep 4 © By )|I> — da| > 2t/dy 4 1?] < Ce=U*/n2) 4 o=01n2)  We then
pick t = \/da/5 > Q(ny), which implies Pr[||P(E}. ; © E; j7)|* < d2/2] < Ce~¥n2) " This is what
we need for Claim

For Claim we need to bound terms of the form <PT(E[:J-] ©) E[:J]),PT(E[:J/} ® Ep j1))-
These are degree-4 Gaussian chaoses and are well-studied in Latala et al. (2006]).

We break the terms according to how many of i, j’ appears in 1, j.

Case 1: i',j' ¢ {i,j}. In this case we first randomly pick Ep.;, E. j, and condition on the high
probability event that || E}. 3, || Ep. ;)| < 24/n2. In this case the inner-product can be rewritten as
<PPT(E[:7Z<} © E[:J]), (E[:,i’} O] E[:’j/})>, and we know HPPT(E[’l] O] E[J])H < 4ngy. Also, since P is
symmetric off-diagonal we know in this degree-2 Gaussian chaos (only E. ;1 and E|. ) are random
now) there are no “diagonal” terms. Therefore the Decoupling Theorem shows without loss of
generality we can assume ' # j'. Apply Theorem we know this term is bounded by O(nj"¢)
with high probability for any ¢ > 0.

Case 2: One of ¢/, j" is in {7, j}. Without loss of generality assume i’ € {i,j} (the other case is sym-
metric). Again we first randomly pick E}. 4, Ep. 5 and condition on the high probability event that
IE:qll [Ep ]l < 2¢/n2 (but this will also determine E. ;7). After the conditioning, only EJ. ;) is
still random, and the inner-product can be rewritten as <maut(PPT (Bl © Bl ) B E[:’j/]> where
the fixed vector mat(PP ' (Ep. ; ® E, ;1)) B[ »1 has norm bounded by |[PPT(Ep ;1 © Ep. 1) ||| By i1 <
8n§/ 2, By property of Gaussian with high probability the inner-product is bounded by O(ng/ 2+6)
for any € > 0.

Case 3: i/, j’ € {i,j}. Since i, j’ cannot be equal to 4, j, there is only one possibility: ', j* are both
equal to one of 7,7 and i # j. Without loss of generality assume ¢ = j' =i # j. We can swap 1, j
with 7', 5 and this actually becomes Case 2. By the same argument we know this term is bounded
by O(ng/2+€) for any € > 0.

There are O(k?) terms in Case 1, O(k) terms in Case 2 and O(1) terms in Case 3. Therefore by
union bound we know the sum is bounded by O(lmg/ ey k:2n§+6) with high probability. Recall we
are assuming ny > k2T¢ (which only requires n > ki+c/ 2). Choose € to be a small enough constant
depending on C gives the result. O

C.2 Unfolding 6-th Order Moments

Recall the second system of linear equations is

Me/V15 = Fo 0 X (Yp).

c REXxkxE
sym
symmetric tensro. The first linear transformation XY transforms Yg into the unfolded moments
X € RG22, which is supposed to be equal to Zle Wivec(XW)®3. The Eransformation is
simply X¢ = &Y (Ys) = Ya(UT,UT,UT) where U € R"2*¥ is the column span of ¥ that we learned

in the previous section.

In the equation, Yy is the unknown variable which can be viewed as a &k X k X k
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The next transformation Fg maps the unfolded moments Xg to the folded moments Mg € R"™6,
which as we showed in Lemma is a projection. Recall that ng = (76")

Rewrite the system of linear equatlons Mg /15 = FgoXY (Ys) in the canonical form: Mg/+/15 =
Hﬁvec(Y6) where the coefficient matrix H6 € R"6*ks ig g function of U and therefore is a function
of ¥ (recall k3 = (k+2)).

The second system of linear equations tries to unfold the 6-th order moment Mg to get Y.
Similar to Theorem the following theorem guarantees that with high probability over the
perturbation the system has a unique solution.

Theorem C.10. With high probability over the perturbation, the coefficient matriz ﬁ@ has smallest
singular value opmin(Hg) > Q(p3(n/k)15). As a corollary, the system has a unique solution.

The proof of this theorem is very similar to the proof of Theorem Here we list the important
steps and highlight the differences.

As before the theorem relies on a structural lemma (Lemma, and a main lemma about the
symmetric off-diagonal projection of a Kronecker product of three identical matrices (Lemma.

Lemma C.11. The coefficient matriz f[g 1s equal to g6§6. The first matriz 116 € R"6*ks pag
columns indexed by triples (i1,12,13) for 1 <iy < iy < i3 <k, and are given by:

A6l (5152,i8)) = Cirsinin Fo(vec(E) © vee(E02)) © vee( ),

where Cj, 4,45 15 a constant depending only on multiplicity of the indices (i1,12,i3). The second
matriz Bg € RE*F3 transforms a k x k x k symmetric tensor Yg into:

Bs(Ye) = Yo(E'0) T, (ST0) T, (ST0)T).
Before stating the main lemma, we update the definition of symmetric off-diagonal subspace.

Definition C.12. Let the columns of matrix P € R73xds form a basis of a subspace P. Index
the rows of P by triples (i1,i2,i3) € [n2] X [n2] x [n2]. The matrix P and the subspace P are
called symmetric off-diagonal if: whenever i1,i9,i3 are not distinct the corresponding row is 0
(“off-diagonal”); and for any permutation m over {1,2,3}, the rows corresponding to (iy,12,13) and
(in(1)» in(2)s Tn(3)) are identical (“symmetric”).

It is easy to verify that since the moments in Mg all have indices corresponding to distinct
variables, the projection Fg is indeed symmetric off-diagonal. The constraints in this definition is
closely related to the decoupling Theorem of Gaussian chaoses.

Similarly, we define the “unique” columns in the 3-way Kronecker product to be the matrix
(E ®pr E ®kr E)uniq € R"%k3 whose columns are labeled by triples (i1,12,43) : 1 < i3 < iy <ig <k,
and (B @pr B @kr B)unia)[: (i1 ,iz.i)] = Elrin] © Blii) © Ejig)-

Lemma C.13. Let E € R™** be o Gaussian random matriz. Let P € R"*ds pe g symmetric
off-diagonal subspace of dimension d3 > Q(n3). For any constant C > 0, if ng > k*+C | with high
probability opmin(PT(E @k E @y E)unig) > Q(n 3/2).

The proofs of Theorem [C.10] are based on the above two lemmas. The proof of Lemma [C.11] is
essentially the same as Lemmal[C.2] The proof of Lemma is very similar to that of Lemma[C.5]
and we highlight the only different case below:
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Proof. (of Lemma |C.13)

As before we try to prove that the columns of P'(E ®g, E ®py E)uniq are incoherent. Recall
we needed the following two claims:

Claim C.14. For any 1 < i1 <19 <13 < k, with high probability ||PT(E[;,Z-1} © By © E[;,i3})||2 >
Q(n3).

Claim C.15. For any 1 <111 <9 <13 < k, with high probability
> ‘<PT(E[;,7;1} © Ejtin) © Blrig)s P (Ep iy © Epig) © E[:,ig])>‘ < o(n3).
1< i< (i i2,i3) (1) 1ii%)

The first claim can still be proved by the projection Lemma except the vector Ef, ;1 ©
B iy © B, 4,1 is now O(nz)-concentrated (the proof is an immediate generalization of Lemma |G.19)

The second claim can be proved using similar ideas, however there is one new case. We again
separate the terms according to the number of 4,5, ¢4 that do not appear in {i1,42,73}.
Case 1: At least one of i}, i, i does not appear in {41,142, i3}. Suppose there are t of i}, i, i that
do not appear in {1, 9, i3}, similar to before we first sample E;,, E;,, E;, and condition on the event
that they all have norm at most 2,/n3. The inner-product then becomes an order ¢ Gaussian chaos

with Frobenius norm ng_t/ 2, By Theorem and Theorem we know with high probability

all these terms are bounded by ng_t/ € for any constant € > 0.

Case 2: All of i},1i,i5 appear in {i1,42,43}. In the previous proof (of Lemma , there was
only one possibility and it reduces to Case 1. However for 6-th moment we have a new case:
i =11 =iy =1 <iy =14 =i3 = j (and the symmetric case i1 = i} = iy < iy = i3 = i}).
For this we will treat T = PP as a 6-th order tensor with Frobenius norm at most ng/ 2 (as a
matrix it has spectral norm 1, and rank at most n3). The tensor is applied to the vectors E. ;) and
E[:,j] as T(E[:,i}, E[:,i}a E[:jj},E[:J], E[:J], E[:’j]). First we sample E[:’i], by Lemma we know with
high probability what remains will be a 3-rd order tensor T(E[:J], Era. 1, Ep g, 1, I) with Frobenius
norm bounded by O(n3"¢). Notice that here it is important that Lemma can handle diagonal
entries, because E|. ; appears on the 1,2, 4-th coordinate (instead of the first three). We the apply
Lemma again on T'(E. 3, B4, I, E[:7i],I,I)(E[:,j],E[:’j],E[:J])ﬂ and conclude that with high
probability the term is bounded by O(n3°72¢) which is still much smaller than n3.

Finally we take the sum over all terms and choose € to be small enough (depending on C), then
when k21C < ny the sum is a lower-order term. O

C.3 Stability Bounds

For the two linear equation systems in , we can write them in canonical form with coeflicient
matrices Hy, Hg and the unknown variable vec(Yy), vec(Ys), corresponding to the ko, ks distinct
elements in symmetric Yy, Ys, namely:

Hyvec(Yy) = My/V/3, Hgvee(Ys) = Mg/V/15.

When M\4, ﬂg, the empirical moment estimations for ]\74, ]\76, are used throughout the algorithm,
both the coefficient matrices Hy, Hg and the constant terms M4, Mg are affected by the noise from

9The notation might be confusing here: T(E}q, B, I, B 5,1, 1) is a 3rd order tensor, and we are applying it to
Er. 5, EL. 5, Ep., ;7 The whole expression is equal to T'(Ep. q, B}, 4, B30, EL.4, B 50, E:,5)-
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empirical estimation. In practice, instead of solving systems of linear equations, we solve the least
square problem:

min  |V3F(UYWUT) = My,  min |VI5FYs(UT,UT,UT) - Mg|%.  (31)

kxk kxkxk
Y4€Rsym Ys ERsy'nL

and the solution to the least square problems are given by: Vec(}a) = I;TIZ\/J\ 4 and Vec(%) = }AIg M G-

Lemma C.16. Given the empirical 4-th and 6-th order moments ]\74 = M4 + Ey, ]\/4\6 = M@* + Eg,

~

and suppose that the absolute value of entries in Eq and Eg are at most 1. Let U be the output
of Step 1 for the span of the covariance matrices, and suppose that HU Ul < 2. Suppose that

81 < min{| My r//ma, | Ms|r//Ti6}, and 6y < mln{l Oy (Hy) /2,01, (Hg)/2}. Then, conditioned
on the high probability event that both oy, (Hy), Ok (Hg) are bounded below, we have:

P 5
IVi-Yillp<o| 6+ —2 ) yai).
Oky (H4)2

~ ~ 52
Uka(H6)2

Proof. We write the proof for }74, the proof for }76 is exactly the same except changing the subscripts.

Recall that the coefficient matrix Hy corresponds to the composition of two linear mappings
FL(UYLU T) on the variable Y;. Since we have showed that Fj is a projection determined by the
Isserlis’ Theorem and independent of the empirical estimation of the moments, we can bound the
perturbation on the coefficient matrices by:

|Hy — Hy|| < |U* U @* || < 2||U ~U||U| + |U - U3 < 36> < || Ha-
Similarly, we have || Hg — He|| < |U @ ~U @ || < 76, < || Hg|l.

Therefore we can analyze the stability of the solution to the least square problems in as
follows:

Ivee(Va) — vee(Va)l| = || BIM, — H{M,|
< O(\HJ |11 My — M| + | ] — H|I17M])
< O(||My — My|| + || H] — H||\/n2)
< O (vaa(oy + B ]]16))

1
<0 (\/774(51 + W52)> >

where the first inequality is by applying Lemma |G.6[ and note that H(ﬁ4 — ﬁ4)” r < O01yng <

HM 4H r, the second inequality is because ||M 4H r < O(y/ng), the third inequality is by applying
the perturbation bound of pseudo-inverse in Theorem [G.7] the fourth inequality is by the assump-
tion that d2 is sufficiently small compared to the smallest singular value of H, thus akQ(PAL;) =
O(01, (H)).

O
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Input: the span of covariance matrices U € R"2** (vectorized with distinct entries), the
unfolded 4-th and 6-th moments Y; € R¥** and Yg € R¥**** in the coordinate system of U.
Output: Parameters G = {(w;, ) : 4 € [k]}.

Compute the SVD of Yy: Y, = VQAQVQT.

Let G = Y(VaA, /2 VoA, /2 Vo, V%)

Find the (unique) first & orthogonal eigenvectors v; and the corresponding eigenvalues \;
of G, denoted by {(vi, \i) : 7 € [k]}

For all i € [k], let vec(S®)) = \UVaAY vy, let w; = (A) 2
Return: G = {(wi,E(i)) 1€ [k}

Algorithm 5: TensorDecomp

D Step 3: Tensor Decomposition

Given the estimations of the unfolded moments Y; and Yg from Step 2, and given the span of
covariance matrices U from Step 1, Step 3 use tensor decomposition to robustly find the parameters
of the mixture of zero-mean Gaussians.

Recall that in the coordinate system with basis U, the covariance matrices (vectorized with
distinct entries) are given by () = U5 for all 4. The unfolded moments in the same coordinate
system are:

k k
Vo= wole? Y= ws?e’.
i=1 1=1

We will apply tensor decomposition algorithm to find the 5#’s. We restate the theorem for or-
thogonal symmetric tensor decomposition in Anandkumar et al. Anandkumar et al.| (2014) below:

Theorem D.1 (Theorem 5.1 in Anandkumar et al.| (2014)). Consider k orthonormal vector
v1,...0, € R"’s and k positive weights A1, ... ;. Define the tensor T = Zle \ivi®3.  Given
T =T + E and assume that |E| < Cymin{\;}/k, then there is an algorithm that finds \;’s and
v;’s in polynomial running time with the following guarantee: with probability at least 1 — e™™, for
some permutation m over [k] and for all i € [k], we have:

loi = Bill < O(IEN/A), [\ = Xl < O(IEN).

In order to reduce our problem to the orthogonal tensor decomposition so that the tensor
power method (Algorithm 1, page 21 in |Anandkumar et al.| (2014)) can be applied, we use the
same “whitening” technique as in |Anandkumar et al| (2014). We first compute the SVD of the
unfolded 4-th moments Y, = VQAQVQT, then use the singular vectors to transform the unfolded 6-th
moments Yy into an orthogonal symmetric tensor %(1727&2_1/2, 1727\2_1/2, 1727\2_1/2).

Next we complete the stability analysis for the two-step procedure, i.e. whitening and orthogonal
tensor decomposition, which was not analyzed in /Anandkumar et al. (2014).

Theorem D.2. Consider k linearly independent vectors ai,...,ar € R™, and k positive weights
wi,...,wg. Define Go = S8 | wia; ® a; € RIS and Gz = Y5 wia; @ a; @ a; € R Let
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Ymin = MIN{0min(G2), 1}, Ymax = Omaz(G2), and let w, = min{w;}. Given ég,ég and assume
that:

~ 725 715
GQ—G2|F§(52§O( mm), Gg G3|F<(53<0<mm>.
(e ), G- Gl :

There exists an algorithm that finds a; and &; in polynomial (in variables (n,k,1/0min(G2))) run-
ning time with the following guarantee: with probability at least 1 — e™™, for some permutation 7
over [k] and for all i € [k] we have:

[@r(i) = ar@) |l < poly([|G3ll, 1/ Omin(G2), 1/wo)d2 + poly(||Gs|l, 1/ omin(G2), 1/wo)ds,
@i — wi|l < poly([|G3l|, 1/0min(G2))d2 + poly(|G3 ||, 1/ Tmin(G2))d3.
Proof. (to Theorem [D.2)

1. Algorithm N o

We first apply the whitening technique in |Anandkumar et al.| (2014): Let Go = VaAoV," be the
singular value decomposition of 62, and note that the matrix ‘/}QKQ_ 12 Whitens G in the sense that
@2(172K2_1/2, 1727\2_1/2) = I,,. Similarly we can whiten @3 with the matrix %K;UQ and obtain the

following symmetric 3-rd order tensor G € ]R’;yﬁﬁx’“.

G = Ga(hh, ' A, 2 i, 2.

Note th at in the exact case with G2 and G5, we have that:

k
G = Z )\ivi®37

i=1
, and the vectors v; = )\ZA_1V2TA;1/2
Amin > 1 and /\Wmj < W, ~1/2 . We can then apply orthogonal tensor decomposition (Algorithm 1 in

Anandkumar et al,| (2014)) to G to robustly obtain estimations of v;’s and A;’s. After obtaining
the estimation v; and \;’s, we can further obtain the estimation of a;’s and w;’s as:

-1/2

where \; = w; a; and they are orthonormal. Also note that

= BAY% 5N, @i = ()2 (32)

2. Stability analysis

The estimation of the vectors and weights are given in . In order to bound the distance
1@; — a;|| and ||@; — w;||, we show the stability of the estimation Vb, A, and 3, A; separately.

First, note that by assumption H@g — Gsl||p < 62, we can apply Lemma and Lemma to
bound the singular values and the singular vectors of Go by:

Vo — Val| < V205 /Ymin, |[Aa — Ag|| < 6.

Define X = ‘/QA_1/2 and define Ay = X — X. By the assumption that d2 < o(vmin), we have
Vo — Va|| < 1 and ||A_1/2 A;1/2|| < ||A_1/2|| < _11/ . Therefore we can apply Lemmato
bound ||Ax|:

=5 —1/2 ~—1/2 —1/2
1Ax] < O(IVa — VallllAg /2] + IValll A5 % — A5 2|1

0.
<0 (Sl + it

< 0(52/7mm )
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-0.5

Moreover, since da < 0(Vmin), we also have ||[Ax| < || X|| = Vi -

Next, we bound the distance ||G G||. Recall that G = G3(X X ,X). Using the fact that
tensor is a multi-linear operator, and by the assumption that ||G3 — G| < 63, we have:
=G~ G| <[Gs(X. X, X) - G3(X, X, X) |
< 1G5(X, X, X) = G3(X, X, X)| + [ G3(X, X, X) - G3(X, X, X))
< 3||Gs(Ax, X, X)|| +3]|Gs(Ax, Ax, X)|| + [|Gs(Ax, Ax, Ax)|| + d3] X|°
< 7||G3\|||X||2\\Axl! +(I1X] -+ Aax)?as

SO(HG:%!&QJF 5)
’ymm

mwn

Note that by the assumption dg < o(k”G ”) 03 < o m?") we have € < o(%). Therefore we can
apply Theorem |D.2 m to conclude that with probability at least 1 —e™™ (over the randomness of the
randomized algorithm itself), the tensor power algorithm runs in time poly(n, k,1/A\nin) and for
some permutation 7 over [k] it returns:

~ 8¢ N ,
Hvﬂ'(i) - Uﬂ'(l)” < \ ) ‘)‘1 - )‘l’ <% VjE€ [k]

min

Finally, since we also have 5e < 1/2 < A\ /2 we can bound the estimation error of @; and @;

as defined in by:

1 8e 1
||CL (1) — aZH < 3(HAXH)‘mar + 05 by T Amaz T 0.5 56)
Ymin min min

< POIY(HG:SH, 1/Umin(G2)v 1/W0)52 + POIY(HG?)H» 1/0min(G2), 1/W0)53a
|@i — wi|l < poly([|Gsll; 1/omin(G2))d2 + poly(|G3|l, 1/0min(G2))d3.

Now we can apply Theorem [D.2] to our case.

Lemma D.3. Given Yy, Ys, U and suppose that ||}A/4 —Y4llr, H% —Ysllp as well as ||ﬁ U| are
bounded by some inverse poly(n, k,1/w,,1/p)d. There exists an algorithm that with high probabzlzty,
returns £ s and &; ’s such that for some permutation m over [k], we have the distance HZ(Z @)
and ||0; — w;|| are bounded by §. Moreover, the running time of the algorithm is upperbounded by

poly(n, k, 1/, 1/p).

Proof. (to Lemma [D.3] N N N

We apply T heorem and pick Ga = Yy, G3 = Y. We only need to verify that |[Ys|| and
1 /amm(1:4) are polynomials of~ the relevant parameters. This is easy to see, since oy (Yy) >
woamm(Z)Q, and the matrix ¥ is a perturbed rectangular matrix which by Lemma has

Omin(X) > Q(py/n2) with high probability.
Finally, given 5" and given the output of Step 2, i.e. U with inverse polynomial accuracy, we
can recover () = U a(’) up to accuracy polynomial in the relevant parameters. O
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Input: Samples z; from the mixture of Gaussians , number of components k.
Output: Set of parameters G = {(w;, ) : i € [k]}.

Estimate My, Mg using the samples.

1 N 1 N
— sk — 0
My = N;:1xl® , M= N;ﬂmz@ .

Let s = 9[y/n|
(Step 1 (a) Algorithm[l))
S1 = FindColumnSpan(My, {1, ..., s}),
Sy = FindColumnSpan(May, {s + 1, ...,2s}).
(Step 1 (b) Algorithm [J)
U; = FindProjectedSigmaSpan(My, {1, ..., s}, S1),
Us = FindProjectedSigmaSpan(My, {s + 1, ..., 2s}, S3).
(Step 1 (c) Algorithm [3)
U = MergeProjections(S1, Uy, S, Us).
(Step 2 Algorithm [4)
(Yy,Ys) = EstimateY, Ys(My, Mg, U).
(Step 3 Algorithm [5))
G = TensorDecomp(Yy, Ys, U)

Return: §G.

Algorithm 6: MainAlgorithm (Zero-mean case)

E Proofs of Theorem 3.5

The results in all previous sections showed the correctness and robustness of each individual step
for the algorithm for zero-mean case, In this section, we summarize those results to prove that the
overall algorithm has polynomial time/sample complexity.

Lemma E.1 (Concentration of empirical moments). Given N samples x1,...,xn drawn i.i.d. from
the n-dimensional mizture of k Gaussians, if N > n" /62, then with high probability, we have that
for all j1,...,76 € [n]:

[Ma)jy s jsga — [Maljy gs.gsga| <05 ‘[Mﬁ]j17j37j3:j47j57j6 — [Mesj1,js,5s.jaris i | < 0

Proof. Let x denote the random vector of this mixture of Gaussians. We first truncate its tail
probabilities to make all the entries ([z]; for j € [n]) in the vector x be in the range [—/n, /n].
Apply union bound, we know that with high probability (at least 1 — O(e™™)), for all indices
Ji,---,J6 € [n], we have ‘[m] g7 je’ < n3. Then we can apply Hoeffding’s inequality to bound
the empirical moments by:

252 N2

Pr|[Bla, o] — Eloy, 23] 2 9] < (5 5577

+0(™)<0(e™).

Proof. (of Theorem [3.5])
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We show that, to achieve e accuracy in the output of Step 3 in the algorithm for the zero-
mean case, the number of samples we need to estimate the moments M, and Mg is bounded by a
polynomial of relevant parameters, namely poly(n, k, 1/w,, 1/€,1/p), and each step of the algorithm
can be done in polynomial time.

We backtrack the input-output relations from Step 3 to Step 2 and to Step 1, and we show
that the estimation error in the empirical moments and the inputs / outputs only polynomially
propagate throughout the steps.

First note that we have shown that every steps fails with negligible probability (O(e_”c) for any
absolute constant C'). Then apply union bound, we have that the entire algorithm works correctly
with high probability.

1.

F

By Lemma in order to achieve e accuracy in the final estimation of the mixing weights
and the covariance matrices, we need to drive the input accuracy of Step 3 (also the output
accuracy of Step 2) to be bounded by some inverse polynomial in (n,1/€,1/p,1/w,), Also
recall that this step has running time poly(n, k,1/p,1/w,).

. Theorem and Theorem guarantee that with smoothed analysis opmin(Hy) and omin (He)

are lower bounded polynomially. Then by Lemma[C.16] in order to have the output accuracy
of Step 2 be bounded by inverse poly(n,1/€,1/p,1/w,), we need to drive the input accuracy
of Step 2 ((7, ]/\/[\4) to be bounded by some other inverse polynomial. Step 2 involves solving
linear systems of dimension n4ko and ngks, thus it running time is polynomial.

. Lemma [B.13| and [B.14] guarantees that with smoothed analysis oj(Qp) is lower bounded

polynomially. Then by Lemma in order to have the output accuracy of Step 1 (c) (U)
be bounded by inverse polynomial, we need to drive the input accuracy (output §l of Step
1 (a) and output U; of Step 1 (b) ) to be bounded by some other inverse polynomial. Step
1 (c¢) involves multiplications and factorization of matrices of polynomial size, and thus the
running time is also polynomial.

. Lemma guarantees that with smoothed analysis ak(éUS) is lower bounded polynomi-

ally. Then by Lemma in order to have the output accuracy of Step 1 (b) (CAfS) be
bounded by inverse polynomial, we need to drive the input accuracy (output §Z of Step 1 (a)
) to be bounded by some other inverse polynomial. Step 1 (b) involves multiplications and
factorization of matrices of polynomial size, and thus the running time is also polynomial.

. Lemma guarantees that with smoothed analysis ok(és) is lower bounded by inverse

~

polynomial. Then by Lemma in order to have the output accuracy of Step 1 (a) (S) be
bounded by inverse polynomial, we need to drive the input accuracy (the moment estimation
]\74) to be bounded by some other inverse polynomial. Step 1 (a) involves multiplications and
factorization of matrices of polynomial size, and thus the running time is also polynomial.

. Finally, by Lemma in order to have the accuracy of moment estimation (]\74,]\/4\6) be

bounded by inverse polynomial, we need the number of samples N polynomial in all the
relevant parameters, including k.

O

General Case

In this section, we present the algorithm for learning mixture of Gaussians with general means.
The algorithm generalizes the insights obtained from the algorithm for the zero-mean case. The
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steps are very similar, and we will highlight the differences.

Input: Samples {z; € R" :i=1,..., N} from the mixture of Gaussians, number of
components k.
Output: Set of parameters G = {(w;, u?, 2@) : i € [K]}.

Estimate M3 My, Mg using the samples

1 & 1 & 1 &

_ 3 _ ol _ 3

M;z = N;l‘z@ , My = N;fﬂz@ , Mo = Nzlf%@
1= 1= 1=

Step 1 (a). (This can be accomplished similar to Algorithm |I| FindColumnSpan)
Let Hi = {1,...,12y/n}, find 8y = span{i, S, +i € [k],j € Ha}.
Let Hy = {12\/n +1,...,24\/n}, find Sy = span{(®, f]fl)ﬂ i€ [k],j € Hal

Step 1 (b) (This can be accomplished similar to Algorithm [4 FindProjectedSigmaSpan)
Find U; = spcm{ProjSlLE(i) 1€ [k]}.

Find Uy = span{ProjSQLf](i) i € [k}

Step 1 (c) (This can be accomplished similar to Algorithm [3 MergeProjections)
Merge U; and Us to get Z = span{u® : i € [k]},
U’ = span{vec(Proj,. %) i € [k]}, and U, = span{Proj,. 2O Proj,. :i € [k]}.

Step 2
Project the samples to the subspace Z+: Proj 12 = {Proj,.z1,...,Proj,izn}.
Apply the algorithm for zero mean case to the projected samples,
let Go = {(w;, Proj ;. ) Proj 1) : i € [k]} = MainAlgorithm (Zero-mean case)(Proj,.x).

Step 3
Let T = [vec(Proj,. S Proj i) i€ [k]]T € R,
and let T for i € [k] denote the columns of T
Let M3y € R™*"* be the matricization of M3 along the first dimension.
Let p() = Mg(l)T(i)/wi for i € [k] and let p = [u® : i € [K]].

Step 4
Let Mj = My+23F  wip®at,
Find the span S = span{vec(XD) + 1) © 1@ : i € [k]}.
(This can be achieved by treating M} as the 4-th moments of a mixture of zero-mean
Gaussians, and apply Step 1 in the algorithm for zero-mean case to find the span of the

covariance matrices, and let S denote the result.)
Let ¥ = [vec(X®) : 4 € [k]] = (ProjsU’ — 1 ® p).

Return: G = {(w;, u®,2®) 14 € [K]}.

Algorithm 7: MainAlgorithm (General Case)
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Step 1. Span finding In this step, we find the following two subspaces:
Z = span{i® :i € [k]}, %, = spcm{PronLf](i)Pronl}.

This is very similar to Step 1 in the algorithm for the zero-mean case, and can be achieved in
three small steps:

1. Step 1 (a). For a subset H of size 124/n, find the span S of the mean vectors and a subset of
columns of the covariance matrices:

S= span{ﬁ(i),f][(i)j] cie k], j e H}

2. Step 1 (b). Find the span of covariance matrices projected to the subspace St

Us = span{Projg. D : i € [k]}.

3. Step 1 (c). Run 1(a) and 1(b) on two disjoint subsets H; and Hz. Merge the two spans U;
and U to get Z and span{Proj—ZvLZ(i) i€ [k]}.

Next, we discuss each small step and compare it with the similar analysis of the algorithm for
the zero-mean case.

Step 1 (a). Find the span S of the means and a subset of the columns of the covariance
matrices Similar to Step 1 (a) for the zero-mean case, in this step we want to find a subspace
S which contains the span of a subset of columns of S0, However, with the mean vector i(")’s
appearing in the moments, the subspace we find also contains the span of all the mean vectors. In
particular, for a subset H € [n] with |H| = y/n, we aim to find the following subspace:

S = span{p", ZEZ’)]] ci €[kl jeH} (33)

Similar to Claim for the zero-mean case, the key observation for finding the subspace is the
structure of the one-dimensional slices of the 4-th order moments for the general case:

Claim F.1. For any indices ji, j2, j3 € [n], the one-dimensional slices of M4 are given by:

Filenssmesn ) = 3 (AOADA0RO 1 Y SUL50 A0S0, 50, 050)
i=1 (J1,42,33),
776{(]’27]'37]'1),}
(43,91,42)

(34)
Note that if we pick the indices ji,j2,j3 € H, all such one-dimensional slice of ]\74 lie in the
subspace S. We again evenly partition the set A into three disjoint subset H() and take j; € H®

for i = 1,2,3. Define the matrix st € R<(H/3)? a5 in whose columns are the one-dimensional
slices of Mjy:

Qs = “[M4(ejlaejzaejsal) tjs € H] 1 jo e HP)) 1 € H(l)] e R (A, (35)

The proof of this step is similar to the Lemmas (for smoothed analysis) and for stability
analysis). The main difference is that in the matrix B defined in the structural Claim there is
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now another block B(®) with k columns that corresponds to the ﬁ(i) directions, which we can again
handle with Lemma

Lemma shows the deterministic conditions for Step 1 (a) to correctly identify the subspace
S from the columns of @5, and uses smoothed analysis to show that the conditions hold with high
probability.

Lemma F.2 (Correctness). Given ]TL of a general mizture of Gaussians , for any subset H € [n]
and_|H| = c2k with the constant cz > 9, let Qg be the matriz defined as in (@35). The columns
of Qs give the desired span S defined in if the matriz Qg achieves the maximal column rank
k + k|H|. With probability (over the p-perturbation) at least 1 — Ce®>™ for some constant C, the
k(1 + [H|)-th singular value of Qg is bounded below by:

T ) (@s) = pev/n.

The proof idea is similar to that of Lemma We construct a basis Pg € R +KHD) for the
subspace S as follows.

ﬁs = {[ﬁ(l) 11 € [k?]], Hi(l)] 11 € [k‘“ ] c H(l)] = ]., 2,3} = [ﬁ, i[:,’H(l)]’i[:,H@)}?i[:,H@)} .
(36)

Note that the dimension of the subspace S is at most k(|H| + 1) < n/3. Then we show by the
Claim about the moment structure that the matrix @5 can be written as a product of ]55 and some
coefficient matrix ES. Then we bound the smallest singular value of the two matrices ]55 and ES
via smoothed analysis separately. The coefficient matrix Bg is slightly different than that in the
zero-mean case, but has similar block-diagonal structure properties.

The detailed proof is provided below.

Proof. (of Proposition ) N
Similar to structural property in Claim for the zero-mean case, we can write the matrix Qg
in a product form:

Qs = Ps (Dg @, Ijy)) (Bs) "

We will bound the smallest singular value for each of the factor, and apply union bound to conclude
the lower bound of o142 (Qs)-

The matrix Py € R E+5IH) js defined in (36). Restricting to the rows corresponding to [n]\H,
we can use Lemma to argue that g1y %)) > epy/n with probability at least 1 — (Ce)%-2",

In order to lower bound O’mm(és), we first analyze the structure of this coefficient matrix. The
matrix Bg has the following block structure:

Bg = {§<0),§(1>,§<2>, §(3>} ‘

The first block B e RIHI/3**k is 4 summation of four matrices EZ«(O) for © = 0,1,2,3, where
B(()O) = fly3) © fye O fya), and B%O) = Yye @ O fyo. With some fixed and known row
perm~utation 7@ and 7@, the other two matrix blocks Eéo) and Eéo) are equal to iﬂ(g)ﬂ(n O gy (2)
and X,2) 1) © fygys), separately.

The block B € RUHI/3)*xkIHI/3 ig block diagonal with the identical block EH(S)’H@) + gy ©

figy(2). Similarly, with the row permutation 72, 73 the other two matrix blocks E(Q), B® are
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equal to the block diagonal matrices with the identical block (EH(3)7H(1) + [y © fiym) and

(EH@),H(U + flgy2) © ﬁHu)) respectively.
Note that we can write the block B(©) as:

BO =(fiyya © figgar + Sy 1) © gy + (7)o © figgy + Sy ) © Flggea
+ (77(3))_1(/]%(2) © fya) + ZH(Q)J_L(U) O fgg3) — 2Hg3) © flgg) © Py,

where it is easy to see the first summand (fi43) © figy2) + EH@)’H(Q)) ® g1y is a linear combination
of the columns of the block diagonal matrix E(l), and similarly the second and third summands
are linear combinations of the columns of B?) and E(?’), and the last summand is simply —2§(()0).
Therefore for some absolute constant C' (the smallest singular value corresponding to the linear

transformation) we have that:

Tmin(Bs) > C%m([ég‘)),B(D,B(?),B(?ﬁb

Note that E(()O) = flyy(3) O flgy2) © figy1y only depends on the randomness over the mean vectors.
Note that the Khatri-Rao product is a submatrix of the Kronecker product, therefore for tall

matrices Q1 and @2, we have that gyin(Q1 © Q2) < Omin(Q1 Qkr Q2) = Tmin(Q1)Tmin(@2). In

particular, we can bound the smallest singular value of E(()O) with high probability (at least 1—Ce%5")
as follows:

~(0 _ N N
ok(BS) > 0(figy ) onTigge )on(izgeny) > (pen/n).
Then condition on the value of the means, we further exploit the randomness over the covariance
matrices to lower bound oy (Projg(ou[é(l), B®), §(3)]). It is almost the same as the argument
0

of the proof for Proposition For example, compared to we have the following inequality
instead:

ok (Proj([l?w),é@),E“‘)]{j}m(z)m(a))lproj@mm ®) g (2) O+ (@ 30 + Flga) © Mm)) 2 oy,

and note that any block in BO ig independent of the randomness of covariance matrices, and we
have (|H|/3)* — k — 2k|#|/3 > 2k. Similar modifications apply to the inequalities in (20)),(21).

Finally by the argument of Lemma we can bound o,,;,(Bs) with probability at least
1 — Ce% (over the randomness of both the perturbed means and covariance matrices):

Umin(éS) > min{(ﬂﬂ/ﬁ)?)? epVn} = epy/n,

as we assume p to be small perturbation and pe/n < 1.
O

Step 1 (b). Find the projected span of covariance matrices Given the subspace S =
span{ﬁ(i),E[(f)H} : i € [k]} obtained from Step 1 (a), Step 1(b) finds the span of the covariance
matrices with the columns projected to S+, namely:

Us = span{Projg. X : i e [k]}.

This is in parallel with Step 1 (b) for the zero-mean case, and we rely on the structure of the two-
dimensional slices of M4 to find the span of the projected covariance matrices. Similar to Claim
for the zero-mean case, the following claim shows how the structure of the two-dimensional slices
is related to the desired span.
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Claim F.3. For a mizture of general Gaussians, the two-dimensional slices of M4 are given by:

k
Mi(ejy, e, 1,1) = 3 5 ((E50, + i @) HED + 7@ @)

=1

1) EOS) T+ S0 EOT) + ) @O ST+ S0, @)
2O (3@ T L0 (5@ T o

S )T+ S CG)T), i € )

Note that given the set of indices H we chose in Step 1 (a) and the subspace S, if we pick the
indices j1,j2 € H, project the two-dimensional slice to S+, all the rank one terms in the sum are
eliminated and the projected slice lies in the desired span Usg:

Projg: Ma(ej,, ej,. 1, 1) sz §a 15 () Projgu B9, i1, jo € .
Applying the same argument as in Lemma [B.7] for the zero-mean case, we can show that with
high probability over the perturbation, all the projected slices span the subspace Usg.

Step 1 (c). Merge the two projections of covariance matrices Pick two disjoint index set
‘H1 and Hs and repeat the previous two steps 1 (a) and 1 (b), we can obtain the two spans U; and
U,, corresponding to the subspace of the covariance matrices projected to &1 and So, respectively.

In this step, we apply similar techniques as in Step 1 (c) for the zero-mean case to merge the
two spans Uy and Us: we first use the overlapping part of the two projections Projq L and Projg i
to align the basis of U; and Us, then merge the two spans using the same basis.

Note that for the general case, by definition the span of the mean vectors Z lie in both subspaces
Sy and Sy, therefore we have Si- C Z+ and Si C Z+. We can show that StuS) = 7+ by lower
bounding o, ([Proj S%,Proj S%_]) with high probability, similar to that in (28)). This gives us the

span of the mean vectors Z.

Moreover, in the general case, from merging U; and U we are only able to find the span of
covariance matrices projected to the subspace 7t In particular, we can follow Lemma and
Lemma in Step 1 (c) for the zero-mean case to show that for the general case, we can merge
Uy and U; to obtain the span span{Projz, y@ e [k]. By further projecting the span to Z+ from
the right side, we can also obtain %, = span{Prongi(i)PronL i € [k}

Step 2. Find the covariance matrices in the subspace orthogonal to the means Given
the subspace Z and &, = spcm{PronL§~](’A)P1roj2l : i € [k]} obtained from Step 1, Step 2 applies
the zero-mean case algorithm to find the covariance matrices projected to the subspace ZL, ie.,
Proj—Zvli(i)PronL’s, as well as find the mixing weights w;’s

This follows the same arguments as in Step 2 and Step 3 for the zero mean case. Consider
projecting all the samples to 21, the subspace orthogonal to all the means. In this subspace,
the samples are like from a mixture of zero-mean Gaussians with the projected covariance matri-
ces, and the 4-th and 6-th order moment are given by My(Projz,,Projz,,Projz,,Projz,) and
Mj (Projz.,Projz,,Projz,,Projz., Prosz,Projzl) Since Z is of dimension k, the dimension of
the zero-mean Gaussian in the projected space is at least n — k = O(n).

Note that the subspace Z+ only depends on the randomness of the means, and random per-
turbation on the covariance matrices is independent of that of fi. The smoothed analysis for the
moment unfolding in Step 2 and tensor decomposition in Step 3 for the zero-mean case, which only
depend on the randomness of the covariance matrices, still go through in the projected space.
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Step 3. Find the means This step finds the mean vectors based on the outputs of the previous
steps. The key observation for this step is about the structure of the 3-rd order moments in the
following claim:

Claim F.4. Let the matrix Mg(l) € R be the matricization of Mg along the first dimension.
The j-th row of Mg(l) s given by:

(M) = | [Elajzs o] : 1 € n]) - gz € [n)]

k
~(s T
= Zwl <M vee(XW) + ,LL( ),u(z) o + EE )] o+ 5% e E[(l)]]) (37)

The following lemma shows how to extract the means i(9’s from Mg(l) using the information of

the covariance matrices projected to the subspace orthogonal to the means, i.e. 3,, and the mixing
weights w;’s.

()

Lemma F.5. Given the mizing weights w;’s and the projected covariances ¥,"’s, define the matrix

T € RV*F 10 be the pseudo-inverse on‘,

~ - 1T
T = [vee(20) 1 i € [K]

The mean ﬁ(i) of the i-th component can be obtained by:
~(i 1~ -
M( ) = EM3(1)T[;,7;]-

This step correctly finds the means if the ¥, is full rank with good condition number, and this holds
with high probability over the perturbation.

Proof. (of Lemma )

The basic idea is that since f]o lies in the span of P = Projz, @k Projz., and the last three
summands in the parenthesis in all lie in span{l, ®, Projz, Projz @ I} = spcm{ﬁL}.
Therefore hitting the matrix M3(1) with 2, from the right will eliminate those summands and pull

out only the mean vectors. B B B B
Recall that the columns of the matrix X, are vec(Projz, Z(i)PronL) = Pvec(X®)’s, and the

9

columns of ¥ are Vec(E( ))’s. B N N
Note that 7 = (PX)IT = PEIT, and the columns of T lie in span{P}. Also note that for all

i,j € [k] the vectors i © p®, ifz)ﬂ ® @ and §® @ ifz)ﬂ all lie in the subspace span{l, ®g,
Projz, Projz @ I} = span{lgL}. Therefore these terms will be eliminated if we multiply
the columns of T’ to the right of ]\73(1). For the first term ﬁy)vec(i(i)), since Vec(i(j))Tf[:’i] =
(ﬁvec(i(j)))—rfﬂ[:?i] = 1}—j). Therefore, we have Mg(l)ﬁzﬂ‘] = o,

_ The smoothed analysis for the correctness of this step is easy. We only need to show that both
¥, and X robustly have full column rank with high probability over perturbation of the covariance
matrices, and thus the pseudo-inverse T is well defined. This follows from Lemma

Finally, the stability analysis for this step is also straightforward using the perturbation bound
for pseudo-inverse in Theorem O
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Step 4. Find the unprojected covariance matrices Note that by definition Z = span{ﬁ(i) :
i € [k]}, the projected covariance Projz, (i(i)) we obtained in Step 2 is also equal to Projz, (fl(i) +
MY (ﬁ(i))T). In Step 4 we try to recover the missing part of the covariance matrices in the subspace
Z. Note that since we have also obtained the means in Step 3, it is equivalent to finding (i(i) +
D (T for all . We will show that if we can find the span{(S® + @ (G T) : i € [k]}, the
projected vector Projz. (@ + 72O (7)T) can be used as anchor to pin down the unprojected
vector.

They key observation for finding the span of span{(S® + O ENT) : i e [k]} is to first
construct a 4-th order tensor Mi which corresponds to the 4-th moment of a mixture of zero-mean
Gaussians with covariance matrices (S + @ (7)) T), and then follow Step 1 in the algorithm for
zero-mean case to find the span of the covariance matrices for this new mixture of Gaussians.

The next lemma shows how to construct such 4-th order tensor:

Lemma F.6. Given the 4-th moment M4 for a mizture of Gaussians with parameters {w;, mes i(i)},
define the 4-th order tensor M) to be:

k
My =M +2) @i,
i=1

then ]f\z’l is equal to the 4-th moment of a mizture Gaussians with parameters {&;, 0, SO +1® ()T},

The proof follows directly from Isserlis” Theorem. Therefore we can repeat Step 1 in the zero-
mean case here to find the span of the space {vec(XD) + 1D © z® : i € [k]}. Since we also know
the projection of $(9’s in a large subspace (in the subspace Projz, ®g, Projz, obtained from Step

2), we can easily recover O

Rdxk

Lemma F.7. For any matriz U € and any subspace P, given PTU and the span S of columns

of U, the matrix U can be computed as
U=SP's)(P'U).
Further, this procedure is stable if Umm(PTS) is lower bounded.

Proof. This is a special case of the Step 1 (c¢) where we merge two projections of an unknown
subspace.

The span S is equal to UV for some unknown matrix V. We can compute V = (PTU )TPTS ,
and hence U = SV~! = S(PTS)(PTU). The stability analysis is similar (and simpler than)
Lemma [B171 O

We will apply this lemma to where the subspace P is Projz, ®, Proj;, . Since the perturbation
of the means and the covariance matrices are independent, we can lower bound the smallest singular
value of PTS.

F.1 Proof Sketch of the Main Theorem [3.4]

The proof follows the same strategy as Theorem |3.5 First we apply the union bound to all the
smoothed analysis lemmas, this will ensure the matrices we are inverting all have good condition
number, and the whole algorithm is robust to noise.

Then in order to get the desired accuracy ¢, we need to guarantee inverse polynomial accuracy in
different steps (through the stability lemmas). The flow of the algorithm is illustrated in Figure
In the end all the requirements becomes a inverse polynomial accuracy requirement on ]\74 and ]\76,
which we obtain by Lemma
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7 ¥ Z = span{p : i € [k]}
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Figure 5: Flow of the algorithm for the general case
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G Matrix Perturbation, Concentration Bounds and Auxiliary Lem-
mas

In this section we collect known results on matrix perturbation and concentration bounds. In
general, matrix perturbation bounds are the key for the perturbation lemmas, and concentration
bounds are crucial for the smoothed analysis lemmas. We also prove some corollaries of known
results that are very useful in our settings.

G.1 Matrix Perturbation Bounds

Given a matrix A = A + E where F is a small perturbation, how does the singular values and
singular vectors of A change? This is a well-studied problem and many results can be found in
Stewart and Sun Stewart| (1977). Here we review some results used in this paper, and prove some
corollaries.

Given A = A + E, the perturbation in individual singular values can be bounded by Weyl’s
theorem:

Theorem G.1 (Weyl’s theorem). Given A = A+E, we know o(A)— | E|| < ox(A) < op(A)+]| E||.
We can also bound the £2 norm change in singular values by Mirsky’s Theorem.

Lemma G.2 (Mirsky’s theorem). Given matrices A, E € R™*™ with m > n, then

n

Y (0i(A+ E) = 0i(A))? < ||E|| -
i=1

For singular vectors, the perturbation is bounded by Wedin’s Theorem:

Lemma G.3 (Wedin’s theorem; Theorem 4.1, p.260 in Stewart and Sun| (1990))). Given matrices
A, E € R™*™ with m > n. Let A have the singular value decomposition

1 O
A=[U,Us,Us] | 0 %o | [V4,Va]'.
0 0

Let A= A+ E, with analogous singular value decomposition. Let ® be the matrix of canonical
angles between the column span of Uy and that of Uy, and © be the matriz of canonical angles
between the column span of V1 and that of V1. Suppose that there exists a § such that

min [[X1]i; — [Xo]j i) >0, and  min|[X];;] > 6,
2¥) 1,0
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then
HEH2
62

We do not go into the definition of canonical angles here. The only way we will be using this
lemma is by combining it with the following:

Lemma G.4 (Theorem 4.5, p.92 in Stewart and Sun| (1990)). Let @ be the matriz of canomnical
angles between the column span of U and that of U, then

Isin(@)]* + || sin(©)[|* < 27—~

| Proje; — Projy || = || sin @
As a corollary, we have:
Lemma G.5. Given matrices A, E € R™*™ with m > n. Suppose that the A has rank k and the

smallest singular value is given by or(A). Let S and S be the subspaces spanned by the first k
eigenvectors of A and A = A+ E, respectively. Then we have:

V2||E|F

S — 5| < || Projs — Projc|| = || Projs, — Proje. || <
[ | < ||Projg — Projs|| = || Projg. — Projs.|| < o (A)

Moreover, if | E|r < 0x(A)/v2 we have ||S — S| < ‘O{gl('f)”
Proof. We first prove the first inequality:
IProjg — Projs|| = [[28(S = 8)T + (S = $)(S = &) > 2/ S]IS = S| = |15 = S| > SIS = §|| = IS - S]I-

The equality is because Projgi = I — Projg so the two differences are the same. The final step
follows from Wedin’s Theorem and Lemma O

Often we need to bound the perturbation of a product of perturbed matrices, where we apply
the following lemma:

Lemma G.6. Consider a product of matrices Ay - Ak, and consider any sub-multiplicative norm
on matriz | - ||. Given Ay, ..., Ay and assume that | A; — A;|| < ||Asl|, then we have:

~ A — A
e A= Ay Ay <24 1H||A||Z“ o,

The proof of this lemma is straightforward by 1nduct10n.

Perturbation bound for pseudo-inverse When we have a lowerbound on o, (4), it is easy
to get bounds for the perturbation of pseudoinverse.

Theorem G.7 (Theorem 3.4 in|Stewart| (1977))). Consider the perturbation of a matriz A € R™*":
B = A+ E. Assume that rank(A) = rank(B) = n, then

IBT — AT|| < V2|l AT|[|| BT || £
As a corollary, we often use:

Lemma G.8. Consider the perturbation of a matric A € R™*": B = A+ E where |E| <
Omin(A)/2. Assume that rank(A) = rank(B) = n, then

HBT - ATH < 2\/§HE”/0mm(A)2

Proof. We first apply Theorem and then bound ||AT| and ||Bf||. By definition we know
|AT]| = 1/0min(A). By Weyl’s theorem yin(B) > omin(A) — |E|| > 0min(A)/2, hence ||Bf|| =
Omin(B) ™! < 20min(A) 7L O
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G.2 Lowerbounding the Smallest Singular Value

Gershgorin’s Disk Theorem is very useful in bounding the singular values.

Theorem G.9 (Gershgorin’s theorem). Given a symmetric matriz X € R¥** q lower bound on
the smallest eigenvalue is given by:

Umm(X)Elnel%ﬁ Xii — Z Xij
JEk]j#i

Sometimes, it is easier to consider the projection of a matrix. Lowerbounding the smallest
singular value of a projection will imply the same lowerbound on the original matrix:
Lemma G.10. Suppose A € R™*" et P € R™*? be a subspace, then op(PTA) < o(A).

Proof. Observe that (PTA)T(PTA) = AT(PPT)A < AT A (because P is a subspace). Therefore
the eigenvalues of (PTA)T(PT A) must be dominated by the eigenvalues of AT A. Then the lemma
follows from the definition of singular values. O

As a corollary we have the following lemma:

Lemma G.11. Let A € R™*" and suppose that m > n. For any projection Projg, we have that
the singular values are non-increasing after the projection:

oi(Projg(A)) < oi(A), fori=1,... n.
In several places of this work we want to bound the singular value of a matrix, where part of
the matrix has a block structure.

Lemma G.12. For given matrices B € R™ gnd C) e R™ " for i = 1,...,d. Suppose
md > (n +n'd), Define the tall matriz A € R™mdx(ntdn’) .

B o) 0 .. 0

B® o0 c® ... O |
A= - [B, dmg(C(’))] .

Bd o 0 ... 0@

The smallest singular value is bounded by:
O(n+dn’)(A) > min{o,(B), an/(Proj(B(i))lC(i)) ci=1,...,d}.

Proof. The idea is to break the matrix into two parts A = ProjgA + Projz. A.Since these two
spaces are orthogonal we know o, 44n/)(A) > min{o,(ProjgA), 04n (ProjgL A)}.

For the first part, clearly o, (ProjgA) > 0,(B), as B is a submatrix of ProjzA.

For the second part, we actually do the projection to a smaller subspace: for each block we
project to the orthogonal subspace of B(®). Under this projection, the block structure is preserved.
The dn'-th singular value must be at least the minimum of the n’-th singular value of the blocks.
In summary we have:

O(n+any(A) = min{o,(B), g4n(Projp.: diag(C?))}

) Udn’(Projdiag((B(’i))L)diag(c(i)))}

, O (diag(Proj ey C))}

> min{on(B), Un’(Pl"OJ(B(i>)¢C(i)) vi=1,...,d}.
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Smallest singular value of random matrices In our analysis, we often also want to bound
the smallest singular value of a matrix whose entries are Gaussian random variables. Our analysis
mostly builds on the following results in random matrix theory.

For a random rectangular matrix, |Rudelson and Vershynin| (2009)) gives the following nice result:

Lemma G.13 (Theorem 1.1 in Rudelson and Vershynin| (2009)). Let A € R™*"™ and suppose that
m > n. Assume that the entries of A are independent standard Gaussian variable, then for every
€ > 0, with probability at least 1 — (Ce)™ "1 4 e~ where C,C" are two absolute constants, we
have:

on(A) > e(v/m —Vn —1).
We will mostly use an immediate corollary of the above lemma with slightly simpler form:

Corollary G.14. Let A € R™*™ and suppose that m > 2n. Assume that the entries of A are
independent standard Gaussian variable, then for every € > 0, and for some absolute constant C,
with probability at least 1 — (Ce)*>™, we have:

on(A) > ey/m.
This lemma can also be applied to a projection of a Gaussian matrix:

Lemma G.15. Given a Gaussian random matrizc E € R™ " for some set J € [m] define E; =
(Bl 7 € J) and Eje = [Ej;) : j € [m]/TJ]. Define matriz S € R™" whose columns are
orthonormal. Suppose that the matrixz S is an arbitrary function of Ej and is independent of Eje.
Assume that

m—|J|—r>2n (38)

Then for any € > 0, we have that with probability at least 1 — (06)0.5(m—\J\—r)’ for some absolute
constant C, the smallest singular value of the projected random matrix is bounded by:

on(Projgr E) > ex/m — |J| —r. (39)
Proof. For a matrix A € R™*"_ define the fixed matrix Py € R(m=I7Dxm gych that:
[[Prelijy 3 €T =0, [[Prlig :d € M/T] = Im—i g x(m-17D)»
which only keeps the coordinates that correspond to [m]/J of any vector in R™. Note that
on(Projgi E) > 0y (Pye(ProjgL E))
> 0n(Proj(p,.sy1 PreProjgi E)
= on(Proj(p,.g)L PreE).
We justify the last equality below. Note that
Projgi £ = E — ProjgFE,
and note that the columns of (PjcProjgFE) lie in the column span of PjeS, therefore,
Proj(p,.gyL PreProjgi B = Proj(p . g Pje E — Proj(p,. g1 (PjeProjg E)
= Projp,.5)L PreE.

Finally, note that PjcS, with column rank no more than r, is independent of P;cFE, which is a
random Gaussian matrix of size (m —|J|) x n, therefore we have that Proj p,.gy1 Pje E is equivalent
to a (m—|J| —r) x n random Gaussian matrix. Since (38) is satisfied, we can apply Lemma [G.13]
and conclude with high probability. O
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However, in the smoothed analysis setting, the matrix we are interested in are often not random
Gaussian matrices. Instead they are fixed matrices perturbed by Gaussian variables. We call these
“perturbed rectangular matrices”, their singular values can be bounded as follows:

Lemma G.16 (Perturbed rectangular matrices). Let A € R™"™ and suppose that m > 3n. If all
the entries of A are independently p-perturbed to yield A, then for any ¢ > 0, with probability at
least 1 — (Ce)%25™ for some absolute constant C, the smallest singular value of A is bounded below

by:
On (AV) > ep\/E'

Proof. The idea is to use the previous lemma and project to the orthogonal subspace of A. We
have that A = A + E, where E € R™*" is a random Gaussian matrix.

on(A) > 0, (Proj 4L A) = 0, (Proj 4L E).
Since m — n > 2n, we can apply Lemma to conclude that for any € > 0,
Un(ProinE) > GP\/Ey

with probability at least 1 — (Ce)%5(m=") <1 — (Ce)025m, O

G.3 Projection of random vectors

In Step 2, we need to bound the norm of a random vector of the form v ® v after a projection,
where v and v are two Gaussian vectors. In order to show this, we apply the result in [Vu and
Wang (2013) which provides a concentration bound of projection of well-behaved (K-concentrated)
random vectors.

First we cite the definition of “K-concentrated” below:

Definition G.17. A random vector X = (&1,89,...,&n) is K-concentrated (where K may depend
on n) if there are constants C,C’ > 0 such that for any convez, 1-Lipschitz function f : C" — R
and for any t > 0, we have:

2
Pr|F(X) — med(F(X))| > ] < Cexp (-c';@) ,

where med(-) denotes the median of a random variable (choose an arbitrary one if there are many).

Lemma G.18 (Concentration for Random Projections (Lemma 1.2 in [Vu and Wang (2013))). Let
v be a K-concentrated random vector in C™. The entries of v has expected norm 1. Then there
are constants C,C’" > 0 such that the following holds. Let Projg be a projection to a d-dimensional
subspace in C".

(

In order to apply this lemma in our setting, we need to prove the vectors that we are interested
in is K-concentrated:

t2
)

UTPTOjSU —d| > 2tvVd + t2> < Cexp(—C'

Lemma G.19. Conditioned on the high probability event that ||Ep. |, [ E}. ;|| < 2y/n2, the vector
[[ELi © Epj)ls,s : 5 < 8] is 2y/nz)-concentrated.
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Proof. For any 1-Lipschitz function F' on [[E};) ® E| jls,s @ s < §'], we can define a function
G(Elq, Ep.j) = F([[E; © Epjls,s s < 8]) (if i = j then the function G only takes E; as
the variable). Under the assumption that || E}. ;| | Ep. ;1] < 24/n2, this new function G is 2,/n-
Lipschitz.

Now we extend G to G* when the input ||E. ||, [ £}, ]| > 2/n2. Define the truncation function
trunc(v) = v for |jv]| < 2\/ng, and trunc(v) = 2y/nav/||v|| for ||v|| > 2,/nz. Define the extended
function G*(E, il Ey. ;1)) = G(trunc(E}, 5 ), trunc(Ey. ;))), which is still 2,/n2-Lipschitz since the trun-
cation function is 1-Lipschitz.

Note that for the two Gaussian random vectors E. ;), EJ. jj ~ N (0,1), we can apply Gaussian
concentration bound in Theorem on G*, which implies

P(|G* (B}, B j) — med(G* (B}, Ep j7))| > t] < Cexp(—C't? /4ny).

Since the probability of the event ||E. ||, || £} ;|| > 2y/n2 is very small (~ exp(—(n2))), we have

6 = [med(G (B, E. ;1)) —med(G*(E. 3, E}. j))| in the order of O(y/n2). Therefore, for t ~ Q(,/n2),

we have

PG (B4, B ) — med(G(Ey i), B )| = t] < P|G™(E, B j) — med(G(ELq), By, )| >t — 4]
< Cexp(—C't?/4ny).

Finally,
HG(E[ 2]7 ) med(G(E[:,i]7E[:,j]))’ >t HE[,Z} 571 | < 2\/@
PIIG"(EL,ij, Bp.j) — med(G(EL,q, By )| > 1]
Pl Er, z]” > 2y/ny or || By || = 2y/ns]
<Cexp(—C't? /4ny).
Therefore the random vector [[E}. ; © E. jils.s : s < 8] is 2,/na-concentrated. O

Theorem G.20 (Gaussian concentration bound). Let f : R™ — R be a function which is Lipschitz
with constant 1. Consider a random vector X ~ N (0, I,). For any s > 0 we have

P (|£(X) - E[f(X)]| > s) < 2%,

for all s > 0 and some absolute constant C' > 0.

G.4 Gaussian Chaoses

In Step 2, we want to show that the inner product of two random vectors of the form < Proj(u ®
v),Proj(u ® v) > is small, where u,u’ and v,v" are Gaussian vectors. In order to show this, we
treat the inner product as a (homogeneous) Gaussian chaos, which is defined to be a homogeneous
polynomial over Gaussian random Variableﬂ Our analysis builds on the results of many works
studying the concentration bound of Gaussian chaoses.

For decoupled Gaussian chaoses, we mostly use the following theorem, which is a simple corollary
of Lemma

10Ty fact, the squared norm of projected random vectors considered previously is a special case of Gaussian chaos,
and we treat it separately.
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Theorem G.21. Suppose a = (ai,, . iy)1<ir,. iz<n @5 a d-indexed array, and |la||Fp denotes its

Frobenius norm. Let (Xi(J))lgiSn,j:I,...,d be independent copies of X ~ N(0,I,). For any fized
e > 0, with probability at least 1 — Cexp (—C’nQE/d),

n

S i X XD < allpnt.

11
i1yeig=1

Lemma G.22 (Gaussian chaoses concentration (Corollary 1 in |[Latala et al.| (2006))). Suppose a =

(@iy,...ig)1<ir,...iq<n @5 a d-indezxed array. Consider a decoupled Gaussian chaos G = Zil i
— — tARAS ]

where Xi(k) are independent copies of the standard normal random variable for all i € [n], k € [d].

1 " 2/k
P(|G| > t) < Cyexp | ——= min min —_— ,
Cq 1<k<d (h,...Loeskd) \llallz,...z,

where Cy € (0,00) depends only on d, and S(k,d) denotes a set of all partitions of {1,...,d} into
k nonempty disjoint sets Iy, ..., I, and the norm || - ||1,,...1, is given by:

1 k 1 k
lally et = sup S D7 @i gy, -2y 2 D (@) <L, Y (@) <1

U1seld i iz,

Proof. (of Theorem |G.21|) Apply the inequality:
lally,..ay < llalln,..n < llallg = llallp, V(... 1) € S(k,d).

For a fixed order d and for any € > 0, apply Lemma and set t = nc|lal|p. We have that
P (|G| > t) < Cexp (—C'n?/9), for some constant C, C’. O

For coupled Gaussian chaoses, namely when X (4)g are identical copies of the same X, we first
cite the following decoupling theorem in de la Pena and Montgomery-Smith| (1995).

Theorem G.23. (Decoupling) Let (a;, ... i, )1<iy,....iq<n be @ symmetric d-indexed array such that
iy,..i; = 0 whenever there exists k # | such that i, = 1;. Let X1, ..., X,, be independent random
variables and (Xi(J))lgign for j =1,dots,d, be independent copies of the sequence (X;)i<i<n, then
for allt >0,

n n
_ 1 d
L;'Pr Z ail,...,idXi(l) o 'Xi(d) > Lgt| <Pr Z Qiy,..igXiy " Xig| = Lat
i yrig=1 i yig=1
n
1 d _
<LaPr|| Y ai,a X X0 > Lt
i1 ig=1

where Ly € (0,00) depends only on d.

Essentially this theorem shows for a symmetric tensor with no “diagonal” terms, i.e., a;;,... i, = 0
whenever there exists k # [ such that i = 4;), there is only a constant factor difference between
the coupled and decoupled Gaussian chaos distribution.

In most of our applications, we do have symmetric tensors with no “diagonal” terms. However
there is one case where we do have diagonal terms, for which we need the following lemma.
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Lemma G.24. Let (a;, iyi5)1<ir,....is<n be a symmetric 3-indexed array and let ||a||F denote its
Frobenius norm. Let X ~ N(0, 1), then for any € > 0, with probability at least 1—Cnexp(—C'n?/3),

n
Z iy i i3 Xiy Xin Xis < 4f|a| pn05te.

11,82,i3=1

Proof. The sum of the “diagonal” terms is equal to 3 Zi# aii; X2X;+1/23,a;::X}. Since X; are
independent standard Gaussian random variables, with probability at least 1 — Cnexp(—C’ n2e/ 3)
(union bound), | X;| < n¢/3 for all i € [n]. Conditioned on this high probability event, the absolute
value of the sum is bounded by:

n
3) aii i XX+ % D aii i X7 <3 Jai il X5 X7
i#j i ij=1
< 3[[(@iij)1<i,j<nllin’
< 3v/n|(aiij)1<ij<nl Fn©
< 3lal| pn’>te.

By Theorem we know that with probability at least 1 — Cexp (—C” n2e/ 3), the absolute

value of the sum of the “non-diagonal” terms is bounded by ||a||Fn¢. Therefore we can conclude
the proof by applying the union bound. ]
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