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Abstract

We study Poisson Multinomial Distributions — a fundamental family of discrete distributions
that generalize the binomial and multinomial distributions, and are commonly encountered in
computer science. Formally, an (n, k)-Poisson Multinomial Distribution (PMD) is a random
variable of the form X = Z?:l X;, where the X;’s are independent random vectors supported
on the set {e1,es,...,ex} of standard basis vectors in R*. In this paper, we obtain a refined
structural understanding of PMDs by analyzing their Fourier transform. As our core structural
result, we prove that the Fourier transform of PMDs is approzimately sparse, i.e., roughly
speaking, its Li-norm is small outside a small set. By building on this result, we obtain the
following applications:

Learning Theory. We design the first computationally efficient learning algorithm for
PMDs with respect to the total variation distance. Our algorithm learns an arbitrary (n,k)-
PMD within variation distance € using a near-optimal sample size of Oy (1/€2), and runs in time
Ox(1/€2) - log n. Previously, no algorithm with a poly(1/€) runtime was known, even for k = 3.

Game Theory. We give the first efficient polynomial-time approximation scheme (EPTAS)
for computing Nash equilibria in anonymous games. For normalized anonymous games with n
players and k strategies, our algorithm computes a well-supported e-Nash equilibrium in time
nO®) . (k/e)O*’ log(k/e)/loglog(k/))* ™" ' The best previous algorithm for this problem [DPOS,
DP14] had running time n( (/9" where f(k)= Q(kkg), for any k£ > 2.

Statistics. We prove a multivariate central limit theorem (CLT) that relates an arbitrary
PMD to a discretized multivariate Gaussian with the same mean and covariance, in total vari-
ation distance. Our new CLT strengthens the CLT of Valiant and Valiant [VVIQ, VVII] by
completely removing the dependence on n in the error bound.

Along the way we prove several new structural results of independent interest about PMDs.
These include: (i) a robust moment-matching lemma, roughly stating that two PMDs that
approximately agree on their low-degree parameter moments are close in variation distance;
(ii) near-optimal size proper e-covers for PMDs in total variation distance (constructive upper
bound and nearly-matching lower bound). In addition to Fourier analysis, we employ a number
of analytic tools, including the saddlepoint method from complex analysis, that may find other
applications.

*Supported by a Marie Curie Career Integration Grant and EPSRC grant EP/L021749/1.
fSome of this work was done while visiting the University of Edinburgh.
Supported by EPSRC grant EP/L021749/1.



1 Introduction

1.1 Background and Motivation The Poisson Multinomial Distribution (PMD) is the discrete
probability distribution of a sum of mutually independent categorical random variables over the
same sample space. A categorical random variable (k-CRV) describes the result of a random event
that takes on one of k > 2 possible outcomes. Formally, an (n,k)-PMD is any random variable
of the form X = )" | X;, where the X;’s are independent random vectors supported on the set
{e1,ea,...,e,} of standard basis vectors in R”.

PMDs comprise a broad class of discrete distributions of fundamental importance in computer
science, probability, and statistics. A large body of work in the probability and statistics literature
has been devoted to the study of the behavior of PMDs under various structural conditions [Bar88|,
Loh92, BHJ92, Ben03), Ro099l [Rool0]. PMDs generalize the familiar binomial and multinomial
distributions, and describe many distributions commonly encountered in computer science (see,
e.g., [DP07, [DP0O8|, Val08, [VV11]). The k = 2 case corresponds to the Poisson binomial distribution
(PBD), introduced by Poisson [P0i37] as a non-trivial generalization of the binomial distribution.

Recent years have witnessed a flurry of research activity on PMDs and related distributions,
from several perspectives of theoretical computer science, including learning [DDS12, [DDO™13,
DKS15a, [DKTI5, [DKS15b], property testing [Val08, [VVIO0, VV1I], computational game the-
ory [DP07, [DP0S, BCIT08, DP9, [DP14, [GT14], and derandomization [GMRZIT, BDS12, Del5,
GEKM15]. More specifically, the following questions have been of interest to the TCS community:

1. Is there a statistically and computationally efficient algorithm for learning PMDs from inde-
pendent samples in total variation distance?

2. How fast can we compute approximate Nash equilibria in anonymous games with many players
and a small number of strategies per player?

3. How well can a PMD be approximated, in total variation distance, by a discretized Gaussian
with the same mean and covariance matrix?

The first question is a fundamental problem in unsupervised learning that has received consider-
able recent attention in TCS [DDS12, DDO™ 13|, [DKS15al, DKTT5, [DKS15D]. The aforementioned
works have studied the learnability of PMDs, and related distribution families, in particular PBDs
(i.e., (n,2)-PMDs) and sums of independent integer random variables. Prior to this work, no
computationally efficient learning algorithm for PMDs was known, even for the case of k = 3.

The second question concerns an important class of succinct games previously studied in the
economics literature [Mil96l Blo99 Blo05], whose (exact) Nash equilibrium computation was re-
cently shown to be intractable [CDO15]. The formal connection between computing Nash equilibria
in these games and PMDs was established in a sequence of papers by Daskalakis and Papadim-
itriou [DPO7, IDPOK, [DP09., [DP14], who leveraged it to gave the first PTAS for the problem. Prior
to this work, no efficient PTAS was known, even for anonymous games with 3 strategies per player.

The third question refers to the design of Central Limit Theorems (CLTs) for PMDs with
respect to the total variation distance. Despite substantial amount of work in probability theory,
the first strong CLT of this form appears to have been shown by Valiant and Valiant [VV10, [ VV11],
motivated by applications in distribution property testing. [VVI0, VV1I] leveraged their CLT to
obtain tight lower bounds for several fundamental problems in property testing. We remark that
the error bound of the [VV10] CLT has a logarithmic dependence on the size n of the PMD (number
of summands), and it was conjectured in [VVI10] that this dependence is unnecessary.



1.2 Owur Results The main technical contribution of this work is the use of Fourier analytic
techniques to obtain a refined understanding of the structure of PMDs. As our core structural
result, we prove that the Fourier transform of PMDs is approxzimately sparse, i.e., roughly speaking,
its Li-norm is small outside a small set. By building on this property, we are able to obtain various
new structural results about PMDs, and make progress on the three questions stated in the previous
subsection. In this subsection, we describe our algorithmic and structural contributions in detail.

We start by stating our algorithmic results in learning and computational game theory, followed
by an informal description of our structural results and the connections between them.

Distribution Learning. As our main learning result, we obtain the first statistically and com-
putationally efficient learning algorithm for PMDs with respect to the total variation distance. In
particular, we show:

Theorem 1.1 (Efficiently Learning PMDs). For alln,k € Z and € > 0, there is an algorithm for
learning (n, k)-PMDs with the following performance guarantee: Let P be an unknown (n, k)-PMD.
The algorithm uses m = O (k* long(k/e)/GQ) samples from P, runs in tim (KS* loggk(k/e)/e2) .
logn, and with probability at least 9/10 outputs an e-sampler for P.

We remark that our learning algorithm outputs a succinct description of its hypothesis H, via
its Discrete Fourier Transform (DFT), ﬁ, which is supported on a small size set. We show that
the DFT gives both an efficient e-sampler and an efficient e-evaluation oracle for P.

Our algorithm learns an unknown (n, k)-PMD within variation distance €, with sample complex-
ity Og(1/€2), and computational complexity Oy (1/€2)-log n. The sample complexity of our algorithm
is near-optimal for any fixed k, as Q(k/e?) samples are necessary, even for n = 1. We note that
recent work by Daskalakis et al. [DKT15] established a similar sample upper bound, however their
algorithm is not computationally efficient. More specifically, it runs in time (1/ e)Q(kM log"*1(1/ ),
which is quasi-polynomial in 1/¢, even for k = 2. For the k = 2 case, in recent work [DKS15a] the
authors of this paper gave an algorithm with sample complexity and runtime 5(1 /€2). Prior to this
work, no algorithm with a poly(1/¢) sample size and runtime was known, even for k = 3.

Our learning algorithm and its analysis are described in Section

Computational Game Theory. As our second algorithmic contribution, we give the first effi-
cient polynomial-time approximation scheme (EPTAS) for computing Nash equilibria in anonymous
games with many players and a small number of strategies. In anonymous games, all players have
the same set of strategies, and the payoff of a player depends on the strategy played by the player
and the number of other players who play each of the strategies. In particular, we show:

Theorem 1.2 (EPTAS for Nash in Anonymous Games). There is an EPTAS for the mized Nash
equilibrium problem for normalized anonymous games with a constant number of strategies. More
precisely, there exists an algorithm with the following performance guarantee: for all € > 0, and

any mnormalized anonymous game G of n players and k strategies, the algorithm runs in time
(kn)P®*) (1 /)0 log(k/€)/loglog(k/)* ™ " ynd outputs a (well-supported) e-Nash equilibrium of G.

2
The previous PTAS for this problem [DP08, [DP14] has running time nO@* (f(k)/e)(jk), where
flk) < 23k=1pk*+1p)  Our algorithm decouples the dependence on n and 1/e, and, importantly,
its running time dependence on 1/e¢ is quasi-polynomial. For k = 2, an algorithm with runtime

'"We work in the standard “word RAM” model in which basic arithmetic operations on O(logn)-bit integers are
assumed to take constant time.



poly(n)(l/e)o(logQ(l/e)) was given in [DP09], which was sharpened to poly(n)(1/e)?(1°8(1/9) in the
recent work of the authors [DKS15a]. Hence, we obtain, for any value of k, the same qualitative
runtime dependence on 1/e as in the case k = 2.

Similarly to [DP08, [DP14], our algorithm proceeds by constructing a proper e-cover, in total
variation distance, for the space of PMDs. A proper e-cover for M, i, the set of all (n, k)-PMDs,
is a subset C' of M,, ;. such that any distribution in M, ;, is within total variation distance € from
some distribution in C. Our main technical contribution is the efficient construction of a proper
e-cover of near-minimum size (see Theorem [I.4). We note that, as follows from Theorem the
quasi-polynomial dependence on 1/e and the doubly exponential dependence on k in the runtime
are unavoidable for any cover-based algorithm. Our cover upper and lower bounds and our Nash
approximation algorithm are given in Section

Statistics. Using our Fourier-based machinery, we prove a strong “size-free” CLT relating the
total variation distance between a PMD and an appropriately discretized Gaussian with the same
mean and covariance matrix. In particular, we show:

Theorem 1.3. Let X be an (n, k)-PMD with covariance matriz Y. Suppose that ¥ has no eigenvec-
tors other than 1 = (1,1,...,1) with eigenvalue less than o. Then, there exists a discrete Gaussian
G so that

drv(X,G) < poly(k)/poly(o).

As mentioned above, Valiant and Valiant [VV10, VV11] proved a CLT of this form and used
it as their main technical tool to obtain tight information-theoretic lower bounds for fundamental
statistical estimation tasks. This and related CLTs have since been used in proving lower bounds
for other problems (see, e.g., [CST14]). The error bound in the CLT of [VV10, [VV11] is of the form
poly(k)/poly(c) - (14logn)?/3, i.e., it has a dependence on the size n of the underlying PMD. Our
Theorem provides a qualitative improvement over the aforementioned bound, by establishing
that no dependence on n is necessary. We note that [VV10] conjectured that such a qualitative
improvement may be possible.

We remark that our techniques for proving Theorem are orthogonal to those of [VVI0,
VV11]. While Valiant and Valiant use Stein’s method, we prove our strengthened CLT using the
Fourier techniques that underly this paper. We view Fourier analysis as the right technical tool
to analyze sums of independent random variables. An additional ingredient that we require is the
saddlepoint method from complex analysis. We hope that our new CLT will be of broader use as
an analytic tool to the TCS community. Our CLT is proved in Section [5}

Structure of PMDs. We now provide a brief intuitive overview of our new structural results
for PMDs, the relation between them, and their connection to our algorithmic results mentioned
above. The unifying theme of our work is a refined analysis of the structure of PMDs, based on
their Fourier transform. The Fourier transform is one of the most natural technical tools to consider
for analyzing sums of independent random variables, and indeed one of the classical proofs of the
(asymptotic) central limit theorem is based on Fourier methods. The basis of our results, both
algorithmic and structural, is the following statement:

Informal Lemma (Sparsity of the Fourier Transform of PMDs.) For any (n,k)-PMD P, and any
€ > 0 there exists a “small” set T = T(P,¢€), such that the Li-norm of its Fourier transform, P,
outside the set T is at most .

We will need two different versions of the above statement for our applications, and therefore we
do not provide a formal statement at this stage. The precise meaning of the term “small” depends



on the setting: For the continuous Fourier transform, we essentially prove that the product of the
volume of the effective support of the Fourier transform times the number of points in the effective
support of our distribution is small. In particular, the set T is a scaled version of ‘the dual ellipsoid
to the ellipsoid defined by the covariance matrix of P. Hence, roughly speaking, P has an effective
support that is the dual of the effective support of P. (See Lemma in Section (4| for the precise
statement. )

In the case of the Discrete Fourier Transform (DFT), we show that there exists a discrete set
with small cardinality, such that Li-norm of the DFT outside this set is small. At a high-level,
to prove this statement, we need the appropriate definition of the (multidimensional) DFT, which
turns out to be non-trivial, and is crucial for the computational efficiency of our learning algorithm.
More specifically, we chose the period of the DFT to reflect the shape of the effective support of
our PMD. (See Proposition in Section [3| for the statement.)

With Fourier sparsity as our starting point, we obtain new structural results of independent
interest for PMDs. The first is a “robust” moment-matching lemma, which we now informally
state:

Informal Lemma (Parameter Moment Closeness Implies Closeness in Distribution.) For any pair
of (n,k)-PMDs P,Q, if the “low-degree” parameter moment profiles of P and Q are close, then
P, Q are close in total variation distance.

See Definition for the definition of parameter moments of a PMD. The formal statement
of the aforementioned lemma appears as Lemma in Section Our robust moment-matching
lemma is the basis for our proper cover algorithm and our EPTAS for Nash equilibria in anonymous
games. Our constructive cover upper bound is the following:

Theorem 1.4 (Optimal Covers for PMDs). For all n,k € Zy, k > 2, and € > 0, there exists an
e-cover My, e € My, i, under the total variation distance, of the set M,, . of (n,k)-PMDs of size
|IMp kel < nO#*) . (1/¢)Oklog(k/)/loglog(k/)* ™" | Iy qddition, there exists an algorithm to construct
the set My, i, e that runs in time nO®*) . (1/€)O(k3 log(k/€)/ log log(k/€))* ™"

A sparse proper cover quantifies the “size” of the space of PMDs and provides useful structural
information that can be exploited in a variety of applications. In addition to Nash equilibria
in anonymous games, our efficient proper cover construction provides a smaller search space for
approximately solving essentially any optimization problem over PMDs. As another corollary of our
cover construction, we obtain the first EPTAS for computing threat points in anonymous games.

Perhaps surprisingly, we also prove that our above upper bound is essentially tight:

Theorem 1.5 (Cover Lower Bound for PMDs). For any k > 2, € > 0 sufficiently small as a
function of k, and n = Q. (log(1/€)/loglog(1/€))*~1, any e-cover for My, has size at least n¥*) .
(1/€)(log(1/€)/loglog(1/€)* 1

We remark that, in previous work [DKS15a], the authors proved a tight cover size bound of

- (1/€)®k108(1/9) for (n, k)-SIIRVS, i.e., sums of n independent scalar random variables each
supported on [k]. While a cover size lower bound for (n, k)-SIIRVs directly implies the same lower
bound for (n, k)-PMDs, the opposite is not true. Indeed, Theorems and show that covers
for (n, k)-PMDs are inherently larger, requiring a doubly exponential dependence on k.

1.3 Owur Approach and Techniques At a high-level, the Fourier techniques of this paper can
be viewed as a highly non-trivial generalization of the techniques in our recent paper [DKSI5al
on sums of independent scalar random variables. We would like to emphasize that a number of



new conceptual and technical ideas are required to overcome the various obstacles arising in the
multi-dimensional setting.

We start with an intuitive explanation of two key ideas that form the basis of our approach.

Sparsity of the Fourier Transform of PMDs. Since the Fourier Transform (FT) of a PMD is
the product of the FT's of its component CRVs, its magnitude is the product of terms each bounded
from above by 1. Note that each term in the product is strictly less than 1 except in a small region,
unless the component CRV is trivial (i.e., essentially deterministic). Roughly speaking, to establish
the sparsity of the FT of PMDs, we proceed as follows: We bound from above the magnitude of
the FT by the FT of a Gaussian with the same covariance matrix as our PMD. (See, for example,
Lemma) This gives us tail bounds for the FT of the PMD in terms of the FT of this Gaussian,
and when combined with the concentration of the PMD itself, yields the desired property.

Approximation of the logarithm of the Fourier Transform. A key ingredient in our proofs
is the approximation of the logarithm of the Fourier Transform (log FT) of PMDs by low-degree
polynomials. Observe that the log FT is a sum of terms, which is convenient for the analysis. We
focus on approximating the log F'T by a low-degree Taylor polynomial within the effective support
of the FT. (Note that outside the effective support the log FT can be infinity.) Morally speaking,
the log FT is smooth, i.e., it is approximated by the first several terms of its Taylor series. Formally
however, this statement is in general not true and requires various technical conditions, depending
on the setting. One important point to note is that the sparsity of the FT controls the domain
in which this approximation will need to hold, and thus help us bound the Taylor error. We will
need to ensure that the sizes of the Taylor coefficients are not too large given the location of the
effective support, which turns out to be a non-trivial technical hurdle. To ensure this, we need to
be very careful about how we perform this Taylor expansion. In particular, the correct choice of
the point that we Taylor expand around will be critical for our applications. We elaborate on these
difficulties in the relevant technical sections. Finally, we remark that the degree of polynomial
approximation we will require depends on the setting: In our cover upper bounds, we will require
(nearly) logarithmic degree, while for our CLT degree-2 approximation suffices.

We are now ready to give an overview of the ideas in the proofs of each of our results.

Efficient Learning Algorithm. The high-level structure of our learning algorithm relies on the
sparsity of the Fourier transform, and is similar to the algorithm in our previous work [DKS15a] for
learning sums of independent integer random variables. More specifically, our learning algorithm
estimates the effective support of the DFT, and then computes the empirical DFT in this effective
support. This high-level description would perhaps suffice, if we were only interested in bounding
the sample complexity. In order to obtain a computationally efficient algorithm, it is crucial to use
the appropriate definition of the DFT and its inverse.

In more detail, our algorithm works as follows: It starts by drawing poly (k) samples to estimate
the mean vector and covariance matrix of our PMD to good accuracy. Using these estimates, we
can bound the effective support of our distribution in an appropriate ellipsoid. In particular, we
show that our PMD lies (whp) in a fundamental domain of an appropriate integer lattice L = MZF,
where M € ZF** is an integer matrix whose columns are appropriate functions of the eigenvalues
and eigenvectors of the (sample) covariance matrix. This property allows us to learn our unknown
PMD X by learning the random variable X (mod L). To do this, we learn its Discrete Fourier
transform. Let L* be the dual lattice to L (i.e., the set of points £ so that £ -z € Z for all



T € L). Importantly, we define the DFT, 13, of our PMD X ~ P on the dual lattice L*, that is,
P : L*/7ZF — C with P(¢) = E[e(¢ - X)]. A useful property of this definition is the following: the
probability that X (mod L) attains a given value x is given by the inverse DFT, defined on the
lattice L, namely Pr[X (mod L) = z] = W > cerzx P(Ee(=€ - 2).

The main structural property needed for the analysis of our algorithm is that there exists an
explicit set T with integer coordinates and cardinality (klog(1/€))?®) that contains all but O(e)
of the L1 mass of P. Given this property, our algorithm draws an additional set of samples of size
(klog(1/€))°®) /€2 from the PMD, and computes the empirical DET (modulo L) on its effective
support 7. Using these ingredients, we are able to show that the inverse of the empirical DFT
defines a pseudo-distribution that is e-close to our unknown PMD in total variation distance.

Observe that the support of the inverse DFT can be large, namely Q(n*~1). Our algorithm does
not explicitly evaluate the inverse DFT at all these points, but outputs a succinct description of
its hypothesis H, via its DF'T H. We emphasize that this succinct description suffices to efficiently
obtain both an approximate evaluation oracle and an approximate sampler for our target PMD
P. Indeed, it is clear that computing the inverse DFT at a single point can be done in time
O(IT|) = (klog(1/€))°™®), and gives an approximate oracle for the probability mass function of P.
By using additional algorithmic ingredients, we show how to use an oracle for the DFT, H, as a
black-box to obtain a computationally efficient approximate sampler for P.

Our learning algorithm and its analysis are given in Section

Constructive Proper Cover and Anonymous Games. The correctness of our learning algo-
rithm easily implies (see Section an algorithm to construct a non-proper e-cover for PMDs of
size nO**). (l/e)log(l/e))o(k). While this upper bound is close to being best possible (see Section,
it does not suffice for our algorithmic applications in anonymous games. For these applications,
it is crucial to obtain an efficient algorithm that constructs a proper e-cover, and in fact one that
works in a certain stylized way.

To construct a proper cover, we rely on the sparsity of the continuous Fourier Transform of
PMDs. Namely, we show that for any PMD P, with effective support S C [n]*, there exists an
appropriately defined set 7' C [0, 1]¥ such that the contribution of T to the L;-norm of |13| is at
most €/|S|. By using this property, we show that any two PMDs, with approximately the same
variance in each direction, that have continuous Fourier transforms close to each other in the set T,
are close in total variation distance. We build on this lemma to prove our robust moment-matching
result. Roughly speaking, we show that two PMDs, with approximately the same variance in each
direction, that are “close” to each other in their low-degree parameter moments are also close in
total variation distance. We emphasize that the meaning of the term “close” here is quite subtle: we
need to appropriately partition the component CRVs into groups, and approximate the parameter
moments of the PMDs formed by each group within a different degree and different accuracy for
each degree. (See Lemma in Section [4.1])

Our algorithm to construct a proper cover, and our EPTAS for Nash equilibria in anonymous
games proceed by a careful dynamic programming approach, that is based on our aforementioned
robust moment-matching result.

Finally, we note that combining our moment-matching lemma with a recent result in algebraic
geometry gives us the following structural result of independent interest: Every PMD is e-close to
another PMD that is a sum of at most O(k + log(1/e))* distinct k-CRVs.

The aforementioned algorithmic and structural results are given in Section



Cover Size Lower Bound. As mentioned above, a crucial ingredient of our cover upper bound
is a robust moment-matching lemma, which translates closeness between the low-degree parameter
moments of two PMDs to closeness between their Fourier Transforms, and in turn to closeness in
total variation distance. To prove our cover lower bound, we follow the opposite direction. We
construct an explicit set of PMDs with the property that any pair of distinct PMDs in our set
have a non-trivial difference in (at least) one of their low-degree parameter moments. We then
show that difference in one of the parameter moments implies that there exists a point where the
probability generating functions have a non-trivial difference. Notably, our proof for this step is
non-constructive making essential use of Cauchy’s integral formula. Finally, we can easily translate
a pointwise difference between the probability generating functions to a non-trivial total variation
distance error. We present our cover lower bound construction in Section

Central Limit Theorem for PMDs. The basic idea of the proof of our CLT will be to compare
the Fourier transform of our PMD X to that of the discrete Gaussian G with the same mean
and covariance. By taking the inverse Fourier transform, we will be able to conclude that these
distributions are pointwise close. A careful analysis using a Taylor approximation and the fact that
both X and G have small effective support, gives us a total variation distance error independent of
the size n. Alas, this approach results in an error dependence that is exponential in k. To obtain
an error bound that scales polynomially with &k, we require stronger bounds between X and G at
points away from the mean. Intuitively, we need to take advantage of cancellation in the inverse
Fourier transform integrals. To achieve this, we will use the saddlepoint method from complex
analysis. The full proof of our CLT is given in Section

1.4 Related and Prior Work There is extensive literature on distribution learning and com-
putation of approximate Nash equilibria in various classes of games. We have already mentioned
the most relevant references in the introduction.

Daskalakis et al. [DKT15] studied the structure and learnability of PMDs. They obtained a
non-proper e-cover of size nk?® . 0 (k** log(1/ E)HQ), and an information-theoretic upper bound on the
learning sample complexity of O(k°*log(1/¢)*+2/¢?). The dependence on 1/e in their cover size is
also quasi-polynomial, but is suboptimal as follows from our upper and lower bounds. Importantly,
the [DKT15] construction yields a mon-proper cover. As previously mentioned, a proper cover
construction is necessary for our algorithmic applications. We note that the learning algorithm
of [DKT15] relies on enumeration over a cover, hence runs in time quasi-polynomial in 1/¢, even for
k = 2. The techniques of [DKT15] are orthogonal to ours. Their cover upper bound is obtained by a
clever black-box application of the CLT of [VV10], combined with a non-robust moment-matching
lemma that they deduce from a result of Roos [Roo02]. We remind the reader that our Fourier
techniques strengthen both these technical tools: Theorem strengthens the CLT of [VV10], and
we prove a robust and quantitatively essentially optimal moment-matching lemma.

In recent work [DKSI5al, the authors used Fourier analytic techniques to study the structure
and learnability of sums of independent integer random variables (SIIRVs). The techniques of this
paper can be viewed as a (highly nontrivial) generalization of those in [DKSI5al. We also note
that the upper bounds we obtain in this paper for learning and covering PMDs do not subsume the
ones in [DKST5al. In fact, our cover upper and lower bounds in this work show that optimal covers
for PMDs are inherently larger than optimal covers for SIIRVs. Moreover, the sample complexity
of our SIIRV learning algorithm [DKS15a] is significantly better than that of our PMD learning
algorithm in this paper.



1.5 Organization In Section [3] we describe and analyze our learning algorithm for PMDs.
Section {] contains our proper cover upper bound construction, our cover size lower bound, and
the related approximation algorithm for Nash equilibria in anonymous games. Finally, Section
contains the proof of our CLT.

2 Preliminaries

In this section, we record the necessary definitions and terminology that will be used throughout
the technical sections of this paper.

Notation. For n € Z,, we will denote [n] def {1,...,n}. For a vector v € R", and p > 1, we will

denote [|v]|, def oo, |vi|p)1/p. We will use the boldface notation 0 to denote the zero vector or

matrix in the appropriate dimension.

Poisson Multinomial Distributions. We start by defining our basic object of study:

Definition 2.1 ((n,k)-PMD). For k € Z,, let e;, j € [k], be the standard unit vector along di-
mension j in R¥. A k-Categorical Random Variable (k-CRV) is a vector random variable supported
on the set {e1,e9,...,ex}. A k-Poisson Multinomial Distribution of order n, or (n, k)-PMD, is any
vector random variable of the form X = )" | X; where the X;’s are independent k-CRVs. We will
denote by M,, ;, the set of all (n, k)-PMDs.

We will require the following notion of a parameter moment for a PMD:

Definition 2.2 (m!"-parameter moment of a PMD). Let X = > | X; be an (n, k)-PMD such that
for 1 <i<nand1<j<k wedenote p; ; = Pr[X; = e;]. For m = (mq,...,my) € Zﬁ, we define

the m'"-parameter moment of X to be M,,(X) def oy H§:1 pzljj. We will refer to |m|; = Z§=1 m;
as the degree of the parameter moment M, (X).

(Pseudo-)Distributions and Total Variation Distance. A function P: A — R, over a finite
set A, is called a distribution if P(a) > 0 for all a € A, and ) ., P(a) = 1. The function P is
called a pseudo-distribution if ) ., P(a) = 1. For S C A, we sometimes write P(S5) to denote
> wes P(a). A distribution P supported on a finite domain A can be viewed as the probability
mass function of a random variable X, i.e., P(a) = Prx.p[X = qa].

The total variation distance between two pseudo-distributions P and Q supported on a finite
domain A is drv (P, Q) = maxsca [P(S) — Q(S)| = (1/2)- [P—Ql1 = (1/2): X pe 4 [P(a) — Q(a)].
If X and Y are two random variables ranging over a finite set, their total variation distance
dry(X,Y) is defined as the total variation distance between their distributions. For convenience,
we will often blur the distinction between a random variable and its distribution.

Covers. Let (X,d) be a metric space. Given € > 0, a subset ) C X is said to be a proper e-cover
of X with respect to the metric d : X? — R, if for every x € X there exists some y € ) such that
d(x,y) < e. (If ) is not necessarily a subset of X', then we obtain a non-proper e-cover.) There may
exist many e-covers of X', but one is typically interested in one with the minimum cardinality. The
e-covering number of (X, d) is the minimum cardinality of any e-cover of X'. Intuitively, the covering
number of a metric space captures the “size” of the space. In this work, we will be interested on
efficiently constructing sparse covers for PMDs under the total variation distance metric.



Distribution Learning. We now define the notion of distribution learning we use in this pa-
per. Note that an explicit description of a discrete distribution via its probability mass function
scales linearly with the support size. Since we are interested in the computational complexity of
distribution learning, our algorithms will need to use a succinct description of their output hypoth-
esis. A simple succinct representation of a discrete distribution is via an evaluation oracle for the
probability mass function:

Definition 2.3 (Evaluation Oracle). Let P be a distribution over [n]¥. An evaluation oracle for P
is a polynomial size circuit C' with m = O(klogn) input bits z € [n]¥ such that for each z € [n]*,
the output of the circuit C'(z) equals the binary representation of the probability P(z). For e > 0,
an e-evaluation oracle for P is an evaluation oracle for some pseudo-distribution P’ which has
dry (P, P) <e.

One of the most general ways to succinctly specify a distribution is to give the code of an efficient
algorithm that takes “pure” randomness and transforms it into a sample from the distribution. This
is the standard notion of a sampler:

Definition 2.4 (Sampler). Let P be a distribution over [n]*. An e-sampler for P is a circuit C
with m = O(klogn + log(1/¢)) input bits z and m’ = O(klogn) output bits y which is such that
when z ~ U, then y ~ P’ for some distribution P’ which has dpy (P',P) < e.

We can now give a formal definition of distribution learning:

Definition 2.5 (Distribution Learning). Let D be a family of distributions. A randomized algo-
rithm AP is a distribution learning algorithm for class D, if for any € > 0, and any P € D, on
input € and sample access to P, with probability 9/10, algorithm AP outputs an e-sampler (or an
e-evaluation oracle) for P.

Remark 2.6. We emphasize that our learning algorithm in Section [3 outputs both an e-sampler
and an e-evaluation oracle for the target distribution.

Anonymous Games and Nash Equilibria. An anonymous game is a triple (n, k, {ué}ié[n],fe[k})
where [n], n > 2, is the set of players, [k], k > 2, a common set of strategies available to all players,
and u@ the payoff function of player ¢ when she plays strategy ¢. This function maps the set of
partitions TT¥ | = {(z1,...,23) | z¢ € Z4 for all £ € [k] A 25:1 x¢ = n — 1} to the interval [0, 1].
That is, it is assumed that the payoff of each player depends on her own strategy and only the
number of other players choosing each of the k strategies.

We denote by Ak | the convex hull of the set IT* e, AF = {(z1,...,2k) | T >

n—1»
0forall ¢ € [k] A Zlgzl xy = n — 1}. A mized strategy is an element of AF &f Ak A mived

strategy profile is a mapping & from [n] to A*. We denote by §; the mixed strategy of player i
in the profile § and J§_; the collection of all mixed strategies but ¢’s in §. For ¢ > 0, a mixed
strategy profile ¢ is a (well-supported) e-Nash equilibrium iff for all ¢ € [n] and ¢, ¢ € [k] we have:
Epns [uf(2)] > Egos ,[uly(z)] + € = 6;(¢') = 0. Note that given a mixed strategy profile , we
can compute a player’s expected payoff in time poly(n*) by straightforward dynamic programming.

Note that the mixed strategy d; of player i € [n] defines the k-CRV X, i.e., a random vector
supported in the set {ei,...,er}, such that Pr[X; = e;] = 6;(¢), for all £. Hence, if (X1,...,X,)
is a mixed strategy profile, the expected payoff of player i € [n] for using pure strategy ¢ € [k] is

D [“Ze (Zj;«éi,je[n] Xj)] :



Multidimensional Fourier Transform. Throughout this paper, we will make essential use of
the (continuous and the discrete) multidimensional Fourier transform. For z € R, we will denote

e(x) def exp(—2miz). The (continuous) Fourier Transform (FT) of a function F : ZF — C is the
function F : [0,1]* — C defined as F(&) = > zezr €(§ - x)F(x). For the case that F is a probability
mass function, we can equivalently write F (&) =Epop[e(€-x)].

For computational purposes, we will also need the Discrete Fourier Transform (DFT) and its
inverse, whose definition is somewhat more subtle. Let M € Z*** be an integer k x k matrix. We

consider the integer lattice L = L(M) = MZF def {peZF|p= Mq,qc ZF}, and its dual lattice

L*=L*(M) ¥ {¢ eRF | ¢ .2 € Z for all z € L}. Note that L* = (M7T)~1ZF, and that L* is not
necessarily integral. The quotient Z*/L is the set of equivalence classes of points in Z* such that
two points x,y € Z* are in the same equivalence class iff z — y € L. Similarly, the quotient L*/Z*
is the set of equivalence classes of points in L* such that any two points z,y € L* are in the same
equivalence class iff x — y € Z*.

The Discrete Fourier Transform (DFT) modulo M, M € ZF** of a function F : Z*¥ — C
is the function Fyy : L*/ZF — C defined as Fy(€) = Y wezk €(& - @) F(x). (We will remove the
subscript M when it is clear from the context.) Similarly, for the case that F' is a probability
mass function, we can equivalently write F(£) = Eyup [e(¢ - 2)]. The inverse DFT of a function
G:L*)ZF - Cis the function G : A — C defined on a fundamental domain A of L(M) as
follows: G(z) = ‘det 1 deL*/Zk G(z)e(—¢ - z). Note that these operations are inverse of each

other, namely for any function F': A — C, the inverse DFT of F is identified with F.

Let X = > " | X; be an (n,k)-PMD such that for 1 < ¢ < n and 1 < j < k we denote
pij = Pr[X; = e;], where 25:1 pi;j = 1. To avoid clutter in the notation, we will sometimes use
the symbol X to denote the corresponding probability mass function. With this convention, we

can write that )A((f) = H?zl Z(f) = H?:l Z§:1 e(fj)pz’,j-

Basics from Linear Algebra. We remind the reader a few basic definitions from linear al-

gebra that we will repeatedly use throughout this paper. The Frobenius norm of A € R™*" is

IAllF o \/ i Az%j' The spectral norm (or induced La-norm) of A € R™*" is defined as ||A]|2 &

MaXy(|z)o=1 [|[AZ]l2 = v/ Amax(ATA). We note that for any A € R™*", it holds [|All2 < [|A[lF. A
symmetric matrix A € R™*" is called positive semidefinite (PSD), denoted by A = 0, if 27 Az >0
for all x € R™, or equivalently all the eigenvalues of A are nonnegative. Similarly, a symmetric
matrix A € R™¥" is called positive definite (PD), denoted by A = 0, if 27 Az > 0 for all z € R",
x # 0, or equivalently all the eigenvalues of A are strictly positive. For two symmetric matrices
A, B € R™" we write A = B to denote that the difference A— B is PSD, i.e., A— B > 0. Similarly,
we write A > B to denote that the difference A — B is PD, i.e., A— B > 0.

3 Efficiently Learning PMDs

In this section, we describe and analyze our sample near-optimal and computationally efficient
learning algorithm for PMDs. This section is organized as follows: In Section we give our
main algorithm which, given samples from a PMD P, efficiently computes a succinct description
of a hypothesis pseudo-distribution H such that dry(H,P) < €¢/3. As previously explained, the
succinct descriptlon of H is via its DFT ﬁ which is supported on a discrete set T of cardinality
IT| = (klog(1/€))°%). Note that H provides an e-evaluation oracle for P with running time O(|T')).
In Sectlon we show how to use H in a black-box manner, to efficiently obtain an e-sampler
for P, i.e., sample from a distribution Q such that dty(Q,P) < e. Finally, in Section we show
how a nearly—tight cover upper bound can easily be deduced from our learning algorithm.
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3.1 Main Learning Algorithm In this subsection, we give an algorithm Efficient-Learn-PMD
establishing the following theorem:

Theorem 3.1. For alln,k € Z, and € > 0, the algorithm Efficient-Learn-PMD has the following
performance guarantee: Let P be an unknown (n,k)-PMD. The algorithm uses O (k** long(k/e)/eQ)
samples from P, runs in time O (kS log®* (k/€)/€? + k*loglog n), and outputs the DFT H of a
pseudo-distribution H that, with probability at least 9/10, satisfies dpy (H,P) < ¢/3.

Our learning algorithm is described in the following pseudo-code:

Algorithm Efficient-Learn-PMD

Input: sample access to an (n, k)-PMD X ~ P and € > 0.

Output: A set T C (R/Z)* of cardinality |T| < O(k*log(k/€))*, and the DFT H: T — C of a
pseudo-distribution H such that dty (H,P) < ¢/3.

Let C > 0 be a sufficiently large universal constant.

1. Draw mg = O(k*) samples from X, and let /i be the sample mean and S the sample
covariance matrix.

2. Compute an approximate spectral decomposition of i, i.e., an orthonormal eigenbasis v;
with corresponding eigenvalues \;, i € [k].

3. Let M € Z*** be the matrix whose " column is the closest integer point to the vector

C <\/k: n(k/e)A; + k2 1n2(k;/6)> v

4. Define T C (R/Z)* to be the set of points £ = (&1,...,&) of the form & = (MT)~1 . v+ZF,
for some v € ZF with |v||2 < C%k%1In(k/e).

5. Draw m = O (k:4k log%(k/e)/GQ) samples s;, ¢ € [m], from X, and output the empirical
DFTH:T — C,ie, H() =137 e(¢-si).

~m
Z\* The DFT H is a succinct descm’ptiolz of the pseudo-distribution H, the inverse DF'T of
H, defined by: H(x) = \dTl(]\/[M >cer H(§e(—E - z), for x € ZF 0 (i + M- (—=1/2,1/2]%),
and H(zx) = 0 otherwise. Our algorithm does not output H explicitly, but implicitly via
its DFT.*/

Let X be the unknown target (n, k)-PMD. We will denote by P the probability mass function
of X, i.e., X ~ P. Throughout this analysis, we will denote by p and ¥ the mean vector and
covariance matrix of X.

First, note that the algorithm Efficient-Learn-PMD is easily seen to have the desired sample
and time complexity. Indeed, the algorithm draws mg samples in Step 1 and m samples in Step 5,
for a total sample complexity of O(k** log?*(k/€)/€?). The runtime of the algorithm is dominated
by computing the DFT in Step |5 which takes time O(m|T|) = O(k%* log3*(k/e)/€?). Computing
an approximate eigendecomposition can be done in time O(k*loglogn)(see, e.g., [PC99]). The
remaining part of this section is devoted to proving the correctness of our algorithm.

Remark 3.2. We remark that in Step 4 of our algorithm, the notation ¢ = (M7)~! - v4+ZF refers
to an equivalence class of points. In particular, any pair of distinct vectors v,v’ € Z* satisfying
]2, [[v']]2 < C?k?In(k/€), and (MT)~!-(v—2') € Z* correspond to the same point ¢, and therefore
are not counted twice.
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Overview of Analysis. We begin with a brief overview of the analysis. First, we show (Lemma
that at least 1 — O(e) of the probability mass of X lies in the ellipsoid with center p and co-
variance matrix ¥ = O(klog(k/€))X + O(klog(k/€))2I. Moreover, with high probability over the
samples drawn in Step 1 of the algorithm, the estimates S and 1 will be good approximations of
Y and p (Lemma . By combining these two lemmas, we obtain (Corollary that at least
1 — O(e) of the probability mass of X lies in the ellipsoid with center fi and covariance matrix
> = O(klog(k/€))E + O(klog(k/e))21.

By the above, and by our choice of the matrix M € ZF** we use linear-algebraic arguments to
prove (Lemma that almost all of the probability mass of X lies in the set i + M (—1/2,1/2]*,
a fundamental domain of the lattice L = MZF. This lemma is crucial because it implies that, to
learn our PMD X it suffices to learn the random variable X (mod L). We do this by learning the
Discrete Fourier transform of this distribution. This step can be implemented efficiently due to the
sparsity property of the DFT (Proposition : except for points in 7', the magnitude of the DFT
will be very small. Establishing the desired sparsity property for the DFT is the main technical
contribution of this section.

Given the above, it it fairly easy to complete the analysis of correctness. For every point in T we
can learn the DFT up to absolute error O(1/y/m). Since the cardinality of T' is appropriately small,
this implies that the total error over T' is small. The sparsity property of the DFT (Lemma |3.14))
completes the proof.

Detailed Analysis. We now proceed with the detailed analysis of our algorithm. We start
by showing that PMDs are concentrated with high probability. More specifically, the following
lemma shows that an unknown PMD X, with mean vector p and covariance matrix 3, is effectively
supported in an ellipsoid centered at p, whose principal axes are determined by the eigenvectors
and eigenvalues of ¥ and the desired concentration probability:

Lemma 3.3. Let X be an (n,k)-PMD with mean vector ji and covariance matriz . For any
0 < € < 1, consider the positive-definite matriz ¥ = kn(k/e)S+k? In?(k/€e)I. Then, with probability
at least 1 — €/10 over X, we have that (X — p)T - X271 (X — pu) = O(1).

Proof. Let X = """ | X;, where the X;’s are independent k-CRVs. We can write p = E[X]| =
S | wi, where p; = E[X;]. Note that for any unit vector u € R¥, |lul|2 = 1, we have that the scalar
random variable u - (X — p) is a sum of independent, mean 0, bounded random variables. Indeed,
we have that u - (X —p) = > u- (X; — p;), and that Elu - (X; — ;)] = v - (E[X;] — i) = 0.
Moreover, we can write

Ju- (X = )l < Hlullz - 1X0 = pallz < Xl + llpille < 1+ VE[luilh < 2VE,

where we used the Cauchy-Schwartz inequality twice, the triangle inequality, and the fact that a
k-CRV X; with mean pu; by definition satisfy || X;|2 = 1, and [|u]|1 = 1.
Let v be the variance of w - (X — p). By Bernstein’s inequality, we obtain that for ¢t =

V/2vIn(10k/€) + 2v/k In(10k/¢) it holds

2 €
Prilu- (X — )| > ] < exp (‘%) < (1)

Let 3, the covariance matrix of X, have an orthonormal eigenbasis u; € R¥, |lujl|2 = 1, with

corresponding eigenvalues v;, j € [k]. Since ¥ is positive-semidefinite, we have that v; > 0, for all
Jj € [k]. We consider the random variable u; - (X — p). In addition to being a sum of independent,
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mean 0, bounded random variables, we claim that Varfu; - (X — p)] = v;. First, it is clear that
Var[u; - (X — p)] = E [(u; - (X — p))?] . Moreover, note that for any vector v € R, we have that

E[(v- (X —p))*] =0T - % - v. For v = uj, we thus get E [(uj - (X —p)?] = u;f X uj = vy
Applying for w; - (X — p), with t; = 1/2v;In(10k/e) + 2vkIn(10k/e), yields that for all
Jj € [k] we have

Priluy - (X — )| > 1] < LI I
rfluj - (X —p)| >tj] <exp| ————— —.
/ a i = exp Vj+2\/Etj/3 ~ 10k

By a union bound, it follows that
Pr{vjelk]:|uj - (X —p)| <t;]>1—-¢€/10.

We condition on this event.
Since u; and v; are the eigenvectors and eigenvalues of 3, we have that ¥ = U - diag (v;) - U,
where U has j*" column uj. We can thus write

> =UT . diag (kv; In(k/e) + k> In?(k/e)) - U.

Therefore, we have:

2

-1
(X — )7 271 (X — p) = ||diag <\/ij In(k/e€) + k2 lnz(k‘/e)> UT (X — )

2
2

~1
< k||diag <\/ij In(k/e) + k2 an(k;/e)) U (X =)

2

[e.9]

= | max oy (X - )
jelk] \/,,j In(k/e) + kn?(k/e)
—o(1),

where the last inequality follows from our conditioning, the definition of ¢;, and the elementary
inequality va 4+ b > (va 4+ vb)/v2, a,b € R, This completes the proof of Lemma O

Lemma [3.3|shows that an arbitrary (n, k)-PMD X puts at least 1 —¢/10 of its probability mass
in the ellipsoid £ = {z € R* : (z — )T - (£)7' - (z — p) < ¢}, where ¢ > 0 is an appropriate
universal constant. This is the ellipsoid centered at u, whose principal semiaxes are parallel to

the u;’s, i.e., the eigenvectors of X, or equivalently of (¥)~1. The length of the principal semiaxis
-1/2.

corresponding to u; is determined by the corresponding eigenvalue of (£)71, and is equal to ¢

Vv In(k/e) + k2 n’(k/e).

Note that this ellipsoid depends on the mean vector p and covariance matrix X, that are
unknown to the algorithm. To obtain a bounding ellipsoid that is known to the algorithm, we will
use the following lemma (see Appendix [Al for the simple proof) showing that iz and ¥ are good
approximations to p and X respectively.

Lemma 3.4. With probability at least 19/20 over the samples dmzﬂn in Step 1 of the algorithm,
we have that (i —p)T - (S+ 1)~ - (H—p)=0(1), and 2+ 1) =X+ 1 = (X +1)/2.
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We also need to deal with the error introduced in the eigendecomposition of 5. Concretely,
we factorize 3 as VTAV, for an orthogonal matrix V and diagonal matrix A. This factorization
is necessarily inexact. By increasing the precision to which we learn E by a constant factor, we
can still have 2(X 4 I) = VTAV +1 > (X4 1)/2. We could redefine S in terms of our computed
orthonormal eigenbasis, i.e., S = VTAV. Thus, we may henceforth assume that the decomposition
S = VTAV is exact.

For the rest of this section, we will condition on the event that the statements of Lemma [3.4] are
satisfied. By combining Lemmas and , we show that we can get a known ellipsoid containing
the effective support of X, by replacing u and ¥ in the definition of £ by their sample versions.
More specifically, we have the following corollary:

Corollary 3.5. Let ¥ = kln(k/€)S + k2In?(k/e)I. Then, with probability at least 1 — ¢/10 over
X, we have that (X — )7 - ()71 (X — ) = O(1).

~

Proof. By Lemma it holds that 2(X + 1) = ¥+ I = (¥ + I)/2. Hence, we have that

2 (kIn(k/€) + k2n2(k/e)I) = kin(k/e)S + k2 In?(k/e)I = = (kIn(k/e)X + k2 n?(k/e)I) .

DO |

In terms of ¥’ and f), this is 28 = ¥/ = %i By standard results, taking inverses reverses the
positive semi-definite ordering (see e.g., Corollary 7.7.4 (a) in [HJ85]). Hence,

257! -3t - %i—l :
Combining the above with Lemma with probability at least 1 — €/10 over X we have that
(X — )T 31 (X — ) € 2(X — )T - S7L0 (X — ) = O(1). 2)
Since ¥/ > %f) > ¥ + I, and therefore (X/)~1 < (X + 1)~ Lemmagives that
=) S - < @— )’ S+ D7 (- p) = 0(1). (3)
We then obtain:
X-0)"-E) X=X =)= @=p)" &) (X = p) = (= p)
=X -2 X -+ - T (- )
(X - Y@y - G- 2T (X )

Equations and yield that the first two terms are O(1). Since ¥'~! is positive-definite,
zT¥'1y as a function of vectors z,y € R¥ is an inner product. So, we may apply the Cauchy-
Schwartz inequality to bound each of the last two terms from above by

VX = )T 51 (X =) (A= )T -1 (- ) = O(1)
where the last equality follows from and . This completes the proof of Corollary O

Corollary shows that our unknown PMD X puts at least 1 — €/10 of its probability mass
in the ellipsoid & = {z € R* : (z — )7 - (¥)~' - (x — i) < ¢}, for an appropriate universal
constant ¢ > 0. This is the ellipsoid centered at 1, whose principal semiaxes are parallel to the
v;’s, the eigenvectors of f), and the length of the principal semiaxis parallel to v; is equal to

M2\ JkA  In(k/e) + K2 In?(k/e).
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Our next step is to to relate the ellipsoid £ to the integer matrix M € used in our

algorithm. Let M’ € R¥**¥ be the matrix with j column C <\/k: In(k/e)A; + k2 ln2(k:/e)> v},

where C' > 0 is the constant in the algorithm statement. The matrix M € Z**F is obtained
by rounding each entry of M’ to the closest integer point. We note that the ellipsoid £ can be
equivalently expressed as & = {x € R : ||(M')~! - (x — i)||2 < 1/4}. Using the relation between M
and M’, we show that &£’ is enclosed in the ellipsoid {z € R¥ : ||(M)~!-(z—7)||2 < 1/2}, which is in
turn enclosed in the parallelepiped with integer corner points {z € R* : ||(M)™' - (z — i) |0 < 1/2}.
This parallelepiped is a fundamental domain of the lattice L = MZ*. Formally, we have:

Lemma 3.6. With probability at least 1 — €/10 over X, we have that X € ji + M(—1/2,1/2].

Proof. Let M' € R**¥ be the matrix with columns C \/k In(k/e)\; + k2 1n2(k/e)> v;, where C' > 0

is the constant in the algorithm statement. Note that,
M (M) = C?kIn(k/e)T + C?k* In?(k/e)] = C?% . (4)
For a large enough constant C', Corollary implies that with probability at least 1 — ¢/10,
(M) (X =B =C2(X )" - (Z) (X —7) <1/16. (5)

Note that the above is an equivalent description of the ellipsoid £’. Our lemma will follow from the
following claim:

Claim 3.7. For any x € R, it holds
1M ]|z < 2)|(M7) " zll2 and | MTz])2 < 2[(M') Tz . (6)

Proof. By construction, M and M’ differ by at most 1 in each entry, and therefore M — M’ has
Frobenius norm (and, thus, induced Ly-norm) at most k. For any = € R¥, we thus have that

(M x|y = \/:L'T M (MNT x> 2T (C2K2D) -z > 2k||z]|2 ,

and therefore )
M ||y > [|(M") x|y — [|(M — M) |lo]|z2 > §H(M')T$Hz-

Similarly, we get [|[MTz|s < |(M")T |2+ [[(M — M)T||2]|z]l2 < 2||(M")T2||2. In terms of the PSD
ordering, we have:

1
ZM’(M')T < MMT <4aM'(M)HT . (7)
Since M'(M")T = I, both M'"(M’)T and M M™ are positive-definite, and so M and M are invertible.
Taking inverses in Equation @ reverses the ordering, that is:
1
4

The claim now follows. O

(M/_1>TM/_1 ~ (M—I)TM—I = 4(M/_1)TM/_1 .

Hence, Claim implies that with probability at least 1 — ¢/10, we have:
IM7HX = D)l < [MTHX = @)l < 2[(M)HX — )2 < 1/2,
where the last inequality follows from . In other words, with probability at least 1 —¢/10, X
lies in i + M(—1/2,1/2]%, which was to be proved. O
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Recall that L denotes the lattice MZ*. The above lemma implies that it is sufficient to learn
the random variable X (mod L). To do this, we will learn its Discrete Fourier transform. Let
L* be the dual lattice to L. Recall that the DFT of the PMD P, with X ~ P, is the function
P : L*/Z* — C defined by P(¢) = E[e(¢ - X)]. Moreover, the probability that X (mod L) attains
a given value x is given by the inverse DFT, namely

Pr(X (modL)=a]= ‘det Z P(¢ Lz .
geL*/Zk

The main component of the analysis is the following proposition, establishing that the total contri-
bution to the above sum coming from points & € 1" is small. In particular, we prove the following;:

Proposition 3.8. We have that Y _¢c(p+ jzinr \13(5)| < €/10.

To prove this proposition, we will need a number of intermediate claims and lemmas. We start
with the following claim, showing that for every point ¢ € R¥, there exists an integer shift whose
coordinates lie in an interval of length strictly less than 1:

Claim 3.9. For each & € R*, there exists a € Z, with 0 < a < k, and b € ZF such that
£-be [m ﬁ’ﬂ g

Proof. Consider the k fractional parts of the coordinates of &, i.e., §& — [&], for 1 < i < k. Now
consider the k + 1 intervals I, = (‘,’;—;11, k“—JrI]L), for 1 < d’ < k+ 1. By the pigeonhole principle,
there is an o’ such that & — |&| ¢ I, for all i, 1 <i < k. We define a = o/ when o’ < k+ 1, and

a=0 whena =k+1.
For any i, with 1 < ¢ < k, since & — |&] ¢ I, we have that & — |&] € {0 o 1} U {kiﬂ,l]

’ k41
(taking the first interval to be empty if a = 0). Hence, by setting one of b; = |&;], or b; = |&;] — 1,
we get & — b; € [ﬁ, %rﬂ . This completes the proof. O

The following lemma gives a “Gaussian decay” upper bound on the magnitude of the DFT, at
points & whose coordinates lie in an interval of length less than 1. Roughly speaking, the proof of
Proposition proceeds by applying this lemma for all £ ¢ T.

Lemma 3.10. Fiz ¢ € (0,1). Suppose that £ € R* has coordinates lying in an interval I of length
1 —6. Then, |P(&)] = exp(—Q(6%¢T - X - €)).

Proof. Since P is a PMD, we have X =Y | X;, where X; ~ P; for independent k-CRV’s P;, we
have that |P(¢)| = [Tl |P:i(€)|. Note also that £7-3-¢ = Var[¢- X] = >° | Var[¢- X;]. It therefore
suffices to show that for each i € [n] it holds

IP:(6)] = exp(—Q(8?Varl¢ - Xi])) .

Let X! ~ P; be an independent copy of X;, and Y; = X; — X/. We note that Var[¢ - X;] =
(1/2)E[(£ - Y7)?], and that |i3\z(§)]2 = E[e(¢-Y;)]. Since Y; is a symmetric random variable, we have
that .

[Pi()]* = Ele(¢ - Yi)] = E[cos(27¢ - Yi)] .
We will need the following technical claim:

Claim 3.11. Fiz 0 < § < 1. For all z € R with |z| <1 — 6, it holds 1 — cos(2wz) > §%z2.
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Proof. When 0 < |z| < 1/4, sin(272) is concave, since its second derivative is —4m? sin(27z) < 0.
So, we have sin(2wx) > (1 — 42)sin(0) + 4z sin(7/2) = 4x. Integrating the latter inequality, we
obtain that (1 — cos(27rx))/2m > 222, i.e., (1 — cos(2nz)) > 4wa?. Thus, for 0 < |z| < 1/4, we have
1 —cos(2mx)) > 4ma? > 5222

When 1/4 < |z| < 3/4, we have (1 — cos(2rx)) > 1 > 6222, Finally, when 3/4 < |z| <1 -6,
we have 0 <1 — |z| < § < 1/4, and therefore 1 — cos(2mx) = 1 — cos(2m(1 — |z])) > 1 — cos(2md) >
4762 > 6222, This establishes the proof of the claim. O

Since & - Y; is by assumption supported on the interval [—1 + d,1 — 4], we have that |f’\l(§)]2 is
Elcos(27¢ - Y;)] = E[1 — Q(8%(€ - Yi)*)] < exp(—Q(E[(€ - ¥;)?))) = exp(—Q(8*Varl¢ - Xi])) .
This completes the proof of Lemma [3.10 O

We are now ready to prove the following crucial lemma, which shows that the DFT of P is
effectively supported on the set T.

Lemma 3.12. For integers 0 < a < k, we have that

Z ’13(5)\ < CESE

geL N[ zoy, 211\ (T4 Zk)

We start by providing a brief overview of the proof. First note that Claim [3.9)and Lemma [3.10
together imply that for & € [a/(k+1), (a+k)/(k+1)]*, if €7-5-& > k%log(1/¢), then |P(¢)| < ¢,
for any € > 0. Observe that the set {£ € RF : ¢7 .2 . ¢ < k?log(1/€)} is not an ellipsoid,
because ¥ is singular. However, by using the fact that M and M’ are close to each other, — more
specifically, using ingredients from the proof of Lemma [3.6]— we are able to bound its intersection
with [a/(k + 1), (a + k)/(k + 1)]¥ by an appropriate ellipsoid of the form {¢7 - (M - MT) - ¢ <r}.

The gain here is that M7T¢ € Z*. This allows us to provide an upper bound on the cardinality
of the set of lattice points in L* in one of these ellipsoids. Note that, in terms of v = MT¢, these
are the integer points that lie in a sphere of some radius r > 79 = C?k? In(k/¢). Now, if we consider
the set 2trg < &7 - (MMT) - ¢ < 21y, we have both an upper bound on the magnitude of the
DFT and on the number of integer points in the set. By summing over all values of ¢ > 0, we get
an upper bound on the error coming from points outside of T.

Proof of Lemma[3.13 Since & ¢ T + Z*, we have that [|[MT¢||2 > C?k?In(k/¢). Since the coor-

dinates of £ lie in [k%l? %], an interval of length 1 — 1/(k + 1), we may apply Lemma [3.10[ to
obtain:
=exp (-2 (k%" -2 ¢))
= exp ( ( —2%T. E I)- 5)) (by Lemma
Tar! nNT
—exp (-0 (12 (R — kos/elel?) ) ) (by Bquation (@)
_ IMNTENE o
= (=0 (17 (atiagg g~ ostb/lelE) )
T
= exp ( Q (k: 2 (CJ%;(‘IB - E*log(k/¢) nggo))) (by Equation (6])
=exp (—Q (C 2k > log~ Yk/e)|MTe|? - log(k/e) ) (since [[£]|oo < 2)
=exp (— Q( C2klog ! (k/e)| MT€3)) . (since | MT¢||lz > C?k?In(k/e))
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Next note that for &€ € L* we have that M7T¢ € ZF. Thus, letting v = M€, it suffices to show that

o B €
>, oxp (=2 (07 log ™ (k/e) 3)) < {5 - ¥
VEZH||v]l22C?k? In(k/e)

Although the integer points in the above sum are not in the sphere ||v|s < C?k?In(k/¢), they lie
in some sphere |[v||2 < 2171C2k?In(k/¢), for some integer ¢ > 0. The number of integral points in
one of these spheres is less than that of the appropriate enclosing cube. Namely, we have that

4 {v e ZF, ||v]s < 2102 ln(k:/e)}
< #{verh ulw < 2T In(k/0) )
= (142027 C%2 Ik /)" . (9)

Inequality is obtained by bounding the LHS from above as follows:

iexp (—Q(C 2k 3 1og ™ (k/€) (2'C2k In(k/€))2)) - # {v e ZF, |v]s < 24102 ln(k/e)}
t=0

:Zexp (—Q(Cklog(k/e)d")) - # {U € ZF, ||v[|2 < 2" CPR? ln(k/e)}
t=0

< Zexp (—Q(Cklog(k/e)4")) - (2t+202k’2 log(k‘/e))k (by Equation (9))
t=0

=) exp (—Q(Cklog(k/e)4")) exp (O(k(t + log k + loglog(k/€))))
=0

<exp (—In((k+1)/10¢)) - > exp(—kVC (4" — 1))
t=0

2 o0
€
L VO (4 —t
<% 1T ;exp( Vo - 1))
o
10(k+1) "
This completes the proof of Lemma [3.12 O

We are now prepared to prove Proposition

Proof of Proposition @ Let T, be the set of points ¢ € R* which have a lift with all coordinates in

the interval |97, %FH , for some integer 0 < a < k. By Claimﬁ, we have that |J, T, = (L*/Z").
By Lemma for all 0 <a <k,

€

Z P(&)] < 0k+1)

EET,\T

and so we have:

Ee(L*/ZP\T a=0¢eT,\T
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Our next simple lemma states that the empirical DFT is a good approximation to the true
DFT on the set T.

, with 19/20 probability over the choice of m sam-

Lemma 3.13. Letting m = (C°k*In%(k/e )" kle?
P(&)| < ¢/10.

ples in Step 5, we have that 3 e IH(¢) —

Proof. For any given § € T', we note that ﬁ(f) is the average of m samples from e(¢- X), a random
variable whose distribution has mean P({) and variance at most O(1). Therefore, we have that

E[[H() - P(&)]] < O(1)/v/m.

Summing over ¢ € T, and noting that |T| < O(C?k?log(k/e))*, we get that the expectation of the
quantity in question is less than €/400. Markov’s inequality completes the argument. O

Finally, we bound from above the total variation distance between P and H.

Lemma 3.14. Assuming that the conclusion of the previous lemma holds, then for any x € ZF/L
we have that

€
LeT
Proof. We note that
1 .
Pr[ X =2 (mod L)] — Tdet(3D)] H(¢)e(—¢ - o)
£eT
= Y PUOe(—¢- 1)~ o O HOe(—¢ )
|det det(M)
EGL*/Zk £eT
1 ~ 1 ~ .
< PE)| = =y 2 1P(§) —H(¢)]
aa0n], 2 PO g 2
€
< -
~5|det(M)]
where the last line follows from Proposition [3.8 and Lemma O

It follows that, for each z € i+ M (—1/2,1/2]%, our hypothesis pseudo-distribution H(x) equals
the probability that X =z (mod L) plus an error of at most m. In other words, the pseudo-

distribution defined by H (mod L) differs from X (mod L) by at most (m) |Z*/L| = ¢/5. On

the other hand, letting X’ ~ P’ be obtained by moving a sample from X to its unique representative
modulo L lying in 71 + M(—1/2,1/2]%, we have that X = X’ with probability at least 1 — ¢/10.
Therefore, dry (P,P’) < ¢/10. Note that X (mod L) = X’ (mod L), and so dpy(H (mod L), P’
(mod L)) < €/5. Moreover, H and P’ are both supported on the same fundamental domain of L,
and hence dpy (H,P’) = dpy(H (mod L), P’ (mod L)) < €/5. Therefore, assuming that the above
high probability events hold, we have that dry (H,P) < dry (H,P’) + dry (P, P’) < 3¢/10.

This completes the analysis and the proof of Theorem
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3.2 An Efficient Sampler for our Hypothesis The learning algorithm of Section 3.1 outputs
a succinct description of the hypothesis pseudo-distribution H, via its DFT. This immediately
provides us with an efficient evaluation oracle for H, i.e., an e-evaluation oracle for our target PMD
P. The running time of this oracle is linear in the size of T, the effective support of the DFT.

Note that we can explicitly output the hypothesis H by computing the inverse DFT at all the
points of the support of H. However, in contrast to the effective support of H, the support of H can
be large, and this explicit description would not lead to a computationally efficient algorithm. In this
subsection, we show how to efficiently obtain an e-sampler for our unknown PMD P, using the DFT
representation of H as a black-box. In particular, starting with the DFT of an accurate hypothesis
H, represented via its DFT, we show how to efficiently obtain an e-sampler for the unknown target
distribution. We remark that the efficient procedure of this subsection is not restricted to PMDs,
but is more general, applying to all discrete distributions with an approximately sparse DFT (over
any dimension) for which an efficient oracle for the DFT is available.

In particular, we prove the following theorem:

Theorem 3.15. Let M € ZF*%, m e R¥, and S = m + M(=1/2,1/2]* N Z*. Let H: S — R be
a pseudo-distribution succinctly represented via its DFT (modulo M ), ﬁ, which is supported on
a set T, i.e., H(x) = (1/|det(M)]) - Yeere(=€ - 2)H(E), for v € S, with 0 € T' and H(0) =
1. Suppose that there exists a distribution P with dpy (H,P) < €/3. Then, there exists an e-

sampler for P, i.e., a sampler for a distribution Q such that dry(P,Q) < €, running in time
O(log(| det(M)]) log(| det(M)|/e€) - [T'| - poly(k)).

We remark that the e-sampler in the above theorem statement can be described as a randomized
algorithm that takes as input M, T', H(§), for £ € T, and the Smith normal form decomposition of

M (see Lemma [3.21)).

We start by observing that our main learning result, Theorem follows by combining The-
orem with Theorem Indeed, note that the matrix M in the definition of our PMD
algorithm in Section satisfies | det(M)| < O(y/det(2)) < (nk log(l/e))o(k). Also recall that

|T| = O(k**log*(k/e€)). Since M has largest entry n, by Lemma we can compute its Smith
normal form decomposition in time poly(k)logn. Hence, for the case of PMDs, we obtain the
following corollary, establishing Theorem

Corollary 3.16. For alln,k € Z, and € > 0, there is an algorithm with the following performance
guarantee: Let P be an unknown (n,k)-PMD. The algorithm uses O (k% log%(k‘/e)/ez) samples

from P, runs in time O (k°F log*(k/€)/e? - log n), and with probability at least 9/10 outputs an
e-sampler for P. This e-sampler runs (i.e., produces a sample) in time poly(k)O(k* loghT1(k/€)) -
log? n.

This section is devoted to the proof of Theorem We first handle the case of one-dimensional
distributions, and then appropriately reduce the high-dimensional case to the one-dimensional.

Remark 3.17. We remark that the assumption that ﬁ(O) = 1 in our theorem statement, en-
sures that ) _oH(z) = 1, and so, for any distribution P over S the total variational distance

dryv(H,P) < LS o |H(z)~P(x)| is well behaved in the sense that dry (H,P) = 3, p ) paa (P(2) —

H(z)) = > ,.p(x)<n(x) (H(z) — P(2)). This fact will be useful in the correctness of our sampler.

We start by providing some high-level intuition. Roughly speaking, we obtain the desired
sampler by considering an appropriate definition of a Cumulative Distribution Function (CDF)
corresponding to H. For the 1-dimensional case (i.e., the case k = 1 in our theorem statement), the
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definition of the CDF is clear, and our sampler proceeds as follows: We use the DFT to obtain a
closed form expression for the CDF of H, and then we query the CDF using an appropriate binary
search procedure to sample from the distribution. One subtle point is that H(x) is a pseudo-
distribution, i.e. it is not necessarily non-negative at all points. Our analysis shows that this does
not pose any problems with correctness, by using the aforementioned remark.

For the case of two or more dimensions (k > 2), we essentially provide a computationally
efficient reduction to the 1-dimensional case. In particular, we exploit the fact that the underlying
domain is discrete, to define an efficiently computable bijection from the domain to the integers,
and consider the corresponding 1-dimensional CDF. To achieve this, we efficiently decompose the
integer matrix M € ZF** using a version of the Smith Normal Form, effectively reducing to the case
that M is diagonal. For the diagonal case, we can intuitively treat the dimensions independently,
using the lexicographic ordering.

Our first lemma handles the 1-dimensional case, assuming the existence of an efficient oracle
for the CDF:

Lemma 3.18. Given a pseudo-distribution H supported on [a,b|NZ, a,b € Z, with CDF cy(x) =
Y ia<ics H(i) (which satisfies ci(b) = 1), and oracle access to a function c(z) so that |c(z) —
cu(r)| < €/(10(b — a + 1)) for all x, we have the following: If there is a distribution P with
dry(H,P) < €/3, there is a sampler for a distribution Q with dry (P, Q) < €, using O(log(b+ 1 —
a)+log(1/€)) uniform random bits as input, and running in time O((D+1)(log(b+1—a))+log(1/e€)),
where D is the running time of evaluating the CDF ¢(x).

Proof. We begin our analysis by producing an algorithm that works when we are able to exactly
sample cg(z).

We can compute an inverse to the CDF dyg : [0,1] — [a,b]NZ, at y € [0, 1], using binary search,
as follows:

1. We have an interval [a/, V], initially [a — 1,b], with ca(a’) <y < eg(V) and cg(a’) < ca (V).
2. If ' —a’ =1, output du(y) =

3. Otherwise, find the midpoint ¢ = |(a’ +¥')/2].

4. If e (a’) < ea(d) and y < eu(d), repeat with [a’, ¢']; else repeat with [/, b].

The function dg can be thought of as some kind of inverse to the CDF ¢y : [a — 1,b] N Z — [0, 1]
in the following sense:

Claim 3.19. The function dy satisfies: For anyy € [0,1], it holds cr(du(y) —1) <y < cu(du(y))
and cu(du(y) — 1) < ca(dua(y)).

Proof. Note that if we don’t have cg(a’) < ca(c) and y < cug(c), then cu(d) <y < e (b'). So,
Step 4] gives an interval [a’, b'] which satisfies cg(a’) <y < ca(V') and cg(a’) < cp (V). The initial
interval [a — 1, b] satisfies these conditions since cg(a — 1) = 0 and cg(b) = 1. By induction, all
[@', V] in the execution of the above algorithm have cg(a’) <y < eg(V) and c(a’) < eg(Y'). Since
this is impossible if a’ = V/, and Step 4| always recurses on a shorter interval, we eventually have
b' —a’ = 1. Then, the conditions cg(a’) <y < cg (V') and cp(a’) < cg(V') give the claim. O

Computing dg(y) requires O(log(b—a+1)) evaluations of ¢y, and O(log(b—a+1)) comparisons
of y. For the rest of this proof, we will use n = b — a + 1 to denote the support size.
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Consider the random variable dg(Y'), for Y uniformly distributed in [0, 1], whose distribution
we will call Q. When di(Y) = x, we have cg(z — 1) <Y < cug(x), and so when Q'(z) > 0, we
have Q'(z) < Prlepg(x —1) <Y < en(z)] = cu(x) — ca(z — 1) = H(x). So, when H(z) > 0, we
have H(z) > Q'(x). But when H(z) < 0, we have Q'(z) = 0, since then cg(z) < cg(x — 1) and no
y has cu(z — 1) <y < en(z). So, we have dry(Q',H) = 3°, 1(,)<o —H(z) < drv(H,P) < ¢/3.

We now show how to effectively sample from Q’. The issue is how to simulate a sample from
the uniform distribution on [0, 1] with uniform random bits. We do this by flipping coins for the
bits of Y lazily. We note that we will only need to know more than m bits of Y if Y is within 27™
of one of the values of cg(z) for some x. By a union bound, this happens with probability at most
n2~"™ over the choice of Y. Therefore, for m > log,(10n/€), the probability that this will happen is
at most €¢/10 and can be ignored.

Therefore, the random variable dgg(Y”), for Y/ uniformly distributed on the multiples of 27" in
[0,1) for r = O(logn + log(1/€)), has distribution Q' that satisfies dry (Q, Q') < €/10. This means
that dpy (P, Q') < dryv(P,H)+dry(H, Q) +drv(Q, Q') < 9¢/10. That is, we obtain an e-sampler
that uses O(logn + log(1/€)) coin flips, O(logn) calls to cpp(x), and has the desired running time.

We now need to show how this can be simulated without access to cg, and instead only having
access to its approximation ¢(x). The modification required is rather straightforward. Essentially,
we can run the same algorithm using c¢(z) in place of cg(x). We note that all comparisons with Y
will produce the same result, unless the chosen Y is between ¢(z) and cp(z) for some value of x.
Observe that because of our bounds on their difference, the probability of this occurring for any
given value of z is at most €¢/(10n). By a union bound, the probability of it occurring for any =z is
at most €/10. Thus, with probability at least 1 — ¢/10 our algorithm returns the same result that
it would have had it had access to cg(z) instead of ¢(x). This implies that the variable sampled
by this algorithm has variation distance at most €/10 from what would have been sampled by our
other algorithm. Therefore, this algorithm samples a Q with dry (P, Q) <e. ]

We next show that we can efficiently compute an appropriate CDF using the DFT. For the
1-dimensional case, this follows easily via a closed form expression. For the high-dimensional case,
we first obtain a closed form expression for the case that the matrix M is diagonal. We then reduce
the general case to the diagonal case, by using a Smith normal form decomposition.

Proposition 3.20. For H as in Theorem[3.15, we have the following:

1 = 1, there is an algorithm to compute the cyg : |la,b|NZ — (0,1 with ca(x) =
If k=1, th l h he CDF bjNZ 0,1 h
Y ia<ice H(i) to any precision 6 > 0, where a = m — [M/2] +1 and b = m + [M/2],
M € Z,. The algorithm runs in time O(|T'|log(1/9)).

(ii) If M € ZF** is diagonal, there is an algorithm which computes the CDF to any precision
6 > 0 under the lezicographic ordering <iex, i.e., cu(x) = >, cp.y<,. » H(Y). The algorithm
runs in time O(k%|T|log(1/9)).

(i4i) For any M € ZF*k there is an explicit ordering <g4 for which we can compute the CDF
cu(®) = X yery<,. H(y) to any precision & > 0. This computation can be done in time

O(k?|Tlog(1/5) + poly(k)).

In cases (ii) and (iii), we can also compute the embedding of the corresponding ordering onto the
integers [|det M || = {1,2,...,|det M|}, i.e., we can give a monotone bijection f : S — [|det M]|| for
which we can efficiently compute f and f~' (i.e., with the same running time bound we give for
computing cg(x)).
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Proof. Recall that the PMF of H at x € S is given by the inverse DFT:

1 .
H(z) = Mam;e(—f -z)H(E) . (10)

Proof of (i): For (i), the CDF is given by:

1 ~
cu(r) = MMQQEETG(—&)H(@
= LSRG Y g

EerT ia<i<z

When ¢ # 0, the term >, .., e(—=¢{ - x) is a geometric series. By standard results on its sum, we
have: o

_ e(=6a) —e(=E(z + 1))
2 =Ty

a<i<zx

When § =0, e(—§) =1, and we get >, ;. e(—§x) =i+ 1—a. In this case, we also have H(¢) = 1.
Putting this together we have:

e(=€a) —e(=¢{(z +1))
1—e(=¢)

CH(x):% it1-a+ 3 H(E (11)

¢eT\{0}

Hence, we obtain a closed form expression for the CDF that can be approximated to desired
precision in time O(|T|1log(1/9)).

Proof of (ii): For (ii), we can write M = diag(M;), 1 <i <k, and S = Hf::l([ai, bi| N Z), where
a; =m; — [|M;|/2] + 1 and b; = m; + ||M;|/2]. With our lexicographic ordering, we have:

cu(z)= Y H(y)

yES:yﬁlexI
r1—1 b2 by
SO IR S
Yy1=a1i y2=a2 Yp=0ag
zo—1 b3 b
+ 33 S Hn e w)
Yy2=az Y3 =as Yr=ak
Tr—1
4 Z H(xy,...,25-1,Yk)
Yr=0ak
+H(z) .
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To avoid clutter in the notation, we define cgr;(x) to be one of these sums, i.e.,

x;—1 bit1

CHz def Z Z . Z Hxl,...,xi_l,yi,...,yk)

Yi=0a5; Yi+1=0ai+1 Yp=0ak

x;—1 bit1

1 i—1 k
= m Z Z : ZZH —2§j$j_25j?/j

Yi=0a5 Yi+1=0i41 Ye=0ag EET

i—1 z;—1
= ﬁ-zﬁ(ﬁ)e - & (Z &yz) 11 Z —&5Y3)
| e( )| ¢eT j=1 Yi=a; j=i+lyi=a;

1 ~ k
- WZH(f)e Z‘ijj si(a;, v; — H sj(aj,bj),

geT j=i+1

b .. . . .
where s;(a, b)) := Zyz-:a; e(—&y;). As before, this is a geometric series, so either & = 0, when we

have s; = b, + 1 — al, or s; = 25 1) e(( £s)(b/+1>>

We can thus evaluate cp; in O(|T'|k) arithmetic operations and so compute cg(x) to desired
accuracy in O(|T|k?log(1/4)) time. We also note that f: S — {0,1,..., (], |M;|) — 1}, defined by
flx) =, (zi —a;) H§'=1 M; is a strictly monotone bijection, and that f and f~! can be computed
in time O(k). Now, cu(f~*(y) is the CDF of the distribution on y € {0, 1, ..., (T]; |M;]) — 1} whose
PMF is given by H(f1(y)).

Proof of (iii): We will reduce (iii) to (ii). To do this, we use Smith normal form, a canonical
factorization of integer matrices:

Lemma 3.21 (See [Sto00], [Sto96])). Given any integer matriz M € ZF** we can factorize M
as M = U -D -V, where U, D,V € ZF*k with D diagonal and U,V unimodular, i.e., |det(U)| =
|det (V)| = 1, and therefore U1, V=1 € ZF*k This factorization can be computed in time

poly (k) log max [M; ;|.
Z7]

Note that the Smith normal form satisfies additional conditions on D than those in Lemma
but we are only interested in finding such a decomposition where D is a diagonal integer
matrix.

We note that the integer lattices MZ* and UDZ* are identical, since if x = Mb for b € Z*,
then x = UDc for ¢ = Vb € ZF. For any ¢ € (MT)71ZF, ¢ = (UT)"Y(DT)~Y{(VT)~1b, for b € Z.
Then, if we take v = UT¢, we have v € (DV)~1ZF = D=17ZF.

Hence, we can re-write as follows:

H(z) = ‘deiM| Z e (—VU—lx) ﬁ((UT)—ly) .

veUTT

Since UTT C D~'ZF, substituting y = U~ 'z almost gives us the conditions which would allow us to
apply (ii). The issue is that for x € m+ M(—1/2,1/2)¥ we have U"1X € U~'m+ DV (-1/2,1/2}%,
but we do not necessarily have U~ X € U~'m+D(—1/2,1/2]¥. The following claim gives the details
of how to change the fundamental domain:
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Claim 3.22. Given a non-singular M € Z*** and m,x € R*, then 2/ = x + MR (Mfl(m — x))
is the unique &' € m + M(—1/2,1/2]% with v — 2’ € MZ*, where R(z) is x with each coordinate

rounded to the nearest integer, rounding half integers up, i.e., (R(z)); == 1 + [z; — 3].

So we take y = g(x) © U-12 + DR (UD)™'m — (UD) ') , which using Claim [3.22] has
g(x) € U='m + D(—1/2,1/2]F. We need the inverse function of g : m + M(—1/2,1/2]F — U~ Tm +
D(—1/2,1/2]*. Note that ¢g~'(y) = Uy + D"'R(U"'m — y), which again by Claim is in
m+ M(—1/2,1/2]%.

So, if y = g(x), since |det(M)| = | det(U)| - | det(D)| - | det(V)| = | det(D)|, we have:

H<gl<y>>—|de§(m, S el ) E(UT) ). (12)

veUTT

Now, we can take H(g™'(y) to be a function of y supported on U~ m+D(—1/2,1/2]F with a sparse
DFT modulo D supported on UTT C D~'ZF. At this point, we can apply the algorithm of (ii),
which gives a way to compute the CDF of H(g~!(y)) with respect to the lexicographic ordering on
y. Note that g and g~! can be computed in time poly(k), or more precisely the running time of
matrix multiplication and inversion.

For the ordering on « € S, which has z1 <; x2 when g(z1) <jex g(x2), we can compute
cu(2) = X yegy<,. H(y) by applying the algorithm in (ii) to the function given in applied at
g(x). So, we can compute cgz(z) in time O(k?|T|+ poly(k)). Again, the function given by f(g(z)),
where f is as in (ii) is a monotone bijection from S to {0, 1,...,det(M) — 1}, and we can calculate
this function and its inverse in time poly(k). O

Now we can prove the main theorem of this subsection.

Proof of Theorem [3.15 By Proposition (iii), there is a bijection f which takes the support S
of H to the integers {0, 1,...,|S| — 1}, and we can efficiently calculate the CDF of the distribution
considered on this set of integers. So, we can apply Lemma to this CDF on this distribution.
This gives us an e-sampler for this distribution, which we can then apply f~! to each sample to
get an e-sampler for H. To find the time it takes to compute each sample, we need to substitute
D = O(poly(k) +k?|T|log(| det(M)|/€)) from the running time of the CDF in Proposition (iii)
into the bound in Lemma yielding

O(log(| det(M)]) log(| det(M)][/e) - [T'| - poly(k))
time. This completes the proof. O

3.3 Using our Learning Algorithm to Obtain a Cover As an application of our learning
algorithm in Section we provide a simple proof that the space M,, ;, of all (n, k)-PMDs has an e-
cover under the total variation distance of size nO**).200k1og(1/)™ "oy argument is constructive,
yielding an efficient algorithm to construct a non-proper e-cover of this size.

Two remarks are in order: (i) the non-proper cover construction in this subsection does not
suffice for our algorithmic applications of Section [dl These applications require the efficient con-
struction of a proper e-cover plus additional algorithmic ingredients. (ii) The upper bound on the
cover size obtained here is nearly optimal, as follows from our lower bound in Section

The idea behind using our algorithm to obtain a cover is quite simple. In order to determine

its hypothesis, H, our algorithm Efficient-Learn-PMD requires the following quantities:

e A vector 7i € R¥ and a PSD matrix S € Rkxk satisfying the conclusions of Lemma
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e Values of the DFT H(¢), for all £ € T, so that dceT IH(¢) — P(¢)| < €/10. Recall that
def

T={{=MT)"w | (veZF)A(v]lz < C*k*In(k/e))} .
Given this information, the analysis in Section carries over immediately. The algorithm
Efficient-Learn-PMD works by estimating the mean and covariance using samples, and then
taking ﬁ(f) to be the sample Fourier transform. If we instead guess the values of these quantities
using an appropriate discretization, we obtain an e-cover for M,, .. More specifically, we discretize
the above quantities as follows:

e To discretize the mean vector, we consider a 1-cover Y, of the set ) def {ly=1,...,yx) €
RF : (y; > 0) A (Zle y; = k)} with respect to the Lo norm. It is easy to construct such a
cover with size [Vi| < O(n)F.

e To discretize the covariance matrix, we consider a 1/2-cover S; /2 of the set of matrices S def
{A e RF*F . (A= 0)A|Al2 <n}, with respect to the spectral norm || - ||2. Note that we can
construct such a 1/2-cover with size |5 /o] < (4n + 1)k+1/2 This is because any maximal
1/4-packing of this space (i.e., a maximal set of matrices in S with pairwise distance under the
spectral norm at least 1/4) is such a 1/2-cover. Observe that for any such maximal packing,
the balls of radius 1/4 centered at these points are disjoint and contained in the ball (under
the spectral norm) about the origin of radius (n+1/4). Since the ball of radius (n+1/4) has
volume (4n + 1)¥(#+1)/2 times as much as the ball of radius 1 /4, a simple volume argument
completes the proof.

e Finally, to discretize the Fourier transform, we consider a d-cover Cs of the unit disc on the
complex plane C, with respect to the standard distance on C, where

5 ¥ €202k log(k/€)) 7% /10 = €/(10t) < ¢/(10|T).

We note that t % (2C2k21og(k/€))* is an upper bound on |T|.

We claim that there is an e-cover of the space of (n, k)-PMDs indexed by V1 x S; /5 % C}. Such

a cover is clearly of the desired size. The cover is constructed as follows: We let i and S be
the selected elements from ) and & /o, respectively. We use these elements to define the matrix

M € ZF*F as in the algorithm description. We then use our elements of Cs as the values of ﬁ(f)
for £ € T' (noting that |T'| < t).

We claim that for any (n, k)-PMD P there exists a choice of parameters, so that the returned
distribution H is within total variation distance € of P. We show this as follows: Let u and X be
the true mean and covariance matrix of P. We have that ¢ € Y and that ¥ € S. Therefore, there
exist i€ Yy and S € Sy/2 so that [p—pila < 1and I/2 = Y-% - —1I/2. 1t is easy to see that these
conditions imply the conclusions of Lemma Additionally, we can pick elements of C5 in order
to make [FL(§) — P(&)| < ¢/(10|T]) for each & € T. This will give that Y |[F(€) — P(&)] < ¢/10.
In particular, the hypothesis H indexed by this collection of parameters will be within variation
distance € of P. Hence, the set we have constructed is an e-cover, and our proof is complete.

4 Efficient Proper Covers and Nash Equilibria in Anonymous Games

In this section, we give our efficient proper cover construction for PMDs, and our EPTAS for
computing Nash equilibria in anonymous games. These algorithmic results are based on new
structural results for PMDs that we establish. The structure of this section is as follows: In
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Section we show the desired sparsity property of the continuous Fourier transform of PMDs,
and use it to prove our robust moment-matching lemma. Our dynamic-programming algorithm
for efficiently constructing a proper cover relies on this lemma, and is given in Section By
building on the proper cover construction, in Section [4.3] we give our EPTAS for Nash equilibria
in anonymous games. In Section we combine our moment-matching lemma with recent results
in algebraic geometry, to show that any PMD is close to another PMD with few distinct CRV
components. Finally, in Section we prove out cover size lower bound.

4.1 Low-Degree Parameter Moment Closeness Implies Closeness in Variation Dis-
tance In this subsection, we establish the sparsity of the continuous Fourier transform of PMDs,
and use it to prove our robust moment-matching lemma, translating closeness in the low-degree
parameter moments to closeness in total variation distance.

At a high-level, our robust moment-matching lemma (Lemma is proved by combining
the sparsity of the continuous Fourier transform of PMDs (Lemma with very careful Taylor
approximations of the logarithm of the Fourier transform (log FT) of our PMDs. For technical
reasons related to the convergence of the log FT, we will need one additional property from our
PMDs. In particular, we require that each component k-CRV has the same most likely outcome.
This assumption is essentially without loss of generality. There exist at most k£ such outcomes,
and we can express an arbitrary PMD as a sum of k independent component PMDs whose k-CRV
components satisfy this property. Formally, we have the following definition:

Definition 4.1. We say that a k-CRV W is j-maximal, for some j € [k], if for all £ € [k] we
have Pr[W = ¢;] > Pr[W = ¢/]. We say that an (n,k)-PMD X =37 | X; is j-maximal, for some
j € k], if for all 1 <i < n X, is a j-maximal k-CRV.

Any (n,k)-PMD X can be written as X = Zle X where X' is an i-maximal (n;, k)-PMD,
with ). n; = n. For the rest of this intuitive explanation, we focus on two (n, k)-PMDs X, Y that
are promised to be i-maximal, for some i € [k].

To guarantee that X , Y have roughly the same effective support, we also assume that they
have roughly the same variance in each direction. We will show that if the low-degree parameter
moments of X and Y are close to each other, then X and Y are close in total variation distance.
We proceed by partitioning the k-CRV components of our PMDs into groups, based on their
maximum probability element e;, with j # 7. The maximum probability of a k-CRV quantifies
its maximum contribution to the variance of the PMD in some direction. Roughly speaking, the
smaller this contribution is, the fewer terms in the Taylor approximation are needed to achieve
a given error. More specifically, we consider three different groups, partitioning the component
k-CRVs into ones with small, medium, and large contribution to the variance in some direction.
For the PMD (defined by the CRVs) of the first group, we only need to approximate the first 2
parameter moments. For the PMD of the second group, we approximate the low-degree parameter
moments up to degree O (log(1/¢)/loglog(1/e)). Finally, the third group is guaranteed to have
very few component k-CRVS, hence we can afford to approximate the individual parameters.

To quantify the above, we need some more notation and definitions. To avoid clutter in the
notation, we focus without loss of generality on the case i = k, i.e., our PMDs are k-maximal. For
a k-maximal (n,k)-PMD, X, let X = > | X;, where the X; is a k-CRV with p; ; = Pr[X; = ¢;]
for 1 <¢<mnand 1< j <k Observe that Z§:1 pi,j = 1, for 1 < ¢ < n, hence the definition of
k-maximality implies that p; , > 1/k for all i. Note that the 4§ component of the random vector
X is a PBD with parameters p; j, 1 <14 < n. Let s;(X) = Y_.i"; pi; be the expected value of the
j™ component of X. We can assume that s;(X) > ¢/k, for all 1 < j < k — 1; otherwise, we can
remove the corresponding coordinates and introduce an error of at most € in variation distance.
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Note that, for j # k, the variance of the j coordinate of X is in [s;(X)/2,5;(X)]. Indeed,
the aforementioned variance equals > . p; j(1 — p; j), which is clearly at most s;(X). The other
direction follows by observing that, for all j # k, we have 1 > p; . +p; ; > 2p; j, or p; j < 1/2, where
we again used the k-maximality of X. Therefore, by Bernstein’s inequality and a union bound,
there is a set S C [n]* of size

k—1

1< 1 (1 +125;(X)1/2 ln(2k/e)> <0 <log (k/e) k=D ) ]:[ 1+ 125,(X)1/2)

J=1

so that X lies in S with probability at least 1 — e.

We start by showing that the continuous Fourier transform of a PMD is approximately sparse,
namely it is effectively supported on a small set 1. More precisely, we prove that there exists a
set T in the Fourier domain such that the integral of the absolute value of the Fourier transform
outside T" multiplied by the size of the effective support |S| of our PMD is small.

Lemma 4.2 (Sparsity of the FT for PMDs). Let X be k-maximal (k,n)-PMD with effective support
S. Let

i {g €[0,1]% 1 [&; — & < Ck(1 + 125;(X)) /2 10g1/2(1/6)} ,

where [z] is the distance between x and the nearest integer, and C' > 0 is a sufficiently large universal
constant. Then, we have that

/ | < ¢/I8].
T

Proof. To prove the lemma, we will need the following technical claim:

Claim 4.3. For all € = (&1,...,&) € [0,1)%, for all1 <i<n and 1 < j <k —1, it holds:

|Xi(&)] = exp(—Qpiglé; — &I*/k)) -

Proof. The claim follows from the following sequence of (in-)equalities:

:(Zk:pme(gj)) ( Zk: pijre(=&jr) ) sz,jpz,]’e — &)
j=1 j'=1

= " pigpigrcos(2m(&; — &) =1 - Zpupu (1= cos(2m(&; — &;1)))

4.3’ J#3’

=1 pigpiy (1 - Q& - &)%) (by Claim [3.11] with § = 1)
i

=exp | —Q sz,]’pz,]€ éj]
J#5’

=exp [ —Q Zpi,jpi,k[fj—ﬁk]Z
i<k

=exp (—Q (pisl& — &% /K))

where the last lines uses the fact p; , > 1/k, which follows from k-maximality. O
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As a consequence of Claim we have that
&l = H |X(8)] = exp(—Q(s;(X)[& — &I*/k)) - (13)

Let T = [0,1]¥ \ T be the complement of 7. To bound [z |X|, we proceed as follows: For ¢ € Z..,
we define the sets

To = {€: max((§; — &J/(Ch(1 +125;(0)) 2 log2(1/e))) € [2,241]} |

and observe that T' C Ugez, Ty. Now, Equation implies that for & € Ty it holds ])A( &) < elOkQZ,
where we used the assumption that the constant C' is sufficiently large. It is easy to see that the
volume of T is at most O(2¢klog'/?(1/€))* [T+ 125;(X))~/2. We can bound J71X| from

above by the sum over ¢ of the maximum value of ]X | within Ty times the volume of Ty, namely

/ 1X| < Z/ 1X| < Z (sup 1X (¢ > || Vol(Ty) < € H(l +12s;(X)) "2 < €/|S].

E€Ty i<k
This completes the proof of Lemma O

We now use the sparsity of the Fourier transform to show that if two k-maximal PMDs, with
similar variances in each direction, have Fourier transforms that are pointwise sufficiently close to
each other in this effective support, then they are close to each other in total variation distance.

Lemma 4.4. Let X andY be k-mazimal (k,n)-PMDs, satisfying 1/2 < (14s;(X))/(1+s;(Y)) <2
forall j,1 < j <k-1 Lt T {g €[0,1]F: & — &) < Ck(1+123j(X))*1/21og1/2(1/e)},
where [x] is the distance between x and the nearest integer, and C > 0 is a sufficiently large

universal constant. Suppose that for all & € T it holds |X (&) — Y (€)| < e(Cklog(k/e))2*. Then,
dry(X,Y) <e.

Proof. We start with an intuitive explanation of the proof. Since 1+ s;(X), 1+ 5;(Y’) are within a
factor of 2 for 1 < j < k—1, it follows from the above that X and Y are both effectively supported
on a set S C [n]* of size |S] < O (log(k/e))** - Hf;ll (1+ 125]-(X)1/2). Therefore, to prove the
lemma, it is sufficient to establish that || X — Y| < O(€/]S]).

We prove this statement in two steps by analyzing the continuous Fourier transforms X and
Y. The first step of the proof exploits the fact that the Fourier transforms of X and Y are
each essentially supported on the set T of the lemma statement. Recalling the assumption that
(14s;(X))/(1+s;(Y)) €[1/2,2],1 < j < k—1, an application of Lemma yields that fT|)A(|
and ff\?\ are both at most €/|S|. Thus, we have that

/\X—?|g/p?y+/|?| <e/|S|.
T T T

In the second step of the proof, we use the assumption that the absolute difference | X (£)—Y (€)],
£ € T, is small, and the fact that [ | X| and J7 |Y'| are individually small, to show that || X — Y|, <
O(¢/|S)). The straightforward inequality || X — Y ||os < || X — Y||1 combined with the concentration
of X, Y completes the proof.

Given the aforementioned, in order to bound || X — Y|, it suffices to show that the integral
over T is small. By the assumption of the lemma, we have that | X (§) — Y (§)| is point-wise at most
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e(Cklog(k/e))~2* over T. We obtain an upper bound on [ \)? — 17\ by multiplying this quantity by
the volume of T'. Note that the volume of T'is at most O(klog/?(1/€))* 1 [, (1+12s;(X))"/2).
Hence,

j<k

/ I = P| < e-Olog(k/e)) " - [T 1+ 1255(X)) 12 < ¢/]5].
T i<k
Combining the above, we get that | X — Y|s < | X — Y||1 = O(¢/|S|), which implies that the
L,y distance between X and Y over S is O(e). The contribution of S to the Ly distance is at

most €, since both X and Y are in S with probability at least 1 — e. This completes the proof of
Lemma [£.4] O

We use this lemma as technical tool for our robust moment-matching lemma. As mentioned in
the beginning of the section, we will need to handle separately the component k-CRVs that have
a significant contribution to the variance in some direction. This is formalized in the following
definition:

Definition 4.5. Let X be a k-maximal (n, k)-PMD with X =" | X; and 0 < ¢ < 1. For a given
¢ € [n], we say that a particular component k-CRV X, with py; = Pr[X,; = e;], is d-exceptional if
there exists a coordinate j, with 1 < j < k — 1, such that py; > §- /1 + s;(X). We will denote by
E(0,X) C [n] the set of J-exceptional components of X.

Recall that the variance of the j* coordinate of X is in [s;(X)/2,s;(X)]. Therefore, the above
definition states that the j** coordinate of X; has probability mass which is at least a d-fraction of
the standard deviation across the j* coordinate of X.

We remark that for any (n, k)-PMD X, at most k/§2 of its component k-CRVs are 6-exceptional.
To see this, we observe that the number of J-exceptional components is at most £ — 1 times
the number of (§, j)-exceptional components, i.e., the k-CRVs X; which are d-exceptional for the
same value of j. We claim that for any j, 1 < j < k — 1, the number of (, j)-exceptional
components is at most 1/§2. Indeed, let E; C [n] denote the corresponding set. Then, we have
that ZieEj pzz,j > 02| Ej|sj(X) = 0%|Ej| Y21, pij- Noting that ZieEj pzz,j <Y pzz,j < Yil1Pigs
we get that 0%|F;| < 1, thus yielding the claim.

We now have all the necessary ingredients for our robust moment-matching lemma. Roughly
speaking, we partition the coordinate k-CRVs of our k-maximal PMDs into three groups. For
appropriate values 0 < d; < d2, we have: (i) k-CRVs that are not d;-exceptional, (ii) k-CRVs
that are d1-exceptional, but not dr-exceptional, and (iii) ds-exceptional k-CRVs. For group (i),
we will only need to approximate the first two parameter moments in order to get a good Taylor
approximation, and for group (ii) we need to approximate as many as Og(log(1/€)/loglog(1/¢))
degree parameter moments. Group (iii) has O (log®/?(1/€)) coordinate k-CRVs, hence we simply
approximate the individual (relatively few) parameters each to high precision. Formally, we have:

Lemma 4.6. Let X andY be k-maximal (n, k)-PMDs, satisfying 1/2 < (14s;(X))/(1+s;(Y)) <2
forall j, 1 < j < k—1. Let C be a sufficiently large constant. Suppose that the component k-
CRVs of X and Y can be partitioned into three groups, so that X = XM + X@ 4+ XO) gnd
Y =YW 4+7® 4 YO where XO and YV, 1 < t < 3, are PMDs over the same number of

k-CRVs. Additionally assume the following: (i) for t < 2 the random wvariables X0 gnd y®

have no o-exceptional components, where 1 = d1(€) e e(Cklog(k/e))2k=3 and 0y = da(e) e

k~11og™3/4(1/€), and (ii) there is a bijection between the component k-CRVs of X®) with those in
Y @) so that corresponding k-CRVs have total variation distance at most €/3ns, where n3 is the

number of such k-CRVs.
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Finally, suppose that for t < 2, and all vectors m € Zﬁ with my = 0 and |m|; < Ky it holds

(M (X D) = M (YO)(28) ™ <y = 5(e) = e(Chlog(k/e) ",
where K1 =2 and Ky = Ka(€) = C(log(1/e)/loglog(1/€) + k). Then dry(X,Y) <e.
Proof. First, note that dpy (X,Y) < Z?:l dry (X®, Y1) so it suffices to show that dry (X ®, Y ) =
€/3, for t = 1,2, 3. This holds trivially for t = 3, by assumption. To prove the statement for t = 1,2,
by Lemma it is sufficient to show that X () and Y®) are point-wise close on the set 7', namely

that for all ¢ € T'it holds | X®) (&) — YO (¢)]| < e(Cklog(k/e))~2k. To show this, we show separately

that X® is close to Y® for each t — 1,2.
Let X = 3. 4, Xi, where Ay C [n] with [A¢| = n;. We have the following formula for the

Fourier transform of X ®):

k
= 11D e

€A j=1

k—1
= e(nk) H 1- Z(l —e(& — &k))pi
j=1

1€ A

k—1
= e(ni&y) exp Z log | 1 - Z (1 —e(& — &))pij
j=1

1€AL

= e(nx) exp | — Z Z Z 1-e 5 fk))Pm

1€A; £=1 J=1

= e(nx) exp | — Z (’mh> |m]1 m(X®) 1:[1—6 &)™ | (14)

k—1
MELY

An analogous formula holds for Y®). To prove the lemma, we will show that, for all £ € T, the two
corresponding expressions inside the exponential of agree for X and Y® up to a sufficiently
small error.

We first deal with the terms with |m|; < Ky, t = 1,2. By the statement of the lemma, for any
two such terms we have that |M,,(X®) — M,,(Y®)| < (2k)~I™h . ¢(Cklog(k/e))~2*. Hence, for
any & € [0,1]", the contribution of these terms to the difference is at most
Imly

e(Cklog(k/e)) =2k 1 > )(2%)—"&127“1 < Ke(Cklog(k/€)) 21 < ¢(Cklog(k/e)) 2"

mEZiﬁl, Im|1 <K

m

To deal with the remaining terms, we need the following technical claim:
Claim 4.7. Let X be as above. Fort <2 and m € Z’fl with |m|1 > 2, we have that
k—1

| M (X )] H ((1 +5;(X))"1? 1og1/2(1/6)>m]- < log™1/2(1/¢) 6lm|1—2.
j=1

31



Proof. By definition we have that M,,(X®) = D icA, H i1 pl "7 Thus, the claim is equivalent to
showing that

mj ml|y—2

k—1
ST (b (1 55,00)72(0)
i€A; j=1
Since, by definition, X® does not contain any d;-exceptional k-CRV components, we have that for
all i € Ay and all j € [k—1] it holds p; ;- (1 + sj(X))71/2(X) < &¢. Now observe that decreasing any
component of m by 1 decreases the left hand side of the above by a factor of at least d;. Therefore,
it suffices to prove the desired inequality for |m|; = 2, i.e., to show that

5™ (P (1 55, (0)2) (g (1 4+ 53,(X) 7)< 1.

1€AL
Indeed, the above inequality holds true, as follows from an application of the Cauchy-Schwartz
inequality, and the fact that

me —pr X)< si(X) + 1.

ZeAt
This completes the proof of Claim [£.7] O

Now, for & € T, the contribution to the exponent of , coming from terms with |m|; > K,
is at most

k—1
> X () im0t -abm | < 3K/ 6 a9
j=1

> Ky mEZi71:|m|1:Z >Ky

Equation 1) requires a few facts to be justified. First, we use the multinomial identity » ezt mly =t (f) =
+ -
(k — 1)*. We also require the fact that

1 —e(& = &)l < O([& — &) »
¢ €[0,1)7, and recall that [¢; — &] < Ck(1 4 125;(X))~"/21log!/2(1/e), for € € T. Combining the
above with Claim gives .

Finally, we claim that

> K log?(1/€) - 677 < e(Chlog(k/e) ™,

1>Ky
where the last inequality holds for both ¢t = 1,2, as can be readily verified from the definition
of 61, 09, Iﬁ,\ Ky. Combining with the bounds for smaller |m|;, we get that the absolute difference

between X® and Y® on T is at most ¢(Cklog(k/e))~2. Therefore, Lemma implies that
dry(X®,Y®)) < €. A suitable definition of C' in the statement of the lemma to make this €/3
completes the proof of Lemma [4.6] O

Remark 4.8. We note that the quantitive statement of Lemma is crucial for our algorithm:
(i) The set of non §j-exceptional components can contain up to n k-CRVs. Since we only need to
approximate only the first 2 parameter moments for this set, this only involves poly(n) possibilities.
(ii) The set of §1-exceptional but not da-exceptional k-CRVs has size O(k/6%), which is independent
of n. In this case, we approximate the first Oy (log(1/€)/loglog(1/€)) parameter moments, and the
total number of possibilities is independent of n and bounded by an appropriate quasipolynomial
function of 1/e. (ii) The set of d2-exceptional components is sufficiently small, so that we can afford
to do a brute-force grid over the parameters.
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4.2 Efficient Construction of a Proper Cover As a warm-up for our proper cover algorithm,
we use the structural lemma of the previous section to show the following upper bound on the cover
size of PMDs.

Proposition 4.9. For all n,k € Zy, k > 2, and € > 0, there exists an e-cover of the set of
(n, k)-PMDs of size n®**) (1 /¢)Oklog(1/e) )/ 10g1og(1/¢))*~"

Remark 4.10. We remark that, for the sake of simplicity, we have not optimized the dependence
of our cover upper bound on the parameter n. With a slightly more careful argument, one can
easily obtain a cover size upper bound nO*?) (1 /)0 (klog(1/6)/loglog(1/)*"* "Op the other hand, the
asymptotic dependence of our upper bound on the error parameter € is optimal. In Section we
show a lower bound of (1/¢)®(0s(1/€)/loglog(1/e))* "

Proof of Proposition[{.9. Let X be an arbitrary (n,k)-PMD. We can write X as Zle X, where
X% is an i-maximal (n(?), k)-PMD, where Zle n() = n. By the subadditivity of the total variation
distance for independent random variables, it suffices to show that the set of i-maximal (n, k)-PMDs
has an ¢/k-cover of size n®**)(1/¢)O(klog(k/e)/log log(k/€)* ™"

To establish the aforementioned upper bound on the cover size of i-maximal PMDs, we focus
without loss of generality on the case ¢ = k. The proof proceeds by an appropriate application of
Lemma and a counting argument. The idea is fairly simple: for a k-maximal (n, k)-PMD X,
we start by approximating the means s;(X), 1 < j < k — 1, within a factor of 2, and then impose
an appropriate grid on its low-degree parameter moments.

We associate to such a k-maximal (n, k)-PMD X the following data, and claim that if X and
Y are two k-maximal PMDs with the same data, then their total variational distance is at most

¢ €/k. An €-cover for the set of k-maximal (n,k)-PMDs can then be obtained by taking one

representative X for each possible setting of the data in question. Let us denote 4} dof 51(€),

— def do(e), def v(€), K} = K = 2, and K2 = Kg( "), where the functions d1(¢), d2(€), v(e),
and Ko(e€) are defined in the statement of Lemma

In particular, for any X, we partition the coordinates of [n] into the sets A1 = E(d], X),
Ay = E(8, X) \ A1, and A3 = E(d), X). We use these subsets to define X1, X®) and X®) on
ni,na, n3 k-CRVs respectively.

Now, to X we associate the following data:

e ny,n2,N3.

e The nearest integer to logy(s;(X) + 1) for each j, 1 < j <k —1.

e The nearest integer multiple of 4//(2k)I™* to each of the M,,(X™M) for |m|; < 2.
e The nearest integer multiple of 4//(2k)I™t to M,,(X®) for |m|; < Kb.

e Rounding of each of the p; ; for i € A3 to the nearest integer multiple of ¢ /(kng).

First, note that if X and Y are k-maximal (n, k)-PMDs with the same associated data, then they
are partitioned as X = XM + Xx@ 4 x0O) y = YO + 7@ 4 vO) where X® Y® ¢ < 2,
have no d;-exceptional variables and have the same number of component k-CRVs. Furthermore,
1+ s;(X) and 1 + s;(Y) differ by at most a factor of 2 for each j. We also must have that
| My, (X ®) = M, (Y ®)|(2k)I™ <+ for |m|; < K, and there is a bijection between the variables in
X ) and those in Y®) so that corresponding variables differ by at most € /(kns) in each parameter
(and, thus, differ by at most € /n3 in total variation distance). Lemma implies that if X and
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Y have the same data, then dry(X,Y) < €. Hence, this does provide an €’-cover for the set of
k-maximal (n, k)-PMDs.

We are left to prove that this cover is of the appropriate size. To do that, we need to prove a
bound on the number of possible values that can be taken by the above data. We have at most
n choices for each n;, and O(log(n)) choices for each of the k rounded values of log,(s;(X) +
1) (since each is an integer between 0 and logy(n) 4+ 1). X has O(k?) parameter moments
with |m|; < 2, and there are at most O(kn/+') options for each of them (since each parameter
moment is at most n). There are O((k + K4)*~1) parameter moments of X®@ that need to be
considered. By Claim each such parameter moment has magnitude at most O(k/ 512), and, by
our aforementioned rounding, needs to be evaluated to additive accuracy at worst v'/ (2k)K§. Finally,
note that ng = |As| < k/8,%, since the coordinates of As are 8-exceptional under X. Each of the
corresponding O(k?/ 552) parameters p; ; for i € A3 need to be approximated to precision €' /(kns).
We remark that the number of such parameters is less than O(klog(1/€')/loglog(1/¢'))*~1, since
k > 3. Putting this together, we obtain that the number of possible values for this data is at most
nO(?) (1 /¢)Oklog(1/€)/log log(1/¢))* ™" ' This completes the proof of Proposition O

The proof of Proposition can be made algorithmic using Dynamic Programming, yielding
an efficient construction of a proper e-cover for the set of all (n, k)-PMDs.

Theorem 4.11. Let S1,S9,...,5, be sets of k-CRVs. Let S be the set of (n,k)-PMDs of the form
> r—q Xi, where Xy € Sy. There exists an algorithm that runs in time

nOK?) (k;/e)o(k3 log(k/e)/ loglog(k/e))F~1 ]én?}]( 15| .
ecn

and returns an e-cover of S.

Observe that if we choose each S; to be a d-cover for the set of all k-CRVs, with § = ¢/n, by
the subadditivity of the total variation distance for independent random variables, we obtain an
e-cover for M,, ,, the set of all (n, k)-PMDs. It is easy to see that the set of k-CRVs has an explicit
S-cover of size O(1/5)*. This gives the following corollary:

Corollary 4.12. There exists an algorithm that, on input n,k € Zy, k > 2, and € > 0, computes
a proper e-cover for the set My, 1, and runs in time nO®) . (/)0 log(k/e)/ loglog(k/e))*

Proof of Theorem [[.11. The high-level idea is to split each such PMD into its i-maximal PMD

components and approximate each to total variation distance ¢’ def €/k. We do this by keeping
track of the appropriate data, along the lines of Proposition and using dynamic programming.

For the sake of readability, we start by introducing the notation that is used throughout this
proof. We use X to denote a generic (n,k)-PMD, and X?, 1 < i < k, to denote its i-maximal
PMD components. For an (n,k)-PMD and a vector m = (my,...,mg) € Zﬁ, we denote its mt"
parameter moment by M, (X) = >, Z§:1 pzlj. Throughout this proof, we will only consider
parameter moments of i-maximal PMDs, in which case the vector m of interest will by construction
satisfy m; =0, i.e., m = (mq,...,mi—1,0,mit1,...,myg).

In the first step of our algorithm, we guess approximations to the quantities 1 + s;(X?) to
within a factor of 2, where X is intended to be the i-maximal PMD component of our final PMD
X. We represent these guesses in the form of a matrix G = (G j)1<izj<k. Specifically, we take
Gi; = (2% 43)/4 for each integer a; ; > 0, where each a; j is bounded from above by O(logn). For
each fixed guess G, we proceed as follows: For h € [n], we denote by S}, the set of all (h, k)-PMDs
of the form Z?:l Xy, where X, € Sy. For each h € [n], we compute the set of all possible (distinct)
data Dg(X), where X € Sp. The data Dg(X) consists of the following:
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e The number of i-maximal k-CRVs of X, for each ¢, 1 <14 < k.

e Letting X* denote the i-maximal PMD component of X, we partition the k-CRV components

of X into three sets based on whether or not they are §}-exceptional or §)-exceptional with
respect to our guess matriz G for 14 s;(X"*). Formally, we have the following definition:

Definition 4.13. Let X’ be an i-maximal (h;, k)-PMD with X* =", ,; X, and 0 <46 < 1.
We say that a particular component k-CRV X, £ € A" is d-exceptional with respect to
G = (Gi), if there exists a coordinate j # i, 1 < j < k, such that py; > 0 - \/G; ;. We will
denote by E(§,G) C A’ the set of §-exceptional coordinates of X°.

With this notation, we partition A’ into the following three sets: A} = E(§],G), A} =

E(8,,G) \ A}, and A4 = E(8,G). For each i, 1 < i < k, we store the following information:

— ni = |A}], ny = |A}], and nj = [A}].

— Approximations s;; of the quantities s;(X #), for each j # i, 1 < j < k to within an
additive error of (h/4n).

— Approximations of the parameter moments M,, ((Xi)(l)), for allm = (ma,...,my) € Z%
with m; = 0 and |m|; < 2, to within an additive (7//(2k)I™h) - (n/n).

— Approximations of the parameter moments M,, ((Xi)(z)), forallm = (my,...,mg) € Zi
with m; = 0 and |m|; < KJ, to within an additive (7’/(2]@)"”'1) - (nly - 8,2 /2k).

— Rounding of each of the parameters py ;, for each k-CRV X, £ € Al to the nearest
integer multiple of €852 /2k2.

Note that Dg(X) can be stored as a vector of counts and moments. In particular, for the data
associated with k-CRVs in A4, 1 < i < k, we can store a vector of counts of the possible roundings
of the parameters using a sparse representation.

We emphasize that our aforementioned approximate description needs to satisfy the following
property: for independent PMDs X and Y, we have that Dg(X +Y) = Dg(X) + Dg(Y). This
property is crucial, as it allows us to store only one PMD as a representative for each distinct data
vector. This follows from the fact that, if the property is satisfied, then Dg(X +Y') only depends
on the data associated with X and Y.

To ensure this property is satisfied, for a PMD X = 3" | X, where X/ is a k-CRV, we define
Da(X) =)y Da(Xy). We now need to define Dg(W) for a k-CRV W. For Dg(W), we store
the following information:

The value of ¢ for which W is i-maximal.
Whether or not W is 0}-exceptional and d5-exceptional with respect to G.
5;(W) = Pr[W = j] rounded down to a multiple of 1/4n, for each j #i, 1 < j < k.

If W is not &)-exceptional with respect to G, the nearest integer multiple of 4//(n(2k)I™) to
M, (W) for each m € Z% , with m; = 0 and |m|; < 2.

If W is dj-exceptional but not d5-exceptional with respect to G, the nearest integer multiple
of (7'/(2k)I™It) - (8% /2k) to My, (W), for each m € Z% with m; = 0 and |m|; < Kb.

If W is d§)-exceptional with respect to G, we store roundings of each of the probabilities
Pr[W = j] to the nearest integer multiple of ¢'8}%/2k.
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Given the above detailed description, we are ready to describe our dynamic programming based
algorithm. Recall that for each h, 1 < h < n, we compute sets of all possible (distinct) data Dg(X),
where X € S;. We do the computation by a dynamic program that works as follows:

e At the beginning of step h, we have a set Dj_1 of all possibilities of Dg(X) for PMDs of
the form X = Z?:_ll Xy, where X, € Sy, that have 1 + EfiG(X) < 2G; j. Moreover, for each
D € Dy_4, we have a representative PMD Yp, given in terms of its k-CRVs, that satisfies

D¢(Yp) = D.

e To compute Dy, we proceed as follows: We start by computing Dg(X}y), for each Xp € Sy,.
Then, we compute a list of possible data for Dy, as follows: For each D € Dj,_1 and X, € Sy,
we compute the data D + Dg(X}3), and the k-CRVs of the PMD Yp + X}, that has this data,
since Dg(Yp + Xp,) = D+ Dg(X},). We then remove duplicate data from this list, arbitrarily
keeping one PMD that can produce the data. We then remove data D where 1+ §]Dl > 2G ;.
This gives our set of possible data Dy. Now, we note that Dj contains all possible data of
PMDs of the form Z?:l Xy, where each X, € Sy, that have 1 +§fiG(X) < 2G4, and for each
distinct possibility, we have an explicit PMD that has this data.

e After step n, for each D € D,,, we output the data and the associated explicit PMD, if the
following condition is satisfied:

Condition 4.14. For each i,j € Z4, with 1 < i # j < k, it holds (a) G;; < 1 +

maX{O,ngG(X) —1/4} and (b) 1 + §J»DZ~G(X) < 2G, ;, where 3’?f<x) is the approximation to

3;(X?) in Da(X), and G, j is the guess for 1+ s;(X?) in G.

We claim that the above computation, performed for all values of G, outputs an e-cover of the set
S. This is formally established using the following claim:

Claim 4.15. (i) For any X,Y € S, if Dg(X) = Dg(Y) and Dg(X) satisfies Condition
then dTv(X, Y) <.

(i) For any X € S, there exists a G such that Dg(X) satisfies for i,j € Z4, with 1 <i # j <k,

(a) Gi; <1+ maX{O,'svfiG(X) —3/4} and (b) 1+ 'é'ff(x) < 2@}, hence also Condition |4.14)

Remark 4.16. Note that Condition (a) in statement (ii) of the claim above is slightly stronger
than that in Condition [£.14] This slightly stronger condition will be needed for the anonymous
games application in the following section.

Proof. To prove (i), we want to use Lemma to show that that for all i € [k], the i-maximal

components of X and Y are close, i.e., that dty (X% Y?) < €/k. To do this, we proceed as follows:

We first show that 1 < (1 + s;(X%))/(1 + s;(Y?)) < 2. By the definition of §ff(X), for each
i-maximal k-CRV X, € A’, we have s;(X;) — ﬁ < Is’ﬁ.G(X) < sj(Xy). Thus, for X' = > e ai Xo, we
have that s;(X")—(1/4) < §fic(x) < 5;(X"). Since s;(X?) > 0, we have that max{0, s;(X?)—1/4} <

'5]1-:’)5"()() < 5;(X"). Combining this with Condition {4.14| yields that

Gi,j S 1 + Sj(Xi) S 2Gi,j- (16)

Since an identical inequality holds for Y, we have that 1 < (1 + s;(X%))/(1+ s,;(Y?)) < 2.
We next show that the set of coordinates A} for X does not contain any &} exceptional variables
for X*. For all ¢ € A"i, since ¢ is not 0}-exceptional with respect to G, using , we have that
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pe; < 8- \/Gij < /14 s;(X?). Similarly, it follows that A% for X does not contain any d5-
exceptional varlables The same statements also directly follow for Y.

Now, we obtain bounds on the size of the A%’s, t = 1,2, 3. We trivially have |A}| < n. From ,
we have that all variables in A% are §f-exceptional with respect to G ;. If we denote by E; C A}
the set of £ € A% with pe; > 014/Gi j, then using , we have that

= pei =) v > D pi; > 0TIE |G = 67 |E (1 + s5(X7) /2 > 55(X7) - 67| Ejl /2.
LeA? Le Al LEE;

Thus, |E;| < 2/82. Since A} = U§:1 E;, we have |A}| < 2k/§72. Similarly, we have |A4| < 2k/552.

For ¢ € Aﬁ, D¢(Xy) contains an approximation to M, (X,) for each m € Zﬁ with m; = 0 and
Im|1 < 2, to within accuracy +//(2n(2k)/™1). Since |A?| < n, we have that Dg(X?) contains an
approximation to M, ((X*)V)) to within +//(2(2k)™I1). Since a similar bound holds for (Y?)(),
and D¢ ((Y)W) = D¢ ((X1)M) | we have that [M,, ((X9)D) — M, (YH WD) | <+'/(2k)Imh.

Similarly, for £ € A}, D¢ (X/) contains an approximation to M,,(X;) for each m € Z% with
m; = 0 and |m|; < K} to within accuracy (1/2) - (v//(2k)I™l) - (81%/2k). Since |A}| < 2k/57,
D¢ (X?) contains an approximation to M,, ((Xi)(g)) to within 4//(2(2k)!™I). Since a similar bound
holds for (Y?)® and D¢ ((Y9)®) = D¢ ((X%)®@), we have that [M,, ((X*)®)) — M, (Y)P)| <
V@),

Finally, for £ € A%, Dg(X,) contains an approximation to pyj for all j # i to within €&} / 4K2.
The counts of variables with these approximations are the same in (X*)®) and (Y*)®). So, there
is bijection f from A%(X) to A5(Y) such that an ¢ = f(¢) has Dg(X¢) = Dg(Yer). Then, we have
that dry (Xp, Yp) <3 € /5'2/%2 < €857 )2k < € /| Aj).

‘We now have all the necessary conditions to apply Lemmau7 4.6} yielding that dry (X%, Y?) < ¢/k.
By the sub-additivity of total variational distance, we have dry(X,Y) < ¢, proving statement (i)
of the claim.

To prove (ii), it suffices to show that for any i,j there is a G, ; that satisfies the inequalities
claimed. Recall that G;; takes values of the form (2 + 3)/4 for an integer ¢ > 0. For a = 0,
G;; = 1 and the inequality G;; < 1+ max{0,~ff(x) X,
When a > 1, G” > 1, so the 1nequahty Gi; <14 max{0,s
Gij <1+3 NDG(

inequality in ( ) is satisfied when 3.

— 3/4} is satisfied for any value of §fic

h lG(X) 3/4} is only satisfied when

—3/4, i.e., Whens (X )>G”—1/4—(2a+2)/4—(2a 14+ 1)/2. The second
(X)<2G”—1_2 (29 +1)/4 = (29 +1)/2.

7,0
DG(X) DG(X)

Summarizing, for a = 0, we need that s € [0,1], and for a > 1, we need that s; €
[(2271 +1)/2,(2% + 1)/2]. So, there is a G” (2% + 3)/4 for which the required mequahtles are
satisfied. Thus, there is a G for which we get the necessary inequalities for all 1 < 4,5 < k with
i # j. This completes the proof of (ii). O

We now bound the running time:

Claim 4.17. For a generic (n,k)-PMD X, the number of possible values taken by D (X)) considered
is at most nO(k3)(k/6)0(k3 log(1/€)/loglog(1/€))*~"

Proof. For a fixed G, we consider the number of possibilities for Dg(X?) for each 1 <14 < k.

For each j # i, we approximate s;(X?) up to an additive 1/(4n). Since 0 < s;(X;) < n, there
are at most 4n? possibilities. For all such j we have O(n?) possibilities.

We approximate the parameter moments of M, ((Xi)(l)) as an integer multiple of 7/ /(n(2k)I™I1)
for all m with my; < 2. For each such m, we have 0 < M, ((Xi)(l)) < n, so there are at

37



most n2(2k)™1 /v = n2(klog(1/€))°®)(1/€) possibilities. There are O(k?) such m, so we have
nO® ) . (klog(1/€)°* ) (1/€)O*) possibilities.

We approximate the parameter moments of M,, ((Xi)(2)) as a multiple of (7’/(2]@)""‘1) (842 /2K)
for each m with |m|; < K). The number of k-CRVs in (Xi)(Q) is |A%| < 2k/62 from the proof
of Claim So, for each m, we have 0 < M,, ((Xi)( ) < |A%], and there are at most
(26) K22/ (~/67262) = ko(kﬂn(k/e)/lnl“(’“/e In(1/€)°®) /e = (k/e)®) possibilities. Since there are
at most

K1 = O((In(k/e)/Inln(k/e) + k)*!

such moments, there are (k:/e)o(’“n(k/e)/1‘11‘1(’“/6)%’“2)%1 possibilities.

We approximate each X, for £ € Ai as a k-CRV whose probabilities are multiples of 6(5’22 /2k2.
So, there are (2k2/(edy)® = (k/€)®®) possible k-CRVs. Since there may be |A}| < 2k/6 =
2k21og®?(k/e) such k-CRVs, there are (k/e)O*’ log®/2(k/€)) possibilities

Multiplying these together, for every G, there are at most n® (k/e) (kIn(k/e)/ Inln(k/e)+k*)"~
possible values of Dg(X?). Hence, there are at most no(kg)(k‘/e) (K In(k/€)/InIn(k/)* "1 Hogsible
values of Dg(X) for a given G. Finally, there are O(logn)* possible values of G, since Gy ; =
(2% + 3)/4, for integers a; j, and we do not need to consider G; ; > n. Therefore, the number of
possible values of Dg(X) is at most n®* ) . (k/¢)O*’ In(k/€)/ InIn(k/€))*~* O

The runtime of the algorithm is dominated by the runtime of the substep of each step h, where
we calculate D + Dg(Xy) for all D € Dj,_1 and Xj, € Sp,. Note that D and Dg(X},) are vectors
with O(K%) = O(log(k/¢)/ loglog(k/€) + k)* non-zero coordinates. So, the runtime of step h is at
most

[Dheal 1] - O((K)") = [8p] - nOED - (k) O b/ Innl/ DT
by Claim The overall runtime of the algorithm is thus nO*?) . (k/)O** n(k/e)/Inln(k/e)*
maxy, |Sp|. This completes the proof of Theorem O

4.3 An EPTAS for Nash Equilibria in Anonymous Games In this subsection, we describe
our EPTAS for computing Nash equilibria in anonymous games:

Theorem 4.18. There exists an nO*”).(k /¢)OKk’ log(k/e)/log log(k/)* ™ _time algorithm for computing
a (well-supported) e-Nash Equilzbmum i an n-player, k-strategy anonymous game.

This subsection is devoted to the proof of Theorem

We compute a well-supported e-Nash equilibrium, using a procedure similar to [DP14]. We
start by using a dynamic program very similar to that of our Theorem in order to construct
an €/10-cover. We iterate over this €/10-cover. For each element of the cover, we compute a set of
possible €/5-best responses. Finally, we again use the dynamic program of Theorem to check if
we can construct this element of the cover out of best responses. If we can, then we have found an
e-Nash equilibrium. Since there exists an €/5-Nash equilibrium in our cover, this procedure must
produce an output.

In more detail, to compute the aforementioned best responses, we use a modification of the
algorithm in Theorem which produces output at the penultimate step. The reason for this
modification is the following: For the approximate Nash equilibrium computation, we need the
data produced by the dynamic program, not just the cover of PMDs. Using this data, we can
subtract the data corresponding to each candidate best response. This allows us to approximate
the distribution of the sum of the other players strategies, which we need in order to calculate the
players expected utilities.
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Recall that a mixed strategy profile for a k-strategy anonymous game can be represented as
a set of k-CRVs, {X;}ic(y), where the k-CRV X; describes the mixed strategy for player i. Recall
that a mixed strategy profile is an e-approximate Nash equilibrium, if for each player i we have
Elu’y (X_5)] > E[uj(X ;)] —¢, for £ € [k], where X ; = > jein)\ iy X is the distribution of the sum
of other players strategies. A strategy profile is an e-well-supported Nash equilibrium if for each
player i, E[u’, (X_;)] > E[u)(X_;)] — € for each ¢ € [k] and e, in the support of X;. If this holds for
one player i, then we call X; an e(-well-supported) best response to X_;.

Lemma 4.19. Suppose that X; is a §-best response to X_; for player i. Then, if an n —1 PMD
Y_; has dry(X_;,Y_;) <€, X; is a (6 + 2¢)-best response to Y_;. If, additionally, a k-CRV'Y; has
PrlY; = e;] = 0 for all j with Pr[X; = e;j] =0, then Y; is a (§ + 2€)-best response to Y_;.

Proof. Since u(z) € [0,1] for ¢ € [k] and any z in the support of X_;, we have that E[u}(X_;)] —
E[u}(Y_;)] < drv(X—;,Y_;)). Similarly, we have E[u}(X_;)] — E[ub(Y_;)] < dpv(X_;, Y_;). Thus,
for all ey in the support of X; and all £ € [k], we have

Efuly(Y_)] > Efuly(X_)] — € > Elub(X_)] — € — & > Eluh(Y_)] - 2¢ - &

That is, X; is a (0 + 2¢)-best response to Y_;. Since the support of Y; is a subset if the support of
X, Y; is also a (6 + 2¢)-best response to Y_;. O

We note that by rounding the entries of an actual Nash Equilibrium, there exists an €/5-Nash
equilibrium where all the probabilities of all the strategies are integer multiples of €/(10kn):

Claim 4.20. There is an €/5-well-supported Nash equilibrium {X;}, where the probabilities Pr[X; =
e;| are multiples of €/(10kn), for all1 <i<n and1 < j <k.

Proof. By Nash’s Theorem, there is a Nash equilibrium {Y;}. We construct {X;} from {Y;} as
follows: IfY; is /~-maximal, then for every j # ¢, we set Pr[X; = e;] to be Pr[Y; = ¢;] rounded down to
amultiple of €/(10kn) and Pr[X; = e,] = 1-3 ., Pr[X; = ¢;]. Now, we have drv (X;,Y;) < ¢/(10n)
and the support of X; is a subset of the support of Y;. By the sub-additivity of total variational
distance, for every i we have dry (X_;,Y_;) < €/10. Since {Y;} is a Nash equilibrium, for all players
i, Y; is a O-best response to Y_;. By Lemma we have that X; is a 2¢/10-best response to X_;
for all players i. Hence, {X;} is an €/5-well supported Nash equilibrium. O

Let S be the set of all k-CRVs whose probabilities are multiples of €¢/(10kn). We will require

a modification of the algorithm from Theorem (applied with S; 2f 5 for all 7, and € def €/5),
which produces output at both step n and step n—1. Specifically, in addition to outputting a subset
Van € D, of the data of possible (n, k)-PMDs that satisfy conditions (a) and (b) of Claim{4.15]
(ii), we output the subset Vi ,,—1 C Dg -1 of the data of possible (n — 1, k)-PMDs that satisfy the
slightly weaker conditions (a) and (b) of Condition .

In more detail, we need the following guarantees about the output of our modified algorithm:

Claim 4.21. For every PMD X =" | X; and X_j =
X, €8, for1 <i<n, we have:

icn)\j Xi» for some 1 < j < n, and any

o There is a guess G, such that Dg(X) € Vg .

e For any G such that Dg(X) € Vg, we also have Dg(X) — Dg(X;) = Dg(X—;) € Vgn-1.

o If Dg(X) € Vg, for any PMD'Y with Dg(Y') = Dg(X) or Dg(Y) = Dg(X_;), we have
drv(X,Y) <€/5 ordry(X_;,Y) < €/5 respectively.
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Proof. By Claim (ii), there is a G such that Dg(X) satisfies conditions (a) and (b) and so
Dq(X) € Vg n.

We note that by the correctness of the dynamic program, since X_; is a sum of n — 1 many
k-CRVs in S, we have Dg(X_;) € Dgp—1. To show that it is in Vi ,—1, we need to show that all

fsthf(X_j) satisfy Condition 4.14] for all 1 < ¢, h < k and h # i. We know that §th(X) satisfies the

stronger conditions (a) and (b) of Claim (ii). All we need to show is that

Da(X Da(X_;) _ ~Da(X
Shf( )_1/23%5( ! S‘Sh,ic( )

This condition is trivial unless X; is i-maximal. If it is, we note that Pr[X; = ep] < Pr[X; = e,
D¢ (X;
and so sjf( i) < Pr(X; = ep] < 1/2. Thus, Dg(X_;) = Dg(X) — Da(X;) € Vg n-1.
We now have that both Dg(X) and Dg(X_;) satisfy Condition Therefore, Claim (i)
yields the third claim. O

We note that we can calculate the expected utilities efficiently to sufficient precision:

Claim 4.22. Given an anonymous game (n,k, {Uz}ie[n],fe[k]) with each utility given to within an
additive €/2 using O(log(1/€)) bits, and given a PMD X in terms of its constituent k-CRVs X;, we
can approximate the expected utility E[u}(z#i Xi)] for any player i and pure strategy ¢ to within

e in time O(n**1 - klog(n) - polylog(1/e)).

Proof. We can compute the probability mass function of X_; = > i Xj by using the FFT on
[n]*. We calculate the DFT of each X;, X;, calculate the DFT of X_;, )?_\,(5) =1l )?j, and

finally compute the inverse DFT. To do this within €/2 total variational error needs time O(n**!.
klog(n)polylog(1/¢)), since we need to use the FFT algorithm n + 1 times. We then use this
approximate pmf to compute the expectation Efu}(X_;)] = > ub(x)X;(z). This takes time O(n*)
and gives error e. O

Henceforth, we will assume that we can compute these expectations exactly, but it should be
clear that computing them to within a suitably small O(e) error suffices.

Proof of Theorem [[.18, We use the modified dynamic programming algorithm given above to pro-
duce an €/5-cover with explicit sets Vi, Vg n—1 of data and PMDs which produce each output
data.

Then, for each G and for each D € Vg, we try to construct an e-Nash equilibrium whose
associated PMD X has Dg(X) = D. Firstly, for each player ¢ we compute a set S; C S of best
responses to X. To do this, we check each X; € S individually. We first check if D (X)—Dg(X;) €
VG n—1. If it is not, then Claim implies that there is no set of strategies for the other players
X; € S, for j # i, such that Dg(> " ; X;) = D. In this case, we do not put this X; € S;. If we
do have D_; := D — Dg(X;) € Vign—1, then we recall that the algorithm gives us an explicit Yp
such that D(Yp_,) = D—;. Now, we calculate the expected utilities E[u}(Yp_,)] for each 1 < ¢ < k.
If X; is a 3¢/5-best response to Yp_,, then we add it to S;.

When we have calculated the set of best responses S; for each player, we use the algorithm
from Theorem with these S;’s and this guess G. If the set of data it outputs contains D, then
we output the explicit PMD X :=Yp that does so in terms of its constituent CRVs X = >"" | X;
and terminate.

To prove correctness, we first show that {X;} is an e-Nash equilibrium, and second that that
the algorithm always produces an output. We need to show that X; is an e-best response to
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X_; = Zje[n}\i X;. When we put X; in S;, we checked that X; was a 3¢/5-best response to Yp_,,
where D_; = D — D¢ (X;). But note that

Da(Yp_.) =D — Dg(X;) = Da(X) — Da(Xi) = Da(X_y).

Since D € Vg, and Dg(Yp_,) = Dg(X_;), Claim yields that dry(X_;,Yp_,) < €/5. So, by
Lemma [£.19] we indeed have that X; is an e-best response to X_;. Since this holds for all X;, X
is an e-Nash equilibrium.

By Claim there exists an €/5-Nash equilibrium {X/}, with each X] € S. By Claim
we have that for X’ = >"" | X/, there is a guess G with Dg(X') € V. So, if the algorithm does
not terminate successfully first, it eventually considers G and D := Dg(X’). We next show that
that the algorithm puts X/ in S;. For each 1 <i <n, X', = Zje[n]\i X} has Dg(X” ;) € Vg1 by
Claim [4.21} since Dg(X') € Vgn. So, D—i = D — Dg(X{) = Da(X') = Da(X]) = Dg(X';), and we
have D_; € Vg ,—1. Hence, the algorithm will put X/ in S; if X/ is an 4¢/5-best response to Yp_,. By
Claim since Dg(X) € Vg and Dg(X—;) = Da(Yp_,), we have dry(Yp_,, X—;) < €/5. Since
{X]} is an €/5-Nash equilibrium, X’ ; is an €/5-best response to X’ .. Since dry (Yp_;, X_;) < €/5,
by Lemma this implies that X/ is a 3¢/5-best response to Yp_,. Thus, the algorithm puts
X! in S;. Since each X[ satisfies X/ € S;, by Theorem the algorithm from that theorem
outputs a set of data that includes Dg(X’) = D. Therefore, if the algorithm does not terminate

successfully first, when it considers G and D, it will produce an output. This completes the proof
of Theorem [4.18] O

Threat points in anonymous games. As an additional application of our proper cover con-
struction, we give an EPTAS for computing threat points in anonymous games [BCIT0§].

Definition 4.23. The threat point of an anonymous game (n, k, {u}};cn] ¢ejr)) is the vector 6 with

0; = i Eul(X_;)].
! Xfigl-/\ilrvllfl,k 1I£Ja§Xk [U]( Z)]
Intuitively, If all other players cooperate to try and punish player 7, then they can force her
expected utility to be 6; but no lower, so long as player i is trying to maximize it. This notion has
applications in finding Nash equilibria in repeated anonymous games.

Corollary~4.24. Given an anonymous game (n, k, {Uz}ie[n],ée[k]) with k > 2, we can compute a 0
with |0 = 0]|os < € in time nP*) . (k/e)O* log(k/€)/loglog(k/O)* ™" " Additionally, for each player i,
we obtain strategies X; j for all other players j # i such that max;<<g E[ué(zj# Xij)] < 0; +e

Proof. Using the dynamic programming algorithm of Theorem [£.11 we can construct an e-cover C
of My,_1 . For each player i, we then compute 0, = miny ,ec maxi<j<g E[u; (X_;)] by brute force.
Additionally, we return the k-CRVs X;; that the algorithm gives us as the explicit parameters
of the PMD X_; which achieves this minimum, i.e., with f; = max; << ]E[u; (X_;)]. The running
time of this algorithm is dominated by the dynamic programming step.

We now show correctness. Let Y_; € M,,_1}, be such that ; = max;<;<s E[u;(X,l)] Then,
there exists a Y, € C with dry(Y_;,Y’;) < ¢, and so we have |E[u}(Y_)] — E[u’(Y/,))]] < e
Therefore, )

0; = 1??§kE[u;(Y_Z)] > 1IglgxkE[u§(Yil)] —e>0;—¢€.
Similarly, there is an X_; € C with 6; = maxi<;<k E[ué (X_;)] < 6;. And so we have ]él — 6,
as required. Additionally, for the > ., X;; = X_; we have maxi</<y E[“@(Z#i Xij)] =6; <
Qi + €. L]

41



4.4 Every PMD is close to a PMD with few distinct parameters In this section, we
prove our structural result that states that any PMD is close to another PMD which is the sum of
k-CRVs with a small number of distinct parameters.

Theorem 4.25. Let n,k € Z4, k > 2, and € > 0. For any (n,k)-PMD X, there is an (n,k)-PMD
Y such that drv(X,Y) < e satisfying the following property: We can write Y = Y | 'Y; where
each k-CRV'Y; is distributed as one of

O ((log(k/e)/(loglog(k/€)) + k)"
distinct k-CRV:s.
The main geometric tool used to prove this is the following result from [GRW15]:

Lemma 4.26 (Theorem 14 from [GRWI15]). Let f(z) be a multivariate polynomial with variables
x;j, for 1 <i<m and 1 < j <k, which is symmetric up to permutations of the i’s, i.e., such that
for any permutation o € Sy, we have that, for (v4)i; = To(;);, for all1 <i<nand1 < j <k,
f(:va)a:f(x) Let w € ZI;O. Suppose that f has weighted w degree at most d, i.e., each monomial

i T has 32, swjaq; < d. Suppose that the minimum of f(x) is attained by some ' € R", ie.,
that f(z') = mingcpnxr f(x). Then, there is a point x* with f(z*) = min,cpnxr f(x), such that the

*

number of distinct y € R* of the form Yj =27,

for some i, is at most H§:1 L%J .
Proof of Theorem [[.25, Firstly we're going to divide our PMD into i-maximal PMDs. We assume
wlog that X is k-maximal below.

We divide this PMD X into component PMDs X X2 X ®) according to whether these are
61 and d9, as in the proof of Proposition We want to show that there exists a Y)Y 3 such
that XM and Y agree on the first 2 moments, X and Y2 agree on the first K moments, but
each has few distinct CRVs. Then Y = Y 4 V® 4 X®) is close to X by Lemma (because
the first moments agree, i.e., we have s;(X) = s;(Y)).

We are going to use Lemma to show that we can satisfy some polynomial equations
pi(x) = 0 by setting f to be a sum of squares f(z) = >, pi/(z)% Then if the polynomial equations
have a simultaneous solution at x, f attains its minimum of 0 at z. Some of these p;’s are going
to be symmetric in terms of 4. For the rest, we are going to have identical equations that hold for
each individual 7, so f overall will be symmetric.

We have X® for t = 1,2, and we want to construct a Y ) with few distinct k&-CRVs. That is, we
want to find p; ;, the probability that Y; = p; j, for 1 <7 < n, 1 < j < k. These p; ;’s have to satisfy
certain inequalities to ensure each Y;(t) is a non-d; exceptional k-CRV and p;1 < pi2 < ... < pig.
To do this, we will need to introduce variables whose square is the slack in each of these inequalities.

The free variables of these equations will be p;1,...,pi %, i1, ..., ;3% The equations we con-
sider are as follows:

The following two equations mean that Yi(t) is a k-CRV with the necessary properties: For each
1<i<nand1<j<k—1,

Pij =7 (17)

Pij + T34 = Dik (18)

Pij + T jop = 0/ 1+ 55(X) . (19)

and
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For each 1 <17 < n,

k
> pij=1. (20)
j=1

h h

We need an equation that the m*" moment of Y® is identical to the m* moment of X®) i.e.,

Y I | - Ma(x®) =0, (21)
i

for each moment m with |m|; < K.

If these equations have a solution for real p; ;’s and z; ;’s, then the p; ;s satisfy all the inequalities
we need. We square all these expressions and sum them giving f. Note that the slack variables
x;; only appear in monomials of degree 4 in f. We set the weights w; of the p;; to be 1 and
the weights of the x;; to be K;/2. Then, f has w degree 2K;: has degree K, in terms of
Di,j, S0 when we square it to put it in f, it has degree 2K;. So we have that, for d = 2K,

H;?:l L%J = (2K;)*4% = O(K;)* Now f is symmetric in terms of the n different values of i, so we
can apply Lemma which yields that there is a minimum with O(K;)* distinct (k + 1)-vectors
provided that there is any minimum.

However, note that if we set pfm = Pr[X; = e;] and define the x;j appropriately, we obtain an
a’ such that f(z') = 0. Since f is a sum of squares f(z) > 0. So, there is an z* with f(z*) = 0, but
such that o* has O(K;)* distinct 4k-vectors (pj,17 s Dl T ,x:‘k)

Using the p;;’s in this solution, we have a Y® with O(K;)* distinct CRVs. So, the Y which is
O(e) close to X has (O(K1)* + O(K2)* + k(log1/€)?) distinct k-CRVs. Overall, we have that any
PMD is O(ke)-close to one with

k- O(K2)* = O ((log(1/e)/(log log(1/€)) + k))*

distinct constituent k-CRVs. Thus, every PMD is e-close to one with k-O ((log(k/€)/(loglog(k/€)) + k))*
distinct constituent k-CRVs. This completes the proof. O

4.5 Cover Size Lower Bound for PMDs In this subsection, we prove our lower bound on
the cover size of PMDs, which is restated below:

Theorem 4.27. (Cover Size Lower Bound for (n,k)-PMDs) Letk > 2, k € Z,, and € be sufficiently
small as a function of k. For n = Q((1/k) - log(1/€)/loglog(1/e))*~* any e-cover of M, under
the total variation distance must be of size n2*) . (1 /¢)((1/k)log(1/6)/loglog(1/e)*~1

Theorem [£.27] will follow from the following theorem:

Theorem 4.28. Let k > 2, k € Z,, and € be sufficiently small as a function of k. Let n =
Q((1/k) -log(1/€)/loglog(1/€))*~L. There exists a set S of (n,k)-PMDs so that for v,y € S, v # y
implies that dry (z,y) > €, and |S| > (1/e)((1/k)log(1/c)/loglog(1/e)* 1

The proof of Theorem is quite elaborate and is postponed to the following subsection.

We now show how Theorem follows from it. Let ng O((1/k) - log(1/¢)/loglog(1/e))k~1. By
Theorem there exists a set Sp, of size (1/€)("0) consisting of (ng, k)-PMDs that are e-far
from each other.

We construct (n/ng) appropriate “shifts” of the set S,,, by selecting appropriate sets of

n — ng deterministic component k-CRVs. These sets shift the mean vector of the corresponding

Q(k)
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PMD, while the remaining ny components form an embedding of the set S,,. We remark that the
PMDs corresponding to different shifts have disjoint supports. Therefore, any e-cover must contain
disjoint e-covers for each shift, which is isomorphic to S,,. Therefore, any e-cover must be of size

(r/0) 29 . (1) 2(1/k)1o8(1/)/ Toglog(1/))"" _ [ (K) . (1 /¢)2(1/k)lor(1/¢)/ loglog(1/e)*!

where the last inequality used the fact that nf = o((1/€)™0), if the parameter € is sufficiently small
as a function of k. This completes the proof. The following subsection is devoted to the proof of
Theorem [4.28]

4.5.1 Proof of Theorem Let k > 2, k € Z, and € be sufficiently small as a function of
k. Let n = ©((1/k) - log(1/¢€)/loglog(1/¢€))* 1.

We express an (n, k)-PMD X as a sum of independent k-CRVs X, where s ranges over some
index set. For 1 < j < k — 1, we will denote p,; = Pr[X; = ¢;]. Note that Pr[X, = e;] =
1—- Z;C;ll Ds,j-

We construct our lower bound set S explicitly as follows. Let 0 < ¢ < 1 be an appropriately
small universal constant. We define the integer parameters a o lcln(1/e)/2kInln(1/e))] and

¢ le7¢|. We define the set S to have elements indexed by a function f : [a]*~! — [t], where the
function f corresponds to the PMD

XYy
s€la)k—t
and the k-CRV X/, s = (51,...,8k_1) € [a]*7!, has the following parameters:
of = 501 (s)
=T Ik (1e)

for 1 < j <k —1. (Note that we use d;; to denote the standard Kronecker delta function, i.e.,
9;; = 1if and only if i = j).
Let F={f| f:[a]*" — [t]} be the set of all functions from [a]*~! to [t]. Then, we have that

, (22)

S¥xf.feF).

That is, each PMD in S is the sum of a*~! many k-CRVs, and there are t possibilities for each

k-CRV. Therefore,
S| = it (1/6)9((1/16)'1%(1/6)/loglog(l/e))k’l.

Observe that all PMDs in S are k-maximal. In particular, for any f € F, s € [a]*~!, and 1 < j <
k — 1, the above definition implies that

1 1
fol 1 (23)

Pod =&k (1/e)

An important observation, that will be used throughout our proof, is that for each k-CRV X J , only
the first out of the k—1 parameters pif p1<i< k—1, depends on the function f. More specifically,

the effect of the function f on pf: 1 is a very small perturbation of the numerator. Note that the first

summand in the numerator of is a positive integer, while the summand corresponding to f is
at most €2 = o(1). We emphasize that this perturbation term is an absolutely crucial ingredient
of our construction. As will become clear from the proof below, this term allows us to show that
distinct PMDs in § have a parameter moment that is substantially different.

The proof proceeds in two main conceptual steps that we explain in detail below.
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First Step. In the first step, we show that for any two distinct PMDs in S, there exists a
parameter moment in which they differ by a non-trivial amount. For m € Zl_‘fl, we recall that

the m!" parameter moment of a k-maximal PMD X = }° o X, is defined to be M,,(X) &
Y scs HJ ] p;n] In Lemma [4.29 below, we show that for any distinct PMDs X/, X9 € S, there
exists m € [a]*~1 such that thelr m!" parameter moments differ by at least poly(e).

Lemma 4.29. If f,g: [a]*~! — [t], with f # g, then there exists m € [a]*~! so that
Mo (X7) = My (X7)| > €t

We now give a brief intuitive overview of the proof. It is clear that, for f # g, the PMDs
X7 and X9 have distinct parameters. Indeed, since f # g, there exists an s € [a]*=! such that
f(s) # g(s), which implies that the k-CRVs X7 and X? have p£1 + p“;’J.

We start by pointing out that if two arbitrary PMDs have distinct parameters, there exists a
parameter moment where they differ. This implication uses the fact that PMDs are determined
by their moments, which can be established by showing that the Jacobian matrix of the moment
function is non-singular. Lemma is a a robust version of this fact, that applies to PMDs in S,
and is proved by crucially exploiting the structure of the set S.

Our proof of Lemma [£:29] proceeds as follows: We start by approximating the parameter mo-
ments M,,(X7), X/ € S, from above and below, using the definition of the parameters of X 7. This
approximation step allows us to express the desired difference M,,(X7) — M,,(X9) (roughly) as
the product of two terms: the first term is always positive and has magnitude poly(€), while the
second term is L - (f — g), for a certain linear transformation (matrix) L. We show that L is the
tensor product of matrices L;, where each L; is a Vandermonde matrix on distinct integers. Hence,
each L; is invertible, which in turn implies that L is invertible. Therefore, since f # g, we deduce
that L - (f — g) # 0. Noting that the elements of this vector are integers, yields the desired lower
bound.

Proof of Lemma[{.29. We begin by approximating the mt" parameter moment of X/. We have
that

Al sj+0;1¢f(s)\"™
M= 2 H( ln’“ill/eif())

s€lalk—1 j=1
k—1
= InFlmli(1 /) Z (s1 + € f(s))™ H s;nj .
sela]F—1 j=2

Note that in the expression (s1+€>f(s))™ = S/ (™) s7 (€ f(s))?, the ratio of the (3 f(s))"+!
term to the (€3°f(s))? term is (mq —4)e3¢f(s)/s1i < ach <1/2. So, we have

(14 ()™ = Y (m) P ()
=0
mi1—2
< s s T f(s) + (ma(ma — 1)/2)s7 3 (Ef ()7 Y 27
=0
< +m1811 130f<)_’_aa64c.
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We can therefore write

My (X7T) = In~Flmlx (1 /¢) Z (s1 +ef(s) H

s€lalk—1 Jj=2
k—1
<t Ml e 3T (s s () + ate) | T s
s€[a]k—1 Jj=2
k—1
< ln_kaHl(l/f) Z H S;nj + e3¢ Z mlf m1—1 H 5" ka64c
s€lalk—1 j=1 s€fa]k—1

Note that a** = exp (ak1na) < exp (akInln1/e) < exp (clne/2) = (1/€)%/? , and so finally we have

M (XT) < In~Flmil(q /e) > Hsmf D" mif(s)s IIHsmf +€?

s€lalk—1 j=1 s€la)k—1 Jj=2
and that
k—1
My, (XT) > InFlmih g /e) ST+ Y. muf(s 111‘[ m
s€la]k—1 j=1 s€[a]k—1

An analogous formula holds for the parameter moments of X9 and therefore

My (XT) = My (X9) = In~HImih(1/e) [ e 37 s~ 1H s g(s)) + O(7/?)

s€la]k—1

We need to show that, for at least one value of m € Zk_l, the integer

3 H " (f(s) — g(s))

s€lalk—1 j=1

is non-zero, since log ¥I™ll (1 /¢) . e3em, Hf;ll sj > 0 for all s and m.

We observe that these integers are the coordinates of L(f — g), where L : Rl _, Rla
the linear transformation with

]kl,

S Eall

s€lalk—1 j=1

for m € [a]~!. Tt should be noted that L is the tensor product of the linear transformations

L; : R™ — R™, with
=D s h(s)
si€lal
for 1 <1i < k—1. Moreover, each L;(h) is given by the Vandermonde matrix on the distinct integers

1,2,...,a, which is non-singular. Since each L; is invertible, the tensor product L is also invertible.
Therefore, L(f — g) is non-zero. That is, there exists an m € [a]*~! with (L(f — g))m # 0, and so

M (XF) = My (X9) = log FImIli(1/¢) - €3¢ . my H s;(L Jm # 0.
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Since my Hf;ll s;(L(f — g))m is an integer, |mq Hf;ll s;(L(f — 9))m| > 1. So, we get
| M (XT) = My (X9)| > In~FlImil(1 /)3 .

Finally, we note that In=*I™l1(1/¢) = exp(—k||m|;Inln1/e) > exp(—kalnlnl/e) > /2. We
therefore conclude that |M,,(Xf) — M,,(X9)| > €, as required. O

Second Step. In the second step of the proof, we show that two PMDs in S that have a parameter
moment that differs by a non-trivial amount, must differ significantly in total variation distance.
In particular, we prove:

Lemma 4.30. Let f,g : [a]F~! — [t], with f # g. If |Mn(XT) — M, (X9)| > €' for some
m € [a]*~L, then dry (XS, X9) > e

We establish this lemma in two sub-steps: We first show that if the m!* parameter moments
of two PMDs in § differ by a non-trivial amount, then the corresponding probability generating
functions (PGF) must differ by a non-trivial amount at a point. An intriguing property of our
proof of this claim is that it is non-constructive: we prove that there exists a point where the
PGF’s differ, but we do not explicitly find such a point. Our non-constructive argument makes
essential use of Cauchy’s integral formula. We are then able to directly translate a distance lower
bound between the PGF's to a lower bound in total variation distance.

For a random variable W = (W7y,..., W}) taking values in Z* and z = (21,...,2;_1) € CF 1

we recall the definition of the probability generating function: P(W, z) f g {Hf:_ll le 1} . For a

PMD X/, we have that

k—1 X7 k—1
rx’o=k| I II="|= 1l <1+Zp£i(zi—l)> .
=1

s€lalk—1 i=1 s€[a]k—1
We start by establishing the following crucial claim:

Claim 4.31. Let f,g: [a]*~! — [t], with f # g. If M, (XT) = M, (X9)| > €*¢ for some m € [a]*~!,
then there exists z* € CF=1 with ||2*||o0 < 2 such that |P(X',2*) — P(X9,2*)| > €°°.

Before we proceed with the formal proof, we provide an intuitive explanation of the argument.
The proof of Claim proceeds as follows: We start by expressing In (P(X f, z)), the logarithm
of the PGF of a PMD X/ € S, as a Taylor series whose coefficients depend on its parameter
moments M,,(X7). We remark that appropriate bounds on the parameter moments of X/ € S
imply that this series is in fact absolutely convergent in an appropriate region R. Note that, using
the aforementioned Taylor expansion, we can express each parameter moment M, (X Y, me Zi‘l,
as a partial derivative of In (P(Xf, z)) Hence, if X7/ and X9 are distinct PMDs in S, the difference
| My (X7) — M, (X9)| can also be expressed as the absolute value of the partial derivative of the
difference between the PGFs |In (P(X7, 2)) — In (P(XY, z))‘ . We then use Cauchy’s integral formula
to express this partial derivative as an integral, which we can further be absolutely bounded from
above by the difference |In (P(X/,2*)) — In (P(X9,2*))|, for some point z* € R. Finally, we use
the fact that In (P(X f z)) is absolutely bounded for all z € R to complete the proof of the claim.
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Proof of Claim[{.31 For z € C*1 let w € CF¥~! be defined by w; = z; — 1, 1 <i < k — 1. When
|w;| <5, for all 1 <i <k — 1, we take logarithms and obtain:

k—1
Z In (1 + pr;zwz>

In(P(X7, 2))

s€la)k—1 i=1
l
oo k—1
(_1)44—1 (Z f )
=2 > Pl
s€[a]k—1 £=1 ¢ i=1
k—1 k71
> (o) oo It
B (p5)™ e
sela—1 =1 mli=e NV i1 :1
k—1 k—1
(—1)lml+1 ||m||1 i I v,
2wl sz [[=0"
GZZ =1 Se[ak 1 i=1
a#0
k—1
= > GO (L) ey
g Imlly L
a;éZOO
We note that
k—1
|Mm(Xf)’ = (pf,i)mi < akF1 ln_(k_l)”mnl(l/é) < (10k)_||m”1 ,

where the first inequality follows from (23)). Therefore, for |||l < 4 and so ||w||x < 5, we obtain
that

| In(P( |<Z 3 <”m”1)|| 15, (108) = < 37 (k — 1)'5°(10k) Z 24)
aczk—t /=1 =1
mili=¢

This suffices to show that all the series above are absolutely convergent when ||z||oo < 4, and thus
that their manipulations are valid, and that we get the principal branch of the logarithm. To
summarize, for all z € C*~1 with ||z]c < 4, and w € CF~! with w; = 2, — 1, i € [k — 1], we have:

ml1+1

n(P(X7,2) = Y (_””h("m“l) (mez> m(X7) . (25)

S Il
a#0

In particular, we have that the Hf llw * coefficient of In(P(X7,z)) is an integer multiple of

M, (XF)/|m||1. This expansion is a Taylor series in the w;’s, so this coefficient is equal to a partial

derivative, which we can extract by Cauchy’s integral formula. Now, suppose that X/ X9 are
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distinct elements of S. We have that:

M) = M Xl < 188 (X7) = 28, (001 (1210l

k—1

(1/2m')’f—17{

olmiiin(P(X /. 2)) — In(P(XY, 2))
ow™ ...awszl

k—1
. .j[(ln(P(Xf, 2)) = In(P(X9,2)))/ [ [ widw: ... dwp_
v =1

k—1
< v |_1mz|1x - | ln(P(Xf’ 2)) — In(P(XY, 2)))/ H W™
1=1,..,|wg-1|= 1
= max |IH(P(Xf,Z))—ln(P(X97Z)))’ 7

|wi|=1,...,|wk—1]=1

where the third line above follows from Cauchy’s integral formula, and ~ is the path round the unit
circle.

Now suppose that there exists an m € [a]*7!, i.e., with |m|; < (k — 1)a, such that it holds
| My (XF) — M, (X9)] > €*¢. By the above, this implies that there is some w* = (wf,...,w}_,)
with |w}| =1 for all ¢ so that for the corresponding z*,

[In(P(X7, 2)) = In(P(X?, %)) > €'/ Im]} > €/ (ka) . (26)

Note that ||z*]|c < [[w*[|so+1 = 2. Hence, z* € R. Applying , at this z*, we have | In(P(X/, 2*))| <
1 and |In(P(X9,2%))| < 1. Therefore, by Equation (26)), for this z* with ||2*[| < 2, we have that

(X, 2%) = P(X9,2)| = Q (€% (ka)) = &,
where the last inequality follows from our definition of a. This completes the proof of Claim O

We are now ready to translate a lower bound on the distance between the PGFs to a lower
bound on total variation distance. Namely, we prove the following:

Claim 4.32. If there exists z* € CF1 with ||2*|so < 2 such that |P(X7,2*) — P(X9,2*)| > €%,
then dTv(Xf,Xg) > €.

The main idea of the proof of Claimis this: By Equation , we know that | In(P(X7, 2))|
1, for all z € R. We use this fact to show that the contribution to the value of the PGF P(X7, 2*)
coming from the subset of the probability space {X/ > T} is at most O(2~7). On the other
hand, the contribution to the difference |In(P(X7,2*)) — In(P(X9,2*))| coming from the set
{XT < T,X9 < T} can be easily bounded from above by 27 - dpy (X, X9). The claim follows by
selecting an appropriate value of T'= O(log(1/¢)), balancing these two terms.

IN

Proof. First note that exponentiating Equation at z = (4,4,...,4), and using the definition
of the PGF we get:

E |:4Zf:_11 le} ’]E [425:_11 ng] S e.

Therefore, for any z with ||z||oc < 2 and any T € Z we have that

k—1 k—1
S JIareexf =a)| < @/2)” Y J[4*PrxT =a] <e(1/2)7

22l >T i=1 w el >T i=1
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A similar bound holds for X9. By assumption, there exists such a z* so that

" < |P(XY,2*) — P(XY,2¥)

= ZH )i (PrXf—a:] Pr[Xg::L‘]>|

xz =1
- H i (PrXf—a:] Pr[Xg:x]> +2e(1/2)7
|z|1<T =1
<2 % ‘Pr[Xf — 2] — Pr[XY :x]‘ +2e(1/2)T
|z <T

< 2Tdry (X7, X9) 4 2¢/2T .
Taking T' = [5clogy(1/€)], we get

dry (X7, X9) > Q%) > e

This completes the proof Claim O

Lemma follows by combining Claims and By putting together Lemmas
and it follows that any two distinct elements of S are e-separated in total variation dis-
tance. This completes the proof of Theorem [£.28] establishing the correctness of our lower bound
construction. O

5 A Size—Free Central Limit Theorem for PMDs

In this section, we prove our new CLT thereby establishing Theorem For the purposes of this
section, we define a discrete Gaussian in k£ dimensions to be a probability distribution supported
on ZF so that the probability of a point z is proportional to e9®), for some quadratic polynomial
Q. The formal statement of our CLT is the following;:

Theorem 5.1. Let X be an (n, k)-PMD with covariance matriz X.. Suppose that ¥ has no eigenvec-
tors other than 1 = (1,1,...,1) with eigenvalue less than o. Then, there exists a discrete Gaussian

G so that
drv(X,G) < Ok /log*(0) /o).

We note that our phrasing of the theorem above is slightly different than the CLT statement
of [VV10]. More specifically, we work with (n, k)-PMDs directly, while [VV10] work with projections
of PMDs onto k — 1 coordinates. Also, our notion of a discrete Gaussian is not the same as the
one discussed in [VV10]. At the end of the section, we show how our statement can be rephrased
to be directly comparable to the [VVI0| statement.

Proof of Theorem We note that unless o > k” that there is nothing to prove, and thus we
will assume this throughout the rest of the proof.

The basic idea of the proof will be to compare the Fourier transform of X to that of the
discrete Gaussian with density proportional to the pdf of A (u,X) (where p is the expectation of
X). By taking the inverse Fourier transform, we will be able to conclude that these distributions
are pointwise close. A careful analysis of this combined with the claim that both X and G have
small effective support will yield our result.
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We start by providing a summary of the main steps of the proof. We start by bounding the
effective support of X under our assumptions (Lemma and Corollary . Then, we describe
the effective support of its Fourier transform (Lemma . We further show that the effective
support of the distribution X and the Fourier transform of the discrete Gaussian G are similar (see
Lemmas and . We then obtain an estimate of the error between the Fourier transforms of
X and a Gaussian with the same mean and covariance (Lemma . The difference between the
distributions of X and G at a point, as given by the inverse Fourier transform, is approximately
equal to the integral of this error over the effective support of the Fourier transform of X and G.
If we take bounds on the size of this integral naively, we get a weaker result than Theorem
concretely that dry (X, G) < O(log(o))*o~1/? (Proposition . Finally, we are able to show the
necessary bound on this integral by using the saddlepoint method.

We already have a bound on the effective support of a general PMD (Lemma . Using this
lemma, we obtain simpler bounds that hold under our assumptions.

Lemma 5.2. Let X be an (n, k)-PMD with mean p and covariance matriz 2, where all non-trivial
eigenvalues of ¥ are at least o, then for any € > exp(—o/k), with probability 1 — e over X we have
that

(X =) (E+ D)1 X — p) = O(klog(k/e)).

Proof. From Lemma we have that (X — p)T (kIn(k/e)X + k?In?(k/e) )~ (X — p) = O(1) with
probability at least 1 — €/10.

By our assumptions on ¥, we can write ¥ = U7 diag(\;)U, for an orthogonal matrix U with k"
column 1/\/E and \; >ocfor1<i<k-—1,and \; =0.

By our assumptions on e, we have that o > klIn(1/€), and so for 1 < ¢ < k — 1, we have
Ai+12> 3N+ kIn(1/e)).

Since 1T(X p) = 0, we have that (UT(X — u))x = 0, and so we can write

(X —p) E+ DX —p) = (UNX — p) diag(1/(\ + 1)UT(X — p)

< (UT(X — ) diag(2/(Ni + k1n(1/€)))UT (X — p)
(
)-

2k n(k/e) - (X — )7 (kIn(k/e)S + k2 (k/e)I) ™ (X — )
O(kn(k/e)

Specifically, if we take € = 1/0, we have the following:

Corollary 5.3. Let X be as above, and let S be the set of points x € ZF where (x — u)T1 =0 and
(=" (E+ D)z —p) < (Cklog())

for some sufficiently large constant C. Then, X € S with probability at least 1 —1/0, and

S| = \/det(Z + 1) - O(log(c))*/2.

Proof. Noting that In(ko) = O(log o) since o > k, by Lemma applied with e = 1/0, it follows
that € S with probability 1 —1/0.

The remainder of the claim is a standard counting argument where we need to bound the
number of integer lattice points within a continuous region (in this case, an ellipsoid). We deal
with this by way of the standard technique of erecting a unit cube about each of the lattice points
and bounding the volume of the union. Note that for € Z*, the cubes x + (—1/2,1/2)* each have
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volume one and are disjoint. Thus, if we define S’ to be the set of y such that there exists an z € S
with ||y — z||eo < 3, then |S| = Vol(5’). For any y € &', there is an z € S with:

(@—p) E+D ez —p+ -2 S+DHy—2)+
2y —2)- (B+ D)7z~ p)

(y—p)- (S+D) "y —p)

< O(w—p)- B+D) 7 a—p)+y—2) B+ (y—2)
< O(Cklog(o) + (y —x) - I(y — x))

< O(Cklog(0) + klly — =I3.)

< O(Cklog(o) + k)

= O(Cklog(o)) .

That is, S’ is contained in the ellipsoid (y — u) - (X + 1)~ (y — u) < O(Cklog(c)). The corollary
follows by bounding the volume of this ellipsoid. We have the following simple claim:

Claim 5.4. The volume of the ellipsoid T A= x < ck for a symmetric k x k matriz A and ¢ > 0
is \/det(A) - O(c)*/2.

Proof. We can factorize A = UTdiag()\;)U” for some orthogonal matrix U. Then, the ellipsoid is
the set of  with ||diag(1/v/ckA;))UTz||2 < 1. The volume of the ellipsoid is

[det(diag(1//RA)UT) | Vi = V/det(A) - (ch)"/2Vi,

where V}, is the volume of the unit sphere. By standard results, Vi, = 7/2/T(1 + k/2) = Q(k)~*/2,
using Stirling’s approximation

T(1+k/2) = /27/(1 + k/2)((1 + k/2)/e)TH/2(1 + 02/ (k + 2)).
Therefore, the volume is O(y/det(A) - (c)*/?). O

As a consequence, the volume of the ellipsoid (y — p) - (X + 1 ) Yy — pn) < O(Cklog(o)) is

V/det(Z + 1) - O(C'logo)¥/2. Thus, we conclude that |S| < Vol(S") < /det(X + 1) - O(logo) k/Q
This completes the proof of the corollary. O

Next, we proceed to describe the Fourier support of X. In particular, we show that X has
a relatively small effective support, 7. Our Fourier sparsity lemma in this section is somewhat
different than in previous section, but the ideas are similar. The proof will similarly need Lemma

BI0
def

Lemma 5.5. Let T = {¢£ € R¥ | €3¢ < Cklog(o)}, for C some sufficiently large constant. Then,
we have that:

(i) For all £ € T, the entries of & are contained in an interval of length 2,/Cklog(o)/o.
(ii) Letting T' =T N{¢ € R¥ | & € [0,1]}, it holds Vol(T") = det(X + I)~Y/2 . O(C log(o))*/2.

(iii) f[()J]k\(T_;'_Zk) |X(§>‘d§ < 1/(‘7’5”-
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Proof. We define £ to be the projection of § onto the plane where the coordinates sum to 0, i.e.,
£ =&+ al for some o € R and € - 1 = 0. Then, we have that ¢ - ¢ > o|¢|3. Hence, for £ € T, we

have that |€]s < |€]2 < 1/Cklog(c)/o. This implies that for any 4, it holds

& — &l =18 — & < 2/l < 2¢/Cklog() /0.

This proves (i).

In particular, for any £ € T, and all ¢, we have & — &;| < 24/Cklog(c)/o < 2C. And so if
¢ €T, then & € [-2v/C,142v/C]. Thus, for ¢ € T", it holds £-¢ < O(C). Thus, for ¢ € T', we have
E-(X4+1)-£<O(Cklog(o)). By Claim we get that Vol(T”) < det(X + I)~1/20(Clog(o))*/>.
This proves (ii).

By Claim (3.9 . for every ¢ € [0,1)%, there is an interval I¢ of length 1 — 1/(k + 1) such that
¢ = ¢+ b, for some b € ZF, has coordinates in I¢. Let T}, be the set of £ such that there is such a
& with

2" Cklog(o) > ¢ - 2¢' > 2™ Cklog(o) ,

and & = & — |&] for all 1 < i < k. Then, for every ¢ € [0,1]*, we either have ¢ € T + Z* or else
& € T, for some m > 0. Hence,

/ R()de < 3 Vol(Tn) sup X ()] (27)
(0,1)\(T+2) =

E€ETm

To bound the RHS above, we need bounds on the volume of each T},. These can be obtained
using a similar argument to (ii) along with some translation.

Claim 5.6. We have that Vol(T},,) < det(X 4 I)~1/2. 02"+ C log(a))*/?.

Proof. Let Uy, be the set of ¢ such that there is a ¢ with 2" Cklog(o) > ¢/ -3¢ and & = & — | &
for all 1 < i < k. Note that T, C U,,. Let U/, be the set of ¢’ with & € [0,1] and 2™ Cklog(o) >
¢ - ¥¢. Note that for any ¢” with 2" Cklog(o) > ¢ - 2¢”, we have that £” + A1 also satisfies
2"t Cklog(o) > (£ + A1) - X(¢” + A1) for any A € R. In particular ¢ = ¢" — (|&/])1) € U},.
Note that &' — || = & for all i. So U, is the set of { such that there is a ¢ € U,, with
& =& — |&]. Then, Vol(Upy, ) < Vol(U},) since Up, = Upezn (U}, N Hle[bi,bi + 1)) — b, and so
Vol(U) < 3 yegn Vol(UL, ﬂHZ i b +1))) = Vol(UL,).
Note that by Lemma (i) applied with C := 2m*1C gives the bound

Vol(U!) < det(Z + I)~Y2. 02+ Clog(o))*/2.

Therefore, we have Vol(T},) < Vol(Uy,) < Vol(U,) < det(X + I)~1/2 . 0(2™*+C log(s))*/%. This
completes the proof. O

Next, we obtain bounds on supgcr,, X (¢)| by using Lemma

Claim 5.7. For £ € Ty, it holds 1X(9)] < exp(=Q(C2™1og(c)/k)). If additionally we have m <
4logy k, then | X (&) = exp(—Q(C2"klog(0))).

Proof. Note that £’ has coordinates in an interval of length 1 — 1/k, so we may apply Lemma
yielding R R
[ X(6)] = 1X(€)] < exp(—QET - T - €/k?)) = exp(—2(C2™ log(0) /k)).
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To get the stronger bound, we need to show that for small m, all the coordinates of ¢ are in a
shorter interval. As before, we consider ¢’, the projection of & onto the set of x with -1 = 0.
Similarly, we have & - $¢" > o|¢’|3. So, for any 4, j, it holds

€ — &l <18 — €51 < 208']00 < 2182 < VE T [o < /C2mHEog(o) /o0

For m < logy(c/Cklog(c)) — 3, we have that the coordinates of £ lie in an interval of length 1/2.
Now, Lemma [3.10] gives that

X (©)] = 1X(€)] < exp(=Q(E™ - - &) = exp(—UCk2™ log(0) /).

Finally, note that 4log, k < log,(c/Cklog(c)) — 3, when o > Ck3. This completes the proof of the
claim. 0

Using the above, we can write

/ RElE < 3 Vol(T) sup |X(€)]
[Ovl]k\(T+Zk) m=0 E€eTm

< det(Z+1)7% - O(Clog(a))2 Y~ 2mF/2 sup |X(€)] .

m=0 £€Tm

We divide this sum into two pieces:

4logy k R log, (0 /Cklog(c))—3
> 22 qup |X(9)] < 272 exp(—Q(C2"k log(0)))
m=0 §€Tm m=0
4logy k
< S ep(-Q(CE™ — m)klog(0)))
m=0
4logy k
< Y 2 exp(—Q(Chlog(0))
m=0
< exp(—Q(Cklog(0))) = o) |
and
S22 sup (X9 < D 2™ 2 exp(—Q(C2" log(0) /k))
m=4logs k §€Tm m=4logs k
< > exp(—Q(C(2"™ —m)log(0)/k))
m=4logs k
< Y exp(—=QC(K* +m)log(a)/k))
m=4logy k
< > 27exp(—Q(Cklog(o))) < o HK)
m=4logs k
We thus have f[()’l]k\(TJrZ,q) | X (6)]d¢ < det(Z + I)~Y20(C log(a))*/2 log (o) ~OCH) O
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The previous lemma establishes that the contribution to the Fourier transform of X coming
from points outside of T is negligibly small. We next claim that, for £ € T it is approximated by
a Gaussian.

Lemma 5.8. For & € T, we have that

)A((f) = exp <27m',u € —2m%E - NE+ O(C3/2k7/2\/log3(a)/a)> :

This also holds for complex £, under the assumption that the coordinate-wise complex and real parts
of & are in T, i.e., such that Re(§) - ¥Re(€),Im(€) - ¥Im(§) < O(Cklog(o)).

Proof. Recall that )?(f) = [l Z§:1 e(&)pij. Let m; be the element of [k] so that piy,, is as
large as possible for each 4. In particular, p;m,, > 1/k. We will attempt to approximate the above
product by approximating the log of E?:l e(&;)pij by its Taylor series expansion around the point
(&mis Emys - - - s Em, ) In particular, by Taylor’s Theorem, we find that

2
k k
Z 6(6] )pZ] =exp | 2mi fmz + sz] éml - sz] gm, sz] émz +E; |,
j=1 J=1
where F; is the third directional derivative in the § — (§m,, - - -, &m,;) direction of log(.g(\i (£)) at some
point ¢ along the line between & and (&, ..., &m,;). Note that the above is exactly

exp (27i(¢ - E[X;]) — 272 (€ - Cov(X;)E) + E;) .

Thus, taking a product over ¢, we find that

)A((ﬁ) = exp <2m’u-§— 2m2¢ - Zﬁ—i—ZEi) .

i=1

We remark that the coefficients of this Taylor series are (up to powers of —27i) the cumulants
of X. 3 .

Since the coordinates of £ lie in an interval of length at most 1/2, we have that Z§:1 e(&;)pij
is bounded away from 0. Therefore, we get that

k k
|Ei| = O<Zpij|5j &P+ D piipin & — Gl — &mi]
j=1

J1,j2=1
k ~ ~ ~
+ > PinPigDisslen — EmillEi — EmillSss — fmi!)‘
J1,J2,J3=1

Next note that 3 R R
Var(X; - €) > pijPims &5 — &mil® > pijléj — Emal?/ k.
Additionally, note that

Cklog(o) > & -6 = Var(X - €) = ZVarX ¥3)
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Therefore,

me‘gj gml me‘gj 51m|2 < Ck? log(o).

=1

Thus, since |£; — &n,| = O(y/Cklog(a)/a) for all i, j we have that

n k
SN piléy — m [P < O(CH2ET\ Nlog*(0) /o).

i=1 j=1
We have that

n

n k
Z Z pijlpij2’£j1 - £m7,||£.72 - 6m1| < Z sz,]

i=1 j1,j2=1

= &y

IN
-

me Zpi,jlfj — &mi|?
7 7=1

=0 Ck3 log(0)).

Il
N

Therefore,

n k

- 9%

Z Z pijlpij2|£j1 - fmz| |€j2 - 5m1|

i=1 j1,j2=1
and

k
Z pihpijzpij:s’gjl - gmszjz - 5m1||§]5 — &mi
Ji,j2,j3=1

are both

O(C*2k"2\/1og®(0) /o).
L]

We now define G to be the discrete Gaussian supported on the set of points in Z* whose
coordinates sum to n, so that for such a point p we have:

G(p) = (2m)" V2 det(S) VP exp((p—p) - =7 p— 1) /2) = /ng‘_ e(—p - &) exp(2mi(§ - p) — 277 - T€)
N / e(—p- &) exp(2mi(§ - p) — 27%¢ - XE)
£,£1€[0,1]

where ¥/ = ¥ + 117 restricted to the space of vectors whose coordinates sum to 0.
We let G equal

G(€) = exp(2mi(€ - p) — 27%€ - 5¢).

Next, we claim that G and X have similar effective supports and subsequently that G and X do
as well. Firstly, the effective support of the distribution of G is similar to that of X, namely S:

Lemma 5.9. The sum of the absolute values of G at points not is S is at most 1/o.

56



Proof. For this it suffices to prove a tail bound for G analogous to that satisfied by X. In particular,
assuming that ¥ has unit eigenvectors v; with eigenvalues \;, it suffices to prove that [(G —p)-v;| <
V/Ait except with probability at most exp(—Q(¢?)). Recall that

G(p) = (2m)"* D2 det(S) 2 exp((p — p) - 70 — 1) /2).
Let G be the continuous probability density defined by
G(z) = (2m) 72 det ()2 expl(( — ) - X' — 1) /2).

Note that for any p with (p — u) -1 =0, and = € [~1/2,1/2]*, we have that

G(p) =0 (G(p +2)+G(p— a:)) )

Gle) =0 (/;xep+[1/2,1/2}k G(x)> '

Applying this formula for each p with (p—pu)-v; > +/Ait and noting that (z—p)-v; > (p—p)-v;—Vk >
Vit — Vk yields

Pr(|(G — ) - vl > VAt) = O(Pr((G — ) - vl > /At = VE = exp(—Q(£)).

Taking a union bound over 1 < ¢ < k yields our result. O

Therefore, we have that

Secondly, the effective support of the Fourier Transform of G is similar to that of X, namely 7"
Lemma 5.10. The integral of \é(£)| over & with & € [0,1] and & not in T is at most 1/(]S|o).

Proof. We consider the integral over £ € T,,, where
Ty = {€:& €[0,1] | £ %€ € [2™Cklog(o), 2™ Cklog(0)]}.

We note that it has volume 2™ kO*) 10g”®*) () /S|, and that within T}, it holds |G(£)| = exp(—Q(Cklog(c)2™)).
From this it is easy to see that the integral over T}, is at most 27"~ /(|S|o). Summing over m
yields the result. 0

We now have all that is necessary to prove a weaker version of our main result.

Proposition 5.11. We have the following:
drv (X, G) < O(log(0)) o2,

Proof. First, we bound the L of the difference. In particular, we note that for any p with integer
coordinates summing to n we have that

X(p) = e(—p- €)X (€)de

/EGR’“@E[OJ] Ei€l1—1/2,61+1/2]

and

G(p) = / e(—p- €) exp(2mi(E - ) — 20°€ - 56).
£,61€[0,1]
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We note that in both cases the integral for £ not in 7" is at most 1/(|S|o). To show this, we need to
note that any ¢ with & € [0,1],& € [&1 — 1/2,& + 1/2] equivalent to a point of T modulo Z¥ must
lie in T itself. This is because the element of T" must have all its coordinates differing by at most
1/4, and thus must differ from & by an integer multiple of (1,1,...,1). Therefore, we have that

(X (p) - Gp)| = +0(1/(|S|0))

/ e(—p-€)(X(€) — O€))de

£eT §1€[0,1]

< / 1R(6) - G(e)|de + O(1/(IS]0))
£eT,¢1€[0,1]

<[ o g (o) fo)de + OW/(1S]0)
£€T&1€[0,1]
< det(Z + I)~"Y2(C3/%\/1og(0) /o) O(C log(0))*/2.
Therefore, the sum of | X (p) — G(p)| over p € S is at most
(C*2/10g(0)/0)O(C? log?(e))*/2.
The sum over p ¢ S is at most O(1/0). This completes the proof. O

The proof of the main theorem is substantially the same as the above. The one obstacle that
we face is that above we are only able to prove L bounds on the difference between X and G, and
these bounds are too weak for our purposes. What we would like to do is to prove stronger bounds
on the difference between X and G at points p far from p. In order to do this, we will need to take
advantage of cancellation in the inverse Fourier transform integrals. To achieve this, we will use
the saddle point method from complex analysis.

Proof of Theorem[5.1 For p € S we have as above that

|X(p) — G(p)| =

/ e(—p- O)(X(E) — G(&)de| + 0(1/(1So)).
£eT,¢1€[0,1]

Let & € R¥ be such that &.1 = 0 and so that & = (u — p)/(27) (i.e., take & = (X +117) "1y —
p)/(2m)). We think of the integral above as an iterated contour integral. By deforming the contour
associated with the innermost integral, we claim that it is the same as the sum of the integrals over
¢ with Re(§) € T, Re(&1) € [0,1] and Im(§) = & and the integral over Re(§) € dT,Re(&1) € [0, 1]
and Im(&) = t& for some ¢ € [0,1] (the extra pieces that we would need to add at Re(£;) = 0 and
Re(&1) = 1 cancel out).

Claim 5.12. [cespe cion) €= (X (&) — G(€)d¢ equals

/ e(=p- (€ +60)) (X (€ + i) — GE + o) )de
£€T7£1€[071}
plus

1 A~ —~
/ / e(—p- (& +it&o)) (X (& + it&p) — G(& + it&p))d(t&o) - dE.
£edT\¢1€[0,1] Jt

=0
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Proof. We write f(§) = e(—p- 5)()?(5) - @(5)) Let O be an orthogonal matrix with kth column
€0/||€oll2- Then, we change variables from ¢ to v = OT¢, yielding

f(&)d¢ = F(O"v)dv

ceT” veoT T’

We can consider this as an iterated integral where v; is integrated from a;(v1, ..., vi—1) to bi(v1, ..., vi—1).

b1 bz bk ViV — 1)
/ f(OTvydy = / / / f(OTVYdyy, ... dvadyy .
ueOTT’ V1) ap (V1 5Vk—1)

We consider the innermost integral. The function f(O”v) is a linear combination of exponentials
and so is holomorphic on all of C". Let C be the contour which consists of three straight lines,
from ag(v1,...,vk—1) via ag(vi, ..., vg—1) +1||€oll2 and bg (v, ..., vk—1) +i||oll2 to br(vi, ..., vg—1).
Then, by standard facts of complex analysis, we have:

b (V15 Vk—1)
/ f(OTV)de

(V1esVi—1)

/f (OTv)dy,

/ FOT (1, e vty (Vs s vt) + illGo o))l 0l 2t

br (V1w V1) - .
4 / FOT (v + illEol2ex) v

k(V15esVk—1)

/ f 1/1, ey VR, bk(vl, - ,Vk_l) + ZH&)”Q(l — t/)))inngdt/

The middle part of this path gives the first term in the statement of the claim:

b1 pba(v br (Y1, Vk—1) T
/ / / FOT (v + illéo|lsex) ) dv . . duadin

aVl??kl

_ / FOT (v + |0 2ex))
VGOTT’
= f(€+i&) .

SeT’

A change of variables allows us to express the sum of the contributions from the first and third
part of the path:

1
/f(OT(yl,...,uk1,ak(z/1,...,uk1)—|—z'H£0]2t))i\§gszt
0
1
_/ FOT (1, vt b,y i) + illEolla) illEo 2
0
Changing variables to replace (v1,...,vk—1,ax(v1,...,vk—1)) or (v1,...,Vk—1,bk(v1,...,Vk—1)) with
Ee€dT or £ € TN{0,1} we get an appropriate integral of +if(§ + it&p). We note that the volume

form for &y assigns to a surface element the volume of the projection of that element in the &g
direction. Multiplying by ||&o||2 and the appropriate sign yields exactly the measure £y - d§. Thus,
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we are left with an integral of f(& + it&)d(t&o) - d€. However, it should be noted that the measures
&o - d€ are opposite on £ = 0 and & = 1 boundaries (as d§ is the outward pointing normal). Since
f&+it&y) = f(E+1+it&), the integrals over these regions cancel, leaving exactly with the claimed
integral. O

In order to estimate this difference, we use Lemma [5.8] which still applies. Furthermore, we
note that

&S =(p—p) - p—p)/(4r*) = O(Cklog(0)) ,

because p € S.
Therefore, we have that | X (p) — G(p)| is O(1/(|S|o)) plus

O\ 1og(9) /o) /C [exp (2mi(n = p) - € = 277€ - 1) | d.

Now, when Im(&) = &y, we have that
exp (2mi(p — p) - § — 2m°¢ - £E) = exp (—(p — W) S~ (p — 1)/2 — 27°Re(€) - TRe(€)) .

Integrating, we find that the difference over this region is at most times

O(k™?\/1og3(0) /o) / exp (—(p — )=~ Hp — p)/2 — 27°Re(€) - ERe(€)) dé = O(/-c”QW)G(p)-

The contribution from the part of the contour where Re(§) is on the boundary of 7" is also easy to
bound after noting that both | X (¢)| and |G(€)| are O(c—*). We furthermore claim that the total
volume of the region of integration is O(vkVol(T')). Together, these would imply that the total
integral over this region is O(1/(c|S|)). To do this, we note that the total volume of the region
being integrated over is at most the volume of the projection of T' in the direction perpendicular
to & times the length of &y. In order to analyze this we consider each slice of T given by £ -1 = «
separately. Noting that || < 2 for all £ € 07, it suffices to consider only a single slice. In particular,
since for all such «, we have that f € T, it suffices to consider the slice a = 0. Along this slice, we
have that T is an ellipsoid. Note that & -X& = (p—pu)- (X +117)"1(p— u) < Cklog(c). Therefore
& el

Next, we claim that if E is any ellipsoid in at most k dimensions, and if v is a vector with
v € E, then the product of the length of v times the volume of the projection of E perpendicular
to v is at most O(vkVol(E)). This follows after noting that the claim is invariant under affine
transformations, and thus it suffices to consider £ the unit ball for which it is easy to verify.

Therefore, for p € S, we have that

X(0) - Gp)| < 0(1/ISlo) + O/ log? (0)/0)G ).

From this it is easy to see that it is also

X (p) = G(p)| < O(1/|S|o) + O(k*?/log*(0) /o) X (p).

Summing over p € S gives a total difference of at most

O(k"%y/1og®(0) /o).

Combining this with the fact that the sum of X (p) and G(p) for p not in S is at most 1/0 gives us

that
drv(X,G) = O(K"/?\/log*(0) /o).

This completes the proof of Theorem O
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Comparison to the [VV10] CLT. We note that the above statement of Theorem is not
immediately comparable to the CLT of [VV10]. More specifically, we work with PMDs directly,
while [VV10] works with projections of PMDs onto k —1 coordinates. Also, our notion of a discrete
Gaussian is not the same as the one discussed in [VVI10]. However, it is not difficult to relate the
two results. First, we need to relate our PMD (supported on integer vectors whose coordinates sum
to m) to theirs (which are projections of PMDs onto k£ — 1 coordinates). In particular, we need to
show that this projection does not skew minimum eigenvalue in the wrong direction. This is done
in the following simple proposition:

Proposition 5.13. Let X be an (n,k)-PMD, and X' be obtained by projecting X onto its first
k—1 coordinates. Let ¥ and X' be the covariance matrices of X and X', respectively, and let o and
o’ be the second smallest and smallest eigenvalues respectively of ¥ and X'. Then, we have o > o’.

Proof. Note that, since 1 is in the kernel of 3, ¢ is the minimum of v orthogonal to 1 of ”:TEU”.

TsV . . “ .
w %]ww' This is the same as the minimum over

Whereas, o’ is the minimum over w € R¥~1\{0} of

w in R* with k" coordinate equal to 0 of %
Let the minimization problem defining ¢ be obtained by some particular v orthogonal to 1. In
T
particular, a v so that o = ”WTZUU. Let w be the unique vector of the form v + al so that w has last

coordinate 0. Then, we have that

This completes the proof. O
Next, we need to relate the two slightly different notions of discrete Gaussian.

Proposition 5.14. Let G be a Gaussian in RF with covariance matriz ¥, which has no eigenvalue
smaller than o. Let G' be the discrete Gaussian obtained by rounding the values of G to the nearest
lattice point. Let G be the discrete distribution obtained by assigning each integer lattice point
mass proportional to the probability density function of G. Then, we have that

drv (G, G") < O(kr/log(0) /).

Proof. We note that the probability density function of G is proportional to exp(—(z-X71z)/2)dx.
Suppose that y is another vector with ||z — y||c < 1. We would like to claim that the probability
density function at y is approximately the same as at . In particular, we write y = x + z and note
that

y- S ly=2-S 0422 r 2. 8712
=z Y e+ 227Y22) - (27V22) + 02207 Y)
=z Yz + 0(2 V22| /k/o + koY)
=z -2 2+ 0/ (kjo)x -1z + ko)
Note that, for lattice points x, G'(z) is the average over y in a unit cube about z of the pdf of G at
y, while G” () is just the pdf of G at 2. These quantities are within a 14+O \/m—i— ko—1)

multiple of each other by the above so long as the term in the “O” is o(1). Therefore, for all x
with o - X712 < klog(o), we have that G'(z) = G"(x)(1 + O(k+/log(o /0 We note however
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that G’ has only a 1/0 probability of 2 being outside of this range. Furthermore, we claim that
G"(x) = O(G'(z)) for all z. To see this, note that for any v with ||v]|s < 1/2, we have

G(x) = e‘“TE*lv/Q\/G’(m +0)G(x —v) < e~ (k/20) max{G(z +v),G(x —v)}.

We assume that o > k? or else we have nothing to prove. Then, we have G(z) = O(G(z + v) +
G(x —v)), and by considering the integral that defines G’, we have G"(z) = O(G'(z)). Thus, G”
similarly has O(1/0) mass outside of the range x - ¥~z < klog(c). Therefore, the L; difference
inside the range is O(k+/log(c)/o) and the L; error from outside is O(1/c). This completes the
proof. O

Armed with these propositions, we have the following corollary of Theorem

Corollary 5.15. Let X be an (n,k)-PMD, and X' be obtained by projecting X onto its first k — 1
coordinates. Let X' be the covariance matriz of X'. Suppose that X' has no eigenvectors with
eigenvalue less than o'. Let G’ be the distribution obtained by sampling from N(E[X'],¥") and
rounding to the nearest point in Z*. Then, we have that

dry (X', G < O(k"/%y/log? (") /o).

Proof. Let ¥ be the covariance matrix of X. Since X is a PMD, 1 is an eigenvector of ¥ with
eigenvalue 0. By Proposition the other eigenvalues of ¥ are at least ¢’. Theorem [5.1] now yields

that dry (X, G) < O(k7/24/log?(0")/o"), where G is a discrete Gaussian in k dimensions (as defined
in the context of the theorem statement). Let G” be the discrete Gaussian obtained by projecting G

onto the first k£ — 1 coordinates. Then, we have that dy (X', G”) < O(k"/?\/log®(¢")/o’). From the

proof of Theorem G is proportional to the pdf of N (E[X],X). Note that G” is proportional to
the pdf of N'(E[X'],X). Then, by Proposition|5.14} it follows that dry (G’,G") < O(k+/log(a’)/o”).

So, by the triangle inequality, we have dry (X', G") < O(k™/?y/log3(0’) /o), as required. O
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Appendix
A Proof of Lemma [3.4]

Lemma [3.4] follows directly from the following statement:

Lemma A.l. If we take O(k*/e2) samples from an (n,k)-PMD and let i and 3 be the sample
mean and sample covariance matriz, then with probability 19/20, for any y € RE, we have:

" (7 — )| < ey/yT(E+ D)y,

W' E-Sy <yl (S+ Iy,

and

The above lemma and its proof follow from a minor modification of an analogous lemma in
[DKT15]. We include the proof here for the sake of completeness. We will use the following simple
lemma:

Lemma A.2 (Lemma 21 from [DKTI15]). For any vector y € RF, given sample access to an
(n,k)-PMD P wz’/t\h mean | and covariance matrix X, there exists an algorithm which can prociuce
estimates Ji and X, such that with probability at least 19/20: |y’ (i — p)| < ex/yT Sy and |y* (X —

Yy < ey’ By /1 + nyTEyy. The sample and time complezity are O(1/€?).

Proof of Lemma[A.1l The proof will follow by applying Lemma to k? carefully chosen vectors

simultaneously using the union bound. Using the resulting guarantees, we show that the same

estimates hold for any direction, at a cost of rescaling € by a factor of k. Let S be the set of k2
. 1 1 . .

vectors {v; }, for 1 < i <k, and {\/ﬁvﬁ—ﬁv]}, for each i # j, where the v;’s are an orthonormal

eigenbasis for ¥ with eigenvalues A;. From Lemma and a union bound, with probability 9/10,

for all y € S, we have
ly" (= )| < (e/R)VyTSy

and

yTy

y" (€ =Tyl < (/30 Ty 1+ -7

We claim that the latter implies that:
v (£ = D)yl < (¢/3k) (5" (2 + 1y) -

Note that if y” Xy = 0, we must have nyly = 0, since then y” X is a constant for a PMD random
variable X. Otherwise,

(v Zy)y 1+ nyTgy = \/(yTEy)(yTEy +yvy) = \/(yTEy)(yT(E +1y) < (Y (Z+1y) .

The claim about the accuracy of 3 now follows from Lemma
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We now prove that the mean estimator p is accurate. Consider an arbitrary vector y, which
can be decomposed into a linear composition of the eigenvectors y = >, a;v;.
Then,

y' (i —p) = Zawf(ﬁ—u) < (6/@2\%\\/&- +1< (f/k)\/E\/kZa?(Ai +1),

but >, a?2(\; +1) = yT(Z + I)y, so we have yT (i — p) < e\/yT (S + I)y as required. O

We are now ready to complete the proof of the desired lemma.

Lemma With probability 19/20, we have that (i — )T (S + 1)~ — p) = O(1), 2(S + 1) >
S+1>(S+1))2

Proof. We apply Lemma with € := 1/2. For all y, we have |yT(§] —2)y| < ey’ (X + 1)y, that is

1 - 3
§yT<E +Hy <y"E+1Dy< §yT(E +1)y.

Thus, we have (X +1) < S4+I< 3(Z +I) as required.
Note that since ¥+ I is positive definite, it is non-singular. Setting y = GoT (E+1 DTG (X+

I)7Y(fi— ), we have y"fi— p) = 1 and y7 (S + Ny = 1/(i — )" (S +1) 7' (fi— ). So, Lemma [A.1]
gives us:
VyT (2 + 1y.

1< VG- w4 D)

Therefore, we have (i — p)7 (X + )7 (i — ) < 1/4, as required. O

N | —

ly" (7 — p)| <

Substituting the above:
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