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ABSTRACT 
Engineering design is an iterative process with a fundamental need 
for the consistent management and propagation of product depen- 
dencies. Constraint-based design provides a unified framework to 
meet this critical need, but there are known issues due to the com- 
plexity of the problem within three-dimensional space. This paper 
presents results from a decade of research into graph theory and 
numerical solution techniques to address issues such as user com- 
prehension and multiplicity of solutions. The proposed solution, 
Extended Variational Design Technology (VGX), utilizes an inno- 
vative Drag and Drop user interaction paradigm to improve com- 
prehension performance, and usability. It is also demonstrated that 
VGX technology can provide common mathematical foundation to 
support flexible and integrated product design, assembly and anal- 
ysis. 

1 INTRODUCTION 
Engineering design is an iterative process encompassing require- 
ment definition, concept design, detailed design, and design vali- 
dation/analysis. Fundamental to this design process is the need for 
consistent management and propagation of constraints, relations, 
associations, dependencies and domain knowledge associated with 
the product. Constraint-based design provides a unified framework 
to meet these critical needs. 

However, constraint management and solving in three-dimen- 
sional space is a very challenging task due to the characteristics of 
the problem. Recognized issues include non-linearity, large prob- 
lem size, complexity of user comprehension, multiplicity of solu- 
tions, ill-conditioning, poor initial conditions, and large 
perturbations. Through a decade of research, we have developed 
Extended Variational Design Technology (VGX) using graph the- 
ory and numerical solution techniques in an attempt to address the 
above issues. 

To improve user comprehension, an innovative approach using a 
Drag and Drop user interaction paradigm is proposed. In this vir- 
tual environment, the user can set up constraints, modify dimen- 
sions, change geometry size and location, and change 
dimensioning schemes by directly dragging the desired entity. The 
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intuitiveness and simplicity of this user interaction paradigm 
greatly improves the usability of a 3D constraint-based design sys- 
tem. 

VGX technology overcomes the temporal barrier in history pro- 
cessing. This breakthrough enables the support of 3D flexible con- 
straining/dimensioning that is independent of model creation 
history. Furthermore, the complete mathematical representation of 
the VGX-based design achieves true integrated design automation. 
Mathematical analyses, such as mechanism/tolerance validation, 
can be performed without having to rebuild separate models. The 
technology has been implemented in a commercial Mechanical 
Design Automation (MDA) system and the initial results have 
proved its promising potentials. 

This paper is organized as follows: Section 2 presents the model- 
ing role of MDA systems in the current design process and a brief 
review of related research. Section 3 gives an overview of the tech- 
nical foundation of VGX. Section 4 and 5 present the history-inde- 
pendent part/assembly design and drag and drop user-interaction 
paradigm, respectively. Section 6 illustrates the VGX-based down- 
stream applications. The last section presents conclusions and 
future research areas. 

2 BACKGROUND - MDA SYSTEMS AND 
THE ENGINEERING DESIGN PROCESS 

Solid based MDA systems have received rapid acceptance over the 
past decade due to significant productivity gains from new capabil- 
ities in rapid prototyping, interference checking, mechanism ani- 
mation, and better interfaces with analysis programs. The MDA 
industry also benefits from continued advances in computing tech- 
nology and mathematical/geometric algorithms. All systems can 
now model complex parts and assemblies with complex operations 
such as filleting/blending, shelling, sweeping/loftipg, and draft 
angles. 

Is MDA technology really mature? Are current systems capable 
of supporting the complete mechanical design process, from pre- 
liminary concepts to detailed design documents? A review of the 
engineering design process can provide some insights into these 
questions. 

2.1 Engineering Design Process 
As illustrated in Figure 2.1, the engineering design process starts 
with product specification and goes through an iterative process of 
requirements analysis, conceptual design, detailed design, design 
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analysis, and manufacturing. It ends with a functional product 
which fulfills the product specification. 

Within this process we have achieved islands of automation. The 
current MDA systems *are able to model parts and assemblies very 
well but not to design them. These systems only play a role in the 
detailed design stage, a. ve.ry late phase of the complete design pro- 
cess. Before design engineers can use their MDA systems, they 
have already turned de:;igl? specifications into a definitive design 
layout; resolved the essential problems; evaluated the solution 
principles; optimized the design layout and determined the size 
and shape of parts. The design engineers must then enter parts and 
assemblies into the MDA systems to create an electronic version of 
the designed product. 

Tolerance analysis 
Mechanism analysis 

Figure 2.1 The engineering design process 

2.2 Overview of Current Product Design 

2.2.1 Part Design 
AH current mainstream MDA systems are based on sequential his- 
tory processing. A part is built, as shown in Figure 2.2, by sequen- 
tially adding/subtracting features. The creation recipe of features 
captures design intent through sizing/positioning parameters. 

Figure 2.2 The part and the history tree 

When parameters are modified, the part is updated by repl,aying 
the history recipe. The dependency between features is uni-direc- 
tional, i.e., features at higher leaves of the history tree are always 
driven by the features below them. Reversing the dependency is a 
difficult task and may require a complete re-modeling of the part. 

The inherent drawback of a history-based system is its depen- 
dence on the modeling sequence. It is well recognized that the 
modeling sequence may be more a result of convenience and expe- 
dience than implied user intent. Imposing sequential dependency 
between features can lead to significant design inflexibility and 
user confusion. For example, in the middle of constructing a part, 
the designer finds that the size or shape of the feature created sev-. 
era1 steps earlier must be driven by a new feature. This in general 
will present significant challenges to the user as well as the system. 
Furthermore, updating geometry with sequential history replay can 
result in unavoidable performance bottlenecks. 

2.2.2 Assembly Design 
Similar to part design, most MDA systems provide a hierarchical 
structure to capture and manage the assembly definition, including 
positioning and orientation methods. Typical assembly methods 
include: 
. Position a part/sub-assembly in the specific global location/ 

orientation directly. There is no relative association between 
parts and sub-assemblies. For a complicated model, it would 
be very time consuming for engineers to correctly calculate 
each component’s position and orientation. Furthermore, any 
design modification in shape or size of parts may affect the 
positional validity of adjacent parts. 

. Sequentially place components one by one using geometric 
constraints, such as mating and alignment with respect to pre- 
existing parts/sub-assemblies. Each component’s placement 
constraints must fully restrict the six degrees of freedom and 
follow a certain pre-set constraint sequence. The drawbacks 
with this approach are: a) can not easily assemble coupled 
systems as simple as a slider crank system; and b) can not 
easily accommodate a change in constraint schema after the 
assembly has been constructed. 

2.2.3 Summary Current Product Design 
The overviews of the engineering design process and current prod- 
uct design methodology illustrate that design is an iterative pro- 
cess. The key to improving design productivity is to provide an 
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effective design change mechanism. Capturing and preserving the 
designer’s intent through design changes is a critical task. 

2.3 Constraint-Based Design Research 
Design intent, as expressed through design specifications, comes in 
different forms, including: equality and inequality engineering 
relations; heuristic rules and optimization objectives; geometric 
constraints such as tangency and linear/angular dimensions; high- 
level relations such as associations and dependencies. Constraint 
management and propagation has been proposed as a viable solu- 
tion to supporting diverse design intent. There has been significant 
research in this area over the past decade. 

Parametric modeling [9, 16, 181 is based on the geometry con- 
struction process in drafting in which each geometric entity is con- 
structed one at a time in a specific sequence. By remembering the 
construction sequence, the geometry can be reconstructed after a 
change in dimension. The limitations with this approach include 
lack of support for non-constructible geometry and engineering 
equations. 

In the numerical, or variational geometry approach [6, 14, 15, 
191, the geometric constraints are converted to mathematical equa- 
tions and solved by numerical methods such as Newton-Raphson 
Method [lo]. This approach is very general, yet it suffers from 
known numerical issues such as multiplicity of solutions, ill-condi- 
tioning, poor initial conditions, and large perturbations. 

A node-edge graph can also be used to represent geometric enti- 
ties and constraints [ 11, 17, 221. The graph is then decomposed 
into smaller solvable sub-graphs by using bi-connectivity and tri- 
connectivity algorithms from graph theory. Each sub-graph is then 
solved and pieced together using rigid-body transforms. The solu- 
tion is very robust and well-behaved. Unfortunately, some con- 
straint problems result in graphs that are not decomposable. 

Constraint propagation based on geometric reasoning in artifi- 
cial intelligence has been extensively studied [ 1, 2,4,.5, 121. Each 
solvable constraint sub-problem can be represented by production 
rules or predicate logic with pre-conditions. Constraints on the 
model are fed to the system as state descriptors. Rules with all pre- 
conditions satisfied against the state descriptors will get fired and 
new state descriptors will get generated. This approach can handle 
both geometric constraints and heuristic rules. It lacks, however, 
the strong decomposition and solving capability inherent in the 
graph or numerically based approaches. 

Kramer [ 131 applied concepts in mechanism analysis to analyze 
the degrees of freedom of each rigid-body. This method works 
well for mechanism and rigid-body assembly problems. It appears 
to be somewhat awkward when applied to variational part con- 
straint problems. Recently Fudos and Hoffmann [8] developed an 
efficient constraint decomposition method based on rigid-body 
splitting. This method offers another new perspective to constraint 
solving and may be valuable to complement the shortcomings of 
other approaches. 

3 TECHNICAL FOUNDATION 
A geometric constraint network consists of geometry, constraints, 
dimensions (e.g. linear dimensions, angular dimensions, and radial 
dimensions), and engineering relations as illustrated in Figure 3.1 
[71. 

) Constraint 
Management 

Geometric - 
Constraints t 

Constraint 
Decomposition 

Relations 

t 

Constraint 
Solution 

Figure 3.1 Overall functional diagram 

Constraint management deals with constraint validation, con- 
straint degree-of-freedom (DOF) analysis, and detection of over- 
constrained conditions to ensure the validity of the constraint net- 
work. Constraint decomposition breaks up the system into smaller 
sub-systems so that the solving can be done efficiently. Constraint 
solution has to deal with problems such as singularity, ill-condi- 
tioning, multiplicity of solutions, poor initial conditions and large 
perturbations to solve the system. 

3.1 Numerical Approach 
Figure 3.2 shows an overall functional diagram for the numerical 
approach. 

DOF analysis 
Validation Check 
Redundancy Check 

-1 Equation System Solving 1 

Constraint network 
validation 

Figure 3.2 Overall numerical approach diagram 

First the geometric entities are represented as variables, then 
constraints and dimensions are represented as mathematical equa- 
tions. The graph-theoretic algorithm [19] is then applied to match 
each equation with a unique variable to prevent over-constraining. 
After equation-variable matching, the dependency and coupling 
between all equations are derived, leading to the breakup of the 
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Figure 4.1 History-independent part design 

Constraints and dimensions that apply among entities can be 
expressed as 

Ci (Ej, Ek, i = l,....n 

where Ej and Ek belong to either the same or different features and 
parts. Each constraint can be formulated numerically as a set of 
equations denoted by 

@*cd = [@l(S). @2(9L %(s)lT = 0 (1) 

where q = [uT, vT, wTIT is the generalized coordinates in R” space 
and u is a set of geometric variables representing geometric enti- 
ties, v is a set of independent variables representing the linear or 
angular dimensions that are not derived from engineering equa- 
tions, and w is a set of intermediate coordinates that are general- 
ized coordinates other than geometric and independent variables. 

Therefore the permissible configuration of a constrained system 
which is defined by nonlinear geometric, dimensional and engi- 
neering equations that do not depend explicitly on time can be 
expressed as 

(2) 

In order to have a well-posed formulation for the underlying sys- 
tem, it is important that constraints imposed to the system should 
be independent, except at certain critical configurations of the sys- 
tem. By solving Eq. 2, the parameters associated with geometric 
entities in the model can be determined and therefore the whole 
design can be updated accordingly. Examples are used in the fol- 
lowing sub-sections to illustrate the power of VGX technology for 
variational part and assembly design. 

4.1 Variational Part Design 
By applying constraints and dimensions to the 3D model directly, 
the users are allowed the flexibility to change their constraining 
and dimensioning schemes at any point of time, independent of the 

feature construction sequence. This helps to eliminate the burden 
of having to understand the construction history in order to make 
design changes. Figure 4.1 shows a model created with different 
dimension schemes. Note that the creation order of the features is 
no longer important and either dimension scheme can be used to 
drive the design. The flexible dimensioning capability offered by 
VGX technology will for the first time allow MDA users to express 
their machining and inspection intent directly in the 3D model 
without having to resort to 2D drawings. 

4.2 Variational Assembly Design 
In variational assembly design, 3D constraints and dimensions can 
be applied to multiple instances in arbitrary orders. Figure 4.2 
depicts four spheres which are tangent to each other with connec- 
tivity defined as shown below. Six tangent constraints can be 
added, modified, and deleted without any pre-set order. In addition, 
different constraint schemes can be used to create the same physi- 
cal model as presented for part model creation in the previous sub- 
section. 

Each instance in an assembly contains several half space enti- 
ties. Therefore, the new transformation of the instance is derived 
from the solved entities data. In the assembly application, VGX 
supports the part instance to be either rigid or variational, depend- 
ing on the user’s intent. The variational part network can be com- 
bined with the assembly network and solved simultaneously. 

In addition, with the mathematical model embedded inside the 
constraint system, the remaining degrees of freedom of each rigid 
instance can be determined. Graphic display of animation along 
each DOF greatly enhances the understanding of the assembly 
model status. 
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5 DRAG AND DROP USER INTERACTION 
PARADIGM 

A : tangent 

,SPhl 

u Sph4 

Figure 4.2 3D flexible constraining 

Design changes can be made and automatically propagated to 
the entire system without any burden to redefine the consuaints. 
Figure 4.3 shows the result of flipping all six tangent constraints 
without any constraint de,letion. Not only can the users modify 
constraints and dimensio.ns, they can also change the shape and 
size of part instances within the context of the assembly. 

Figure 4.3 Design modification 

Interactive modeling has existed for years, beginning with Ivan 
Sutherland’s Ph.D work on the Sketchpad drawing system[20:]. 
However, its use was limited to a simple system that involved no 
constraint and history. Eric A. Bier [3] presented an alternative 
called “dynamic snapping” for two-dimensional and three-dimen- 
sional design schemes which provided a means for the user to align 
objects interactively. These early systems, however, lacked sophis- 
ticated mechanisms for preserving the user’s intent during drag- 
ging. 

The power of VGX comes from its ability to decompose a c.om- 
plex constraint system into simple sequential algebraic or numeri- 
cal solutions. VGX’s excellent performance, stable solution- 
finding capability and ability to preserve user intent intuitively 
even for under-constrained models [ 171 enables the deployment of 
a drag and drop paradigm in the design process. Drag and drop 
provides a real time, dynamic, interactive, direct manipulation of 
design models. It allows the user to change size, shape and position 
of a selected geometric entity dynamically according to mouse 
movement as shown in a common extrude feature in Figure 5.1. 

end start 

Figure 5.1 Change size, shape and position 

Figure 5.2 shows how the system honors existing constraints and 
recognizes new constraints during dynamic dragging. Drag and 
Drop is a highly productive tool for the creation and modification 
of design models. It shortens the learning curve of a new user and 
enables any user to get to the final design faster and more pre- 
cisely. 

Figure 5.3 shows the schematic diagram for drag and drop sup- 
port in a VGX system. A user first picks an entity with the cursor, 
then moves the cursor to the desired position. In the mean time the 
system interprets the mouse location and invokes the VGX solver, 
which in turns gives real time, dynamic, interactive feedback to the 
user. Users can explore and preview design variations before com- 
mitting to the actual changes. Users can drag geometric entities or 
dimensions. During dragging, all user intent will be preserved. For 
example, a line knows how to stay on a surface and maintain an 
angle to another line. The dragged entity can recognize and snap to 
other entities with the recommended constraint. To tell the user 
which entity is being recognized and with what type of constraint, 
the system will display the recognized entity with a highlighted 
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color, display the symbol of the type of constraint recommended, 
sound a bell, and flash the recognized entity. If the result is 
accepted, the design is updated and the constraint is added between 
the entities. It is anticipated that the coupling of drag and drop 
functionality with multi-media support will propel future virtual 
product design and product assembly. 

ing constraint recognized 

Figure 5.2 Dynamic constraint recognition 

lnterpret mouse even 
Interpret mouse location 

VGX solve the model 

Real time feedback to users 

Figure 5.3 Drag and Drop paradigm in VGX system 

6 INTEGRATED APPLICATIONS 
Downstream applications such as tolerance and mechanism analy- 
ses are very useful to validate or refine a product design. The lack 
of a complete mathematical description in a conventional system 
severely restricts its ability to use a common model for design and 
analyses, which necessitates special expertise to rebuild analysis- 
specific models. The model-rebuilding process is very time-con- 
suming and error-prone. 

Since a complete mathematical description of a design is avail- 
able in the VGX-based design model, critical mathematical calcu- 
lations such as sensitivities or derivatives needed for downstream 
analyses can be directly obtained without further user input. For 
example, velocity and acceleration would be the first and second 
order derivatives of the generalized coordinates q with respect to 
time, and the sensitivity of the target dimension with respect to 
other independent dimensions is needed for worst case and statisti- 
cal tolerance calculation. Based on Eq. 2 and the Implicit Function 
Theorem [21], the dependent variable d can be expressed implic- 
itly as functions of the independent variables c. The variational 
form of d can be expressed as 6d = d,& where d, is the partial 
derivative of d with respect to c, and d, can be calculated by taking 
the differential of Eq. 2 to get 

@‘d6d+@P,6c=0 (3) 

Substituting 6d = d,& into Eq. 3, the following relation can be 
obtained 

d, = - ((I+,)-’ CD, (4) 

The second order derivatives of q with respect to time can be 
derived from the same concept; i.e., 

St = - mp [@q 4t)q 4t + 2@qt 9t + Qttl (5) 
Eq. 4 is used for tolerance sensitivity and mechanism velocity cal- 
culation and Eq. 5 is used for mechanism acceleration calculation. 

The ability to use a common model for design and analyses can 
significantly improve product development productivity. Two 
application areas in 3D tolerance analysis and mechanism analysis 
are further discussed below. 

6.1 3D Tolerance Analysis 
Tolerance selection and verification can have a significant impact 
on the cost and quality of the final product. Tolerance analysis pro- 
vides the tools to analyze a critical dimension in a design model 
and to understand how it is impacted by the tolerances of other 
dimensions within a part or an assembly. 

A variational design system represents the design model in terms 
of constraint/dimension variables and equations. Any target 
dimension Y to be analyzed can be considered to be a function of 
other constraints/dimensions (Ci) in the design model. Therefore, 
Y =f(C,, C, ,..., C,J. The variations of Cl, C, ,..., C,, will contribute 
to the variation of Y The worst case tolerance and statistical toler- 
ance of Y can be calculated by Eqs. 6 and 7 respectively. 

(6) 
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6.2 3D Mechanism Analysis 

Where q is the tolerance of dimension Ci and the partial deriva- 
tives offwith respect to Ci can be calculated from Eq. 4. 

The unique feature of tolerance analysis based on variational 
design is that the partial derivatives are the natural by-product of 
the variational solution process. Figure 6.1 shows a variational 
design model. Figure 6.21 shows the tolerance analysis result for 
dimension D38. The sensitivity of the target dimension with 
respect to each dimension and the contribution of each dimension 
shown in the table will hcelp users to identify critical dimensions to 
achieve better design results. 

Figure 6.1 A 3lD variational design model 

Name: 036 Up-Tot: +0.36 

Nominal: 55.35534 Low-Tol: -0.36 

Stat. Up-Tol: +0.103Qq75 worst Up-Sk: +0.3521746 

Stat. Low-To,: -0.1939415 worst LOW-Stk: -0.3521746 

Acsept~Rate: 100.0 
Eq Info 1 output... 1 

___- 

low~tol 

-0.1 

-0.1 

-0.1 

-0.10 

-0.1 

-0.05 

J-l A 

VGX can perform mechanism analysis using assembly constraints 
and dimensions defined within variational assembly models. This 
capability allows an engineer to quickly evaluate the kinemati,cs 
and dynamics of a mechanism without the burden of entering 
redundant information, such as joint definitions, in a format that 
mechanism analysis packages can understand. Furthermore, there 
is no need for rebuilding the mechanism models after making 
design changes to the MDA models. 

The mathematical foundation for variational assembly based 
mechanism analysis is built on top of the first and second order 
derivative calculations. To determine the motion of the system. the 
engineer needs to define either additional driving functions that 
uniquely determine q(t) (kinematic analysis) or forces that act on 
the system, in which case q(t) is the solution of differential equa- 
tions of motion (dynamic analysis). As shown in Figure 6.3, a 
robot is built using geometric constraints. Connectivity is depicted 
below. An inverse kinematic analysis is performed to control the 
end point of the robot arm to follow a circular trajectory with the 
orientation of the end instance fixed. The angle between body 3 
and body 4 versus time and the acceleration in the X direction of 
the end effector are shown in Figure 6.4. 

Face/Face Coincident - CL/CL Parallel 
Iincident 
Iincident 

CL : Center Line 
CP : Center Point 

Figure 6.3 A robot assembly model 

Figure 6.2 Tolerance analysis result for D38 
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Figure 6.4 Inverse kinematic analysis result 

7 CONCLUSION AND FUTURE WORK 
In this paper, we have presented VGX as a unified framework 
towards supporting a more complete design process: from design 
specification, conceptual design, detailed design, to design valida- 
tion. VGX technology provides a complete mathematical descrip- 
tion of the design model which allows downstream tasks such as 
mechanism analysis, tolerance analysis and design optimization to 
be performed without having to rebuild analysis-specific models. 
In addition, the drag and drop user interaction paradigm when cou- 
pled with the VGX technology provides unprecedented ease of use 
when manipulating 3-dimensional design models. Overcoming the 
limitations and temporal barriers of the conventional history-based 
systems is one of the major contributions of this research. 

To fully realize the productivity gains of VGX technology, sig- 
nificant future work in the following areas is needed: 
. Performance and Robustness 

Though VGX technology provides excellent performance for 
moderate constraint problems (< 10,000 DOF’s), as the com- 
plexity of designed products grow, the constraint network size 
will increase accordingly. Innovative algorithms are needed to 
meet the challenge of maintaining user interactivity. Further- 
more, weaknesses in traditional numerical solvers such as 
non-convergence, solution jumping, ill-conditioning, poor 
initial conditions, and large perturbations are not acceptable. 
New methodologies to ensure the robustness of the solver are 
also needed. 

. User Aids for Constraint Comprehension 
It is unreasonable to expect average MDA users to understand 
the mathematical complexity and intricacies of constraint for- 
mulation and solving. They must be provided with tools to 

easily visualize free degrees of freedom and constraint con- 
flicts, or to show why no valid solution exists. 
Direct B-rep Manipulation 
In a history-based MDA system, any change to the model 
needs to trigger a history replay. This is not only time-con- 
suming, but also makes it difficult to understand the impact of 
changes beforehand. VGX technology offers potentials for 
interactive and controlled localized changes which may 
enable direct B-rep update without the time-consuming 
replay process. 
Downstream Analyses Development 
In this paper we demonstrated the feasibility of applying 
VGX technology to mechanism and tolerance analyses. Much 
more work is needed to develop full-fledged mechanism and 
tolerance analyses. Furthermore, applications of VGX tech- 
nology to design optimization, sculptured shape design, and 
3D wireframe manipulation can also be explored. 
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