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Abstract 

The aim of t.lIis paper is to flccide whether a liuear tliffer- 
fmtial equation with polponIia1 coefficients df~pcudiug on 

piLI?ll~lf~tCrS has got. polymrlial solut.ioIIs. 3lore pref:isclv we 

want to fwust.rufX il finit.f~ set 2’ of nef:fwarp ad suffi&nt 
dgelxilif’ iUld arithmetic: codit icms sudl tllilt t,lwrc is a poly- 

IIoIiiinl solution if and ouly if t.lio paranieters bf:lolig to I’. 

The presence of Dioplm~tine ec1uatious nmkes the gcweral 
problcu~ wldeciclablc. WC get, such 21. wt T when t.lIc rccur- 

reuce reMon associated to t.lie equihm (,iIi au appropriat~c 

basis) has got. hvo tcrnls. Csiug liywrgeoniet.ric scf~ucnces 

wf: also succeed in f:oIistructiIig suffif:ient, conditions for a 
filndy of cqua.tioIIs. 

1 Introduction 

Let I, = fz,,(.c)i)” +o,2-l(.r)LY-’ + ... +u~(.c) be a lincm 
clift‘ereiitial fqmdor with f;oefIif~ieIIp in t<[x]. 

Let. us xsun~e first. t.llat, K is Q. Thr main problem iu 
difffwIrtia1 C:alois theory is to dctcrniine th fliffcrcIitia1 Gil- 

lois group of the linear difIfi:rcritial lioInf~genf~f~uS cqua.tiOn 

L(j)) = 0 t,lia.t, is to say t,lic idg(!l)raic relations l)f:twvccri the 
solutions of tlif: equation. b-0 iLlgorith111 exists to llsrldlc 
this gcurral problem ([B]). H oaeber on0 fxn clinra.cterizf~ T_ . 
the liouvillinu solutions, t,hat. is to Sil\- solut.ions that. <are 

built up using integratifm, cs~~c~IieIltii~~ioIIs~ i~lgcbra.ic fnuc- 

t.iorIs ant1 couyosition ([18]). The question of deciding w-hen 
t.llf: fquatifm L(y) = 0 has such solutiorls has lwfxi part,icu- 
IarlJ- cliscusscrl for a long time ([li], [21]. [24]). A1.F. Singer 
has proved that our cm decide whcthcr or uot. t.hf: cyua- 
tion L(u) = 0 has got liouvillian solutions ([El). Wicu the 

Order Of tllf! t?c~llit~~iOIl is ef4ual to two. Koviicic cffec:tively 
froulput.es then1 ([ll]). Tlrc4r computation is rcxlucctl t,o the 
f:~JIllput~ltifm of polyuoniial, rational or esponcntial solutions 

Of f-liff~~rf:Iihl liIll!Rr equations ([Z?]). .\lilIlv algoritlmis hihvf! 

IXCII constructed to pcrforru the conlput;It.ioII of these three 
types of solutions ([l], [‘L], [15]: [2!]. [23],. ) . 

. , 121, are parameters lying iu (I’. Tllr Iuaiu question is to 
fiud which pilraIlletf!rs lf?ild 1.0 il lifmvilliau solutiou. 

III 1002, :\. DUV~ :tud M. Ldil~-Rid~~.ud ha\Te stud- 
ied t,lic liouvillian solutions of souic partif:ular faniilif:s of 
cf4lIiltif>ns of Order t.\\‘O flcpfmcling upfiu sfxiif: paranletf?rs 
(Sfhvarx and Hcun equat.ioIIS, [5]). At, first sight., one 

could think that the computation of the polylond solu- 

Gous would t)c car;? and that the milin tlifficult.ies would he 
fwf:ount.erefl wif,lliu t,lie f~oniput.atioII of tlic cq)onfwt.ial SO- 

lutions. One (XI1 SllfXV tllA tllf! prcSeIif:e Of t,llC pilrilIll&!rS 

dof:s Ilot. modify t.hc niethod usflfl in the com~~ut.atioIi of the 
exponential piWtS ([3]). So the proldeni of describing tlic 
liouvillian solutions f:iui lw algorithnlically retluccfl t.0 dc- 
scribing the va.lues of t.lle pilIXIIlf?ttTS suf.41 tlli% sfullf~ linear 
flifffwwtiill cquat.ions 1lilW polynonlial solutions. It is this 
lilst problem t,llilt, .A. Duvill ~1~1 Al. Ld~~-I<ich~~fld have en- 

fx~iint.fwfl while df5f:ribirIg tlifl liouvilliim solutions (of the 
S(:ll\vv;lrx ant1 Heun cyualcions) ant1 that we focus OII in this 
article. 

III secl.ioIi 2: we prove that tlierf~ is no algoritlrni wliif:h 
decides for n-hid~ values of t.lw paranlotfw iLIly given linear 

cliffc?rent.ial cquatifm tlepencling ou the paranieters 1~s poly- 
noniial solutio~is. W note that if nT fix a nonncgativf! in tc- 
ger tf t.llf~Il t.lle Set Of t.llf~ paraIiietf:rs Ifading to ii ~>Ol~llf~nliill 

solutifui of degree less thaIi Or fX~llid to fl is il f~fmstructiblc 

Set. The IIliliII difficulty is when the degrcf: of the polynorriial 

solution iWtlld1~ ~lqmifls upon t,lic paranietcrs. Our ihi is 

t,f) f:onstruct a finIt.e Set Of Ilf:f:eSsiq ant1 sufficient. algel.)raic 
and iLl.iI IInictic cwidit.ion.5 on thfJ paixrneters lwrling to R 

polponiial solution whose degree may uot be IlllIlleIif:idl~ 

fixed. This last problenl rcwains open in full generality. so 
NT propose ii ‘tool bf~ thtt, (XII Solve nIilIIy CX~Y. The key 

to our approadl is the link Iwt.ween polynomial solutions 
t,o linear differcutial eCpliltif~IlS and finite solutions to linear 
rwiumwcc rrlatious. 

In wct.ion 3: wf: cfmsitler two tcrnis rfffmrrcuce rf!littioIls. 

\i;f: f~fmstruct ii finite set, of nf:f:wsar,v iLIld suficifwl. coucli- 

t.ions On the pilrilnlcters hdillg to il finit.c solution to Sufh 

a rcciirrcIIif:e relation. 
111 section 4: wc study tlircc ternis rccurrenf:f~ relations 

of fwflrr bwo. Wf: prove tld, under souic hypothcscs~ for id1 

IlOIlll~~gittive iut~f~gf~r tl? tlir sf+t Of the pilriwlet~ers 1f:ading t.0 
il polynomial holiitioti Of degrf>fl 1CSS tllilI1 or Cflllill to fl is il 

non cwpty constructible wt. Then we gcncra.lizo Ha.utot’s 
met.hotl ([8]: [i]. [9]) ant1 give ii finite SM. of sufficient conf-li- 
tiOIlS 011 the ~JX:UIlf!hs leMhig t0 ii. fhite SohI~.iOIl (WvhOM! 

degrfx! 111ay clepciifl on die parameters) to thf: recurrfmce 

rf‘lilti011. 

Last.ly, iu section 5: we dil1)t, Pet~kovsek’s nwthd ([IJ]) 
to find finite li?;I’c‘l~;eoIllf~trif: solut,ions to auy pitr;tniot orized 
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recurrence relatiori. We detail the CilW of a faIIIil?; of rwur- 
re11ce relations for which we coustruct fiIiit.e nou enipt~ sets 
of arit.lInIetic or algebraic sufficionl~ coIIdit.ions on t.lIC pa- 
ranielers lwtling t.O finite hypergeoIIIc?trir solut~ions (whose 
degrrc niay ;et tlclmid on t,lic parameters). 

~~YritlI t.liis approach (and with HillltOt’R Illetll0d)~ I sh0w 
how to handle out of tlw uns0lvetl equations Inct in [5]. 

Acknowledgments I wou1d like to t,haIIk .Jacques- 
Arthur Weil for his fruitful hell) during the preparation of 
this article. I also tllilIlk t,lIC referees for giving il. siIuplcr 
proof of t.heoreIii 2. 

2 Necessary conditions and undccidability 

Let JJ = (Ml, : MS) denote a t.uple 0f pa.raItIctcrs >11ltl let. 
h-x = Q(u). ht. L,,, = u,, (r)P+n,,+, (x)0”--‘+. .+00(r) 
be a lineilr tliff~~reIiti;tl operator with cocflicieuts in I<x[.r] 
whcrc d = L 4.r: . 

This paper is concerned with effecticel~- finding all t.lIc 
values 7tI. = (ml. : ols) in C:” such that. L,(jg) = 0 11X5 

polynonlial solut.ions. 111 the sccpcl of tlw pa.per: L both 
designates L, and Lg. 

+DZ 

ILet. :y = c ,/i ( .c’ be a fhIlil1 series. It satisfies L(y) = 0 

ix0 
if a.nd only if its coefficients v, satisfy a rccurrencc rc:lat.ioII 
(WC [l] for Inore dPt.iA5) : 

rto(i)y; + . ” + Ub(i),yi+b = 0 (1) 

n-here b is a fisctl llOIlIlCgi~t~ivC3 iutcgcr. 
Vj E (0 :... :b}?ru,,(t) E li~[t]. Vi < O,gi = 0. 
j’c call the rccurrcncc r&Zion (1) the rccurrencc rPli~ti011 

associat.cd t.0 the opc’rator L in the basis (,xi)jc~. 
N0t.c t1Ia.t WC can wriw g in auv ot.lIer bar;is (Pi) provided 

the l~O1~llOIlliillS 1: satisfy SOIIIc ildditi0Ilill properties (see 
PI). 
Definition 1 The Irvrmbw 1) is cnllerl thr: order of th,c wrx~~~- 
i’en,ce rdntion. 

Definition 2 A scqucnce (,y,) 1E z schsf?ying a I~ecurrcncc w- 
&ion. unct swh that : 

The aim is to find a fiIIit,v set. of Ilcvwsary and sufficicrIt~ 

algelxaic c0IItlitioIis ou the pa.raIIIctt:rs such that, there csists 
a Ii0IIzero finite solution to t.lir rwurrencc wlation (1). t,liat. 
is to Sil\; such t1ia.t t-here csists two IionIIc~ga.tire inwgcrs v 
and d (Ii < d) such t,hat the recurrence rclat.ion (1) has a 
solution oftlic t,ype 

(...:O;y/,.: . . . . y&o?...) 

Let. us first. give sonic neccssa.r\; coIidit.ioIis 011 t,lie dcgrcc 
ilIlt t,lit: valuat~ion of the sought. l~0lyIi0niial solution. 
Let us take i = tl in (1) them rr(,(rZ),y(, = 0. But !,J # 0 so 

rto(d) = 0. 

Let )20 = WLif?,{j E (0,. : bj/tr,, (t) E KM[t] \ Kx}. 

A first IlfXCSSilry condition is 

This last equat.ioII is <~i~llctl t,lIe ‘right. intlicial equitt.ioII or 
‘iIIfinit,>- indicial equ;tt,ioII’ which gives tlw possil$Iit,irs for 
the degree tl 0f t,llc pOl~IlOlllii~l soliil,ioII. \\‘e cucounter tlIc> 

probleni of deciding when il pol~IIoIrIia1 of l<~[f] II;ls an in- 
t,clgcr r00t.. \Ve set lat.er in t,liis scct.ion tllilt, n-e tlo not. try to 
solve t.his pr0l~leni as il. cm bc written with a fiIiile 11mhe1 

of arithnictic: ant1 algebraic condit.ions. 
III the SaIiiC \Vil~ 0Iic call consl~ruct. the ‘left. indicial equa- 

tion’. Let t/b = 1tw:l.{j E (0. : b}/rt,, (t) E liu[t] \ lix}. 
Then a sword nccessxy condition is : 

2.,?!,” + ((3 - 2A/~).C’) + .c)vJ’ - 

(P(Af,, M2)x’) + Af2:r + M,)y = 0 

-P(M, ( !lf,)!/, - 

(3 + 2i)(-i - 1 + !v,)y,,, + (-121, + 2 + ;)&+a = 0 

(1 + 2i)(i - r,cz)y, + (i + 1 - ,I,I)y,+, = O 

T11c lxesrncr of arit~lIInct.ic coIIdit.ioIIs IIIi1.y lrad us t,(J solve 
Diophantiuc~ quations in terII1.c of integer solubions (like in 
t.lIe previous esample). Furtlicwnore, in 1970, Y. Alati~iM?- 
rich proved Hillwrt,‘s Tenth ProbleIII which st,a.tcs I.lIiIt, there 
is no universal IIIcGod for solving Diophiulthe cqual.ions in 
tcrins of iutcgcr s0luti0Iis ([12]). Using t.his last. result auf: 
CilIl sta.tc the SaIIIc tvpe of tlicowni for 1iIWilr diftercntiiil 
equat,ioIIs nit.h cocff&IIt.s in Kx[.r]. 

Theorem 1 (J.-A. Wed) Thew c~ista ‘no uky’f.hrn. thut, 
giwer~ (LT,.F, hew differential howLoyeneocLs eywtron depcnd%ny 
0.11 pmm~.eterx. decides for whixh vc~lues of the puwmctcrs 
this cqlrtatior~ lrns got (L mtionol .v~l~itron WY n.ot. Proof 
Let. us coIIsider t.he following diffcrcntial linear eclua.tioII : 

!l( - .Y( -k+...+ A I, 
- + P( Ml , : M< ) ) = 0 
1: - s 

This equation is equiralcnt t,o : 

1, = c(.r - I)-“’ (I - Y).“” (!S~)(f'(ilf(~. . Jlf,s)X) 

So it. has rilt.iOIEll solutions if and only if I:licw esist.s w = 
(71) ,, , n),$ j in iV such that P(E) = I). However, 1, 
hla.t~asc~vic:li’s tlIc0wIIi ([12]), t.licrc is no i~lg0rit~lIlIl which 
can solve the latter for iUly P in Z[SI, : S,]; s0 there 



is IIO algorit.hm which cm cletc~rminc whet,her a givcu linear 
&fferent.ial equation has got. rilti0nd solutions or IlOt. 0 

In the scyuel of t,his paper WC arc looking for a finit,c set of 
necessary and sufficicut. algebraic and arithuwt.ic conclitiims 
on t llcb pnramel.cy3 lcxling~ t.0 a p0l!;IlOIlliil.l solution. SO we 
do uot care ncGt,lwr about. dl(: possible prwcncc of Diophan- 
I.incb C~.~lliltiOIlS, nor ahollt l.lle problem Of tltv:itling \~lWIl il 

polynOnliil1 of K~[tl 11X3 HI1 intxger root. 
11%c1i we apply the rccurrenrr rdiition (1) to i = 

-h: : (1: then w-e get. R syst,cnl s,j of tl+b+l liucar equations 
with rl + 1. unkno\\-ns. 

If we fis a nonnc~gat~ivc integer d (not depmtling upon 
paraIIlet.ers) then tlio Sim of the Illatris ;U,f of th Ihear 

s?;stcrll S,! is nuIneridly kI10wn. It sidfices t.0 deride for 
which \alu(~s of the pxm~ct.crs t,lle rank of this matrix is 
less thaIi Or C!Clllid to tl. 1Vc cau own coni1)ut.e t.he solutions 
of t.hc linear syst.eni S,, ([lz)]). 

If w do not. fix d aid if Ihc iuclicial ecliiat~iou has a. solu- 
tion depending 011 the parameters then t.he size of t,he nlatrix 
associated to the recurrence relation also depends on the pa- 

ra.nwtcrs mcl so it. is difficult. to fiutl it finite r1i1111l.m of cow 

tlitions 011 tlw paranictcrs lvatling t,o a nonz(w3 solution of 
the 1inca.r systcrn. 

3 Two terms recurrence relations 

IVe give here a finite set of necessa.ry and sufficient alge- 
braic or arit,hnlctic conditions 011 the paranwl.c~rs leading to 
a pol~noniial solution of L(y) = 0 when the rccurrcncc rcla- 
tion associated to it. (in ii suii,able basis) has t,wo terms (see 
[lo] for a st.ucly of such recurrence relations). 

on(i),& + ~/~(i)~/~+b = 0. 

17~ equutiun L(g) = 0 hns got n nonzcro pol~~nominl-sob 

tion if 07d 0714~ if th(irC: c.mA~ true n.onnrgatzr~e integers ii 

nn.d d such. that P 5 (1: u E tl (11m1 b), o(,( I: - hj = 0 and 

c.vo(rl) = 0. Proof 
Suppose t.hat L(y) = 0 hRS a nonxero polynoniial solut.ion 

y = k :y,:c’ with ;y,/ # 0. Then r),,(d) = 0. Let. j in 
i-0 

(0: . : 6 - 1) iuld X:,l in lK such t1la.t d = bk,! + ,j. Sup 
pox that, q,(j + X:6) # 0 for all -1 5 li: 5 I:,, - 1. Tlwu ow 
ca.n cheek thitt, !/,;+(r,+l,~~ = 0 for all k E (-1:. , k,l - l}. III 
particular one nlust llilV? gd = yj+,,k, = 0, which is false: so 
there exists Ii,. E { -1: k:,j - 1) such that. crl,(j +I&) = 0. 
‘To conclutlc let. 1’ = j + 6(1 + kl;), then CI(,(V - 6) = (1, 1: E tl 
(niod 6) ant1 I: < d. 
Suppose t.tlat. t.hc:ro tdsts two nonnegative integers L’ a.ntl 
d such t,hat ‘v i 11, 1: G fl (~Iiotl h). cr~,(v - hj = 0 ilIlt 

cl”(d) = 0. Let d be t.he Snlallost, intqyr such tllitl. v < (i < cl, 

CEo(ti) = 0 iUld 2 Z Cl (IllOd b). licb Sllidl prow l.llilt, L( /J) = 

0 has a polynomial solut.iou of tlogroc (i. For t,his. pill. !,A = 1. 
Thcw g-,,. :Y,~....‘,, . . . i 9,. Cil.Il be (uniquel,v) det.ernlinrd using 

the recurrence relation qj+l.h = (I ,, ( .I + k 11 I 
-~!Jj+(k+llb. Now 

set. !/; = 0 for i $ {pi - 6: . : L!}. Then O~C: <:>\I, \;c:rify t,llaI. 

!J = c 
ylx’ is a nonxero polynomial solut,ion of our cqua- 

I - n 
tion. 0 

4 Three terms recurrence relations of order two 

In Uiih scctiou we ilssunle t,llilt t.hc rc-wlrrcmw rc~1ill.h x+0- 
(:iitt.C!d to tllc operator L (in il suit ilhlc! hiAS) is tllc! following 
one : 

C,)(i) gi + 01 (i) !/,+I + n>(i) gx+? = 0 (2) 

whcrc (~0 ad ok:! are non WIlStilnf polyonlials with roeffi- 

cicnts in 11~s. We have seen that. n2 nlust liavc an integer 
root greater t,han or equal to -2. For notational convenience, 
WC n&nne t,hat (I?( -2) = 0. The rnat.rix associat.ed to t.he 
recinwmcc rclat~ion is t,heu a square nia.triu ant1 in this par- 
ticular case One can Stiltct tllc following Icnirtla which gives ii 

necessary illld siifficicnl. non algebraic conditiwi : 

Lemma 2 Let tl be 0, nonn.~pt%vc %ntqer STLC~ that 0”(d) = 

0. AW i in JN, let .bfi be the square 7nmtri:r; ussoc~iuted to th.e 
rmmc7~m (2) (wild let ili be its tleter77Gnant : .,M, = 

1 Q,(-1) a>(-1) 0 
rro(O) n1(0) cr.,(O) 

I 
1 

“’ tro(i “. - 2) 0 o(j(i 0, (i “. - - 2) 1) w(i N, (i - - 2) 1) I 

The71 the dific7~7h(~l equntion L(y) = (1 lms got CL 710713er~o 

po/~ynomial ,sol~rtioir. of degree less than or equal to cl if 0.71.d 

or+ if 

Proof 

A,/ = 0. 

If 5 !Jkl” ‘- IS a nonxero solution of L(g) = 0 then, 1)~ cou- 

k=n 

st~ruct,ion Of .:U,,: t,llc hear SyStcIll .,bf,i I” = 0 has it nonzcro 
solut.ion, so tlio dctcwninant & of the niatris JM~ (;ilnWlS. 

If Ad = 0 then the lineilr syst,cnl ,bf,j 1- = 0 1la.s a nonwro SO- 
lutioll 1’ =f (,y~:. !/d). Furt.lwrrnorc try = a~(-2) = 0; 
so (. . : 0: y,,, . .(j,,: 0, . .) is a solution 1.0 t,hc rccurrcnce re- 
lill.iOll. 0 

4.1 Existence of a polynomial solution for all de- 
grees 

In k:IIInIii 1 wo slIow that? for a.ny fixed rl in N: the A(~(. of the 
111 hdiIlg 1.0 il polynoniial solution is a c:onst.rllc.l.il)le Wt. In 
t.liis scdion, w’c csplain. on a faniily of equations: a stra.tegy 
f.o study \vlwtlwr t,llis set is 11011 emlh; for id1 (1 in N. 
\Ve 115~: the rwiirrcncc relation sdisfiecl by (A;) : 

Propriety 1 Let (A~)~EN be fhc ,sq1~e71ce defined in the 
lc7n,ma 2. It dso suti,sfic:s the followin,g recu73io7L : 

& = 01(-l) 

_Ir = a](-1)01(O) - 02(-1)00(O) 

vi E m \ (0: 1): 
Aj = ct~ (i - l)A<-.l - o(,(i - l)tr2(1: - ‘L)Ai--2 
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Proof 
This can tw rasily seen I)? clweloping A, almg the last line. 
0 

Proposition 1 Asswnr: that 

( 01(i) = *,ji)Jf;’ + ti, (i) 

Nacr:,ssn~~ily thcrt, ea%sts N. :3. ?: I, satisf?ying A,! = 0. So fcj7 

each positirle intqcr d! there e,rists 7mllies (0: 11: 7. 11~ 21) in 
(I?!” of the pumrneters .srich that the equation L,,(y) = 0 has 

a 7~.ormm ~~O~~Jn~O7IliCll .sol7j,tio7~ of dcpce (1. 

4.2 The sufficient conditions of A. Hautot 

(Ho) 
0 E Iii- 

tr,~(i).cu,(i);n?(i) E Q(AI2:. ,lK)pi] 
The following proposition is a gcncralization of A. Hantot’s 

vi E (-1: 0: 1.. .}> <b(i) E $- 
idea t,ll:it. h! ilpplid t.0 t.llree part.idar linear diff~r~Ilt.ii~l 
equations ([S], [T], [I)]). \Ve constructs fiuit.c sc!t.s IF of nlgc:- 

Let d ht: a nonrieqntiije irategfw. If there crists (r,ia, : 7)ih) 
In&c: illld arit.liIIictir c:oIItlitioIis 011 t,lIe pxaIIIet,ers such t hilt, 

.such thut cuo(tl) = 0. then thm e.Ti3t.c (nz, ? In,+) leading 
for any 1,1 in I,7 the e<luiit,ioII LNI( JJ) = 0 1~s a polynoInia1 

I.., 1.. P. . .* . . . solut.ion whc 

of (2). - 

Proof 

Proposition 2 Let i0 be un.yy rrwnc&xlly fixed inteqw in. 
{-I, 0:. .} and 1;” De the set of the (~1: . : 711,) sutisf?ying 

Using the IwwrsioIi sat.isfietl by ili: One proves by iIIcluct ion 
011 i ttlih 

i-l L 

Let, tl lx? a Iwnncgative integer RIltl let (nlz. . . , I/is) such 
that cto(d) = 0. Then A,] can 1)~. wcn as a. polyIIoIuia1 in 
F[MI] where F is in t.lIcl itlgebraic closurr of Q. So t.lIere 
mists II? I ciiIlC~lliIlg A,,. 
Using 1em111a 2 0~: c:o~Icludes that (mI: ntz: . Ins) lcacls to I. 
a Immro finite solution to (2). 0 

Example 2 The fallowing linmr d$erential qwntor L,, 
c07nc.s from the y7~opo.silion, 14 page ,240 of [5]. It is 07l.e 

of th.e equutio7L.s 7n.et in [s] ~u~hilc str1d:yirt.g th.e 1io~willi~m so- 

lutiom of the non h,yl’ergeorric?tl,ir: co+cnt Hem equation. 
07ie wants to churmcte7Gx the d7re.s of (CL, 3: 7. IL, u) in C5 

smh that LI, (:y) = 0 h.as pol:ynornial solutions where 

L,> =2x(1-x)-$+2(1 -;‘3+(--0.+P+y-2).c+tr3.‘))~ 
+(l - 21) - (1 - A)(1 + 0 - 7) - 20/L”.) = 0. 

flz(-2) = (12(f”) = 0 
&“+I = 0 
3rlE {iil+l.io+2:...}/cro(d)=0. . 

If 110 is 7wn empty then for each (m,, . , ,ws) in. I ;,, there 
is a nonzwo finitf soliition. of de~~wc less than or equal to d 

to the 7w:iirrence relatk7i (2). 

Proof 

AS dtYt(.Vi,+() = A;,)+1 = 0: we get A,, = 0, which proves 
the proposit~iorI. 0 

Example 3 The differen~tial t:q~uution L,, = 0 f7mn th(-: first 

ezam.ple helmgs to the fun&y .studied hy A. Ha.utot in [8]. 
Ij 0 is epul to zero then wc get a two term rtmrsIon 

(--2v--+337+3;~-!‘j7+2(P+?-2)(i-l)-2i(i-l))yi + 

2(i + l)(l -p + i)y,+, = 0 

The parameters leading to a polyn.o7n,ial solution fo7, L/, ( y) = 
0 are those such that the left indicial eqlratiorr bus )7&:!ger 

wh.erc: 
solutions. 
To si7nplify the ecpJsitio7r, we n.mu assu7ne that u is equal to 

i 

h”(i) = 2cr(i --/I) 1. Then 

h,(i) = -2v - A- 3n + 37 + ptr + 3.3 - $7 + 
2(--o + (3 + -/ - 2); - 2i(i + 1) 

ho(i) = i -iI 

h2 (i) = 2(i + 2)(2 - $ + i) * 

i 

h,(i) = -1, - ; + $7 + 3/j - ;p-,+ 
(a,+p-q&ji’ - 

We note that l/.,(-2) = 0. Let d be a7y nu7nerl;cally fixed Irz(,i) = (i + 2)(2 - /j + i) 

po.s~tl.r~e intqcr. A necesscmy condition. to get a pol;1trro7Gd 

~011~t%07~ of degree d is /-, = d. 
Let us take i0 = 1: then, 02 (ia) = 0 * ;3 = 3 a7id 

bve wonder whether there w&s ~Jaranreters ,sati,sfg,in!g & = - 5 
0. But according to yroposition. 1, 2-u-y 

-2 0 

i-l 

vi E (-1:. ,d}, Ai = (-2v)’ + c!/,.l,(cI;:‘~,y,,,,)l/~ 

k=lJ 

where gl.a E Q[rk, p, y, /I]. 
so 

& 1 

a,/ = 0 e (-214” + c g,,.l;(ct? I3; y: d) = 0 
A.=0 



5 The hypergeometric solutions and 

In this section wc adapt the method of Pctkorsek for COW- 
puting hypergcomet.ric solutions of linear recurrence rela- 
tions ([14]) to our paramcterixed situation. We first describe 
a general met.hod available for any recurrence relation (sec- 
tion 5.1). Then we study a particular class of equat,ions 
whose recurrence rclat.ion has t.hree t.crrns and is of order 
two (section 5.2). 

j=O ]=k 

Then the seqlaence (gl)icz satisfies (1) : 

OO(%)j/i $- + a(,(i)y,+b = 0. 

5.1 A general method 

Let us assume that the recurrence reMon associated to 
L(y) = 0 (in a suitable basis) is (1) : ao(i)yi + . . + 
CUO(i)yi+b = 0: where 00 and ~1, are both mn constant poly- 
nomials. The idea is to construct a. finite set T of conditions 
and a two terms recurrence relation such t,hat : for each 
(7n1,..., ‘/ns) in T this two t.erms recurrence relat.ion has fi- 
nite solutions which also satisfy (1) and whose degrees may 
yet depend on the parameters. 

Remark 1 If there exists n positi*ue integer d such that 
(. i 0, yo: :2/d, 0,. .) is a solution to the recurrence rela- 
tion, (1) ( where d m.ay depend on smne parameters), then 
there exists (I polynomial R such that 

Vi E Z, (i + l)Q(i)yz+l = (i - d) R(i)yi 

where 

I 
II (i-j) i.fJ#@ 

Q(i) = 
jCJ 

1 2f.J = 0 

ST = (3 E (0.. : d - 1)/!/j = 0) 

deg(R) = d. 

It qsr~fices to compute th,e coefficients of the polynomial R(i) 
by in.terpolntion in the coeficients yo. ? yd. 

Our aim is to construct a t,wo terms recurrence relation 

BO(i)Vi + /31 (i)y2+1 = 0 

where /30 and /)I are both polynomials whose degrees are 
numerically fised. That is what we perform gcncralizing 
Petkovsek’s algorithm. 

Theorem 3 Let ILS assume that cu,(-b) = 0 and that there 
esists d in IN SUCK that 00(d) = 0. Let (yi)icz be a sequence 
such that : 

{ 

?4i+l = 
CA(i)C’(7+1) 

t?(i)<.‘(r) T/2 if i E (0:. : d} 

y, =o ifi$ {O,...,d} 

7, where c a.s an h,, -4, t3: C we polgnominls nnd where the 

following conditl1ons nre sntisfied : 

I 

(C,) A(d) = n(-1) = 0. 
(C,) Vi E {-b + 1: . . : -1): A(,i) # 0 
(C~)Vi~{0,...,d+b-2};B(i)#O 
(C;;jV’i~{O,...,d},C(i)#0 

h 

I 
(Cs) 2 Pk(i)C(i + k) = 0 

k=O 

k-l b-l 

Pk(l) = c”tr~.(i) n-4(1 +j) nB(i +,jj. 

Proof 
Let us notice first that the sequence (1Ji)icZ is wvcll defiued 
according to the conditions (CZ), (C:l) and (Cd). 
As yi cancels whenever i is not in (0; , d}, we can first. 
notice that 

b k2 

C ak(‘i)yi+k = C Qk(i)Yi+k 

k=O k=kl 

where Icl = rr~n~(O, -i) and k~a = ,~ni.n(b, d - i). 
b 

If i < -b or i > d then c Nk(i)yl+l; = 0. 
k=O 

If i = d t,hcn 2 ok(ijyli+k = (YO(d)& = 0. 
k=O 

If % = -0, then i: O~.(i)y,+k = Nb(-b);yo = 0. 
k=O 

Let i bein {-b+l,... *d-l}. Then 0 _< i+x:l 5 i+& 5 d, 
sovk-E {kl:...,kZ}, 

k-l b-l 

yi+k = C!“‘C(i + k) J-J A(i +j) nB(i + j)& 
j=ll j=k 

!T-I b- 1 

where F(i: kl) = C(i + kl)ckl n .4(i + j) n L?(i + j) 
.j=O .1=k1 

and F(i, kl) does not ca~uxl according to the conditions 
(C,), (C3) and (C.1). 
SO 

(kl;(f)yJi+k = ~ PL.(i)C(i + k). 
k=O 

Furthermore, as D(-1) cancels, Pk (i) also cancels whenever 
-1-i. is in {k,. . , b-l}. But i 1 -b+l so Vk E (0,. . ,k, - 
l}, Pk(i) = 0. In the same way: as .4(d) cancels: 01ie proves 
Vk E {x:2 + 1, . . , b}: &.(i) = 0. To conclude, 

b b 

c Qk(i)?//t+k = $& c s.(i)C(i + k) = 0 

k=O k=O 

0 
If the polynomials A: B and C satisfy the hypot.he- 

ses of Gosper’s lttnnla ([G]) (A and B rnonic; Vk E 
N,gcd(.4(i),B(i + k)) = gcd(.A(i),C(i)) = gcd(B(i + 
l):C(i)) = l), then one proves that. .4(i) divides WJ(~) and 
B(i) divides ob(i-b+l) ( SW [14]). So in practict:, we choose 
t,lie polynomial A(i) (resp. B(i)) among the divisors of (~0 (i) 
(resp. (~b(l: - h)). The computation of t,he polynomial C re- 
mains. W cncount.er here the same type of problem as the 
one of the first, section : the degree N may depend on the 
parameters. Howovcr if we fix a nonnegative integer N. WC! 
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can construct, as in leinrua 1; a fiuite set. of algebraic concli- 
tioiis 011 the paraineters lcatliug t.0 a polyuomial solution C 
of clcgrc-:e IV. 
\I;c describe below a inet.hod t,o fiud a set. of sufficicut con- 
dit.ious lcadiug t,o a. polynoinial solut,iou of L(y) = 0. 

1. The recurrence relation. 
Compute t.he recurrcrice relat,iou associat,rd to the op- 
erator L hi a suitable basis (Pi)ieN : 

~kwne that JWU know the factorizat.iori of cto aud (lb. 
Construct t,he set I of the uonuegat,ivc integer roots of 
cru (,wliich ruav tlepend ou the parameters). 

2. The set of the possible degrees of (.$B). 

Construct the set E of the elements (d..r,d~) of 
(0:. . eo} x {0, . : et,} sudi that : 
3kl;hE (0 ,..., fJ}:kl #lQ:&., =61.:! =b. 
where 6~. = lcrl,.~ + (1) - k)dn + ek = dry(Ph), 
ck = dcy(trk), b = mxr{b~.: 0 5 k 5 b}. 
If I? is empty then for ea.ch (-4: B) wit.h degree in 
(0: , co} X (0, : e,,}: there is uo pol\;uoniial C sat,- 
isl’);iug the coutlition (C’s). 

3. The set of the possible (-4; B). 
Construct the set E of the couples (.4(i); B(i)) such 
that 

i 

.-l(i) divides no(i) 
3d E I/N”(d) = A(d) = 0 
B(i) divides oh(i + 1 - h) 
q-l) = 0 

4. The set of the sufficient conditions on the pa- 
rameters. 

For each (.-l(i), B(i)) in ET fix a uouucgative iutcger N 
s--l 

and set. C(i) = i” + C CA.?. C onst.ruct the set T:v of 
k=O 

the parameters such that (Cz): (Cs). (Cd) aud (C,) are 
satislicd. 

Remark 2 If the set L? of the second step is empty then 
one can compute the 7ccnvence dation associated to L in 
mother busis of polyno7frinl.s 21si71y the tools of [I G]. 

Example 4 Let ILS consider the linear dificlential homoye- 
fieous equation 

xy”(Lr) + (A& + A&g - 22’));y’(x) + (1 + 2M,)r)y(z) = 0. 

Its associated recurrence relaeion in the basis (Xi)iEN is : 

-2(i-Al,)y,+(n~:~i+l+n.~;~)l/,+l+(i+2)(i+l+nl~)u,+1! = 0. 

T/kc: set ti is empty. If I~OIL conkpute the r’ccurrcncc relation 
in the basis of the Her&e polynomials~ then. you yet : 

(Al, - i)?/> + (1 + M3ji + l)):y,+r 
-2(i + 2)(i + 2 - Afl - A’f’)l/i+z + 2~1fz<(i + 2)(i + 3)?Ji+3 = 0 

If YJI.:~ is zero then the set I? is empty else it is equal to 
{(O:(l), (1: l)}. So the set E is reduced to {(i - n?,l,i + 1)). 
Let us ch.oose N = 1 and set C(i) = 1: + co. Then the condi- 
tion (Cs) is sntisfied if and only ij c = --& ,771~ = 1, 7~:~ = 

-21~11 - 1: cg = 2rn:. One easily checks that the conditions 
(C’Z),, (Cs) a7Ld (Cd) u7c also satisfied. 
Let TI = ((m1: 1n2: rn:c)/ ‘ml E ID;? m3 = 2m.l - 1: rrc:! = 
1, 7n:i # 0). For each (~rrt.1; nk?: ,rtc:s) i7l Tl there is CL polpno- 
mial solution of deyl’ee 1111 (which does not h.ave uny &cd 
value) to the initial differential equation. 

The question that oue ca.71 ask is : m11c11 cau we cou- 
st,ruct. 11m eurpt- sets TX such that the tlegrcc d of the fiuite 
h~pergeoruotric scqueuce (r/i) (or of t,he polyuoruial !/) does 
uot. depend 011 N ‘? \Ve answer this question for a particular 
class of oquat.ioris whose recurrence relation has t,hree t.errns 
aud is of order t,wo. 

5.2 An application to a particular family of equa- 
tions 

Let us cousiclcr the rccurreucr rolatiou (2) : 

OO(i)?/i + ctl (i)y+, + n2(i)y;+2 = 0 

and the recurrence rclatiou 

Qo(i)C(i) + Ql(i)C(i + 1) + Qz(j)C(i + 2) = 0 (4) 

where 
&o(i) = uz(i - 1) 
Ql(i) = CQI (i) 
Q?(i) = C’f*n(i + 1) 

a11d c is iu A-*. 

Proposition 3 Assume 

(HI) : 
i 

so(i) = I; - Afl 
(Q(i) = (i + 2)&(i) 

Let T be the set of all the (111.1 , : ,rrLB) such that there exists 

a nonx”c7o c STLC~ that tha eqmtion (4) h.as got a pol:clnonaial 
seqnence solution (C(i))iEZ sutisjginy 

Vi E (0.. ,ml};C(i) # 0. 

Then for euch (ml:. . ;rns) in T sr~ch that ml is in IN. the 
homogeneous hear recurrence (2) has got a finite solution 
which is defined in the following way: 

Proof 
It. suffices to itI>ply 
iHld B(i) = Oz(.i- I 

the previous theorem with ,4(i) = 00(i) 

.) auil uotice that Pe(i)C(i) +Pr(i)C(i + 
1) + .P;(;)C’(i +2) = cuo(i)trz(i)(Qo(i)C’(i) + Qi(i)C(i + 1) + 
Qz(i)C(i + 2)) = 0. 0 

Remark 3 Th.r: hypothr-:sis ‘o?(i) manic’ could be avoided; 
it ,jnst enables n si7nplcr e.xposition. Furth,ermorc: as the 
pol~ln~omial ri:! has no root in { -1: 0: .}. for any intcyer io 
in {-l,O:...} the set I;, con.strncted in the .section 4.1 is 
ernpt~~. Indeed there is no pnrameter sutisj~/ing cuz(io) = 0. 
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We have constructetf here a two terms recurrence relation : 

ccvo(i)C(i + 1)yi - az(i - l)C(i)&+, = 0. 

The question that remains is : can we find a polynomial C 
which satisfies (4) ;Lnd whose degree is independent of t.he 
degree 77~1 of the possible polynomial solution of L(y) = O? 
The following lemma gives an answer t,o t,his question under 
some new hypotheses. 

Lemma 3 Let us assume that (HI) is satisfied cmd let as- 
sume 

(Hz) : QI (i) = c(~uoi2 + ?;li + ~2) 
‘I$ E $* 
1:1.w1 E Q(Al?:...,AI,) 

Let (ml,. ? 7~~) such that th.e 7ecnrrence lelation (4) has 
got a nonzero polynominl solution, then its de!gree does not 
depend upon ~1111. 

Proof 
Let C(i) = ~~“+c~~-~~“-’ +.. . . Then Qe(i)C(i)+Qr(i)C(i+ 
l)+Q?(i)C(i+2) = (l+cvo)i”+‘+(c~--1(l+cu0)+(Nco0+ 
c2 + C?~~ + w,))i”f’ + .? so necessarily, cc0 + 1 = 0 and 
(cuo)N + CL’ + CUl + Wl = 0. 
As ~1.0: ~0: ~1: III and c do not depend up011 ml, A; also does 
not depend up011 ml. 0 

The following proposition gives a matrix charact,erization 
of the polynomial C. 

Proposition 4 Let us assume that the hypotheses (HI) and 
(Hz) a7c ,satisjkd. Let A7 bc a numerically fixed integer and 
(.rnl,. . , msr c) such that (cuo)N+c’+ct:~+wl = l+cvu = 0. 
A polyno7aial C of dcg7ee N satisfies the recumme (4) if and 
only if 

MC f(C(0). . . C(N)) = 0 

7lJhfY’e 

. . I Qo(lV - 2) Q, (N - 2) &(hr - 2) I 

Ll.Xfl = [ 1, . li . l,v+1 ] 

with, 

vi E (1:. . N - l)? li = Qg(N - l)+(A’+ 1,i - 1) 

1:~ = Qo(N - 1) + Qz(A7 - l)+(i~ + 1; IV - 1) 

I:Y,.I = Ql(N - 1) + QP(iV - 1)$(-V + 1, N) 

where qS(i:k) = fi - 
i-j 

j=n.j+k k - 3’ 

Proof 
Let C bc a polynomial of degree N. 
Let us iissume that C is a solmion of (4). Then for i in 
{ -1,. i N--2}, we get, a linear system which can be written 

M.v.r+l +(C(O) ” C(N)) = 0. 

If i = N - 1 then 

Qa(N-l)C(K-l)+Q,(1-l)C(N)+Q2(n;-I)C(n+l) = 0 

:v 

now C(iV + 1) = CC(k)@ + 1, k). So we get 
k=O 

Cl.:y+l t(C(O) ‘.’ C(K)) = 0. 

Let us ass111lle IlOW that 

.vc '(C(0) "' C(N)) = 0. 

then for each i in { -1, . , A: - I}, the relation (4) is sat.is- 
ficd. One can easily see that the degree of the polynomial 
Qo(i) C(,i) + Q)(i) C(i + 1) + Qz(,i) C(i + 2) is N (using the 
hypot,hesis 1 + clie = (cva)N + c’ + c7:r + ‘~1 = 0 which cu- 
Ales to cancel t.he terms of degree N + 2 and iV + 1) hut it 
has iV + 1 roots so it is identically zero. To conclude 

Vi E ZZ, Qo(i)C(i) + Ql(i)C(i + 1) + Qz(i)C(i + 2) = 0 

0 
From the two last propositions and the la.st lemma one 

deduces the following proposition : 

Proposition 5 Let us assume that (HI ) and (Hz) are sat- 
isfied. Let N be in N and let T!v be the set of all the 
(7n1,. , uts) such that 

1 + cc0 = -7$IL’ + 1 - 71a7:1 + v,‘.w~ = 0 and det(Mc:) = 0. 

For (,miz. ,m,) ,in, T:v, let C bc a polyn,omial of degwe N 
such that 

,bfC~ “(C(0) ” C(N)) = 0 

Then fv~ each (,/r/.1 , . : m,) in TV such that ~rll is in E\J 
and C(i) h,as no integer Toot in (0:. ,ml}, them exists a 
nonzc7’0 finite solution to the 7fxurre71cc relation (2). 

Example 5 We handle the mcurrcnce relation defined in 
the third example (section 4.%) by the conditions (*). We 
assume that ,3 is nvt an integer. We notice that c = 1. Let 
ILS choose N = 2. Then 

,u,?N + 1 - ‘U()Vi + e!$lL’r = 0 e e/ = 3. 

The matrix ~bd~ is 

[ 

l-1/-1/2/3 --/I, 0 

1 - i3 l-v+1/2(j -p+l 

2-P -2-2/3+3/~ 5-v+3/2!‘;1-3p I 

Let T? be the set of all (/?. -,:p! u) -such th.at dct(Mc) = 0 and 
there exists a polynomial C of degree 2 with no nonnegative 
root satisfying MC: ‘(C(O), C(1): C(2)) = 0. 
Then. for each (i?, y, p; u) in Tz such that 11, is a71 integer, the 
eq7Lation Lt, = 0 has got a nonze7a polynomial solution,. 
Note that WC: can ji71d this last condition, applyinq the meth,od 
of the sect,ion 4.% to the 7cc7LrTence relation associuted to Lt, 
i71 the basi.s (x + 1)’ : 

(i - p)y(/, - l/2(3 + 2u - 37 - 4,3 + /jr + 2/1 

+(4 - 28 - 2-y)i + 2i’)y,+, - (i + 2)(i + 2 - -y)y/i+:! = 0 



Conclusion 

The following probleni ‘deciding for which values of the pa- 
ritIllW33 ii given linear di#erent.ial equation depending on 
parameters h,a,s got polynomial solutions’ is undecidable. 
When the degree dots not dcpcnd on the paramewrs then 
the problem can be solvc~l. Other&c:, oven when WC work 
mod1110 the Diophantiue problcnis. the ywstion is still open. 
No machine can ha.ndle this problcrn in its gmcrality. How- 
ever, w can provide computer tools (in maple) t.hat ca.n 
help such il study. .4ny t.wo t.crms recursion can be treat.ed. 
During the study of the hypclrgcornetric solut.ions of three 
terms recurrcnc’c! rclat,ions, we have provided finite: sets of 
condit.ions on the pinYml(~tcrs. Ea.& of t,hese sets leads to 
a polynomial solut,ion provided that t,he left indicial cqua- 
tion has intcgcr solut,ions; this last condition which was only 
necessary in tlic: general case becomes then il noc~cssary and 
sufficient condition. 
We have swn in t.liis article i.llilt, our tools enablt~ to char- 
act.crize some liouvillisn solutions of equations of order two 
given in [5]. Combined to the computation of the csponen- 
tial parts, the study of t,lic polynomial solutions also elli~bles 
to give ncccssary conditions for the integrability of Hamilto- 
nian system([ld], p]j. 
The st.udy of the scalar t.wo terms recursions can a.lso lx 
part,ially gcncralized to sonw niat,rix two terms recurrence 
relations. Lastly, t.hc use of the orthogonal polynomials as 
new basis of A+] may lx fruitful for the search of hyperge- 
omctric finite solut,ions to linear recurrence rcla.tions. 
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