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ABSTRACT

The number of electric vehicles (EVs) is expected to in-
crease. As a consequence, more EVs will need charging, po-
tentially causing not only congestion at charging stations,
but also in the distribution grid. Our goal is to illustrate
how this gives rise to resource allocation and performance
problems that are of interest to the Sigmetrics community.

1. INTRODUCTION

EVs consume a large amount of energy and as a result the
charging of EVs is causing congestion in the distribution grid
[3], which is exacerbated as the number of charging stations
is limited. Motivated by this, we consider a stylized model
that models the interplay of two sources of congestion (as
not all cars find a space): (i) the number of available spaces
with charging stations; (ii) the amount of available power.

Despite being a relatively new topic, the engineering liter-
ature on EV charging is huge. Here, we give only a sample.
In [15], an algorithm for optimally managing a large number
of plug-in EVs charging at a parking station is suggested.
In [14], optimal charging algorithms that minimize the im-
pact of plug-in EV charging on the connected distribution
grid are proposed. Examples of studies where randomness
is taken into account are [10], in which a methodology of
modeling the overall charging demand of plug-in EVs is pro-
posed, and [16] where control algorithms based on random-
ized EV charging arrival time are suggested. Mathemat-
ical models where vehicles communicate beforehand with
the grid to convey information about their charging status
are studied in [13]. In [8], cars are the central object and
a dynamic program is formulated that prescribes how cars
should charge their battery using price signals. Though the
class of problem at hand fits well to the performance anal-
ysis, the only other line of work where such ideas are used
is [1] and [17], where a gradient scheduler is proposed to
minimize delays.

A common feature of the above studies is that they apply
to shorter operational time-scales. Since the desired scale of
infrastructure does not exist yet, it is important to consider
models that can be used on longer (investment) time-scales.
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Equilibrium models are quite popular for investment and
policy analysis of energy systems [4]. We therefore consider
a stylized equilibrium queueing model that takes into ac-
count both congestion in the distribution grid, as well as
congestion in the number of available spaces with charging
stations. We consider a stylized model of a parking lot with
finitely many spaces in which EVs (customers) arrive ran-
domly in order to get charged (for another application of
queueing theory to parking lots see [9]). The EVs have a
random parking time and a random energy demand. Thus,
each EV receives two kinds of service, parking and charging.
We assume that all available power is charged at the same
rate to all cars that need charging; some of our results can
be extended to time-varying arrival rates and multiple types
of users and stations, but due to space we do not do so here.
Under Markovian assumptions, our analysis focuses on
the probability that an EV leaves the parking lot with a
fully charged battery. Specifically, we develop bounds and
a fluid approximation, and report partial results on a dif-
fusion approximation. Our mathematical results are closely
related to work on processor-sharing queues with impatience
[7], though the model here is more complicated as there is
limited number of spaces in the system and fully charged
cars may not leave immediately as they are still parked.

2. MODEL DESCRIPTION

We consider a charging station with K > 0 parking spaces,
each having an EV charger. We assume that the arrival,
parking and charging times of EVs are mutually indepen-
dent, and exponential with rates A, u and v, respectively.
EVs leaves the system after their parking time expires. An
EV may leave the system without its battery being fully
charged. Furthermore, if all spaces are occupied, a newly
arriving EV does not enter the system but leaves immedi-
ately. As such, the total number of vehicles in the system
can be modeled by an Erlang loss system, though we need
a more detailed description of the state space.

We denote by Q(t) € {0,1,..., K} the total number of
EVs in the system at time ¢ > 0, where Q(0) is the initial
number of EVs. Further, we denote by U(t) € {0,1,...,Q(t)}
the number of EVs of which their battery is not fully charged
at time ¢ and by U(0) the number of vehicles initially in the
system. Thus, C(t) = Q(t) — U(t) represents the number of
EVs with a fully charged battery at time t.
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The power consumed by the parking lot is limited and
depends on the number of uncharged EVs at time t. We
let it be given by f: Ry — Ry, f(U(t)) := min{U(¢t), M }.
Here, 0 < M < K denotes the maximum number of cars the
parking lot can charge at full power.

3. MAIN RESULTS

We present bounds and approximations based on fluid and
diffusion limits for the fraction of EVs that get fully charged.
Proofs (and results for other performance measures) will be
presented in an extended version of this paper.

3.1 Bounds

Under our assumptions, the number of uncharged EVs
and the total number of EVs in the system (U(t), Q(t)), is
a two dimensional Markov process. The fraction of fully
charged EVs in stationarity is given by the ratio: Eggzﬂ
In the special case K = M, we can compute explicitly the
joint distribution, and in the case K = oo, the distribution
of the number of uncharged EVs is given by a variation of
the Erlang A formula (see [18] for details on the Erlang A
model). Note that, in our model customers / EVs can leave
the system also during their service, unlike in the Erlang
A queue. Based on these two special cases (K = M, K =
00), the following proposition, which can be proved using
Markov-rewards methods, presents an upper and a lower
bound for the fraction of EVs that get fully charged.

PROPOSITION 3.1. Let C'iy(00) and Q% (c0) be the num-
ber of fully charged EVs and the total number of EVs in
stationarity for the system (K, M). We have that

E[C}i?(OO)}<E[CM( o0)] E[CK(OO)]_
E[Q37(c0)] T E[QF(o0)] T E[Qf(o0)]

3.2 Fluid approximation

We develop a fluid approximation for finite K, following
a similar approach as in [7]. The main differences are the
finitely many servers in the system and that the state space
consists of two regions: U(oo) > M and U(co) < M.

Consider a family of models as defined earlier indexed by
n. The fluid scaling (in steady state) is given by L= (oo) . To
obtain a non-trivial fluid limit, we assume that the capacity
of power in the n'" system is given by nM, the arrival rate
by nA, and the number of parking spaces by nk.

(1)

PROPOSITION 3.2. Let E,, and E, be exponential random
variables with rates p and v. We have that W — u”,
as n — oo. In addition, u™ is given by the unique positive
solution of the following fixed-point equation:

u* = min{\, pK}E[min{E,, E, max{1, UM}}]'

Observe that if we define f(U(-)) = 1 (i.e., the processor
sharing discipline) and replace K by nAK (assuming for
simplicity p = 1), we derive [7, Equation 4.1].

We directly use a modified form of our fluid approxima-
tion, which can be derived heuristically using Little’s law
and a version of the snapshot principle (essentially assum-
ing an EV sees the system in stationarity throughout its so-
journ). Let Pk be the blocking probability in a loss system
with K servers. To obtain our approximation, we replace
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min{\, K} by A\(1 — Px), leading to
u" = X1 — Px)E[min{E,, E, max{1, UM}}] (2)

Let Ps denote the probability that an EV leaves the park-
ing lot with fully charged battery in the fluid model. It is
given by Ps = P(E, > E, max{1l,u"/M}), where u* is the
unique solution of (2). Under our assumptions, the explicit
expression for this probability can be found. That is,

£ u* < M,
Py = {H+L]M . 3)
xa-poy W > M
3.3 Diffusion Approximation

Let 8 and k be real numbers. Consader the following
asymptotic regime. Define M, = VJW + Byv/n and A, =
n(v + ), ie., the “square-root staffing rule” as in [5] and
[6]. In addition, define K,, = A" + ky/n. The diffusion scal-

Un (1)~ 28  Qut)—2n
fp‘ and Qn( ) = T

THEOREM 33 If( ( ), Qn(0)) = (U(O),Q(O)) then
( n(4), Qn( ) — ( () ()) as n — oo. The diffusion
g

lzmzt satisfies the following 2-dimensional stochastic differ-
ential equation

{ } { V2(v + 1) 0 } {dWU(t)}
V2@ + )] [dWa (1)
by (U(t), [av )
’ [bz(ff(t),@(t))] = oto)
where by (z,y) = —v(z A B) — px and ba(z,y) = —py. Fur-
ther, Wi (t) and Wy (t) are driftless, univariate Brownian
motions such that 2(1/ + PEWs6)Ws ()] = (v + 2p)t. In

addition, Y (-) is the unique nondecreasmg nonnegative pro-
cess such that (4) holds and [;°1 yaY'(t) = 0.

ing is given by U, (t) :=

(4)

{Qt)<~r

Note that Q(t) satisfies the known Erlang B diffusion [11].
When k = oo the system (4) has an explicit invariant dis-
tribution. Take the vectors m_ = (0,0), my = (=%2,0)

o
1
and the positive definite matrices X_ = { 2 ”,ﬂf“} and
v+2u M
vtp 1
Yo=K |- Let fo and fi be 2-dimensional nor-
w T

mal pdfs with mean vectors m_, m4 and covariance ma-
trices 3_ and X, respectively. In case K = oo, we can
show that the joint steady state pdf of the random vector
(U(0), Q(0)) can be written as

o(z,y) = cif-(2,9)L{a<py + c2fi (2, ¥)L{aspy,

where c1, c2 are given in [5, Equations 3.9-3.10].

3.4 Numerical evaluation and discussion

In Fig. 1-3 we depict the bounds in (1) and the fluid ap-
proximation in (3) for 3 cases: moderately, critically, and
over-loaded. Further, we fix v = u = 1. The vertical axes
give the probability that an EV leaves the parking lot with
fully charged battery (success probability) and the horizon-
tal axes give the ratio M/K. The lower and the upper
bounds seem to be tight for M > 0.7K. Also, the lower
bound is tight under light load, in the other cases the fluid
approximation works well for K = 50.
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Figure 3: K =10,50 and A = 1.2K

4. DISCUSSION AND EXTENSIONS

Our numerical results show there is room for improvement
for critically loaded systems, making it worthwile to derive
the invariant distribution of the process in Theorem 3.4; the
solution for k = oo did not yield better results than the
FErlang A lower bound.

From an applications standpoint, it is important to re-
move various model assumptions. If parking and charg-
ing times are given by the (possibly dependent) generally
distributed random variables B and D, we can develop a
measure-valued fluid model by extending [7]. The fluid limit
in steady-state will be defined by the fixed point equation

u* = A(1 — Px)E[min{B, D max{1, uﬁ*}}]

We are currently extending this to time-varying arrival rates,
multiple customer classes, and multiple parking lots. The
distribution network for the latter is modeled as a tree net-
work in [2] where simulation results are presented. On a
high level, the analysis is reminiscent of [12].

5. REFERENCES

[1] I. S. Bayram, G. Michailidis, M. Devetsikiotis, and
F. Granelli. Electric power allocation in a network of
fast charging stations. IEEE Journal on Selected Areas
in Communications, 31(7):1235-1246, 2013.

[2] R. Carvalho, L. Buzna, R. Gibbens, and F. Kelly.
Critical behaviour in charging of electric vehicles. New
Journal of Physics, 17(9):095001, 2015.

[3] K. Clement-Nyns, E. Haesen, and J. Driesen. The
impact of charging plug-in hybrid electric vehicles on

Performance Evaluation Review, Vol. 45, No. 2, September 2017

4]

(6]

(8]

(9]

(10]

(11]

(12]

(13]

(14]

(15]

(16]

(17]

(18]

a residential distribution grid. IEEE Transactions on
Power Systems, 25(1):371-380, 2010.

A. Ehrenmann and Y. Smeers. Generation capacity
expansion in a risky environment: a stochastic
equilibrium analysis. Operations Research,
59(6):1332-1346, 2011.

P. Fleming, A. Stolyar, and B. Simon. Heavy traffic
limit for a mobile phone system loss model. In Proc. of
2nd Int’l Conf. on Telecomm. Syst. Mod. and
Analysis. Nashville, TN, 1994.

O. Garnett, A. Mandelbaum, and M. Reiman.
Designing a call center with impatient customers.
Manufacturing & Service Operations Management,
4(3):208-227, 2002.

H. C. Gromoll, P. Robert, B. Zwart, and R. Bakker.
The impact of reneging in processor sharing queues.
Sigmetrics Performance Evaluation Review,
34(1):87-96, 2006.

P. Kempker, N. Dijk, W. Scheinhardt, H. Berg, and
J. Hurink. Optimization of charging strategies for
electric vehicles in PowerMatcher-driven smart energy
grids. In Proc. of the 9th EAI Int’l Conf. on
Performance Evaluation Methodol. and Tools, 2015.
R. C. Larson and K. Sasanuma. Congestion pricing: A
parking queue model. Journal of Industrial and
Systems Engineering, 4(1):1-17, 2010.

G. Li and X.-P. Zhang. Modeling of plug-in hybrid
electric vehicle charging demand in probabilistic power
flow calculations. IEEE Transactions on Smart Grid,
3(1):492-499, 2012.

G. Pang, R. Talreja, and W. Whitt. Martingale proofs
of many-server heavy-traffic limits for markovian
queues. Probability Surveys, 4:193-267, 2007.

M. Remerova, J. Reed, and B. Zwart. Fluid limits for
bandwidth-sharing networks with rate constraints.
Mathematics of Operations Research, 39(3):746-774,
2014.

D. Said, S. Cherkaoui, and L. Khoukhi. Queuing
model for EVs charging at public supply stations.
Wireless Communications and Mobile Computing
Conference, 1(5):65-70, 2013.

E. Sortomme, M. M. Hindi, S. J. MacPherson, and

S. Venkata. Coordinated charging of plug-in hybrid
electric vehicles to minimize distribution system
losses. IEEE Transactions on Smart Grid,
2(1):198-205, 2011.

W. Su and M.-Y. Chow. Performance evaluation of an
EDA-based large-scale plug-in hybrid electric vehicle
charging algorithm. IEEFE Transactions on Smart
Grid, 3(1):308-315, 2012.

K. Turitsyn, N. Sinitsyn, S. Backhaus, and

M. Chertkov. Robust broadcast-communication
control of electric vehicle charging. In Proc. of IEEE
Int’l Conf. on Smart Grid Communications, 2010.

E. Yudovina and G. Michailidis. Socially optimal
charging strategies for electric vehicles. IEEE
Transactions on Automatic Control, 60(3):837-842,
2015.

S. Zeltyn and A. Mandelbaum. Call centers with
impatient customers: many-server asymptotics of the
M/M/n+ G queue. Queueing Systems, 51(3):361-402,
2005.

35





