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Abstract

Distributed network optimization has been studied for well over a decade. However, we still do not have a good
idea of how to design schemes that can simultaneously provide good performance across the dimensions of utility
optimality, convergence speed, and delay. To address these challenges, in this paper, we propose a new algorithmic
framework with all these metrics approaching optimality. The salient features of our new algorithm are three-fold:
(i) fast convergence: it converges with only O(log(1/¢€)) iterations that is the fastest speed among all the existing
algorithms; (ii) low delay: it guarantees optimal utility with finite queue length; (iii) simple implementation: the
control variables of this algorithm are based on virtual queues that do not require maintaining per-flow information.
The new technique builds on a kind of inexact Uzawa method in the Alternating Directional Method of Multiplier,
and provides a new theoretical path to prove global and linear convergence rate of such a method without requiring

the full rank assumption of the constraint matrix.

I. INTRODUCTION

Consider a fixed data network shared by F' end-to-end flows. Each flow f is described by its source-destination
node pair and associated utility function, without a priori established routes. The nodes within the network cooperate
by forwarding each others’ packets toward their destinations. The network optimization problem is how does one
Jjointly choose the end-to-end data rate xy of each flow f, the schedule for each link and the link rate for each
flow to maximize the network utilities defined as

F

maxz Us(zy) st [zf] € A, (1)
f=1

where A is the capacity region of data network, dependent on the limited power resources and interference among
concurrent transmissions. The optimization problems of the above form plays a key role in resource control and
optimization for both wireline and wireless networks.

In distributed network optimization, each iteration of the algorithm corresponds to one communication among
different nodes, which could require a very large amount of information exchange overhead. Therefore, one important
metric to measure the performance of algorithm is the convergence speed, i.e., how many iterations are required
to obtain an e—accurate solution. In addition, other important metrics are utility and the physical queue length in

steady state, which measures the throughput and transmission delay that is achieved by the algorithm.

A. Existing Algorithms

The large body of work (see, e.g., [1]-[L1], and [12] for a survey) in this area has given rise to several efficient

and distributed control algorithmic frameworks. We first review the state-of-the-art of all the existing algorithms.
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First-order dual decomposition method: This kind of algorithm applies the subgradient descent method to the
dual function of problem and lead to a beautiful queue-length-based control algorithmic (QCA) framework,
based on which the components of congestion control, routing and scheduling are naturally coupled by queuing
states [3], [5]. However, the classical QCA method achieves an O(1/K) utility optimality gap at an expense
of O(K) steady-state queue-length, where K > 0 is a system parameter. Hence, a small utility gap will yield
a large queuing delay. Significant efforts have been made to improve this tradeoff including the development of
virtual queue techniques [13], [[14], the threshold-based packeting-dropping scheme [15] and the [O(1/K), O(VK)]
tradeoff produced by recent momentum-based methods [7], [8]]. Due to the nonsmoothness of dual function and
the subgradient nature, all the above methods suffer from a slow convergence that requires O(1/¢2) iterations to
obtain an e—accurate solution.

Second-order Newton method: To improve the convergence speed, there have been many attempts in obtaining
new algorithms by applying the second-order method [9]]-[|11]]. Compared with the first-order method, this kind of
algorithm has a faster convergence rate, i.e., O(log2(1 /€)) iterations (three-level convergence structure with interior
point, Newton and matrix splitting method). However, it has several limitations: (i) the complexity of computing
the Hessian inverse in the second-order method is quite high and does not scale well with the network size; (ii)
a worse utility-delay tradeoff [O(1/K), O(K?)] in [11]; (iii) it cannot efficiently handle the wireless interference
channel. For example, in the algorithm [10], even the number of variables (time sharing parameters) in the control
plane is exponentially large.

Proximal method: The proximal method was first introduced in the work [6] to tackle the oscillation problem in
a network optimization problem with given routing paths. Unlike the QCA method, it adds a quadratic regularizer
in the routing component to stabilize the solution, and is proven to be the first algorithm to break the existing
utility-delay tradeoff that offers both the zero utility optimality gap and finite queue length. Recently, the work [[16]
generalizes this idea to the scenario of dynamic routing and designs a new backpressure routing algorithm for
wireline network. They prove that the proximal method not only exhibits the feature of low-latency, it also offers
an improved convergence speed of O*(1/ e

It can be observed that all the existing algorithms sacrifice the performance of one or more metrics to improve the
others. In particular, the slow convergence of all these algorithms will result in large information exchange overhead.
The key question that we aim to answer in this paper is that: is it possible to develop a joint congestion control,
routing and scheduling algorithm with the fast convergence speed, routing complexity as low as the first-order

method and delay as low as the proximal method?

B. Our Results

In this paper, we positively answer this open question and propose a new algorithmic framework. The comparison
of our algorithm and the existing schemes in a L—links and F'—flows network are listed in TABLE [[} One can

see that our algorithm offers the fastest convergence speed, optimal utility, finite queue length, and low routing

'Here the O*(1/¢) means that the convergence rate is in the ergodic sense. A sequence {an} converges with ergodic rate O*(1/¢) if
L3N an = O(1/N), with rate O(1/e) if an = O(1/N).
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TABLE I: Comparison of Existing Algorithms in Network Optimization

Optimality gap | Queue-length | Convergence speed | Routing complexity | Scheduling complexity!
Dual decomposition method O(1/K) O(K) O(1/e2) O(F) poly(L, F)
Proximal method optimal O(1) O*(1/e) O(F log(F)) unknown
Second-order method O(1/K) O(K?) O(logZ(1/¢)) O(F? + L?) exp(L, F')
Momentum method O(1/K) O(VK) O(1/€2) O(F) poly(L, F)
Our new method optimal O(1) O(log(1/¢)) O(F log(F)) poly(L, F)

! The scheduling complexity derives from the traditional node-exclusive interference model.
2 Momentum method refers to heavy-ball method and Nesterov’s accelerated method.

and scheduling complexity compared with all the existing methods. The rationale behind our algorithm design is
to utilize the Alternating Directional Method of Multiplier (ADMM), first appeared in [17]]. Our key idea is to
reformulate the joint scheduling-routing-congestion control problem as a 2—block separable optimization problem,
and apply the ADMM to the Augmented Lagrangian function of problem (IJ), which then allows us to obtain an
optimization framework with a layered structure and only a limited degree of cross-layer coupling.

However, due to a number of technical challenges, developing an ADMM-based method is highly non-trivial.
First, the ADMM'’s focus is on minimizing the Augmented Lagrangian function that is the summation of original
utility function and a quadratic penalty function of the constraints. It will produce a routing-scheduling problem
with a non-separable objective function regarding the rate vector among different links. Therefore, it is difficult to
be solved in a low-complexity and distributed manner. Second, the structure of this method is substantially different
from both the dual decomposition method and the proximal method. For example, the form of congestion control,
routing component, and the coupling among the different layers are different. Hence, the analytical techniques used
in existing methods for utility optimality and queue stability are not applicable. Third, in a wireless network with
interference constraints, unlike the clear relationship between the linear program-based scheduling problem in the
dual decomposition method and the combinatorial optimization problem, i.e., maximum weighted matching [3]],
[18], it is unclear how to solve the new scheduling problem derived from the ADMM-based decomposition.

The main contribution of this paper is that we develop a new algorithmic framework that addresses the afore-

mentioned challenges. The detailed results and technical contributions of this paper are as follows:

o We utilize a kind of inexact Uzawa method of Alternating Directional Method of Multiplier [[19], [20] to
approximately solve a local second-order approximation of the Augmented Lagrangian function with respect
to the link rates. This technique will yield a routing and scheduling problem with a separable quadratic objective
function and a constraint set defined by a convex hull of feasible link rate vectors.

o We establish the utility optimality and finite queue length of our proposed framework. In particular, we show
that, as the algorithm keeps running, the network utility gap will vanish, while the queue lengths in each node are
bounded throughout by a finite constant. This result is much stronger than the best tradeoff [O(1/K), O(VK)]
of the traditional QCA framework. Moreover, we prove that our new algorithmic framework converges at a
global and linear rate that obtains an e—accurate solution with only O(log(1/¢)) number of iterations, which
is faster than the existing second-order methods.

« We provide several algorithms to implement the new routing and scheduling problem in our proposed frame-
work. More precisely, for the wireline network, we show that the new routing problem can be solved in

a distributed manner and in O(Flog(F)) time within each link, which is much lower than O(F? + L?)

July 19, 2017 DRAFT



complexity of the second-order method in [11]]. For the wireless networks with interference constraints, we
show that the complexity of solving our new scheduling problem is equivalent to the classical MaxWeight
scheduling. This result not only implies a deep connection between these two problems, but also paves a path
to use the existing algorithms [18]l, [21]] of MaxWeight scheduling to solve this new problem.

One technical contribution independent of interest is the global and linear convergence rate of our proposed
algorithm. As mentioned earlier, this algorithm is indeed applying an inexact Uzawa method of ADMM to the
optimization problem of the form min f(x)+g(y), s.t. Ax+By = b. All the existing global and linear convergence
results [22]]-[24] of this generalized ADMM requires an assumption that one of the constraint matrices is of full
rank. However, in our problem, both matrices A and B do not satisfy this condition. We provide a new technical
path to overcome this challenge. The critical technical step is to estimate the distance from the primal and dual
iterates of ADMM to the optimal solution set by the distance to an inscribed polyhedron of the optimal set. This
enables us to utilize the isolated calmness of polyhedral mapping to upper bound such distance by certain amount
of constraint violation.

The remainder of this paper is organized as follows. In Section 2, we introduce the network model and problem
formulation. Section 3 presents our proposed algorithmic framework and the main results. In Section 4, we provide
the detailed theoretical analysis of convergence speed and queuing stability. Section 5 develops the algorithms for the
principal components of our framework. Section 6 presents numerical results. Section 7 provides some discussions

and Section 8 concludes this paper. Due to the space limit, all the proofs are listed in Appendix.

II. PROBLEM STATEMENT
A. Network Model

We consider a slotted communication network system with time slot units being indexed by t = 1,2,.... As
shown in Fig. [1| we represent the network by a directed graph G = {N, L}, where N is the set of nodes and L is
the set of edges. Let |N| = N and |£| = L. For each node n, denote the sets of its incoming links and outgoing
links as Z(n) and O(n), respectively. Let deg(n) be the number of adjacent links of node n. We define Tx(1)
and Rx(!) as the transmitting and receiving node for each edge I. There are F' end-to-end sessions in the network,
indexed by f € F £ {1,2,..., F'}. Each session f has a source node s; and a destination node d; in the node

set AV. To avoid triviality, suppose that different sources are located at different nodes.

B. Congestion Control

Let scalar x¢ be the injection rate of session f with which data is sent from s to d¢, possibly via multiple hops
and multiple paths. We assume that injection rate z; is bounded in [my, M]. Associated with each flow f is a
utility function Uy (xy), which reflects the “utility” to session f when it can transmit at rate 2. We assume that

the utility function Uy (-) satisfy the following conditions.

Assumption 1. (Utility function) For each session f, the utility function Uy (-) is a nondecreasing and concave

function in the interval [my, My].
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Fig. 1: Mllustrative example of model.

The use of such utility functions is common in the congestion control literature to model fairness. For example,
these conditions hold for the following two typically used utility functions: (i) weighted proportionally fair utilities
Us(xyg) = wylog(zy), where wy, f =1,..., F are the weights; (ii) general weighted proportionally fair utilities,

1—y
Z 4> ®)
1—7v

Ug(zy) = wy
Note that these two examples are also strictly concave functions.

C. Routing and Scheduling

For each edge [ in the set £, suppose that [ = (m,n) and the data is transmitted from node m to node n. Let
rii represent the amount of capacity on link [ that is allocated for data towards destination d. In the sequel, we call
it the link rate for simplicity. The set of destination nodes are defined as D = {dy, f € F}, and let |D| = D. Then

we can describe the capacity region of the data network.

Definition 1. (Capacity Region [1]l, [2]]) The capacity region A of the network is the largest set of injection rate
vector (x| feF for which there exists a link rate vector [rld]ldeef that satisfies the following constraints.
1) Flow conservation: for each destination d in D, each node n in N'\{d},
Yo rlismna—ay + Y = D @)
feF 1€Z(n) 1€O(n)
where 1.y is an indicator function that takes the value 1 if sy = n,dy = d and 0 otherwise.

2) Capacity constraint: for each link | € L and d € D,

> rld] € C 2 Conv(I),r{ >0, )
deD
where T = {r(M) v r(D} is the set of feasible link rate vectors, and Conv(-) represents the convex hull

operation.
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D. Queue Stability

We use Q2 [t] to denote the length of the physical queue that are destined for node d, waiting for service at node

n in time slot ¢. For each d € D and n € A'\d, the evolution of physical queue length is given by

Qul = @it —1= Y oflt]| + D A+ D wrltle—n.a;=ay, 5)
)

1eO(n) 4 1€Z(n feF

where [+ £ max{-,0}. The rate r[t] is the capacity provided to d-destined packets over link [ in time slot ¢ and
the rate 7#{[t] is the actual used capacity over link [ for d-destined packets in time slot t. We have #¢[t] < rd[t]
since node n may have less than 7{[¢] amount of data to transmit for destination d. Note that the definition of Q%[t]
is only used to measure the delay performance of our algorithm. The actual operation of our algorithm does not

require this information (details in Section |l1I-A).

Definition 2. (Network Stability) Under a congestion control, routing and scheduling scheme, we say that the

network is stable if the sum of queue lengths in steady state remains finite.

lim sup Z Z Q4L[t] < +oo. (6)

t=oo deD neN\d

E. Problem Formulation

Our objective is to develop a joint congestion control, routing and scheduling algorithm to maximize the total
utility > rer U ¢(zs), subject to the network capacity constraints. Putting together the models presented earlier

leads to the following general multi-commodity network flow formulation.

JCRS:

max Z Us(xy) (7

st Y wpligmna—ay + > = Y rf,Vd,neN\d,

fer l€Z(n) leO(n)
{Z rld} eC,ri>0,vdeD,leL,
deD

my <y < My,Vf € F.

Problem is a convex program with affine constraints. We make the following standard assumption that is used

in all the existing works.

Assumption 2. (Existence of optimal solutions) There exists an optimal injection rate vector [;v;z] ter link rate

vector [rf*]feeﬁp and the Lagrangian multiplier vector P‘Z*]ZE?/\ 4 in the problem @)

Note that the existence of optimal primal and dual solutions can be be guaranteed if a certain constraint
qualification such as the Slater condition holds [25]. In what follows, we will investigate a new distributed joint

congestion control, routing and scheduling algorithm.
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III. JOINT CONGESTION CONTROL, ROUTING AND SCHEDULING FRAMEWORK
In Section |LII-A] we first introduce our new algorithmic framework. Then, in Section [lII-B] we present the main
results on the utility optimality, queue stability and the convergence speed of the proposed algorithm.
A. Algorithmic Framework

The main procedure of our new joint congestion control, routing and scheduling method is described in Algo-

rithm [1]

Algorithm 1 New Joint Congestion Control, Routing and Scheduling Framework

Initialization:
Choose parameters p > 0, 7 € [1, @) and B, > deg(m) + deg(n),V(m,n) € L. Set ¢ = 0. Let both
physical and virtual queues be empty at the initial state Q%¢[0] = A2[0] = A\4[—1] = 0,Vd € D and n € N'\{d}.
Let injection rates x¢[0] = 0,Vf € F and service rates r{[0] = 0,Vd € D,l € L.
Iteration: In each time slot ¢ > 1, repeat the following three steps.
1: Routing and Scheduling: For each destination d € D and node n € N\{d}, calculate the new weight
24t = (1+1/7)A[t — 1] — Ad[t — 2] /7. Let 24[t] = 0,Vd € D. Then choose the link rate [ri[t],] € L,d € D]

as the solution to the following quadratic program.
d d Pﬁm,n d d 2
max Z Z m _Z T 2 (Tm,n _Tm,n[t_ ])
T (m,n)eL deD

s.t. [Zd ] eC,rd  >0,Y(m,n) € L,deD. 3

r'm,mn

2: Congestion Control: For each node sy, calculate the injection rate z[t] as the solution to the following

optimization problem.

 dnas Up(eg) = (8710 + pArsli)es = Gy — gt = 1)) 9)

where the quantity Arg[t] is given by
d d d
argf = Y (P -re-1) - Y (- e-11), (10)
leL(sy) 1eO(sy)
3. Virtual Queue Update: For each destination d € D and node n € AM'\{d}, update the virtual queue length by

XLt =A0[t — 1] = pr Z it +pr Y i+ er > s, —ndy—ay- (11)
leO(n l€Z(n) feFr

Some important remarks on Algorithm 1 are in order:

Relation to QCA: In the QCA method [3]], [S]], the congestion control component has the form of

d
max Us(xzs) — Qst [tz s, (12)
o o rley) = Qsyltlay
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and the routing and scheduling component is given by

max Yo D (Qul - Qult)rm.

™" (m,n)eL dED

st [Dogrd ] ecCord , >0,¥(m,n) € L,deD. (13)

Each component in this method is “loosely” connected by the physical queue length Q¢[t]. Similarly, our new
algorithm also exhibits a layered structure, however, each component is “densely” connected by several quantities
including the virtual queue length A< [t], the injection rate z;[t] and the link rate r{![t]. For example, the congestion
control in the source node is dependent on both the virtual queue length and the change of link rate Ar¢[t] in the
adjacent links.

Quadratic congestion control and routing: Unlike the QCA method, Algorithm [I]contains a separable quadratic
function in each component. In [6], it has been observed that such a ls-regularization in the routing component can
resolve the oscillation problem that occurs in traditional backpressure routing (I3)). Technically, we will see later
that this technique also leads to significant delay reduction and convergence speed up, moreover, it can be derived
from a kind of inexact Uzawa method in Alternating Directional Method of Multiplier [[19], [20].

Virtual queue-based control: Existing methods such as the dual decomposition and the momentum-based
methods require each node to maintain a separate physical queue for each flow, which is usually difficult to
implement, especially in large networks. However, one can see that all the operations of congestion control, routing
and scheduling in Algorithm (1| are based on the virtual queue length A%[¢]. In practice, each node will maintain
a separate virtual queue (i.e., a counter) for each flow going through it and a FIFO queue for storing packets of
all the flows going through the corresponding link. This technique can significantly decrease the complexity of the

queuing data structures at each node. Detailed implementation can be seen in [26].

B. Main Results

For notational convenience, we use vectors x[t], r[t], A[t] to group all the injection rates, link rates and virtual
queue lengths in time slot ¢, respectively. The first result in this paper is on the utility optimality and queue stability

of Algorithm

Theorem 1. (Utility optimality and queue stability) Under the Assumptions |I|and|2| the network utility and physical
queue length produced by Algorithm (I| satisfies

lim sup | Y Uplas[t]) = > Up(a})| =0, (14)
t=oolrer feF

lim sup » Y Qa[t] < +oo, (15)
b0 4eD nen\d

where [, f € F] is the optimal injection rate vector.

Theorem [1| says that our proposed algorithm achieves optimal utility while guaranteeing that the physical queue

length at each node is a finite constant. This result improves the utility-delay tradeoffs of prior works including
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[O(1/K), O(K?)] in [11], [0(1/K),O(K)] in [3] and [O(1/K),O(VK)] in [7], [8]. All these methods will

produce an unbounded queue length to obtain a vanishing utility optimality gap.

Theorem 2. (Global and linear convergence rate) Under Assumptions |l| and |2| and the assumption that utility
function is strictly concave, the Algorithm |I| converges at a global and linear rate. More specifically, there exists
one of the optimal injection rate vector x*, link rate vector v* and dual variable X\* of the problem @ such that
Ix[t] - x*[| < O(ct),

O<e< 1.

[r[t] — r*]| < O(c), ||A[t] = X*|| < O(c') for all t > 1, where c is a constant satisfying

As can be seen in Theorem |2} to obtain an e—accurate solution, our new algorithm only requires O(log(1/¢))
iterations, or equivalently, solving number of O(log(1/¢€)) congestion control and routing components. This iteration
complexity is much less than the traditional first-order method including dual decomposition method with O(1/€?)
or the proximal method with O(1/€). Moreover, it is even faster than the three-layered second-order Newton
method [10].

Currently, several natural questions arise are: (i) how to design this new joint scheduling-routing-congestion
control algorithm? (ii) how to prove the linear convergence rate, optimal utility and finite queue length of this new
algorithm? (iii) how to efficiently solve the quadratic congestion control, routing and scheduling component in our

new algorithm? In the sequel, we focus on answering these questions.

IV. THEORETICAL ANALYSIS

In this section, we first provide some necessary notations and basics in the variational analysis. Then, we will show
how to apply the inexact Uzawa method in the Alternating Directional Method of Multiplier to obtain Algorithm [I]

Finally, we will prove the technical results stated in Theorems [I] and [2]

A. Notations and Preliminaries

We use the bold letter x to represent the vector, and capital and bold letter A to denote the matrix. The element
of a vector x is denoted by a scalar x;, and the element of a matrix A is denoted by a scalar A;;. We use 0 to
represent a vector with each elements equal to zero. Let x” and A” to denote the transpose of a vector and a matrix,
respectively. Let (-, -) represent the standard inner product, and let || - || denote the l> norm (the Euclidean norm of
a vector or the spectral norm of a matrix). Let matrix norm ||x|p = x7 Mx, where M is a positive semidefinite
matrix. We use Apin(A) and A\pax(A) to represent the smallest and largest eigenvalues of a symmetric matrix
A. The spectral norm of a matrix A is then given by [|A|| = Amax(ATA)2. One basic inequality regarding the

spectral norm is ||Ax|| < ||A]l||x]|-

Definition 3. (subdifferential) The subdifferential Of(x) of a convex function f : R™ — R at x is the set of all

subgradients.

f(x) ={g eR"g"(y —x) < f(y) — f(x),Vy € dom(f)}.

The definition of subgradients is a generalization of the basic inequality from differentiable convex function

to the non-differentiable function. For example, the indicator function over a convex set I¢(x) = 0,x € C and
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Io(x) = 00,x ¢ C, is a convex and non-differentiable function. The subdifferential dI(x) is the classical normal

cone Ne(x) = {g|g?(y — x) <0,Vy € C}.

Definition 4. (Convex function) A function f : R™ — R is called convex with modulus v > 0 if for all x,y € dom(f)
and g € Jf(x), it satisfies
v
Fy) = fe) +&"(y = %) + 5y —x]*

As a consequence of the above definition, we have the following inequality, which will be used in our theoretical

development. For arbitrary x,y € dom(f),

<gz - gy,X - )’> Z UHX - y||27gz S 8f(X), gy € af(y) (16)
Note that the strictly convex function refers to that modulus v > 0.

Definition 5. (Moreau-Yosida proximal mapping) The proximal mapping of a closed and convex function f : R™ —

R is defined as

) 1
Pry(y) = argmin f(x) + 5 [x — y|*

If the function f is the indicator function over a closed and convex set C, then Pry(-) = Il¢(-) is the metric
projection operator over C. For simplicity, we use []; to denote II¢(-) when C is the positive orthant [0, +00)™.
One important property of Moreau-Yosida proximal mapping is non-expansiveness, which can be interpreted as the

globally Lipschitz continuous with modulus one.

[Py (x) = Prp(y)]| < [x—yl,vx,y.

B. Rationale behind the Algorithm Design

Algorithm (1| is inspired by an inexact Uzawa method in Alternating Directional Method of Multiplier (ADMM).
For the sake of brevity, we will use the following vector notation in the rest of the paper. The node-arc incidence

matrix A? € RWV-D*L ig defined as

1, if n="Tx()
AY =4 —1, ifn=Rx(]) ,VneNM\{d},l€L.

nl — )

0, otherwise
The matrix B¢ € RWV-DXF is defined as

-1, ifn=srd=d
BY, = ! T WneN\{d}, feF.

0, otherwise
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Define matrix A € RPWV-1XDL gpq B € RPIN-DXF 44

Al ... 0 B!
A =diag{A' A%, . AP}=|: .. | B=
0 ... AD BP
We denote the objective function f(x) = U(x) + h(x), where the function U(x) = —3 ;. Us(2y) and the

indicator function h(x) is defined as

0, ifmeZfSMf,VfG}—
h(x) =
400, otherwise

Let the indicator function g(r) represent the capacity constraints of link rate vector.

0, it [, r]ec,rl>0,vd
g(r) = _
400, otherwise

Based on the above notation, we can reformulate the JCRS problem as the following equivalent form.

min  f(x) + g(r) (17)

X,r

s.t. Bx+ Ar =0.

Note that optimization of this form contains a separable objective function and a separable constraint between
injection rate vector x and the link rate vector r. Therefore, it inspires us to adopt the Alternating Directional
Method of Multiplier (ADMM) to split the decision variables x and r, which results in a nice layered structure

during the operation of the algorithm. Formally, the Augmented Lagrangian function of problem is defined as
Lix,r,A) = f(x) + 9(r) + 5 [Bx + Ar = Xp|*, (8)

where p is a pre-defined penalty parameter, A is the Lagrangian multiplier. Then the ADMM optimizes the
Augmented Lagrangian function L(x,r, A) in a Gauss-Seidel fashion. In each time slot ¢, go through the following
three steps.

1) Primal update: r[t] = argmin L(x[t — 1], r, A[t — 1]).

2) Primal update: x[t] = argrmin L(x,r[t], A[t — 1]).

3) Dual update: Alt] = Aft —xl] — 7p(Bx[t] + Arlt]).
Based on the definition of the matrix A and B, it is clear that the third step is the virtual queue update in the
Algorithm [T] We then show that the second step is indeed the congestion control component in Algorithm [T} We

first omit the constant term g(r[t]) and write it as

x[t] = argmin f(x) + gan + Ax[t] — N[t — 1]/p|%
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Transforming the indicator function h(x) in f(x) into the box constraints, we have

x[t] = argmax Y Up(xs) - gan + Ax[t] — [t — 1]/p|%
m<x<M fer

Based on the separability of both objective function and box constraints with respect to the variable x;, we can

decompose the original problem into F' one-dimensional optimization problems.

2

P dy d d
aslt] = argmax Uy(zg) =5 | @5+ oo Y n -1/
zy€lmy,My] 1€ (s ) 1€O(sy)

Rearranging the terms by utilizing the virtual queue length update in the time slot ¢ —1, we can obtain the congestion
control component in Algorithm [T}

The next step is to derive the routing component in Algorithm [T] As discussed before, the challenge in the first
primal update step of ADMM is that the quadratic term ||Bx[t — 1] + Ar — A[t — 1]/p||? in the objective function
is non-separable with respect to the decision variable r due to the non-diagonal structure of the matrix A. The
basic idea to overcome this difficulty is to inexactly solve the r—subproblem, which is based on minimizing a
second-order local approximation of the function || Bx[t — 1] + Ar — A[t — 1]/p||? instead of the original one. The

approximation of the above function at the point r[t — 1] is given by the Taylor expansion.

lAr + Bx[t — 1] = Alt — 1]/p|”

~ constant + (g[t — 1],r — r[t — 1]) + ||r — ¢[t — 1]||31,

where the gradient g[t — 1] = 2AT(Ar[t — 1] + Bx[t — 1] — At — 1]/p) and the matrix M is diagonal with
M = diag{..., Bld, ...}. Then, substituting this local approximation into the first step, we can write it as the

following form.
r[t] =argmin g(r) + p(AT(Ar[t —1]+Bx[t—1] = At—1]/p),r —r[t — 1]) + gHr —rft— 1]||i,I (19)

Transforming the indicator function ¢(r) into constraints, we are ready to obtain the routing component in the
Algorithm [T]

The idea of approximately solving the subproblem in the ADMM has been widely applied in the existing
literatures [20]], [27]]. The method is called the inexact Uzawa method and can be actually recovered by the following
equivalent form.

rlt] = arg min L(x[t — 1], v, A[t — 1]) + %Hr —rlt - 1], (20)

with matrix Q = p(M — AT A). In the sequel, we will use this simplified form to prove all the theoretical results

of Algorithm
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C. Convergence Analysis

In this subsection, we establish the global convergence of Algorithm |1} We first exploit the structure of matrix
B and write the standard ADMM model as the following form.
min f(x)+g(r) (21)

st. Agr=x, A, r=0,

where A, is a F' x DL dimensional matrix formed by extracting the rows of matrix A whose index node is a source
for one flow. The matrix A, is formed by the rest of rows of the matrix A. Therefore, the first equation A r = x
in (ZI) denotes the flow conservation law in those source nodes and the second equation A,r = 0 describes the
flow conservation law in those intermediate nodes. Let the associated Lagrangian multiplier of constraints A ;r = x,
A,r =0 be A;, A, respectively and let A = [Ag; A,]. In the sequel, we write the Assumption [2[ as the following

equivalent form.

Assumption 3. (Existence of optimal solution) There exists a saddle point (x*,v*, A*) of the problem , ie.,

optimal primal variables x*,v* and dual variables N, satisfying the KKT conditions:

—A; € 9f(x%), (22)
AT+ ATX: € 9g(r"), (23)
Aga* =x* A,r*=0. (24)

As discussed before, this assumption is a mild condition and can be guaranteed by various conditions. When this
assumption fails to hold, Algorithm [] has either unsolvable or unbounded subproblems or a diverging sequence of

Alt].

Lemma 1. (Sufficient descent of primal and dual variables) Assume Assumption |I| and E] Ifrell,V5+1)/2),
there exists an o, > 0 such that

At -1 -]

V(x[t = 1],xft = 1], Alt = 1]) = VI(x[t], r[t], Alt]) >« 1] j + e[t = 1] = rlg | +
20||x[t] — x*||* + 2v|x[t] — x[t — 1]|*. (25)
The function V (x[t], r[t], A[t]) is defined as
‘“ﬂﬂﬂ%AM):%ﬂﬂﬂ—AW2+MBM—XWF+Hﬂﬂ—rWé+§HAJM—XWW- (26)

where matrix Q = p(M — AT A), v is the convexity modulus of function f(x) and (x*,v*, X*) is one of the saddle

points of the problem (I7).

In Lemma [1} the function V' (x[t], r[t], A[t]) describes the distance between the current iterates and the optimal
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solution set. To guarantee that the function V'(-) has sufficient descent, the matrix M should be chosen such that
matrix Q is positive definite with [|r[t] — r*||, > 0. One simple choice is that each diagonal element of matrix M
satisfies

o > deg(m) + deg(n),V(m,n) € L£,¥d € D. (27)

Then one can see that Q is a diagonally dominant matrix, thus it is also positive definite by Gershgorin circle
theorem. Now we are ready to use the sufficient descent of the function V() to establish the global convergence

of Algorithm [T}

Theorem 3. (Global convergence of Algorithm |1) For any 7 € [1,(\/5 + 1)/2) and any parameter Bl >
deg(m) + deg(n) for all (m,n) € L,d € D, the sequences (x[t],r[t], A[t]) converges to a saddle point of (I7),

namely,
lim sup ||x[t] — x*|| =0,
t—o0
lim sup ||r[t] — r*|| =0, (28)
t—o0

lim sup [|A[t] — A*|| = 0.
t—o0

Note that the convergence of Algorithm [I]only requires the concavity of the utility function without the assumption
of smoothness and strictly concavity (v could be zero). The existing theoretical analysis of two-block ADMM [_27]
has shown that the algorithm converges at a globally sub-linear rate, i.e., O(1/€), when both function f and g are
proper closed convex. Clearly, our definition of function f and g satisfy this condition and Algorithm [I| converges
in O(1/e) iterations. However, in the next subsection, we will present a surprising result that, when the utility
function is strictly concave (v is positive), the Algorithm [T] actually converges globally and linearly, which requires

only O(log(1/¢)) iterations to achieve an e—accurate solution.

D. Linear Convergence Rate Analysis

Based on the result in Lemma [T we have an inequality of the form, for arbitrary ¢ > 1,
V(x[t — 1], r[t — 1], A[t — 1]) — V(x[t], r[t], A[t]) > C.

To establish the global and linear convergence rate of Algorithm [1} it is sufficient to show that, there exists constant
~ > 0 such that
C > vV (x[t], r[t], A[t]), Vt > 1. (29)

The function V (x[t], r[t], A[t]) contains the terms including ||r[t] — r*||& and [|A[t] — X[, but the lower bound C
only contains the terms like |[r[t] — r[t — 1]||&. Therefore, the challenge is how to bound the terms [[A[t] — A™[|?
and [|r[t] — r*||%, using the existing terms in the lower bound C. In the existing works of theoretical ADMM [23]),
they assume that the matrix B is of full row rank and matrix A is of full column rank, and utilize this assumption

to upper bound [[A[t] — A™||* and [|r[t] — r*||, by existing terms in C. However, in our problem, both matrix B

July 19, 2017 DRAFT



Injection

rate x Optimal

solution set Q"

ZAN Hyperplane a’u=c

x=x"

. Dual

o f S “variable 4
“oA
/ ulf=(x{1, 8, Alt)
Link rate r

Fig. 2: The distance AB between current iterates and the optimal solution set 2* (non-polyhedral set) is less than
the distance AC between current iterates and the set *(x*) (polyhedral set). The upper bound AC is the distance
between a point A and a hyperplane a’u = ¢ that can be implicitly given by |a”u[t] — b|/|a|| = O(J]aTu[t] — b))
(error bound in the simplest case).

and A do not satisfy this assumption (matrix B has several all-zero rows, i.e., those nodes do not contain sources;
the number of rows of matrix A is less than the number of columns). In the sequel, we provide a completely new

theoretical path to overcome this technical challenge. We first introduce some basics in the variational analysis.

Definition 6. (Calmness [28]]) Define the multi-valued mapping F : R™ — R™. We say that F' is calm at xq if

there exists a neighborhood U of xo and a constant kg > 0 such that
F(x) C F(x0) + kollx — x0||By, Vx € U. (30)
where unit ball B, = {y € R™|||y| < 1}.

The calmness property can be regarded as a generalization of Lipschitz continuous property from single-valued
function to set-valued mapping. Recall that the set-valued mapping F' is piecewise polyhedral if the graph of F' is
the union of finitely many polyhedral sets. The following Lemma in [29] establishes the calmness of the piecewise

polyhedral mapping.

Lemma 2. (Calmness of piecewise polyhedral mapping) If the set-valued mapping F : R™ — R™ is piecewise

polyhedral, then F is calm at any xo with modulus k independent of choice of xg.

The key technical path to obtain the inequality (29) is to utilize the calmness of piecewise polyhedral mapping to
establish a global error bound. Then one can apply this error bound to estimate the distance to the optimal solution
set, i.e., the terms in the function V' (x[t],r[t], A[t]), by certain constraint violations, which can be further upper
bounded by the existing terms in C'. Denote the solution set of KKT system (22)-(24) by Q*. The main difficulty is
that the set {2* is non-polyhedron, and one cannot use existing error bound such as Hoffman bound [30] or calmness
to estimate the distance to the optimal solution set. However, one important observation is that, the intersection of

the optimal solution set 2* and the hyperplane x = ¢, given by

Q'(c) = ' N{(x,r, A)|x = c}, 31)
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is actually the inverse image of a piecewise polyhedral mapping at origin. This result enables us to first upper
bound the distance between current iterates (x[¢], r[t], A[t]) and the optimal solution set * by the distance to the

set 2*(c), then utilize the calmness property to further upper bound above distance by certain constraint violation.

Lemma 3. For arbitrary optimal injection rate vector x*, define the set-valued mapping Rx-(x,r, \) as

x —Prp(x— Ay — VU(x*))
—Pr,(r+ (ATX; + AT,
Ry () = | T PR s (32)
Ar 4+ Bx

X — x*

Then, for arbitrary (x,r,X), we have (x,r,\) € Q*(x*) if and only if Ry« (x,1r,A) = 0.

Since functions h(-) and g(-) are the indicator functions of the closed and convex sets, the Moreau-Yosida
proximal mappings Pry,(-) and Pr,(-) are projection mappings onto a convex set and therefore piecewise polyhedral
by Proposition 12.30 in [31]. Considering the fact that mappings A, +VU (x*), ATA,+AT\,, Ar+Bx and x —x*
are affine, the set-valued mapping R (-) is therefore piecewise polyhedral, and so is R (+). Then, from the result
of Lemma [3| we can regard the subset Q*(x*) as R (0) and utilize the calmness result in Lemma [2| to upper
bound the distance between the current iterates and the set 2*(x*) by the constraint violation | Ry~ (x[t], r[t], A[t])]].

Formally, we have the following global error bound.

m,n

Lemma 4. (Global error bound) Assume Assumptions 1 and 2} If 7 € [1,(v/5 + 1)/2) and parameter 3¢, , >
deg(m)-+deg(n), then there exists a constant r > 0 such that the sequence (x[t], x[t], A[t]) generated by Algorithml[l]

satisfies

dis((x[t], r[t], A[t]), ) < #||Roee (x[t], £[t], A[E]) |12, £ > 1, (33)

where xX* is an arbitrary optimal injection rate vector and the distance function is defined as

2

x x[t]
dist? ((x[t], r[t], A[t]), %) & (x,rg\l)fesz* r| — | rft] , (34)
A Alt]

We finally upper bound the residual |Ryx~(x[t], r[t], A[t])|| by the existing terms in lower bound C' and combine
the results in Lemma [I]and Lemma [ to establish the global and linear convergence rate in Theorem 2] The detailed

proof can be seen in Appendix ??. An example of the key proof idea and the global error bound are illustrated in
Fig
E. Queue Stability Analysis

Based on the evolution of physical queue length (3), we have the following inequality for each queue.

dm<|at—1- > |l + Y e+ sl —na,—ay- (35)
)

1€O(n) + l€Z(n fer
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In the proof of Theorem [2| we have shown that the quantity Bx[t] + Ar[t] < O(c'), which implies that the
change of physical queue length vanishes exponentially. This observation provides a simple path to establish the
boundedness of physical queue length. However, it requires the assumption that utility function is strictly concave.
In the sequel, we provide a different path, which only assumes the weakly concavity of the utility function. The
following technical lemma connects the boundedness of the physical queue length QZ[¢] and the virtual queue

length \4[t].

Lemma 5. For each destination d € D and node n € N'\d, suppose that \i[t] and Q%[t] evolves by and
with initializations \&[t] = Q2 [t] = 0. If there exists a constant M > 0 such that |\i[t]| < M,Vt,d € D,n € N'\d,

then

oM
Q) < p—+B,Vt,deD,neN\d. (36)
T

where B is the constant dependent on the largest link capacity.

From Theorem [3| we know that the virtual queue length A[t] converges to an optimal dual variable A* and we
can obtain that

INREEI < I = AT = X7+ A< I = N[+ 1A

Based on the result in Lemma [I} the function V' (x[t], r[t], A[t]) is monotonically decreasing with respect to t. Then

we have

L[] < prV(x[t] e[t At]) + A7)
< prV(x[0], x[0], A[0]) + [ A" £ M, Ve > 1.
which is a finite constant dependent on the initial distance to the optimal solution set {2*. Therefore, combining the
result in Lemma [5] one can conclude that the physical queue length for each node and destination is finite.
V. EFFICIENT SUBPROBLEM SOLVER
In this section, we develop several efficient algorithms to solve the congestion control, routing and scheduling
components in Algorithm [T}

A. Congestion Control

The congestion control component is an one-dimensional optimization problem, which can be efficiently solved
by Newton method or Fibonacci search. Moreover, if the utility function takes a specific form such as the weighted

proportional fair utilities, Uy (zf) = wylog(xy), zs > 0, the solution can be obtained in a close-form expression,

_n :xf[t -1 Zglff [t] + Argt] n \/'wf n (zgf[t] + Arglt] — pxst — 1])2. -

2 2p p 4p?
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B. New Backpressure Routing in Wireline Network

In the wireline network, there exist no interference among different links and the achievable rate region C is

cﬁm

where C} is the capacity of link [. Then both the objective function and the constraints of problem (8) are separable

given by the following form [11]], [[16].

D
o< Cz,W}, (38)

d=1

among the rate vectors in different links. Therefore, the link rate 7¢[t] can be determined in a distributed fashion:

for each link [ = (m,n), solving the following quadratic program to obtain [rd,  [t],d € D).

m,n

max S (<411 = ) — O (= 1)

m,n 2 m,n m,n
™ deD

st Yo, r;in’n < C’myn,rfn’n >0, Vd. (39)

We define this problem as the new backpressure routing problem. After rearrangement of the terms, it can be
formulated as a problem that projects the point (rd, , [t — 1] + (22[t] — 22[t])/pBm.n) onto a simplex defined in
(39), which has already been investigated in [32].

Lemma 6. (solution of routing component) For each link | = (m,n) € L, the solution of new backpressure routing
has the form of r¢, [t] = [rd, [t — 1]+ (2 [t] = 22[t])/ pBm.n — 0]+, where 0* can be determined in O(F log(F))

time.

The main procedure to solve problem are listed in Algorithm Note that the step 1-4 and step 6-8 have O(F)
complexity and hence the overall complexity of Algorithm [2]is dominated by the sorting step 5 with complexity

O(Flog(F)).

Algorithm 2 New backpressure routing algorithm

: Let wq = [y, [t — 1] + (20, [t] = 20 [t])/pBim,n]+, Vd € D.
it Y0 24 <y, then
Let 0* = 0 and ¢, ,,[t] = 2%,Vd € D and terminate algorithm.
end if
Sort {x4,d € D} in an decreasing order 7 such that x,(1) > Zr2) > --- > Tr(p).

e >
6: Find p = max {k € [D]|9:7r(k) — % <Z Tr(d) — C'mm> > O}.
d=1

P
7: Let 6* = % <Z Tr(d) — Cm,n>
d=1
8: Output re, [t] = [rd, [t — 1] + (24 [t] — 22[t])/ pBmn — 0%]+,Vd € D.

m,n

EANEE A

C. New Scheduling in Wireless Network

In the wireless network, different links cannot be simultaneously activated due to the existence of interference.
Therefore, in addition to the rate assignment at each link, we need to schedule the link itself. The basic challenge

to solve the scheduling component is that the the number of feasible link rate vectors |I'| is possibly exponentially
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large. For example, in the one-hop node-exclusive model [3]], all the feasible link rate vectors correspond to all the
matchings in the graph G, which could be O(2%) even in the bipartite graph. In the QCA method, the scheduling
component is the classical MaxWeight scheduling, and the objective function is linear and such a problem can be
reduced to some classical combinatorial problems such as maximum weighted matching. Instead, in our scheduling
component (8), the objective function is quadratic, and the optimal solution may not belong to the vertex set I’
of the convex hull C, which poses a significant challenge in solving this problem. However, utilizing the idea of
ellipsoid method, we will show a surprising result that the complexity of solving our new scheduling component
() is equivalent to the complexity of solving the traditional MaxWeight scheduling problem.

Before presenting our main result, we first briefly introduce several concepts and technical tools in geometric

algorithms [33|] that will be used in the sequel.

Definition 7. (Separation oracle) Let H be a non-empty convex polyhedron in R". A separation oracle for H is

that, given any x € R", it either outputs x € H, and if not, find a hyperplane such that c'x > ¢y, Vy € H.

Lemma 7. (Separation and optimization) Let H be a non-empty convex polyhedron in R™ and f(-) be a convex
function in R™. If the separation oracle for H can be solved in poly(n) time, then we can compute an x with

B(x,6) € H and maxyen f(y) — f(x) > & in poly(n,log(6~1)) time.

In this lemma, B(x,d) is the ball centering at x with radius J, where the § is the finite truncation error from

irrational number to rational number.

Theorem 4. Assume that the feasible link rate vector v € NX ¥r() € T. There is a poly(L, F') time algorithm
to compute the new scheduling component (@) if and only if there is a poly(L, F') time algorithm to compute the
MaxWeight scheduling problem (I3).

In practice, the link rate always refers to the number of transmitted packets, hence the integer assumption on
the feasible link rate vector is reasonable. Theorem |4] shows that our quadratic scheduling component is not much
“harder” than the traditional MaxWeight scheduling problem. Therefore, we can establish the hardness of our new
scheduling problem based on all existing complexity results of MaxWeight scheduling. For example, under the
node-exclusive interference model, the MaxWeight scheduling is actually a maximum weighted matching problem
that can be solved in polynomial time [3]]. This result implies that problem can also be solved in polynomial
time. Another example is the Maximum Weighted K-Valid Matching problem introduced in [18]] to characterize the
multi-hop interference. They show that this problem is NP-hard when we have at least 2—hop interference, which
implies that the problem is also NP-hard.

The rest of challenge is the implementation issue incurred by the non-integer solution of (8), because the optimal
point may not lie in the set of feasible link rate vectors. We next show that this problem can be tackled by connecting

the practical time sharing technique and the convex decomposition technique in the combinatorial optimization.

Lemma 8. If there is a poly(L, F') time algorithm to compute the MaxWeight scheduling problem , then there is
a poly(L, F') time algorithm that, given any optimal solution v* of (E?l) yields (L + 1) feasible rate vectors v() € T
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such that [, rd) = S 7ie® and Y4 7 = 1,7, > 0.

The proof of Lemma [§] is a straightforward application of Theorem [4] and the polynomial time reduction from
the convex decomposition of point within a polyhedron H to the separation oracle problem [34]. Based on this
result, we can first divide the time slots into mini slots and then operate the link rate vector r® in T; fraction of
time. For each link [, given the link rate vector rl(i), the specific rate assignment for each d—destined packets can

be determined by solving a problem same as (only change Cj to rl(i)).

VI. NUMERICAL ANALYSIS

In this section, we conduct some numerical studies to verify the theoretical improvements of our proposed method

compared with the state-of-arts.

A. Simulation Setup

We adopt the well-known weighted proportional fair utilities Uy (z¢) = wylog(zs), where the weight wy of
each flow f is randomly generated from a uniform distribution U(0,1). The network typology G = (N, L) is
generated by the classic Erd6s-Rényi (ER) random graph model G(n,p), where n is the number of nodes and p is
the connected probability between two nodes (we only consider the connected graph). We compare our algorithm
with the following three benchmark algorithms.

Momentum method: Here the Momentum method refers to the Heavy-ball algorithm proposed in [7]. The
existing works [7]], [8] have shown that this method produces significantly faster convergence speed and lower
queuing delay compared to the traditional QCA methocﬂ

Second-order method: There exists several versions of second-order algorithms [9]—[11] in solving this problem.
We use the one with the fastest convergence speed proposed in [11]. This algorithm has a two-layered iteration
structure: (i) each outer iteration corresponds to one Newton step; (ii) a Sherman-Morrison-Woodbury (SMW) based
inner iteration to determine the Newton direction.

Proximal method: We use the one proposed in [16]. They have shown superior performance in the queue length
reduction and improvement of convergence speed than the QCA method in the wireline network.

We adopt the following two comparison metrics: (i) the relative error of injection rate: ||x[t]—x*||/||x*||, where the
x* is obtained approximately by running our method with a strict stopping condition; (ii) total physical queue length
of all nodes and all flows: >, > . N\d Q%[t]. In the simulation, each iteration refers to one communication per
node. For our method, momentum method and proximal method, each iteration refers to solving one congestion

control and routing component. For the second-order method, each iteration refers to one SMW-based iteration.

B. Wireline Network

We first compare our algorithm with above three algorithms in a wireline network with link capacity C; randomly
generated from a uniform distribution U(0, 1). As shown in Figure [3] we plot the relative error of rate and the total

physical queue length versus the number of iterations under a small-scale network (10 nodes, 30 edges, 3 sessions)

2Hence, we don’t compare our algorithm with QCA.
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Fig. 4: The two left figures shows the impact of parameter 7 on convergence and queue length. The two right
figures compare our algorithm and the momentum method for a wireless network with fading channel.

TABLE II: Comparison of Convergence Speed and Queue Length per Link

Problem size Momentum method Secon.d—order method PrO).(imal method Qur method
# Tterations | Queue len | # Iterations | Queue len | # Iterations | Queue len | # Iterations | Queue len
(50, 150, 10) 4658 22.5 9600 35.1 369 1.10 207 0.66
(100, 300, 20) 9594 82.6 38900 145.2 512 1.94 298 0.83
(500, 1500, 100) > 10° > 103 > 10° > 103 853 8.15 371 3.92
(1000, 3000, 200) > 10° > 107 > 10° > 107 1921 15.30 639 6.61
benchmark 1044 31.2 1510 29.5 102 1.08 82 0.58

and a medium-scale network (60 nodes, 180 edges, 18 sessions). For the momentum method and second-order

method, we choose parameter K and p large enough to guarantee the utility optimality gap is less than 0.1%. For

proximal method, we choose parameter o, = (d,, +1)/2. It can be observed that our proposed algorithm converges
at a global and linear rate with bounded physical queue length, which matches our theoretical results. Moreover, it
produces the fastest convergence speed and lowest physical queue length among all the existing methods. Although
the second-order method has only 40 — 80 outer iterations (newton step), it still converges quite slowly due to
the large number of inner iterations in computing the Newton direction. Another observation is that our method,
proximal method and second-order method gradually increases the injection rates to the optimal point, instead, the
momentum method first produces an extremely high injection rate, then gradually decrease it, which leads to a
large physical queue length.

We then investigate the impact of the network size and compare our algorithm with the existing methods in
number of iterations and physical queue lengths to obtain solution with a given accuracy. The stopping criterion is
that both the relative error of rate ||x[t] — x*||/||x*|| and the constraint violation ||Bx][t] + Ar[¢]|| is less than 1%.
Similarly, we set parameters K and p of momentum method and second-order method large enough to guarantee the

desired utility optimality gap. To avoid the random noises, we randomly generate 1000 instances in each problem

size and take the average. Besides, we also use a benchmark network in [[16]], whose optimal solution is known.
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The results are listed in TABLE [[I} Note that the queue length is normalized by the number of links. It can be
observed that our proposed algorithm exhibits a 10 — 10 order of improvement of both convergence speed and
queue length compared with the momentum method and the second-order method. It also converges 2 — 3 times
faster and produces 40% — 60% less physical queue length than the proximal method. Moreover, our algorithm has
an effect of relieving the curse of dimensionality in the traditional algorithms. For example, when the problem size

increases 20 times (from the first instance to fourth instance), the number of iterations only increases 3 times.

C. Impact of Parameter

We next investigate the impact of parameter 7 on the convergence speed and the queue length of our algorithm.
Theorem [3| shows that the convergence of our algorithm is guaranteed when 7 € [1,(v/5 4 1)/2). We test our
algorithm in a 20—nodes 60—links and 8—sessions network with 7 = {1,1.2,1.6,2.0} and plot the sum of injection
rate and queue length versus the number of iterations in Fig. 4] The basic observation is that when the parameter
T increases, the convergence speed of our algorithm will slightly increase and the queue length will decrease at
an inversely proportional manner, which roughly matches the upper bound of physical queue length provided in
Lemma |5 that Q4[t] < 2/)—]\7/[+constant. For example, when 7 increases from 1 to 2, the queue length is reduced
roughly 40%. However, from the simulation, we observe that when 7 > (\/5 + 1)/2, the algorithm sometimes

diverges. Therefore, we suggest a safe value 7 = 1.618 when using our algorithm.

D. Wireless Network

From the methods compared above, only the momentum method and our algorithm can be applied to the wireless
networks with interference constraints. We compare our algorithm with it in a 20—nodes 60—links and 2—sessions
wireless network with quasi-static block fading (channel states vary from one slot to the next but remain constant
in each slot). We plot the injection rate of each session and sum of queue length versus the number of iterations
in Fig. [ It can be observed that our algorithm converges to the steady state in less than 50 iterations and the
momentum method requires at least 5000 iterations. Moreover, our algorithm produces only 1% queue length

compared to the momentum method.

VII. DISCUSSIONS

We now discuss the connection of our algorithm to the existing proximal method and list some follow-up works

as well as directions for future research.

A. Connection to Proximal Method

In the scenario of wireline networks, the existing proximal methods [[6], [|[16] also contain a quadratic regularizer
in the congestion control and routing component. Interestingly, we find that this method can be recovered by a kind
of proximal linear ADMM with following Jacobi (parallel) updates.

1) x[t] = argmxin L(x,r[t — 1], At — 1]).

2) r[t] = argmin L(x[t — 1], x, X[t — 1)) + 5][r — r[t]]g.

3) Alt] = A[t — 1] — p(Bx[t] + Ar[t])
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The function L(-) is the Augmented Lagrangian function defined in . The matrix Q = p(M — AT A) and matrix
M = diag{. .., Bld, ...}. Therefore, we can use the existing analysis in [35] to establish a stronger theoretical result

that the proximal algorithm in [|L6] actually converges in a non-ergodic sublinear rate o(1/¢).

B. ADMM with Acceleration Technique

There exists some acceleration techniques in the Alternating Directional Method of Multiplier. Similar to the
momentum method in the QCA framework, we can introduce some multi-step tricks in the virtual queue length

update (IT).

Alt] = Alt — 1] — p(Bx[t] + Ar[t]) + at](A[t — 1] — At — 2]).

An open question is that whether this simple trick can provide theoretical improvements in the convergence speed

and further reduction of queue length compared with the Algorithm

C. Stochastic Network Optimization

In the reality, the channel conditions will fluctuate due to the environmental changes (e.g., fading). To accom-
modate this situation, we assume that there exists a finite set [J of states that channel conditions can be in. Let I';
denote the set of feasible link rates in state j and 7; be the stationary probability of jth channel state. We define

the following average capacity region.

C= Z m;jConv(T';).
JjET

Then, the problem becomes an optimization problem over this new capacity region. Accordingly, the routing and
scheduling components in each time slot ¢ can be modified to an optimization problem over instantaneous region
C[t]. Although the numerical results have already exhibited improved performance over existing algorithms, the
theoretical performance under this setting is unknown. One possible approach is to utilize some stochastic Alternating
Directional Method of Multipliers. However, the challenge is that all existing stochastic ADMMs can only be applied

to the smooth stochastic objective function, which is not the case in this problem.

VIII. CONCLUSION

In this paper, we have proposed a new joint congestion control, routing and scheduling algorithmic framework
for distributed network optimization based on an inexact Uzawa method of the Alternating Directional Method of
Multiplier. This algorithm offers zero utility optimality gap with finite queue length, the fastest convergence speed
to date, i.e., O(log(1/€)) iterations, among all the existing algorithms. Moreover, the virtual queue-based control
provides an extremely low-complexity implementation of this algorithm. These results build a deep connection be-
tween the cross-layer decomposition of network optimization and the variable splitting in the multi-block Alternating
Directional Method of Multiplier. One important theoretical contribution is that we prove that the ADMM with
an inexact Uzawa method converges globally and linearly without requiring the full rank assumption of constraint

matrix.
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APPENDIX
A. Proof of Lemmal[]|
The first step of the Algorithm [T]is
1
r[t] = argmin L(x[t — 1], v, A[t — 1]) + §||r —rft— 1]||?Q
2

o Agr—x[t—1]— X[t -1
4% r[t] = argmin g(r) +g [ ] [ I/
r

1
+ 5 le = et = 1][¢
At — At —1]/p 2 @

L AT At~ 1) — p(Aurlf] — xft — 1))] + AT (A [t — 1] - pA,x[f]) + Qrt — 1] — xft]) € dg(r[t)
L AT [Nl - p(xlt] — x[t — 1))] + ATA 1] + Q(rlt — 1] — x[t)) € Dg(xlt)). (40)

The above, step (a) utilizes definition of the Augmented Lagrangian function (T8)), step (b) is based on the first-order
optimality condition, step (c) is based on the following definition of variables A,[t] and X,[t].
Aslt] = Asft — 1] = p(Asx[t] — x[t]), (41)
A[t] = X[t — 1] — pA,r[t]. 42)

Similarly, based on the the first-order optimality condition and the definition of the variable A4[t] in @), the second
step of the Algorithm [] is

xft] = argmin f(x) + £ | Aurlt] = x = Aft — 1]/p]”
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e — At] € 0 (x[t)). (43)

Combining the KKT condition that ATAY + ATX? € dg(r*), the optimality condition in the second step
of ADMM, we have

(a

(elt] — v*, AT [Aolt] = N: — plxlt] — xt — 1))] + AT, = A7) + Qulr— 1] 1) S 0. @)

The above, (a) utilizes the fact that function h(x) is convex and the subdifferential of a convex function is a

monotone operator, i.e., the inequality (T6) holds with v = 0.

Similarly, combining the result of KKT condition that —\* € 9f(x*) and the optimality condition in
the second step of ADMM, we have

(x[t] — x*, A[t] — AX[E]) (%) —v||x[t] — x*||?,v > 0. (45)

The above, step (a) utilizes the fact that function f(x) is convex with modulus v and inequality .

Then, change the direction of inequality (#3) and sum it with inequality (44), we have

(x[t] = %", ALl = As[t]) + (eft] =, Q(elt — 1] = r[t])) + (r[t] — r*, AT [AS[t] = AL = p(x[t] — x[t — 1])])

(el AT~ AD) > vl - x|

5 O = 1= AR — ) + o = xltxll] = xlt = 1)+ (el — 7, Qe — 1] xl1)+
SOl = 1= A, [0 A1 = X1 = ol =P (Al = 1] = A1) xl = x{t = 1)

5 O = 1= A A= 1= X2 = 1] = o xlt = 1) = xle]) + (el = 1] =17 Q(ele — 1] — (e +
~Olt = 1= A A= 1) = AT > Al = 1] = M 4+ plle = 1) = xlAIP + ele = 1] = e+

vllxft] = %7+ ([t = 1] = X[t], x[] — x[t — 1])
£ piT (AT =10 = X1 = IA[] = A7NZ) + oIt = 1] = x| = [Ix[t] = x*1*) + [eft = 1) = r*[[g = [Ir[t] — =[G
2

—T
>

IA[E =1 = AEI* + plix[t — 1] = x[t]]|* + lIeft — 1] — x[t][[g + 2v]|x[t] — x*|*+

2N [t — 1] — Xs[t], x[t] — x[t — 1]). (46)

The above, step (a) rearranges the terms in the original inequality and utilizes the definition of the variable A4[t], A,.[t]
in (41), and the KKT condition (24). The step (b) rearranges terms by writing x* —x[t] = x* —x[t — 1] +x[t —
1] — x[t] (similarly for variables r[t] and A[t]). The step (c) applies the three-point equality of Euclidean norms
lx —z|3; — ly — 2|3 = 2(x —2)TM(x — y) — ||x — y||3; to the left hand side of the inequality, and utilizes the
equation X[t — 1] — A[t] = (A[t — 1] — A[t]) /7.

The rest is to show that the term (Ag[t — 1] — A[t], x[t] — x[t — 1]} is lower bounded by certain form of other
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existing terms in (@6) and the primal residual. Applying the equation (@3) to the time slot ¢ — 1, we have
— X[t = 2] + p(Agr[t — 1] — x[t — 1]) € Of (x[t — 1]).
Combing this result, equation (#3) and inequality (I6), we have

(x[t = 1] = x[t], =A[t — 2] + p(Asr[t — 1] = x[t = 1]) + A[t]) > vl|x[t — 1] — x[t]||*

L xft] — X[t 1At — 1) = Adft]) > (x[f] — x[t — 1], (1~ 7)p(Ar(t — 1] — x[t — 1)) + ol|x[t — 1] — x[1]|

— )2
L o) = xt — 1) Ault = 1] = Auft]) 2 - Al 1] - xle )+ [ - (12”’”] Ix[t] - xt - 1]|1*

The above, step (a) is based on the virtual queue update As[t — 1] = Ag[t — 2] — pT(Asr[t — 1] — x[t — 1]), step

(b) utilizes the following inequality.

(Von(1 —7)(x[t — 1] — x[t]), \/Z(Asr[t -1 =x[t-1]) <

pn(1—7)? p
" Ix[t — 1] = x[t]|]* + %IIAsr[t — 1] —x[t —1]|%,

where 7 > 1 is an arbitrary constant. Substituting the above inequality into (@6), we can finally obtain

2—-7 <
PR Ar[tllI*+

V(x[t — 1], e[t — 1, At — 1]) = V(x[t], £[t], Alt]) > p (2 —r— 71’) | Ax[e] — x[1]])* +
p (L =n( )] llx[t] = x[t = 1|7 + [|eft — 1] = x[t][Iq + 2vllx[t] — x||* + 20]x[t] — x[t — 1]||.

The existence of a > 0 can be guaranteed by 2—7—1 > 0 and 1—7(1—7)* > 0, or, equivalenty, 7 € [1, (14+v/5)/2).
Therefore, the lemma follows.

By Lemma |1} if the parameter 7 satisfies 7 € [1, (v/5 + 1)/2), the function V (x[t], r[t], A[t]) is bounded. Then
we have that [|A[t] — X"[|, [[x[t] — x*|| and [|r[t] — r*||3, are bounded, which implies that sequence A[t] and x[t]
are bounded. Based on the choice of parameter 3, ,, > deg(m) + deg(n), the matrix Q is positive definite, thus

the sequence r[t] is also bounded. Being bounded, these sequences have the converging subsequences such that

lim x[t;] = %, lim r[t;] = £, lim Aft;] = A
71— 00 71— 00 11— 00

The function V' (x[t], r[t], A[t]) is monotonically nonincreasing and thus converging. Due to the fact that o > 0, we

have limsup ||A[t — 1] — A[t]|| = 0, and then we have
lim sup || Ar[t] — x[t]]| = limsup [[A,r[t][| = 0. (47)
By passing the limit on (@7) over subsequences, we have
A, =%A,1r=0. (48)

Similarly, we have limsup ||x[t — 1] — x[t]|| = limsup ||r[t — 1] — r[t]|| = 0. Recall the optimality condition
and (#3) of first and second step of ADMM, taking limit over the subsequence and applying Theorem 24.4 of [36],
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we obtain
— X €0f(%), and ATX, + AT X, € dg(3). (49)

Together with , X, T A satisfy the KKT conditions of problem . Therefore, the theorem follows.
Based on the fact that f(x*) = U(x*), we have
Ry« (x,1,A) =0

x—Prp(x— A, —VU(x*)) =0
r—Pr,(r+ AT, + ATX,) =0

<
A;r—x=0,A,r=0
x = x*
—X; € 0h(x) + VU (x*)
(a) AZ)\S + AIAT € dg(r)
<~
Asr=xA,r=0
x=x"
*)\s € 8f(x)

(b) AgAS + AZ)\T € 89(1‘)
Ar=xAr=20

X =X

— (x,r,A) € Q" (x"). (50)
The above, step (a) utilizes the definition of proximal mapping and the first-order optimality condition that
X = argm&n h(u) + %Hu —[x =X = VU2
<= 0€O0h(x)+x—[x—A; — VU(x")],
and
r= argmuing(u) + %Hu — e+ (ATX, + ATX)))1?
< 0cdg(r)+r—[r+ (AIX, + AN
The step (b) is based on the following fact.

A €O+ VU)X €0f(x)

x =x* x =x*

Therefore, the lemma follows.

For notational simplicity, let u[t] = (x[t], r[t], A[¢]). Based on the result of Lemma [2} there exists two constants
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ko and 7o such that, for all u[t] € {u[t]|Rx~(ut]) < no},

dist® (u[t], R (0)) < kol Re- (uft])[|. (51)

X

From Theorem |3] we know that the sequence u[t] converges to a KKT point u* with ||uft] — u*|| < By for all

t > 1, where By is a finite constant. Then, for u[t] with ||Rx- (u[t])|| > 7o, it holds that
dist® (uft], R (0)) < [luft] — u*|?
< B

B2
< — | R (uft])|?
Mo
Then, let x = max{ko, B3/n2}, we have
dist® (uft], R (0)) < k|| R- (uft])|?, vt > 1. (52)
Based on the result of Lemma [3| the set R} (0) is equivalent to the set Q*(x*). Therefore, we have for all ¢ > 1,

. .92 ¥\ s
dist” (uft], Q") = ulené*
(a) )
< inf  |ju—uft]]]

ueQ* (x*)

I?

u — ult]

= dist? (u[t], Ry (0))

< K[| Ry (uft])[|. (53)

The above, step (a) is based on the definition 2*(x*) = Q* N {(x,r, A)|x = x*}. Therefore, the lemma follows.

For notational simplicity, let u[t] = (x[¢],r[t], A[¢]). Based on the result of Lemma 4] we have

dist* (u[t], %) < k|| Rae- (uft]) > = & (||x[t] — x*[|* + [|x[t]—
Pry, (x[t] — As[t] — VU()|? + |Ie[t] — Pry(c[t] + AT [t]+

AT + [|Ar[t] + Bxt][|?). (54)

Firstly, the term || Ar[t] + Bx[t]|| = ||A[t — 1] — A[t]||/p7. Secondly, from the Proof of Lemma [I} we have shown
that the optimality condition of the first step in Algorithm [I]is equivalent to the condition (#0), which can be further

written as
r[t] =Pry (c[t] + AT [A[t] = p(x[t] = x[t = 1))] + ATA[t] + Q(x[t — 1] — x[t])) .
Then, we have

x[t] = Prg (rft] + ATA[E] + AT [H])]

= [[Pr (xlt] + AT [Adlr] — p(x[r] — x[t — 1)] + ATA 1] + Qrft — 1] —r[t])) — Pry(elt] + ATA[] + AT 1)
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(%)IIAST(XS [t] = Xslt]) + ATt = Aft]) — pAT (x[t] — x[t = 1)) + Q(rft — 1] — x[t])]

AT A~ Al + IATHIA L~ Al + AT ) — e — 1)1 + Qe — 1] ~ xfd]|
200 DIATIIAE 1] = A+ I AT ] — i 1)+ (L= DIATIIAL 1] - A+

1QIlffrft — 1] — r[t]|

The above, step (a) is based on the non-expansiveness of the proximal mapping that ||Pr¢(x) —Pr;(y)| < ||x—yl,
step (b) utilizes the triangle inequality and the matrix norm inequality that ||Ax|| < ||A]|||x]|, step (c) is based on
the definition of A[t] in and (42) such that A[t] = A[t] = (1 — 1)p(Ar[t] + Bx[t]) = (1 —1/7)(A[t — 1] — A[t]).

Similarly, we have
x[t] = Pry(x[t] — As[t] - VU(x[t])), (55)
and then
[[x[t] = Pra(x[t] — Asft] = VU(x"))]|

=[[Pr (x[t] = As[t] = VU (x[t])) — Pra(x[t] = Xs[t] = VU (x7))]]

<IA[E) = X[t + (IVU (x[t]) = VU (x|

(d) 1
< (1= D)IAS[E = 1) = Aol + L fx[t] = x7]- (56)

The above, step (d) is based on the assumption that utility function U(-) has Lipschitz continuous gradient with

constant L,,. Then, substitute the above inequalities into upper bound (54) and rearrange the terms, we have
dist” (uft], %) < ex|lx” = x[t]||* + 2l A[t — 1] = A[E][I* + eallx[t] = x[t — 1]||* + callelt] - x[t = 1], (57
where the constant cq, ca, cs and ¢4 are given by

c1 = k(1 +2L%),

1
c2 = (1= =)*(4max{[|AT| AT} +2) + ——,
T p°T
cs = 4p°| AT 1%,

ca = 4)Q%.
Note that the constants 2 and 4 in coefficients ¢; derive from the Cauchy-Schwartz inequality. For all ¢ > 1, define

(% T X)) =arg  min - fx —x[t]|* + [lr — x[t][* + X = Aft]]*.

(x,r,A)eQ*

Then we have

dist” (ult], ) = [|x[t] — %el|* + [[e[t] = Fo]* + [IA[£] = Xe . (58)

July 19, 2017 DRAFT



Further, define

xj =arg _min =],
vy min e = ol

A= in_[|A = Al
¢ =arg win [ [2]]]

Based on the fact that matrix Q is positive definite, we have Awin (Q) > 0 and [|e[t] —x* |2, > Amin (Q) ||r[t] —1*||.

Then, we can write the inequality (23) in Lemma [I] as the following form.

V(x[t — 1], rft — 1, A[t = 1]) = V(x[t], r[t], At]) Zes| At = 1] = A[H]|] + es[1x[t — 1] = x[t][|* + egl|x[t] - x[t — 1]

+er|x[t] — x"||* + erl|x[t] — x[t — 1]||*, (59)

where the coefficients cs5, cg and c7 are positive constants. Combining the above inequality with the error bound

(57), we conclude that there exists a positive constant y > 0 such that
1 ~ _ _
Vi(x[t = et =1, A[t = 1]) = VI(x[t], e[t], Alt]) = (mllk[t] = Ael® + pllx[t] = Xl + [[eft] — TG
p 2
+L 1Al - xf?).
n
Let x* =x}_;, r* =r;_; and A" = A]_, in the function V(-) of the above inequality, then we have
1 " " P "
or A= 11— ALl pllxlt = 1] = x| + 1At = 1] —xlt = I+ fIeft — 1] =i llg =
(IIA[t] = Xl pllxft] =i 1+ et — vl + Al - X[t]l2> +v (IW] = Xef*+
pT 7 pT
=||2 =2 4P 2
plile] = ="+ lirff] = el + Ll Asrle] = xII)- (60)
Based on the definition of sequences (X;,T;, A;) and (x},r}, ), we have

[1x[t] = g | = (%[ = x| [ [e] = X[ = [[x[t] =%l
[efe] =iyl = [efe] = ez fl, ffe[e] = =] = feft] =7,

IATE] = ALl = AL = AP I = Aell = [IA[E] = Al (61)

Combining inequality (60) and (6I) together, we can get the following contraction.

1
Gt < —— Gt —1],t > 1.
< Gl - 10>
where G[t] is defined as
1 " . . p
Gl =2 IAH = A 12+ pllxft] = % |17 + [le[t] - x7 I + ATl = x[t][|*. (62)
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Telescoping the above inequality for all iterations ¢, we arrive that

1 t
Glt] < (m) Dy, (63)

where Dy is the initial distance to the optimal solution set,
1 * * * p
Do =2 IIA0] = A6+ plx[0] = x11* + [Ix[0] — r5lg + (0] = x[0]]1*.

Therefore, the theorem follows.
Define an auxiliary queue A%[f] that evolves according to (11). Initializing the auxiliary queue with A%[0] =

M +p7y 7 o) M> where 7; is the upper bound of the capacity of link /. Then we can prove by induction that
M =M +M+pr Y mVt,deD,neN\d
1eO(n)
Since A\[t] > —M,Vt,n,d by assumption, we have that
Xt] = pr > m,Vt,d € D,n e N\d.
leO(n)

Then the auxiliary queue \%[f] satisfies

M = | At —1] — pr Z )|+ pr Z rift +p7'2xf 146 ;=n,d;=ay, ¥t,d € D,n € N\d.

1€O(n) N 1€Z(n) feF

Based on the fact that p7 > 0, we can rewrite the above updating formula as

Anlt] — S\;i‘[t_” — Z rﬁt] + Z 7“1 +fo[t]]l{s_f:”vdf:d}'

PT PT leO(n) + leZ(n) feF

We next prove that Q4[t] < A%[t]/pr,Vt > 1 by induction. For ¢ = 0, we have Q%[0] = 0 < A%[0]/p7. Suppose
that it holds for kK =t — 1, then for k = ¢, we have

Qe < |Qalt =1~ > o] + > #l+ Y el ,=ndi=ar

i 1€0(n) 4 I€I(n) feF
Alt —1] d -d

<[RS |+ S Y e
7 l€om) |, 1€I(n) feF
Aalt]

=N . 64
pT (64)

Finally, since \%[t] = A[t] + M + pr >icom) ™ and AL[t] < M, we have

Qalt] 27-1- > m

PT leO(n)

Let constant B = max,en' Y jeo(n) M- Therefore, the lemma follows.
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Let P € RE(PHD be a convex polyhedron, defined as

P = {(y>r)

D
yeCuy ZZT?, and r{’ >0,V eﬂ,deD}.
d=1

Formally, we define following two problems. The first one is the scheduling component in Algorithm [I]

Definition 8. (New scheduling problem) Given arbitrary weights a € RPL, b € RPL and ¢ € RY, output an

(r*,y*) such that, for arbitrary (v,y) € P,

L D
YD air —alri” —b)? > =6+ Y afr! —eilr b))%, (65)

l=1d=1 i=1 j=1

and B((r*,y*), ) € P.
Definition 9. (MaxWeight scheduling) Given arbitrary weights w € Z, output an v* € C such that
wlir* > wlr,Vr e C and r, > 0. (66)

We can observe that the above defined problem is actually equivalent to the original MaxWeight scheduling

problem based on the fact that

L
max 3 37 (@A) - QL. st [zr;f] ot 20

Il |=1deD d

L
— mng(Q;%,; [t] — QU [t])ri", st.reC,rt >0,
=1

where d; is defined as d; = arg maxgep(Q%,[t] — Q%[t]), and the fact that the physical queue length in the QCA
method is an integer (number of packets). According to the above definitions, to prove the Theorem [ we need to
construct a poly(L, F') time reduction between the above two problems.

We first prove the “if” direction.

Based on the result in Lemma (7, we know that solving the new scheduling problem in poly(L, F,log(61))
time if the separation oracle problem for polyhedron P can be solved in poly(L, F') time. Since the constraints
Y= ZdD:l rf and rf > 0 in P can be explicitly checked in O(LF') time, then the separation oracle problem for
polyhedron P can be reduced to the separation oracle problem for polyhedron C by the following procedure: given
a separation hyperplane cTy > c¢’y’, ¥y’ € C, construct the hyperplane ¢’y + ¢’ Tt with cld/ = ¢, Vl,d. Then, we
have

D
Ty+cr=cTy+ ch Z ri=c'y+cy
I=1 D=1
>cly +cTy’

=cly + c’Tr’,V(y’, r') e P,

which implies that c”y +c¢’ Tris also a separating hyperplane of polyhedron P. A classic result in the combinatorial
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optimization due to Grotschel and Lovasz [34]] establishes the equivalence between the linear optimization problem
and the separation oracle problem for the same polyhedron. Therefore, the new scheduling problem (63) can be
reduced to the original MaxWeight scheduling problem in poly(L, F') time.

We next prove the “only if” direction.

For any input instance w € Z” in the MaxWeight scheduling problem, construct the input instance a € RPZ,

b € RPL and ¢ € RE as following.

= (LDB? + 1)wy, V1, d,

bl =0,vl,d, ¢ =1,V

The above, constant B is the upper bound of the all the link rate rld. Suppose that we solve the new schedul-
ing problem in poly(L, F,log(6~')) time under the above input instance. Then we have an (r*,y*) such that
B((r*,y*),d) € P and for arbitrary (r,y) € P,

) L L D a2 , L L 2 a2
(LDB2+1)Y wyy =Y > rff" > =0+ (LDB*+ 1) wiyr— Y _ Y _rf.

=1 I=1d=1 =1 I=1d=1

The quantity y; and y; derives from y; = Zle " and y, = Zle rd. We prove the following argument by

contradiction.

L L
> w2 Y wi, ¥y €T and > 0,V1.
=1 =1

L L
Assume that there exists y € I" and y; > 0, VI such that > wyy; < > wy. Then, we have
=1 =1

L
(LDB?+1)> wyy; < (LDB*+ Z wiyy
=1

L L
WLDB +1) 1+ wyi | < (LDB*+ 1) w6
=1 =1
®) L L D .2 L D 9 L
S(LDB*+ 1)) Jwiyy <> > i =Y > r =6+ (LDB*+1) ) wyy,
=1 [=1d=1 1=1d=1 =1
L L D 9 L D
:>(LDBQ+1)Zwlyl*—ZZTf* <—ZZ7‘2+ LDB? + Zw1y1—5
=1 l=1d=1 1=1d=1

which is a contradiction. The above, step (a) is based on the assumption that the weight w;, feasible link rate y;, y;
are the integers, and that ¢ is sufficiently small, step (b) utilizes the definition that rf < B,Vl,d. Utilizing the fact
that the optimal point of linear optimization lies in the vertex set of the feasible region, the y; is also the optimal

solution of the following optimization problem.
maxw'r, st.reC,r >0,V
r

which is clearly the solution of the MaxWeight scheduling problem (66). Therefore, the theorem follows.
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